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Abstract

Single and double ionization of the nitrogen molecule have been investigated in inter-
mediate to low energy regimes. For single ionization, the TDCS was calculated using
the M3CWZ model, which includes post-collisional interactions and distortion effects for
both electron and positron impact. For double ionization, the 5DCS and 4DCS were
obtained within the first Born approximation using the 2CWG model for electron impact

ionization.

Keywords: ionization, electron and positron impact, distortion effects, post-collision

interaction.

Résumé

La simple et la double ionisation de la molécule d’azote ont été étudiées dans des régimes
d’énergie intermédiaire a faible. Pour la simple ionisation, la TDCS a été calculée a 1'aide
du modele M3CWZ, qui inclut les interactions post-collisionnelles et les effets de distorsion
pour I'impact d’électrons et de positrons. Pour la double ionisation, les 5DCS et 4DCS ont
été obtenues dans le cadre de la premiere approximation de Born en utilisant le modele

2CWG pour l'ionisation par impact d’électrons.

Mots-clés : ionisation, impact d’électron et de positron, effets de distorsion, interaction

post-collision
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Introduction

The study of atomic and molecular ionization by charged-particle impact is a central tool
for probing the structure and dynamics of matter. Ionization processes play key roles
not only in fundamental atomic and molecular physics but also in applied areas such as
plasma physics, astrophysics, and even life sciences. On one hand, Single ionization of
atoms and molecules by electron impact have been widely investigated experimentally
and theoretically for a long time offering a precious knowledge of the problem [1-4], while
studies dealing with positron-impact ionization are still in the nascent stage. Using both
positrons and electrons as projectile might enable to isolate competing interactions which
are not detected by a single particle as projectile. In addition, insights to the post col-
lision interaction could also be gained in experiments with both positron and electron
projectiles, the goal is ultimately to test the theoretical model in more details. The in-
terest is mainly focused on kinematically complete experiments where the measured fully
differential cross section provides the most detailed information on the dynamics of the
ionization reaction. It should be noted that positron impact ionization faces some practi-
cal difficulties particularly at low impact energy, where the direct ionization is inevitably
accompanied by competition of positronium formation process [5]. Another problem is
that positron beam intensities are orders of magnitude smaller than those of electrons,
TDCS measurements for positron impact are therefore much less available compared to
electrons. Despite the great success of the theory for electron impact ionization through
(e,2e) studies for atoms [6-8] and molecules [9-11], the ionization reaction of low to inter-
mediate energy interaction is not fully understood even for atomic targets [12]. Studies on
positron-impact ionization are much less advanced but are currently growing, the major
interest is ultimately to provide additional information that was previously unavailable.
From a practical point of view, it is necessary that reliable experiments exist in order
to benchmark the theory. Measurements of the TDCS have been realized in particular
for argon in a wide range of kinematics [13,14], and extended to further experiments for
other atoms [15,16] and molecules [17,18]. Meanwhile, numerous sophisticated theoretical

models have been developed for (e,2e) reaction for atoms [19-21] and molecules [22-24],
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developed theories have moreover provided a rich source of information on atomic and
molecular targets, where good agreement was found between experiment and theory for a
long range of different targets. Historically, the (e,2e) process was much more investigated,
each of the developed models uses different kinds of approximations whose accuracy was
checked by direct confrontation with experiments. For atoms, highly sophisticated ap-
proaches have achieved considerable success in providing accurate experimental data like
DWBA [25], CCC [26], and BSR [27], and appear to be among ones of the most reliable
alternatives for modeling the ionization process of complex many-electron systems. For
molecules the most currently known are DWBA [28], M3DW [29] and MCTDW [30] mod-
els. One assertion that has caught particular interest in studying ionization processes by
positron impact is that experimental data could provide detailed information on charge
effects. Positron impact studies are usually investigated using theories that are similar to
standard models developed for electron impact processes [31-33] by simply changing the
sign of the projectile charge. The change in the sign of the projectile charge will induce an
inversion of the direction of the electric field between the positron and the target, which
will likely lead to some differences between the TDCSs exhibited for positron or electron
projectiles. In recent publications, a model called 3CWZ was used to investigate the ion-
ization of argon atom by electrons [34] and positrons [35]. The model was subsequently
extended to molecular targets and called M3CWZ, TDCS calculations for (e,2e) process
of water molecule were reported and compared with a complete set of experiments per-
formed at low impact energies [36]. This model, takes into account the exchange effects
and the post collision interaction (PCI), and it was shown to reproduce results in overall
good agreement with the data, and to perform as well as other sophisticated models like
M3DW. The M3CWZ is now used to study the ionization reaction of nitrogen molecule by
electron and positron impact, the present investigation focuses on TDCS measurements
for Ny molecule, performed in a range of intermediate impact energy regime (200-700
eV). Different kinematics in coplanar asymmetric geometries, varying from small to large

momentum transfer are therefore considered, offering a more stringent test for theory.

Double ionization (DI) of atoms and molecules by electron impact is a particularly
challenging process to study in coincidence experiments, and it has been extensively
investigated both experimentally and theoretically. The pioneering work of Lahmam-
Bennani et al. [37] provided the first (e,3e) measurements of the DI reaction for argon,
in which the scattered projectile and the two ejected electrons were detected in triple
coincidence. These experiments were later extended to a variety of atomic and molecular
targets—including He, Kr, Ne, Mg, CHy, H,O, and Ny over a broad range of incident

energies [38-50]. Complementary (e,3-1¢) studies were also performed using double-
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coincidence techniques, where only two of the three outgoing electrons are detected and
the third is integrated over all emission angles [51-60]. The principal observables in these
kinematically complete experiments are the five-fold differential cross section (FDCS) for
(e,3e) and the four-fold differential cross section (4DCS) for (e,3-1e), which provide the
most detailed information on the collision dynamics.

To interpret these measurements and to unravel the mechanisms of DI, numerous
theoretical models have been developed. Early approaches employed perturbative meth-
ods such as the first- and second-Born approximations combined with three-Coulomb
(3C/BBK) final states, which enforce correct Coulomb boundary conditions for the two
ejected electrons. Refinements including the Gamow and Ward Macek factors were in-
troduced to approximate the mutual repulsion of the outgoing electrons while reducing
computational complexity. Other frameworks incorporate distorted waves for the incident
and outgoing electrons, for example the distorted-wave Born approximation (DWBA)
models applied to argon and magnesium, sometimes with explicit initial- and final-state
correlations. Highly accurate but numerically demanding non-perturbative methods such
as the convergent close-coupling (CCC) approach, the 6C model, the J-matrix method,
and expansions in generalized Sturmian functions have achieved excellent agreement with
data for helium and remain benchmarks for simpler systems.

These theoretical efforts aim to describe the competing mechanisms of DI [61-64]. At
high incident energies, the process is often dominated by first-order mechanisms such as
shake-off (SO), where the sudden removal of one electron causes the second to escape,
and two-step-1 (TS1), where the incident electron directly ejects both electrons in a sin-
gle interaction. As the impact energy decreases to the intermediate range, second-order
two-step-2 (TS2) mechanisms become increasingly important: the projectile first ionizes
one electron, and a subsequent interaction either by the projectile or by the first ejected
electron knocks out the second. Post-collision interactions between the outgoing electrons
further influence the angular distributions and energy sharing, making the FDCS and

4DCS sensitive probes of electron-electron correlation.

This thesis is organized as follows: Chapter 1 establishes the fundamental theoretical
framework for single ionization. It details the (e,2e) reaction, conservation laws, experi-
mental techniques, and kinematic considerations. Key theoretical models, including the
BBK, DWBA, M3DW, and the M3CWZ model, are introduced and their approaches to
describing the transition amplitude and differential cross-sections are outlined.

Chapter 2 focuses on the theoretical framework for double ionization processes. It
introduces the (e,3e) reaction and discusses experimental approaches such as complete

coincidence (e,3e) and partially coincidence (e,3—-1e) measurements, which yield Five-Fold
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(5DCS) and Four-Fold (4DCS) differential cross-sections, respectively. The double ioniza-
tion mechanisms, namely Shake-Off (SO), Two-Step 1 (TS1), and Two-Step 2 (TS2) are
explained providing insights into the electron-electron correlation dynamics. The chapter
concludes by reviewing key theoretical models employed to describe these complex inter-
actions, including extensions of the BBK model, the Two Coulomb Waves with Gamow
factor (2CWG) model, the Two Coulomb Waves with Ward and Macek factor 2CWWM),
and the correlated Two-Center double Continuum (TCC-C) model.

Chapter 3 details the target system, the diatomic nitrogen molecule (N3). It begins
with a general description of physical and symmetry properties, followed by the formula-
tion of the molecular Hamiltonian and the application of the Born-Oppenheimer approx-
imation. The core of the chapter addresses the construction of molecular orbitals (MOs)
using the Linear Combination of Atomic Orbitals (LCAO-MO) method. The chapter
concludes by outlining the transformation formalism between laboratory and molecular
frames using Euler angles, essential for comparing theoretical calculations with experi-
mental data.

Chapter 4 examines the single ionization of molecular nitrogen Ny by both electron and
positron impact in the intermediate energy regime, using the M3CWZ model. An Electron
Momentum Spectroscopy (EMS) study is performed to validate the molecular orbitals
employed. Theoretical calculations of Triple Differential Cross Sections (TDCS) for the
ionization of valence orbitals (20,, 20,,1m, and 30,) are presented and compared with
available experimental data and other theoretical models (DWBA, M3DW) under different
kinematic conditions. The analysis emphasizes the role of post-collisional interactions,
projectile charge effects (positron vs. electron), and the model’s ability to reproduce
binary and recoil peak features in the angular distributions.

Chapter 5 investigates the electron impact double ionization of the outermost 3o, or-
bital of the nitrogen molecule using the Two Coulomb Waves with Gamow factor (2CWG)
model, operating within the First Born approximation. Calculations of both Four-Fold
Differential Cross Sections (4DCS) for (e,3-1e) process and Five-Fold Differential Cross
Sections (5DCS) for (e,3e) process are presented and are compared with experimental
measurements and other theoretical models, such as the second Born approximation A3C
model and the correlated Two-Center double Continuum (TCC-C) model. The discussion
focuses on interpreting the observed structures in the cross-sections by considering the

contributions of first- and second-order double ionization mechanisms (SO, TS1, TS2).
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Chapter 1

Single Ionization Process

1.1 Introduction

The study of single ionization of atomic [1,2] and molecular [3,4] targets by charged
particle impact, such as electrons [5], positrons [6], and protons [7], provides valuable
insights into the fundamental mechanisms of particle collisions, electron dynamics, and
many-body interactions, making it an essential topic in both theoretical and experimental
physics. Understanding single ionization helps to improve models of atomic and molecular
structures and contributes to applications in fields such as plasma physics, astrophysics,
and radiation science.

In a single ionization reaction, a charged particle collides with an atomic or molecu-
lar target, causing the ejection of an electron from the target and the scattering of the
incident particle. The detection in coincidence of ejected and scattered particles enables
the measurement of differential cross sections, thus providing detailed insights into the
dynamics of the interaction [8].

This chapter presents the fundamental theoretical framework for the single ionization
reaction, focusing on the general kinematic and geometrical conditions required to deter-
mine differential cross sections. It also reviews key theoretical models used to describe the
process, including the BBK [9], Distorted Wave Born Aproximation (DWBA) [10], and
Molecular Three Distorted Waves (M3DW) [11] models, along with the recently developed
M3CWYZ approach, which incorporates post-collisional interactions and distortion effects

in approximative way.
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CHAPTER 1. SINGLE IONIZATION PROCESS

1.2 Description of the Single Ionization Process

The process of single ionization involves the removal, by a projectile electron or positron
with momentum k; and energy Fj;, of an electron with momentum k1 and energy F, from
a target A (which can be atomic or molecular), leading to the formation of a residual ion

AT, in accordance with the following equation:
ei(ki, E)) + A — A* 4 e1(ky, By) + ey(ks, Ey) (1.1)

When the incident projectile is scattered, it emerges with momentum Es and energy F,.
In the case of electron impact, the electrons emerging in the exit channel after the collision
are indistinguishable, making the terms "scattered” and "ejected” equivalent. However,
when one electron is fast and the other is slow, the faster one is generally referred to as
"scattered,” while the slower one is termed "ejected”.

In contrast, for positron impact, the issue of indistinguishability does not arise since

the projectile and ejected particles are of different nature.
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Figure 1.1: The (e,2¢) Single ionization reaction.

1.2.1 Conservation Laws
This process is ruled by the well known conservation laws of energy and momentum:

EZ:E1+E5+]

o (1.2)
k’Z:k’l“‘k’S‘i‘Cf

I represents the ionization energy required to remove an electron from the target, ¢
represents the residual ion momentum. We also define the momentum transfer K , which

represents the difference in the momentum of the incident and scattered electron:

K=k —k, (1.3)
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In atomic units, where
ap=me=h=e=1,

the kinetic energy of the incident, scattered, and ejected particles in the continuum is
given by [12]:

1
E, = ékz, a={i,s,1}. (1.4)

1.3 Experiments

Several experimental techniques are available for studying electron and positron impact

ionization of atomic and molecular targets.

e Orsay group Multi-Coincidence Spectrometer: The experiment uses a spe-
cialized electron impact spectrometer to study ionization processes in atoms and
molecules. The scattered electron and the ejected electrons are analyzed using three
toroidal energy analyzers equipped with position-sensitive detectors. These analyz-
ers collect data on the energy and angles of the outgoing electrons. The system
allows measurements of single and double ionization processes with high precision
by detecting multiple electrons in coincidence. The experiment records the time
and position of detected electrons, reconstructing the dynamics of the ionization
event [13].

o Electron Momentum Spectroscopy (EMS): Electron Momentum Spectroscopy
(EMS) is a technique used to study the electronic structure of atoms and molecules
by measuring how electrons are ejected during high-energy collisions. In EMS, a
high-energy electron beam (typically in the keV range) collides with a target in a gas
state causing its ionization. Both the scattered and ejected electrons are detected in
coincidence, and their momenta and energies are measured and analyed to determine
the momentum distribution of electrons in the target and reconstruct the binding
energy spectra, providing valuable information about orbital wavefunctions, electron

correlation, and many-body effects in molecular systems [14].

e Positron Impact Ionization Experiment: O. G. de Lucio from the Instituto
de Fisica, Universidad Nacional Auténoma de México (UNAM), Mexico, and R. D.
DuBois from the Missouri University of Science and Technology, USA, conducted
experiments to study how positrons and electrons ionize atoms and molecules. The

experiment used a positron or electron beam, with positrons generated from a
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sodium-22 radioactive source, moderated by tungsten, and guided through an elec-
trostatic transport system. The beam was directed at a gas jet target inside a
vacuum chamber. After collisions, the scattered positrons or electrons were ana-
lyzed using a position-sensitive detector (PSD), while ejected electrons and recoil
ions were collected using electrostatic analyzers and a channeltron detector. By
measuring coincidences between scattered particles and ejected electrons, the team

determined the detailed kinematics of ionization events [15].

1.4 Geometrical Configurations and Kinematics

The (e,2e) reaction depends on the electron energies and the value of the momentum
transfer . The kinematics used to measure the triply differential cross-section (TDCS)
are categorized based on different geometries, which can be symmetric or asymmetric,
as well as coplanar or non-coplanar. Each geometry is selected according to specific

objectives in the study of the ionization process.

1.4.1 Asymmetric Coplanar Geometry:

In the asymmetric coplanar geometry, the incident electron energy Ej can vary across a
wide range: low, intermediate, and high energy regimes. This configuration is character-
ized by a significant energy difference between the scattered electron E and the ejected
electron FE7, with the scattered electron generally moving much faster than the ejected
one.

The term coplanar refers to the fact that both outgoing electrons remain in the same
plane, defined by their momentum vectors k, and k;. The azimuthal angle difference
between the scattered and ejected electrons, ¢ = ¢, — ¢y, can take values of either 0 or 7,
indicating that the two electrons are either emitted in the same direction or in opposite
directions within the plane. Additionally, the scattering angle 6, of the incident electron
is fixed and kept below 20°, while the ejection angle 6; is allowed to vary.

This specific geometry and kinematic setup are widely used to study ionization dynam-
ics and collisional mechanisms, providing insights into how electrons interact and transfer
energy during the ionization process [16]. Furthermore, under particular conditions, this
approach has been applied to probe the atomic and molecular structure of the target, as
well as to investigate the role of exchange effects between electrons [17,18]. By carefully
analyzing the angular and energy distributions of the scattered and ejected electrons,
researchers can gain a deeper understanding of fundamental electron-impact ionization

processes.
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« High Energies (E; > 600 eV):At high energies, two regimes can be defined:

— Impulsive regime: Characterized by a large momentum transfer, the colli-
sion is primarily binary, involving the incident electron and one of the target
electrons. The TDCS exhibits a single peak in the direction of the transferred
momentum K. This regime serves as a useful test for studying the target

structure.

— Dipole regime: When the momentum transfer is low, the collision is no
longer binary. The TDCS displays two lobes: one in the direction of the
transferred momentum K and another in the opposite direction —K. The
recoil lobe is associated with the nucleus, which influences the motion of the
ejected electron. After the collision, the ejected electron moves with a reduced
velocity due to the nucleus’s attraction, causing a deviation that redirects its

trajectory opposite to the transferred momentum.

o Intermediate Energies (100 eV < E; < 600 eV) At intermediate energies, the
TDCS still exhibits both binary and recoil lobes. However, these lobes are shifted to-
wards larger angles due to post-collisional interactions (PCI), which account for the
interaction between the scattered and ejected electrons after the ionization event.
To accurately model the TDCS in this regime, these post-collisional effects must be

incorporated using appropriate theoretical models.

o Low Energies (20 eV < E; < 100 €V) In the low-energy range, the TDCS
continues to show both binary and recoil peaks, but these are even more displaced
toward larger angles. Multiple interaction effects play a crucial role in the collision

process at these energies, including:
— Post-collisional interactions (PCI): These interactions occur between the
scattered and ejected electrons, influencing the final angular distribution.

— Distortion effects: The trajectory of the ejected electron is modified due to

the interaction with the residual ion and the surrounding potential.

— Target polarization effects: The presence of the residual ion alters the

interaction potential, affecting the dynamics of the ejected electron.
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X o

e (k.7

Figure 1.2: Asymmetric coplanar geometry.

1.4.2 Symmetric Geometry:

In this type of experiment, the two electrons in the outgoing channel are detected with
equal energies and at symmetric angles relative to the direction of the incident beam.
This configuration is particularly useful for investigating the structure of the target as a

function of the recoil momentum.

_ Ey—E;

ESIEI— 5 and 05291:9

1.4.2.1 Coplanar Symmetric Geometry:

The scattered and ejected electrons lie in the same plane. By applying the conservation
of momentum Eq (1.2), it follows that the momentum of the residual ion ¢ is aligned with

the direction of the incident electron k_;
q=k; —2kycost

The momentum ¢ is relatively small for scattering angles 6 below 60° and approaches zero
at 0 = 45°. However, for 6 greater than 90°, ¢ increases significantly, indicating that the
collision involves a large momentum transfer K. In this geometry, the collision process

simplifies to a binary interaction between the incident electron and the target electron.
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The final angular distribution of the process provides valuable information about the
structure of the target. The exchange factor between the two electrons is not negligible
under these conditions; it plays a crucial role in the theoretical description of the collision

mechanism.

X !

e (k,.7\)

Figure 1.3: Symmetric coplanar geometry.

1.4.2.2 Non Coplanar Symmetric Geometry:

Unlike coplanar geometry, in this case, the electrons do not lie in the same plane. The
triple differential cross-section (TDCS) is measured either as a function of the azimuthal
angle ® or as a function of the recoil momentum ¢ of the target. This geometry is often
used to study electronic momentum densities, a technique known as Electron Momentum
Spectroscopy (EMS) [14]. It is applied under energy conditions ranging from 1—2 kel and
serves as a rigorous test for validating the wave functions of the target. From momentum
conservation Eq (1.2), we deduce that:

1
2

P
q=|(2kycosf — k;)* + 4k? sin” 0 sin* <§>} where & =7 — |ps — 1. (1.5)
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Figure 1.4: Symmetric Non-coplanar geometry.

1.5 Total Cross Section

In a collision experiment, a homogeneous flux F' of incident particles, all with the same
energy, interacts with target particles N; in a gaseous state. To simplify the analysis, we
assume that the density of target particles and the flux of incident particles are low enough
to ensure that each incident particle undergoes only a single collision. This assumption
avoids the complexity of multiple-collision effects, which would make both modeling and
interpretation significantly more difficult.

A detector is placed at a suitable distance from the interaction region to measure
the number N of scattered particles per unit time within a given solid angle element.
These measurements are essential for evaluating the efficiency of the collision process. In
experimental analysis, this efficiency is quantified using a key parameter known as the
cross section.

The cross section represents the probability that an incident particle undergoes a spe-
cific interaction, such as ionization. It is proportional to the probability F;; of transition
from an initial state ¢ to a final state f, as well as to the number of scattered particles N
per unit time. Given the flux F' of incident particles and measuring both the number of

scattered particles N per unit time and the total number of target particles N the cross
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section can be determined using the relation [19]:

N
c=——~
FN, ¥
The probability Py is directly linked to the scattering amplitude (¢ ;|T]t;), which
characterizes the interaction between the initial and final states of the system. It encap-
sulates the influence of the scattering potential while ensuring the conservation of energy

and momentum. Mathematically, it is expressed as [19]:

(2m)*

2
F 1.6
. (16)

P =

8(E: — Eg)a(k; — k) | (sl Tl

1.6 Differential Cross Section

To gain deeper insights into the interaction dynamics, it is often useful to move beyond the
total cross section and examine how the scattering events are distributed in terms of energy
and angle. While the total cross section provides an overall measure of the likelihood of
a collision occurring, it does not reveal details about the direction in which particles
are scattered or how their energy is distributed after the interaction. This is where the
differential cross section becomes essential as it describes the probability of scattering
into a specific solid angle or energy range, offering a more detailed characterization of the

underlying physical processes.

1.6.1 Single Differential Cross Section (SDCS)

a _ do _ (2m)4
dQ k;

/kgdksd/%a(Ei — Ep)| Ty |° (1.7)

e do represents an infinitesimal element of the cross section, meaning a small portion

of the total probability of an interaction.

o df) is the infinitesimal solid angle element. In other words, it describes a small

portion of the angular space where the particle is detected after the collision.

The singly differential cross section thus indicates the probability of detecting a particle

in a certain direction after the collision [20].

1.6.2 Double Differential Cross Section (DDCS)

d*c kyky 2
o@ — OdE (2m)* 5 /dQl\ﬂfy (1.8)
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o df), as before, is the solid angle element associated with the direction of the scat-

tered particle.

e dF, is an infinitesimal energy element of the ejected particle. This cross section
thus measures the probability of detecting a particle in a certain direction while

having a specific energy [20].

1.6.3 Triple Differential Cross Section (TDCS)

Bo kker
T (9q)tE=
adade - P

o dS2, represents the solid angle element for the scattered particle.

o — TP (1.9)

o df); represents the solid angle element for the ejected particle.

e dF, is the energy element associated with the ejected particle.

The TDCS accounts for the directions of two detected particles after the collision, as well
as the energy of the ejected particle. It measures the probability that the first particle is
detected with a specific energy in a certain direction while also considering the direction

of the second particle.

1.7 Scattering Amplitude

The goal of the theoretical study of a collision is to model the system’s dynamics in the
interaction region as precisely as possible to achieve reliable experimental observations.
From a quantum mechanics perspective, this is expressed in terms of what is called the
scattering amplitude, Within the framework of the first Born approximation the scattering

amplitude is given by
Ty = (U,|V|¥,) (1.10)
where:
o U, is the wave function describing the initial state of the system.

o Wy is the wave function corresponding to the final state after ionization.

« V represents the interaction potential between the projectile and the target.

The description of the initial and final states of the system plays a crutial role in the
success of studying the ionization process depends on the theoretical model used and the

available wave function of the target.
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1.7.1 Description of the Initial State

The ionization process represents theoretically a three body problem which can not be
exactly solved. Usually, the initial state of the system before the collision is represented
by a product of the wave function of the projectile, ¢;, and that of the target, @, in its

fundamental state. Mathematically, this can be expressed as [20]:

V(75,7 o) = i (73) B, oy 77) (1.11)

1.7.1.1 Representation of particles in the continuum

When describing the initial state of an ionization process, it is essential to accurately
represent the projectile, the scattered particle, and the ejected electron as they evolve in
the continuum. The choice of representation depends on the energy of the particles and
the nature of their interactions. Several approaches exist, each with specific advantages

and limitations in capturing the full complexity of the interaction.

o Plane Wave (PW) In this simplest approach, particles are represented as free
waves, assuming no interaction with the residual ion or other particles. While
computationally convenient, this approximation neglects important effects such as
Coulomb attraction or repulsion, making it inaccurate for low-energy collisions

where these interactions are significant [21].

o Coulomb Wave (CW) This method improves upon the plane wave approxima-
tion by incorporating the long-range Coulomb interaction between charged particles.
The ejected electron, for example, is described using Coulomb wavefunctions that
account for its attraction to the residual ion or repulsion from the scattered projec-
tile. However, this representation do not fully describe more complex short-range

interactions [22].

« Distorted Wave (DW)

The distorted wave approach refines the representation by including the effects of
the interaction potential throughout the collision process. Instead of treating the
particles as fully free or purely Coulombic, it modifies the wavefunctions to account
for distortions caused by the potential field of the residual ion. This method provides

a more realistic description but comes with increased computational complexity [11].
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1.7.1.2 Representation of the Target

A comprehensive description of the target in ionization processes requires addressing the
many-body (N-body) problem inherent in atomic and molecular systems. In such systems,
multiple interacting electrons contribute to the overall electronic structure, and electron
correlation effects are essential for an accurate description.

To capture these correlations, the configuration interaction (CI) method [23] is com-
monly used for atomic targets, as it accounts for the various possible distributions of elec-
trons among available orbitals, thereby improving upon the single-determinant Hartree-Fock
approach [23]. For molecular targets, however, the CI method becomes extremely com-
plex. Although CI wave functions for simple systems such as the hydrogen molecule
have been successfully studied [24-26], the computational effort increases drastically with
molecular size and complexity, making the application of CI methods to larger molecules
practically impossible. Consequently, the Hartree—Fock single-determinant approach re-
mains the most practical choice for describing the wave function of many molecular sys-
tems.

The single-particle picture is generally adopted to simplify the problem. This ap-
proach is typically combined with the frozen core approximation, which assumes that the
inner (core) electrons remain largely unaffected during the interaction, so that only the
active electron(s) need to be treated explicitly. This concept of an active electron reduces

computational complexity while still capturing the essential physics of the target.

1.7.2 Description of the Final State

The final state of an ionization process represents the system’s configuration after the
target electron has been ejected. In a theoretical approach, it is crucial to accurately
model both the ionized electron, which moves in the continuum, and the incident particle,
which continues to evolve after the collision. This description is crucial for predicting the
angular distribution of the reaction. Different theoretical approaches have been developed
over time to describe the final wavefunction after ionization. These models vary mainly in
how they account for interactions between the residual system and the ejected electron,
as well as the dynamic correlations between particles.

In the next section, we will introduce some theoretical models relevant to this thesis.

These models will later be used to compare with our results.
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1.8 Theoretical models

1.8.1 Brauner, Briggs, and Klar Model (BBK)

Brauner, Briggs, and Klar introduced BBK (3C) model to study single ionization of the
hydrogen and Helium atoms [9]. This model accounts for electron-electron correlation
in the final state by using exact asymptotic description of the final-state wave function,
which is defined as the product of three Coulomb waves (hence the alternative name of
the model, 3C), the final state is defined as:

Uy = 0.5, ko)1 (17, k1) C0vor, 751, Kt (1.12)
vs and p; are Coulomb wave functions [X] given by,

1
(2m)

900(]; F) =

- Z - Z

N|w

-

whereas the third term, C(aygys, 791, kss), represents the post-collisional interaction

(PCI) between the two outgoing electrons.

C(oo1, 701, k?ZJ) =TI (14 iag) ¢ 2 F (—mm 1, —i(kssror + Koy - T‘Ez)) (1.14)

X e o 1 — — o 1
where: kg = (ks — k1) and oy, = T

1.8.2 Distorted Wave Born Approximation Model (DWBA)

The Distorted Wave Born Approximation (DWBA) is an extension of the Born approxima-
tion approach, where the distortion potential that represents the short-range interaction
between each incoming (or outgoing) electron and the target in the initial and final states
is taken into account. Unlike the BBK model the post-collisional interactions are not

treated in an exact manner and are approximated using Ward and Maceak factor [10]:

Uy = xa(r%, kX2 (73, k1) Cee (1.15)

x(k,7) is the distorted wave function written as:

(k) Yy (7), (1.16)

- A 1 a5 Fi(k,r)
k: — l 251 ? Y*
x(k,7) (27)3/2 %;Z ¢ kr
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where 0; is the total phase shift, and Fj(k,r) is the radial wave function that satisfies

the following Schrodinger equation:

Ul +1)
pR— —U(r)—l—kz} F(k,r) =0, (1.17)
satisfying the initial conditions:
F(k,0)=0 and Fk,r) Login (k=T 15 (1.18)
= n 7)rosoo = —=sin | kr — — )
l 9 l 9 — \/E 2 l
C._. is the Ward and Maceak facor
Ceee = Nec|1 Fi (—mm, 1, —i(Kssror + Kos - 7‘31)) 2 (1.19)
Where N.. is Gamow factor
Nee = [T (1 +iag)e 2" (1.20)

1.8.3 Molecular Three-body Distorted Waves Model (M3DW)

The Three-body Distorted waves (3DW) model for atoms [11] is an extension of the
DWBA method, in which the three electrons are described by distorted waves accounting
for electron-target interactions and the inclusion of the post-collisional interactions (PCI)
between the two outgoing electrons in the exist channel treated in an exact manner like
in BBK model.

Later the model was generalized to study molecular targets M3DW [x] resulting two

methods to account for the molecular orientation, which are:

« M3DW-OAMO Orientation Averaged Molecular Orbitals: where the orien-
tation dependent molecular orbitals are averaged to obtain a spherically symmetric
molecular orbital to use in the cross section calculation. This average is performed
once per molecule independent of the kinematics of the collision . The cross section
calculations are not very time consuming but show less agreement with the experi-
mental data [27].

« M3DW-PA Propper Average: the orientation-dependent cross sections are av-
eraged, this approach is very time consuming but shows much better agreement

with the experimental results [28].

25



CHAPTER 1. SINGLE IONIZATION PROCESS

1.9 Molecular Three Coulomb Waves with Variable
Charge (M3CWZ) Model

The Molecular Three Coulomb Waves with Variable Charge (M3CWZ) model represents
a series of improvements in the theoretical modeling of the ionization process. Over the
years, various refinements have been made to better account for the interactions involved.

The first step in this development was the BBKDW model, introduced by Chinoune
et al. [4], which studied the ionization of atomic targets and the C'H,y molecule in the
intermediate energy regime. This model included post collisional interactions in the exit
channel, describing the incident electron as a plane wave, the scattered electron as a
Coulomb wave, and the ejected electron as a Coulomb wave with a variable charge.

Building on this, Attia et al. [29] extended the variable charge Coulomb wave function
to both scattered and ejected electrons, leading to the BBK2DW (or BBK2CW?Z) model,
which was applied to atomic and molecular ionization studies in the intermediate energy
regime.

Later, Bechane et al. [30] introduced the 3CWZ model to investigate the ionization of
argon atoms by electron impact, while Zaidi et al. [6], applied it to positron impact in the
low-energy regime. The model was further extended to the ionization of neon atoms [31],

and successfully applied to the water molecule by Tamin et al. [32],

With these advances, the M3CWZ model has proven effective in describing ionization

processes. In this section, we will detail the theoretical foundations of the model.

1.9.1 Concept of Variable charge

The variable charge approximation is a method used to approximately describe the distor-
tion effects that occur during the ionization of an atomic or molecular target by electron

or positron impact. It is derived analytically from the spherically averaged potential [20]:

1 - —Zq(fl) (for electron)
Ui(ri) = 4—/W(r1)d91 = ' (1.21)

T Z(r1) ;
=+ (for positron)

Where V; is the standard Hartree potential, which is an averaged-field potential used
in quantum mechanics to approximate electron (or positron)-nucleus and electron (or
positron)-electron interactions in multi-electron systems. In essence, the Hartree potential
represents the average electrostatic field that an electron (or positron) experiences due

to the combined presence of the nucleus and all other electrons. Instead of explicitly
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accounting for the complex, individual interactions between each pair of electrons, it is

defined for molecules as:

L 5 Iy S i (M)?

Vi <r1,Ri> =5y 2NN, [ (1.22)
N= = Bal o |7 — 7|

The upper (lower) signs refer to the electron and positron interactions, respectively.

Ny is the number of occupied orbitals, N;; the number of electrons in the orbital, M is the

number of nuclei, Zy their charges and Ry their positions with respect to the molecular

center of mass. ¢,(7) are the molecular orbitals which describe the target.

1.9.1.1 Boundary Conditions

Entrance Channel: The target is electrically neutral (the number of protons Z, equals
the number of electrons Z.). At large distances (r; — o00), the projectile perceives no
net charge (Z = 0). However, as it approaches the target, the effective charge it senses
changes due to the varying distribution of the target’s charge. At the center of mass

(r1 = 0), the projectile perceives the total charge present at that point.

Exit Channel: After ionization, the target loses one electron (resulting in Z, — 1 elec-
trons while still having Z, protons). Consequently, at large distances (r; — o0) , the

ejected and scattered particles experiences an effective charge of Z = 1.

1.9.2 Post collisional interaction

In the exit channel, the outgoing particles (electrons and positrons) interact both with
each other and with the residual ion. This mutual interaction, known as post-collisional

interaction (PCI), is accurately represented by the Coulomb interaction [9]:

= . T . . - - 1
O(Oé()l, ]{551, 7"01) = etks1 1F1(—ZOZ()17 1, —Z(k’sl?“()l — ]{?51 . TOl))F(l — ok ) (123)
sl

— 1 — —
g1 = :F2/{j and k:sl = é(ks — k?l) (124)
sl

1F} is the confluent hyper-geometric function and I' is the gamma function.ay; is the
sommerfeld parameter, with signs for electron-electron and positron-electron interactions,

respectively.
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1.9.3 M3CWZ Approach

In the M3CWZ model, the ionization of a diatomic molecule A by an incident electron or

positron is described by the general reaction

e Jet (ki B) + A — A* e (ky, By) + ¢ Je* (ks, Ey) (1.25)

where the incident projectile collides with the molecular target, leading to the ejection
of one bound electron and the scattering of the projectile.
The probability of this ionization process is characterized by the triple differential

cross section (TDCS), which in the laboratory frame is expressed as

do — (20)f N kl
dQpyerdQdd dE,y

where k;, kg, and k; are the momenta of the incident, scattered, and ejected particles,

4) _

il (1.26)

O'(

respectively, and T;; is the scattering amplitude defined as:
Tip = (V5| Vine|¥3), (1.27)

where W; and Wy are the initial and final states of the system, and Vi, represents

the interaction potential between the projectile and the active electron, this potential is

written as
1 1 .
— — + — for electron impact
I .
+ — — — for positron impact
o Tol

where rg and 7g; denote, respectively, the distances between the projectile and the
nucleus, and between the projectile and the bound electron.

The initial state of the system is expressed as

U, = oZD (7 k) (F 1.29
Pe

where ngZ +)

is the incoming Coulomb wave function with a variable charge Z(r)

accounting for distortion effects, and ®(7) is the molecular bound-state wave function.
The incoming Coulomb wave with variable charge is given by [33]:

otk

GZD(EF) = e )3/21F1 (za( ), 1,i(kr — k ?))

71'04(7’)

I'(1—ia(r)) (1.30)

where a(r) = @ is the Sommerfeld parameter.
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The final state, describing both the scattered and ejected particles in the continuum,

is written as

—

Uy = @? (7, k) @? (71, k) Clar, For, s ) (1.31)

—

where (C(ag1, o1, ks1)) accounts for the post-collision interaction (PCI) between the

outgoing particles. The outgoing Coulomb wave function is defined as [33]:

O = Gom b (—ia(), 1, =itk + £-7) "3 T(1+ia(r)  (1.32)

otk
)
Electron and Positron Impact

For electron impact, the total transition amplitude can be decomposed into direct and

exchange components, Ty;, and Ty, respectively. The corresponding molecular TDCS is:

4
9 _ dio _ (ol
dQEuler dQl dQS dEl kl

4 - (|Tdi7”’2 + ‘Texc‘z + |Tdir - Tezc’2) (133)

For positron impact, exchange effects are absent (T = 0), leading to the simplified

expression:

4 kskl
ki

Within the single-particle picture approximation, the direct and exchange amplitudes

o® = (2r) | Tic|? (1.34)

are written as:

S P o 1 1 S
Tair = <¢CZ()(]€S,7’0)¢CZ( )(lﬁﬂ”l)c(am, ks1,7“01) - = ¢f(+)<ki,7”0)q)(7”1)>
Tor To (1.35)
¢ — — "¢ — "¢ — 1 ]' "¢ — — .
7@—<%mew%“%&oa%bmmm;——7¢?Wmem»
01 0

The evaluation of the transition amplitudes in Eq. (1.35) is performed using the Fourier
transform formalism, which allows substantial simplification of the analytical steps [34].
A detailed derivation of one of these matrix elements is provided in Appendix A.

Molecular Averaging and Computational Aspects

Since the molecule can adopt any spatial orientation, the TDCS must be averaged over

all Euler angles, giving
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1
Omolecule = @ /0(4)dQEuler (136)

Where dQgyer = sin fdadfdy are the Euler angles defining the molecular orientation.
This integration over Euler angles in Eq. (1.36) can be carried out analytically [35, 36].
This combined procedure yields efficient and accurate calculations of the TDCS while

significantly reducing computational time.

1.10 Conclusion

This chapter has outlined the basic theoretical framework for understanding single ioniza-
tion processes by electron and positron impact. We started by discussing the fundamental
conservation laws and the experimental setups used to measure ionization events. Dif-
ferent geometries and kinematic conditions were then examined, showing how various
experimental configurations help us capture the details of the ionization process.

Next, we explained how electrons in the continuum are represented and how the target
wave functions are modeled. Several theoretical models were reviewed, including the
BBK, DWBA, and M3DW models, each offering unique insights into projectile-target
interactions. Finally, we introduced our developed M3CWZ model. This model takes
into account post-collisional interactions and distortion effects in an approximate way
by using the concept of a variable charge. By incorporating these additional effects, the
M3CWZ model provides an accurate description of the ionization process and improves

significantly the computational efficiency.
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Chapter 2

Double Ionization Process

2.1 Introduction

Double ionization is the process in which two electrons are removed from an atom or
molecule after an interaction with an incoming particle, such as a photon, electron, or
ion. This process is important in atomic and molecular physics because it involves strong
electron-electron correlations, making it more complex than single ionization.

In this process, the first electron interacts with the incident particle and is ejected. The
second electron is then released in a subsequent interaction, which may proceed through
different underlying mechanisms.

Theoretical models aim to describe these mechanisms and predict measurable quanti-
ties such as cross sections and angular distributions of the ejected electrons. These models
help interpret experimental results and improve our understanding of how electrons in-
teract.

In this chapter, we will discuss double ionization in diatomic molecules. We will cover
(e,3¢) and (e,3-1e) experiments, differential cross sections, and key ionization mechanisms
such as Shake-Off (SO) and Two-Step processes (TS1 and T52). We will also introduce

some of the main theoretical models used to describe this phenomenon.

2.2 Description of The Double lIonization Process

We consider the double ionization of an atomic or molecular target B, initially in its
ground state, induced by the impact of an incident electron with energy E; and momentum
k;. This process, denoted as (e, 3e), results in the scattering of the projectile with energy
E; and momentum k:_;, accompanied by the emission of two electrons with energies and

momenta (F;, k1) and (E, k3), and a residual ion B2T.
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ei(ki, E;) + B — B + e,(ky, Ey) + e1(ky, Ey) + e,(ks, Fo) (2.1)

1
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Figure 2.1: The (e,3¢) Double ionization reaction.

this reaction obeys the following energy and momentum conservation laws:

E;,=FE,+ Ey + B + By,

W s Ao (2.2)
ki=ki+ky+ks+q
¢ is the recoil momentum of the ionized target; F;,, is the energy necessary for ionization,

and K represents the momentum transfer.

K=k —Fk, (2.3)

2.3 Experimental Measurements

The study of electron-impact double ionization relies on advanced experimental techniques
capable of resolving the full kinematics of the outgoing particles. Depending on the level
of detail and the experimental constraints, several types of coincidence measurements are
employed. In this section, we describe two widely used setups: the (e, 3e) and the (e, 3—1e)
experiments. Each method provides distinct levels of information on the dynamics of the

double ionization process and is suited to different experimental challenges and objectives.

2.3.1 (e,3e) Experiment

The (e,3e) experiment offers a complete kinematic characterization of the double ion-
ization process. In this technique, all three outgoing electrons, the scattered projectile
and the two electrons ejected from the target, are detected in coincidence. Their energies
and emission angles are simultaneously measured, enabling full reconstruction of the final

state.
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Such measurements provide access to the five-fold differential cross section (5DCS),
which gives detailed insights into the energy and angular distributions of the electrons
involved in the ionization event. This experimental approach makes it possible to inves-
tigate fundamental electron-electron correlation effects and to test theoretical models of

double ionization with high precision [1-3].

2.3.2 (e,3 — le) Experiment

The (e,3—1e) experiment, in which two out of the three outgoing electrons are detected in
coincidence, was developed as an alternative due to the technical challenges and lengthy
acquisition times associated with (e, 3e) experiments. These difficulties arise primarily
from the small double ionization (DI) cross sections, which are smaller than those for
single ionization (SI) processes. As a result, an intermediate coincidence method between
the (e, 2e) and (e, 3e) configurations was introduced. The energy of the undetected elec-
tron is determined through the energy conservation law (??). This technique provides
access to the four fold differential cross sections (4DCS), offering valuable insights into

the underlying ionization dynamics [4-6].

2.4 Differential Cross Section

2.4.1 Five Fold Differential Cross Section (5DCS)

In (e, 3e) experiments, three electrons are present in the exit channel with nine kinematic
parameters. By applying the law of energy conservation before and after the collision,
these nine kinematic parameters are reduced to five: the energies of the two ejected
electrons Fy, Ey, and the directions of the three outgoing electrons €2, 1, and €. If these
five parameters are determined during DI, the experiment is considered complete: the

corresponding cross section is denoted as the Five Fold differential cross section (5DCS) [7].

dc s kskiks
= = (271')
dE1dFEydS2,dQd)y k;

&)

| Tyil” (2.4)

With Ty; =< Wy|V|¥; > is the transition matrix element from the initial state to the
final state.

o U, = ;(70)P(1, ) is the initial state

o Wp=(ro)xs(,72) is the final state

o V is the interaction potential
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Note that the detection of the scattered electron and the two ejected electrons is per-
formed using a coincidence technique (e, 3e), ensuring that the detected electrons originate
from the same ionizing event. This experiment provides the most detailed information
about the double ionization process and can be considered as a direct test of the different

theoretical models describing this process.

2.4.2 Four Fold Differential Cross Section (4DCS)

The four-fold differential cross section (4DCS) for the (e,3 — le) reaction is obtained
by integrating the five-fold differential cross section (5DCS) over the solid angle of the
undetected electron. In the case where the scattered electron is not detected, the 4DCS
is expressed as [7]:
oW = /0(5)dQs = dlo (2.5)
dFE,dFEydQdy

Alternatively, if the scattered electron and one of the ejected electrons are detected, the

integration is carried out over €2y, resulting in:

oW — /0.(5)dQ2 = d'o (2.6)
dFE\dFEddS
The 4FDCS is considered incomplete because it describes the angular distribution of one

selected pair among the three electrons resulting from a double ionization process.

2.5 Mechanisms of Double Ionization Process

From a phenomenological perspective, based on many-body perturbation theory, three
main mechanisms have been proposed to explain the double ionization (DI) of an atomic
or molecular target. These mechanisms are known as Shake-Off (SO) and the two-step
processes (TS1) and (T'S2). The first two mechanisms (SO and TS1) result from a single
interaction between the projectile and the target, corresponding to a first-order perturba-
tive process in terms of the projectile’s interaction. In contrast, (T'S2) is a second-order

mechanism with respect to the projectile [8—11].

2.5.1 Shake-off (SO)

The Shake-Off (SO) mechanism is a first-order process. It begins with an initial ionization
caused by a binary collision between an incident electron and a target electron, leading to

the ejection of the latter. The second electron is then ejected as a result of an electronic
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relaxation triggered by the sudden change in its internal potential, which occurs due to

the reduction of the target’s charge by one unit [12,13] .

Figure 2.2: The Shake-Off (SO) mechanism.

The transition amplitude for this process can be described as a direct transition from
the initial to the final state under the influence of the potential V', the expression for this
amplitude is given by [11]:

2 1 1

I
fsoz——<€str°Xf(k1,k277“1>T2) ——t et =
2 ro |To—71|  |To — 7%

RO (7, F2)> (2.7)

2.5.2 Two Step 1 (TS1)

The TS1 mechanism, proposed by [14], is a two-step double ionization process that remains
first-order in terms of the interaction between the projectile and the target. In the first
step, the incident electron ejects a target electron. This ejected electron then collides
with a second target electron, leading to its subsequent ejection. This process is therefore
referred to as Two-Step 1 (TS1).

The scattering amplitude for this mechanism corresponds to the second term in the

Born series expansion and can be expressed in the context of helium double ionization [11].

fTSl ﬂ;/ (27_‘_)3[]{312_]{:72%_]{:3_2]”] <77Z)f( 1 2,7’1,7"2) |F1 —7?2| wn( ,7”1,7"2)>
2 1 1
To |7”0—7“2| |T‘0—7“2|

X <6ik;.F0¢;(Em7 Fla FQ)

61‘1;-.7?0 %‘(7?1, 7_"2)>
(2.8)

1) represent an intermediate state of the first ejected electron, with wave vector

—

K.
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o The summation ) runs over all possible intermediate states, where I,, is the energy
required to remove an electron from the residual ion in its ground state or an excited

state.

o The interaction potential between the incident electron and the two ejected elec-

trons, given by:

2 1 1
To |T0—7”1| |T0—7”2|
« Additionally, V' = m represents the interaction potential between the two elec-

trons in the second step of the process.

Figure 2.3: The « Two-Step 1» (TS1) mechanism.

2.5.3 Two Step 2 (TS2)

The third mechanism, known as Two-Step 2 (TS2), is a second-order process in the
framework of the Born expansion, in which the incident electron interacts twice with the
target.

In the first step, the initial interaction of the incident electron leads to the ionization
of the target. Subsequently, the incident electron interacts again with the now-ionized
target, causing the ejection of a second electron. This TS2 mechanism is illustrated in
Figure (2.4).

Figure 2.4: The « Two-Step 2» (TS2) mechanism.
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The scattering amplitude associated with this process corresponds to the second term

in the Born series expansion and is expressed as follows for the double ionization [11].

1
| — —

0— T2

1 iy, iks T P ik T =
fTSQ - - % Z/ (277')3[]{2 _ k‘2 — k% — 2In] <€ ks 0¢f(k27T2) e km 0¢:;(T2)>

2 1 1
-t =+ =
To |7“0—?"1’ |7“0—?"2’

1 dky, o
S oy (2
e /(2W>3[k?—k3n—k%—2fn]<e vy (k)

2 1 1
- —+ = = + 5 =
To |T0—T‘1’ |T0—7’2’

X <6"k:’”?°¢;(k:, 1, 72)

€i’;i'7?°@/)i(771, 772)>

— —

X <eik;.FOwn(k;7 Fl? 772)

(2.9)
This equation describes the successive interactions between the incident electron and the

two target electrons.

2.6 Theoretical Models

To accurately describe the double ionization process and capture the essential electron-
electron correlations, several theoretical models have been developed. These models vary
in how they represent the electron wave functions and the treatment of interactions be-
tween particles, as well as in the complexity of their mathematical formulations. In the
context of the first Born approximation and applied to diatomic molecular targets, the
following section details two adopted approaches: the Brauner-Briggs-Klar (BBK) model
and the Two-Center Continuum (TCC) model.

2.6.1 Brauner, Briggs, and Klar Model (BBK)

The BBK model, developed by Brauner, Briggs, and Klar, was originally proposed to
describe single ionization of hydrogen and helium atoms by electron and positron im-
pact [15-17]. It was later extended to the double ionization of helium by electron [18§]
and photon impact [19]. The model provides an accurate asymptotic description of the
final-state wavefunction, effectively representing electron-electron correlation effects in the
double continuum.

At the core of the BBK model is the correlated two-electron continuum wavefunction,
constructed as a product of three two-body Coulomb continuum wavefunctions, commonly

referred to as the three-Coulomb (3C) wavefunction. Two of these describe the interaction
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of each ejected electron with the residual ion, while the third accounts for the post-
collisional interaction (PCI) between the two ejected electrons.
The final-state wavefunction, symmetrized with respect to electron exchange, is given
by:
@;(Eh ko|71,75) = Pra by (ks 71) 6 (ks 7) D™ (g, kg i), (2.10)

where Py = (14 Py;)/+/2 is the exchange operator, and ¢ is the Coulomb continuum

wavefunction for a single ejected electron:

ezk~r

T e (1 — i) | Fy (i, 1, —i(kr + k - 7)), (2.11)

v (k) =

with o = Z /k, and Z = 2 is the effective charge seen by the ejected electron.

The post-collisional interaction term is:
D™ (a2, Elz; T2) = €_m12/2F(1 —iag2) 1 F1(ioqe, 1, —i(kiomie + E12 - T12)), (2.12)

where ~ -
5 o . - ki1 — ko 1
Tig =171 — T2, ko= 5 ) @122—2k .
12

The BBK model offers a robust and physically realistic description of the double

(2.13)

continuum, particularly in representing long-range Coulomb correlations. However, it is
computationally demanding due to the complexity of the post-collisional interaction term
D~. To address this, several simplified versions of the model have been proposed, which

we will discuss and apply in the following sections.

2.6.2 Two Coulomb Waves with Gamow Factor (2CWG)

This model proposed by Dal Cappello et al. [20] consists of normalizing the function
D~ (a2, 1512, 72) by arbitrarily imposing the unit value on | F (iaqz, 1, —i(kiar12 +E12-Flg))
while retaining the factor e_m%f‘(l —iayz). This appears sufficient to express the strong
correlation between the two ejected electrons in the final state. As a result, the third
Coulomb wave describing the post-collisional interaction will be replaced by the so-called
Gamow factor F(ki2) and will be written as:

2 T

- (e? - 1) (I1.29)

Among the different characteristics provided by this factor, the most significant is the

Q]9

Fg(ku)z e 2 F(l—ialg)

prohibition for electrons to be emitted in the same direction.

41



CHAPTER 2. DOUBLE IONIZATION PROCESS

This new version of the BBK makes the calculations much simpler and reduces the
computation time without losing the physical aspect of the Coulomb repulsion between
the two continuum electrons. However, this approximation leads to an underestimation

of the amplitude.

2.6.3 Two Coulomb Waves with Ward and Macek Factor (2CWWM)

This model is based on the evaluation of the distortion D~ (s, 1212, T12) at a fixed distance
different from zero. But setting a point in space that satisfies the appropriate conditions
can be a difficult task. Ward and Macek [21] tackled this issue by analyzing asymptotic
situations for the problem of two electrons. The distance that Ward and Macek found as

a function of the energies between the two electrons was:

X112

2 { 0.627
1+

2
= 1_66 \/Eln €:| ]212 (IIgl)

™

where € = (kI + k2)/2 is the total kinetic energy of the two electrons. The insertion

of this distance in the function D~ (a2, EIQ, T12) gives the factor:

™

]C12 (6% — 1)

It is noted that this factor depends on the electronic momentum ko, the first term

FWM(le) = |1F1 (’iOém, 1, —2ik312[f12)|2 (II30)

represents the Gamow factor, while the second designates the hypergeometric function

evaluated at a fixed distance Tis.

2.6.4 Two-Centre Continuum Model (TCCQC)

The Two-Centre Continuum (TCC) model is a theoretical framework developed to de-
scribe the state of two electrons ejected from a diatomic molecule following impact by
a fast incident electron. In the context of (e,3e) and (e,3—1e) processes, where double
ionization occurs, the TCC model accounts for the interaction of the ejected electrons
with the Coulomb fields of both nuclei. This dual interaction is especially significant
in diatomic molecules such as Hy and Ny [22], where the molecular geometry strongly
influences the electronic dynamics.

In this approach, the incident and scattered electrons are modeled as plane waves,
while the final state of the two slow ejected electrons is constructed using a symmetrized
product of modified two-centre Coulomb wavefunctions. These wavefunctions reflect the
two-centre character of the molecular potential and ensure the correct asymptotic be-

havior. In its correlated form, referred to as TCC-C, the model explicitly incorporates
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electron—electron correlation through a Gamow factor and a confluent hypergeometric
function of the inter-electronic distance. This enhancement significantly improves agree-
ment with experimental data, particularly for fully differential cross sections (FDCS).

The correlated two-electron continuum wavefunction is defined as:

- = 1 "¢ - 7 — "¢ - 7 —
Xf(rl7 TQ) - = [¢f<k17 T, k?? TQ) + ¢f(k17 T2, k?a 7"1) 5 (214)
V2
with the correlated product:
¢f(l;:17 Fla E?a FZ) = T(Eb Fl) T<l;2> FQ) D_(a127 El?a Fl?)a (215)

where D~ is the electron—electron correlation factor defined in Eq.(2.12), and

. . I 1 - - 1
7’1227’1—7“2,k12=§(k’1—k2)>0412:—

T(EZ-, ;) = ‘GXP <—W§i> (1 —ioy) (2)3/2 (2.16)

X 1 F1(iay, 1, —i(k; - Tja + ki - Ta)) 151 (1, 1, —Z(Ez - Tp 4 k; - b))

where

Z . 72 . 72
7 Tja jﬂLg, ijZTj—g, 1,7 =1,2. (2.17)

!

<

Z:2, oy =

This formulation allows the TCC model to accurately represent the dynamics of molec-
ular double ionization, reflecting both the two-centre nature of the potential and the

essential correlation effects between the ejected electrons.

2.7 Conclusion

In this chapter, we have presented a detailed theoretical background for the double ioniza-
tion process induced by electron impact on molecular targets. We discussed the kinematic
descriptions, conservation laws, and experimental techniques essential for characterizing
these events. The main ionization mechanisms, namely Shake-Off (SO), Two-Step 1 (TS1),
and Two-Step 2 (TS2), were introduced, providing insight into the electron correlation
dynamics inherent in double ionization. Furthermore, we reviewed several theoretical
models, including the BBK and TCC models, which serve as essential tools for inter-
preting experimental data and predicting cross sections. These models, while differing in

complexity, all aim to accurately describe the intricate interactions in the double ionization
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process. This foundational framework will be critical for the analysis and interpretation

of our results in subsequent chapters.
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Chapter 3

Description of Nitrogen Molecule

3.1 Introduction

The primary objective of this thesis is to investigate the single and double ionization of
the nitrogen molecule N, induced by electron and positron impact. In order to accurately
model and interpret the underlying collision processes, it is essential to first understand
the structural and quantum mechanical properties of the N, molecule itself.

This chapter provides a detailed theoretical description of the nitrogen molecule, in-
cluding its molecular structure, symmetries, electronic configuration, and wavefunction
construction. These elements serve as the necessary foundation for the subsequent anal-

ysis of ionization dynamics presented in later chapters.

3.2 General description of Nitrogen molecule N,

The nitrogen molecule N, is a fundamental chemical substance consisting of two nitrogen
nuclei bound together by a shared cloud of electrons. Each nucleus typically contains 7
protons, giving it a nuclear charge of Zy = +7 and, most commonly, 7 neutrons (isotope
1N). Therefore, the Ny molecule contains a total of 14 protons and, in its neutral state,

14 electrons.

The total mass of the Ny molecule (primarily *N,) is approximately My, & 28 m,,
with most of it concentrated in the two compact nuclei. These nuclei are separated by an
equilibrium internuclear distance of about 1.098 A, which corresponds to the minimum of
the system’s potential energy, determined by electromagnetic interactions. The molecule
is held together by strong covalent interactions arising from the overlap of atomic electron

wavefunctions that form molecular orbitals.
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The symmetry properties of the nitrogen molecule (Ny) are considered to be a homo-
nuclear diatomic system with the two nuclei aligned along the z-axis of a Cartesian co-
ordinate system. The origin is conveniently placed at the center of mass of the molecule,
which, due to its homo-nuclear nature, coincides with the midpoint of the bond, which is

characterized by the following symmetry elements:

o The internuclear (bond) axis, taken as the z-axis, serves as an axis of continuous

rotational symmetry (Cy), reflecting the molecule’s cylindrical symmetry.

o Any plane that includes the bond axis (such as the yOz and xOz planes) acts as a

vertical reflection plane (o).

e Since Ny is homonuclear, the center of mass at the bond midpoint also functions as

a center of inversion (7), making the molecule centrosymmetric.

The Ny molecule exhibits discrete, quantized energy levels that originate from three
types of motion: electronic, vibrational, and rotational. Electronic energy levels arise
from the configuration and excitation of electrons within the molecule. The vibrational
motion corresponds to the oscillation of the nuclei about their equilibrium separation,

while the rotational motion arises from the overall rotation of the molecule.

3.3 Molecular Hamiltonian and Schrodinger Equa-
tion

Considering the system of Ny composed of two nuclei, labeled A and B, with charges Z4
and Zp, separated by a distance R. The internuclear vector R is given by the difference
between the position vectors of each nuclei: R=R A — ﬁB. As well as N electrons located
at positions 77,75, ..., 7y, with the origin being at the center of mass of the molecule.
Neglecting spin interactions, the time-independent Schrodinger equation for the sys-

tem is written as

HY(R,7,...,7y) = Iy + T. + VIU(R, 7, ..., 7y) = BU(R, 7, ..., Fy) (3.1)
where Ty = —%V% and T, = — Zf\il %V% are the kinetic energy operators of the nuclei

and electrons, respectively. V' is the total potential energy of the system, i.e., the sum of
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all Coulomb interactions between all pairs of particles constituting the molecule, expressed

N N
ZA ZB 1 ZAZB
V=-— . 2
Z(\ri—w § |ri—RB|) "L R (32)

=1

as

where:

e The 1st term is the electron-nucleus attraction potentials for nuclei A and B, re-

spectively.
e The 2nd term is the electron-electron repulsion potential.
e The 3rd term is the constant nucleus-nucleus repulsion potential.

The Schrodinger equation (3.1) cannot be solved exactly. Therefore, it is necessary to

rely on approximation methods to find the best possible solutions for the system.

3.4 Born-Oppenheimer Approximation

The Born-Oppenheimer approximation, introduced in 1927 by Max Born and J. Robert
Oppenheimer, is a foundational concept in molecular quantum mechanics. It provides a
powerful simplification for solving the Schrodinger equation for molecular systems.

Because nuclei are much heavier than electrons, the dynamics of a molecule can be
separated into two distinct parts: the motion of electrons and the motion of nuclei.
This separation simplifies the problem significantly and transforms a complex many-body
problem into two more manageable steps.

Under the Born-Oppenheimer approximation, the total molecular wave function W(7, ﬁ)

is written as a product:
U(F, R) = U, (R)V. (7 R),

where WU, (7 ﬁ) is the electronic wave function that depends explicitly on 77 and only para-

metrically on R, and \I/n(ﬁ) is the nuclear wave function.

1. Solving the Electronic Structure Problem: For a fized set of nuclear positions
é, the electronic Schrodinger equation is solved, neglecting the kinetic energy of

the nuclei. This typically looks like:

— —

[T, 4+ V(7 ..., 7n, R)] Ue(7, ..., Pn,: R) = ER)U(7,...,7n,: R)
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Solving this yields the electronic wave function W, (7 I%) and the electronic energy

E.(R) for that specific nuclear geometry.

2. Solving the Nuclear Motion Problem: The electronic energy E.(R) obtained
from step 1 serves as the potential energy governing the motion of the nuclei. The

nuclear Schrodinger equation is then solved using this potential:

[Tn + Ee(é)]q]n(é) = Etotal\pn(é)

—

The solution W,,(R) describes the vibrational and rotational states of the molecule,

and FEi.a is the total energy of the system.

3.5 The Construction of Molecular Orbitals

In the formation of the nitrogen molecule (N3), the atomic orbitals (AOs) of the two
nitrogen atoms combine according to the principles of Molecular Orbital (MO) theory.

Each nitrogen atom has the electronic configuration 1s22s%2p?.

According to the Linear Combination of Atomic Orbitals (LCAQO) approach, the

atomic orbitals overlap to form an equal number of molecular orbitals. Specifically:
e The two 1s AOs combine to form a bonding 1, MO and an antibonding o7, MO.
e The two 2s AOs combine to form a bonding o2, MO and an antibonding o3, MO.
o The six 2p AOs (three from each N atom) combine to form six MOs:

— One bonding o9, MO (from end-on overlap of 2p, orbitals).

— Two degenerate bonding my, MOs (from side-on overlap of 2p, and 2p, or-
bitals).

— Two degenerate antibonding 73, MOs.

— One antibonding o3, MO.

Crucially, for Ny, due to s-p mixing, the 7y, bonding orbitals are lower in energy than
the o9, bonding orbital.

The 14 electrons (7 from each nitrogen atom) occupy the molecular orbitals in order
of increasing energy, following the Pauli exclusion principle and Hund’s rule. Since Ns is a
homonuclear molecule, it possesses a center of inversion symmetry; therefore, its molecular

orbitals are labeled using the gerade (¢) and ungerade (u) notation, indicating symmetry
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and antisymmetry, respectively, with respect to inversion through the molecular center.
Orbitals labeled g remain unchanged upon inversion (¢¥(—7) = +1(r)), whereas those
labeled u change sign ()(—7) = —¢(7)). The ground-state electronic configuration of No
is (see Fig. 3.1):

lo? 107, 20, 207, 1, 307 (3.3)

Note: 1k represents two electrons in each of the degenerate my,, and Trop, Orbitals. Ex-
cluding the core orbitals (1o) 107), the valence configuration (207 207, 17, 307) contains

eight bonding and two antibonding electrons, yielding a bond order of

N,
Bond Order = = —
ond Order 5 5

bonding — Nantibonding 8—2 3
Y

which corresponds to the well-known triple bond in Ns.

Energy increases No unpaired electron in the MO diagram

(Diamagnetic)

Anti-bonding MOs
Bond Order = (N,-N,)/2

4t =(10-4)/2=3

Bonding MOs N N

Triple covalent bond

Anti-bonding Molecular orbital diagram
2s 2s of nitrogen (N,)
Bonding ;5%
o*1s Anti-bonding
1s “<‘;>1L 1s
N ols N Bonding

Figure 3.1: Molecular orbitals for Nitrogen (NN2).

ZPJ_ _L

3.5.1 Linear Combination of Atomic Orbitals-Molecular orbitals
Method (LCAO-MO)

The Linear Combination of Atomic Orbitals-Molecular orbitals Method (LCAO-MO)
method is employed to construct the molecule’s electrons wave function W;(7). It is a
variational method that involves expanding the MOs as a linear combination of a limited

number of atomic orbitals, known as a basis set (¢y)

W) = 3 angn(?) (11.35)

The term corresponding to each atomic orbital basis function () in the expansion is

multiplied by a weighting coefficient (a;;). Using a larger number of terms (i.e., a larger

52



CHAPTER 3. DESCRIPTION OF NITROGEN MOLECULE

basis set) generally improves the accuracy of the calculation and brings the calculated

energy of the orbital closer to the experimentally determined value.

3.5.2 Atomic Orbital Basis Sets

The atomic orbitals basis functions (¢j) can be Slater-Type Orbitals, Gaussian-Type
Orbitals or Numerical basis functions. The choice of this basis set is very important as it
directly affects the quality and accuracy of the calculated molecular wave function. The

most frequently utilized basis functions in the construction of these orbitals include:

3.5.2.1 Slater Basis Sets (STO)

Slater-Type Orbitals (STOs) are functions inspired by the exact solutions for hydrogenic
atoms. However, compared to true hydrogenic orbitals, the nuclear charge Z is replaced
by an effective nuclear charge o (where typically a < Z) to account for electron screening.

In spherical coordinates (7,0, ¢), they have the general form:

him(r0,0) = Nrt=Dem"y,, (0, ) (I1.36)

n,l,m

el is a normalization factor.

e « is the orbital exponent, often treated as a variational parameter.
e n,l, m are the usual quantum numbers known in atomic physics.

e Y,.(0,¢) are the spherical harmonics.

The advantage of these single-centered STOs in atomic and molecular physics lies in

their ability to enable analytical evaluation of the differential cross sections.

3.5.2.2 Gaussian Basis Sets (GTO)

Gaussian-Type Orbitals (GTOs) are widely used in quantum chemistry software packages.
They offer faster convergence compared to Slater-Type Orbitals (STOs) and are expressed

as:
2

¢S(r,0,¢) = NrP=2De=ory, (0, ¢) (11.37)

where:

53



CHAPTER 3. DESCRIPTION OF NITROGEN MOLECULE

e N is a normalization constant.
e « is the orbital exponent, treated as a variational parameter.

e n,l,m are the principal, angular momentum, and magnetic quantum numbers, re-

spectively.
e Y,.(0,¢) are the spherical harmonics.

This type of function is particularly convenient for purely numerical calculations due to

the simplicity of evaluating products and integrals of Gaussian functions.

3.6 Construction of Nitrogen Molecule Wave func-
tion

The construction of the initial state wavefunction for the Ny molecule began with a
standard quantum chemical calculation at the Hartree-Fock (HF) self-consistent field
level. This calculation utilized the large and flexible augmented, correlation-consistent,
quadruple-zeta (aug-cc-pVQZ) basis set, composed of Gaussian-Type Orbitals (GTOs).
Executed with the Gaussian 03 software package [1] at the fixed experimental geometry,
this initial step produced the conventional multi-center molecular orbitals (MOs) via the
Linear Combination of Atomic Orbitals (LCAO) approach. A crucial subsequent step
for the scattering formalism involved converting these delocalized, multi-center MOs into
a single-center expansion (SCE), employing methods described in previous studies [2,3].
Although originating from a GTO-based computation, the final working representation
of the specific single-center Molecular Orbitals was expressed as a linear combination of

Slater-Type Functions (STOs) (further details in reference [4,5]), written as follows: as .

Nj
©j (F) = Z aijz;:ljk (r))/ljkmjk (Q)
(3.4

Oéjk

njiklik (7’) = Tnjkil exp(—ozjkr)

The following tables show the single center Slater-Type Function expansions for the
N, valence molecular orbitals: 20, (table 3.1), 20, (table 3.2), 30, (table 3.3), and 1w,
(table 3.4), obtained using the method described above.
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Table 3.1: Slater Type Orbital contributions

to the 20, molecular orbital of Nj.

n | m 20,
o a

1 0 0 9.77984531  2.81429939
2 0 0 1.92926356  4.81208629
3 0 0 6.18681500 50.05765810
3 2 0 222208532 24.10688610
4 2 0 2.82640137 -176.735249
5 2 0 2794.75304 -1435.87524
6 2 0 6.85332419 2855.131960
7 2 0 3.76875326 73.49167090
8§ 2 0 5.84895716  1206.33016
9 2 0 7.98416357 -1478.14459
5 4 0 4.96234226 218.7195140
6 4 0 4.83384734 -2085.54992
7 4 0 6.65495477 7101.259230
8 4 0 5.53463280 2153.084170
9 4 0 2652.92595 5047.056430
10 4 0 7.17480781 -14257.2770
11 4 0 7.83529313 20419.85950
6 0 5.48612866 -170.821448
6 0 4.52950867  583.280194
6 0 17164.4743  4035.99953
10 6 0 5.16456754 -845.327976
11 6 0 9.06478977 -16290.4840
12 6 0 5.81139749  319.230396
9 8 0 6.52725644 887.0807200
10 8 0 13.6737104 -49.3299082
11 8 0 937767128 -11617.5139
12 8 0 7.61608403 -808.675759
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Table 3.2: Slater Type Orbital contributions

to the 20, molecular orbital of Ns.

n | m 20,
a a

2 1 0 1.43849226 17.012082
3 1 0 281609837 -249.470865
4 1 0 5.86281604 1129.853620
5 1 0 4.01209113  439.193313
6 1 0 215106265 -0.73906265
4 3 0 228164978  1.10103508
5 3 0 4.99150516 -638.197761
6 3 0 5.95471421  4262.62694
7 3 0 6.94995977  -7339.1812
8 3 0 5783.72404  3800.98996
6 5 0 4.66626940 -1441.05936
7 5 0 8.05339638 10560.77580
8 5 0 5.42174521  3046.09258
9 5 0 1787.32625 4953.70034
10 5 0 6.20124571 -1704.10996
8 7 0 4.66496849 718.5806
7 0 5.15606393 -2404.75187
10 7 0 337.158269  1082.88492
11 7 0 6.53731218  6402.29177
12 7 0 6.96971175 -2973.07139
13 7 0 6.23459097  249.170464
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Table 3.3: Slater Type Orbital contributions

to the 30, molecular orbital of Nj.

n | m 304
! a
1 0 0 10.1276241 -0.10344542
2 0 0 10.2718374 -29.1389776
3 0 0 1.82430732 -16.9262459
4 0 0 195456966 8.17812708
5 0 0 3.38166581 38.4760416
3 2 0 1.35934321 0.27249854
4 2 0 349716417 -142.970191
5 2 0 6.63391233 1090.61543
6 2 0 6.05748994 -122.367679
7 2 0 4.43912862 605.493439
8 2 0 4.81930956 -499.911138
5 4 0 5.11682883 -127.216131
6 4 0 8.66361037 1100.69342
7 4 0 4.28206877 115.15899
8 4 0 4.66170074 -110.57076
9 4 0 309.916138 -87.9511709
10 4 0 233.986702 -38.9423390
7 6 0 9.04221801 1317.66684
8 6 0 9.12922698 -2743.27941
9 6 0 7.256453  147.551805
10 6 0 658.071799 885.032137
9 8 0 216125345 1.08575573
10 8 0 241501217 -3.91045322
11 8 0 3.53751433 5.21578763
128 0 275070237 1.43951056
13 8 0 291000367 -0.34932313
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Table 3.4: Slater Type Orbital contributions

to the 1w, molecular orbital of Ns.

n | m 17,
Q@ a

2 1 1 5.70823623 -1.64549523
2 1 -1 5.70823623 1.64549523
3 1 1 1.60776749  -0.78024047
3 1 -1 1.60776749 0.78024047
4 1 1 3.38873270 -9.26959523
4 1 -1 3.38873270 9.26959523
4 3 1 249335380 -4.63244487
4 3 -1 2.49335380 4.63244487
5 3 1 3.11229164 12.7476209
5 3 -1 3.11229164 -12.7476209
6 3 1 5.13843605 47.3117996
6 3 -1 5.13843605 -47.3117996
7 3 1 4.62818504 -174.517096
7 3 -1 4.62818504 174.517096
8 3 1 5.13216696 177.954584
8 3 -1 5.13216696  -177.954584
6 5 1 4.10864939 -119.767610
6 5 -1 4.10864939 119.767610
7 5 1 7.18999394 850.901069
7 5 -1 7.18999394  -850.901069
8 5 1 4.61761964 53.44504640
8 5 -1 4.61761964 -53.44504640
9 5 1 6.35725543 415.8064840
9 5 -1 6.35725543 -415.8064840
10 5 1 226.470067 -237.663417
10 5 -1 226.470067 237.663417
8 7 1 5.58860747 138.502089
7 -1 5.58860747 -138.502089
7 1 6.15706624  -517.215928
7 -1 6.15706624 517.215928
10 7 1 6.69787362 440.683957
10 7 -1 6.69787362  -440.683957
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3.7 Laboratory Frame and Molecular Frame - Euler
Angles

A collision system is typically described in the laboratory frame (OXYZ). However, the
molecular orbitals wave functions, which contribute to the transition amplitude, are usu-
ally provided in the molecule’s mass center frame (Ozyz). The transformation between
these two reference frames is accomplished using the Euler angles («, 3,7). These angles
relate the laboratory frame to the molecule-fixed frame via a composite rotation, denoted
R(a, B,7). This rotation can be expressed as a sequence of three elementary rotations

(using the z — y — z convention often employed in molecular physics):

R(CW Ba 7) = RZ(’}/)Ry(ﬁ)RZ(Q)

where the individual rotation matrices are:

cosae —sina 0 cosf 0 sinf cosy —siny 0
R.(a) = |[sina cosa 0| Ry(B) = 0 1 0 | R.vy)= |[siny cosy 0
0 0 1 —sinf 0 cosf 0 0 1

In the laboratory frame (OXYZ), the wave function of the molecule is written as a

function of the Euler angles as:

Yian) (7, @, B,7) Zasz Z D (0 B,7) Y (7) (3.5)

N_flzk
The evaluation of the differential cross sections require an averaging over all possible
orientations of the molecule, and it can be carried out analytically thanks to the following
property of the rotation matrix Di,m(a, B,7) [6]

1 1
877'2 dQEuler ( ﬁ /Y) (O‘HB/)/) - 91 1

5[1/5mm’6p,p/ (36)

3.8 Summary

In this chapter, we have presented the fundamental properties and quantum mechanical
description of the nitrogen molecule (Ny), which serves as the target system in this the-
sis. We discussed its structural and symmetry characteristics, constructed its molecular
orbitals using the LCAO-MO method, and detailed the computational approaches used

to obtain accurate wavefunctions. These elements form the theoretical basis required for
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analyzing electron and positron impact ionization processes, which are the central focus

of the following chapters.
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Chapter 4

Single Ionization of Molecular
Nitrogen by Electron and Positron

Impact

4.1 Introduction

Theoretical investigation of the triple differential cross section (TDCS) in the nitrogen
molecule ionization by electron and positron impact ! is performed using the M3CWZ
model for both the inner 20, and the outer 20,, 17,, and 30, orbitals of the molecule at
intermediate impact energies (up to 700 eV) as well as at a lower impact energy of 250 eV.
This study aims to provide a detailed description of the ionization dynamics over a wide
range of kinematical conditions, thereby offering insight into the influence of projectile
type on the observed cross sections.

In this chapter, we present and discuss the results of our calculations in detail, high-
lighting the trends revealed by the M3CWZ model. The TDCS calculations are system-
atically compared with previous theoretical approaches and with available experimental
data obtained in asymmetric geometries at both large and low recoil momenta, enabling a
critical assessment of the model and contributing to a broader understanding of electron—

and positron—molecule collision processes.

'Part of this chapter (in particular section I1.3) is reproduced from: S. Mekhalfa, S. Houamer, A.
Mansouri, I. Khiat, A. Tamin, C. Dal Cappello, and P.-A. Hervieux. Theoretical investigation of the triple
differential cross section in the nitrogen molecule ionization by electron and positron impact. Journal of
Electron Spectroscopy and Related Phenomena, 281:147545, 2025, with the permission of ELSEVIER
Publishing.
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4.2 Application of M3CWZ model to the ionization

of Nitrogen molecule

The positron (electron) impact ionization of nitrogen molecule, in its ground state, is

expressed as:
e Jet (ki Ey) + Ny — Ni + e (k1, By) + e Jet (ky, Ey).

The triple differential cross section (TDCS) is calculated using the M3CWZ model, where
all continuum wave functions are described by Coulomb waves with variable charges.
We study complete experiments in which an incident particle (electron or positron) with
momentum lgz and energy FEj; is scattered with momentum Es and energy E, and an ejected
electron with momentum k; and energy F is detected in coincidence. The energies and
momenta of all particles satisfy the laws of energy and momentum conservation.

The variable charge Z(r) is evaluated by using the spherically averaged potential:

. 1 L= AG
U(r) = E/V( L R) A =F £11> (4.1)
where V (77, R;) is the standard Hartree potential defined for molecules by:
M No
2 B 2N |6;(F)*
Vi(ry, Ri) = ———=—=* ) Ny [ =—=d 4.2
(P By =5 DNy | (4.2)

The upper (lower) signs refer to the electron (positron) impact reactions respectively.
Ny is the number of occupied orbitals, IV;; is so that N;; = 2 if i # j and N;; = 1 if
17, M is the number of nuclei, Zy their charges and Ry their positions with respect to
the molecular center of mass. ¢;() are the set of molecular orbitals which describe the
target.

The ground state configuration of nitrogen molecule is given by:
lo? 1o, 207 20, 1w, 30 (4.3)
For Nj, the molecular orbitals are centered in the middle of the inter-nuclear axis,
Eq. (4.2) becomes hence:
14

. 2
Vi, R) = F— LA = L +) Ny 19,0 45 (4.4)
7 — R/2|  |F+ R/2| |7 — 7|

j=1
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In the present investigation we consider that the inner orbitals 1o, and 1o, are strongly
bound to the core and can be considered as part of the core. As a result, only the orbitals
20,4, 20, 1m,, and 30, are considered to calculate of V;(77, f{), this leads therefore to the

following expression:

10
_ 5 5
Vi, B) = F———=—F ———=—+ Y Ny ’%(m (4.5)
"= R/2[ i+ R2] T ’r_rll

After averaging over df);, the spherical potential U(r) given by Eq. (4.1), is then

written as:

1/ry ifri >R 1 2 7
Ui(7) = F10 /n S ZNU WJ_F)’ a0, = + 200 ()
1/R1 if r| < Rl |7" 7“1| T1

Where Ry = R/2 =1.06 a.u. , R is the bond length of the molecule. ¢;() are the single
center molecular orbitals (See Section 3.6)
The variable charge Z(r) is finally written in an analytical form, as a series expansion,

enabling the calculation of the matrix elements in a very convenient way.

Figure 4.1 presents the variable charge functions Z;(r), Z1(r), and Zy(r) as functions
of the distance r for the 30, orbital corresponding to the incident, scattered, and ejected
particles, respectively. In our model, the molecular wave functions are centered at the
midpoint of the internuclear axis. The ejected and scattered electrons experience an
effective charge of Z = 0 at the center of the target and Z = 1 at large distances,
while the incident electron (or positron) feels a charge of Z = 0 both at the center and
asymptotically. As shown in the figure, the asymptotic values of Z(r) are reached rapidly,
around r = 3 a.u.. The function Z(r) increases from r = 0 to a maximum at r = Ry, then
decreases asymptotically to Z = 0 or Z = 1. A sharp peak appears at r = R} = R/2,
where R is the bond length defined earlier. This sharp peak is a distinctive feature of

molecular targets and is not observed for atomic ones [1,2].
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Z.e(l’)l,zs(ll’)

0 N 1 N 1 N 1 N 1 N 1 N 1 N 1 N 1 N 1 N
0 1 2 3 4 50 1 2 3 4 5

r (a.u.)

Figure 4.1: Variable charge Z(r) felt by (a) the incident electron and (b) the outgoing electrons
during the ionization process for the 30, molecular orbital of Ns.

The aim of this work is to use the M3CWZ model to study the details of the ionization
reaction of nitrogen molecule by electron and positron impact. Theoretical results are
then discussed and compared with TDCS measurements available for both positron and
electron impact ionization performed in asymmetric coplanar kinematics and with other

theories.

4.3 Results and Discussion

The triple differential cross section has been calculated for the ionization of nitrogen
molecule by electron and positron impact within the M3CWZ theoretical model, where
single center molecular orbitals have been used to describe the target. Prior to assessing
the M3CWZ model, the target molecular orbitals used in this work should be probed
beforehand. Electron momentum spectroscopy (EMS) represents the best commonly used
technique for testing molecular orbitals, it has even become a powerful tool for the design

of high quality wave functions in quantum chemistry.
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4.3.1 Electron momentum spectroscopy (EMS) study

Electron momentum spectroscopy is used to probe the wave functions of any target [3],
since it measures directly the square of the momentum space overlap function between
the initial ground state of the molecule and the ion in its final state. The theoretical
background of EMS can be found in our previous work [4] and references therein, we
present here only the main aspects of the technique. EMS experiments are carried out at
intermediate impact energies (1 — 2 keV'), with the two outgoing electrons sharing equal
energies. As a result, the reaction mechanism is simple enough and the projectile as well
as the ejected electron can be described by plane waves, the TDCS in EMS studies is hence
calculated in the so called PWBA model, the calculated TDCSs are called momentum
profiles. In the frozen-core approximation, the measured electron impact cross sections in
EMS are directly related to the square of the momentum space wave function, constituting
as such a sensitive probe of distributions of electrons in atomic and molecular targets. In
EMS experiments, the two outgoing electrons are detected at polar angles (6; = 6, = 45°).
The non-coplanar symmetric geometry is used, the TDCS is then displayed as a function

of the recoil momentum which is written as:
o\ Y2

where ® = 71 — |y — ¢1|, ¢1 and ¢, are the azimuthal angles of the scattered and ejected
electrons.

Generally, ¢ is kept to be zero and ¢, is varied from 0° to 30°. Our theoretical
momentum profiles for nitrogen molecule are compared with EMS experiments performed
at ~ 1500 eV impact energy [5], in order to test the molecular orbitals used to describe
the target.

Figure 4.2 shows PWBA theoretical results for the ionization of the 20, 20,, 17,, and
30, orbitals, experiments as well as other theoretical results are also displayed. Note that
the EMS data are given on a relative scale, experiments and theories have been placed
on a common intensity scale, by normalizing to our theoretical results. It is seen that
comparison between our theoretical results with experiments in the outer valence region is
quite promising and leads to good agreement with the data. Furthermore, we would also
note that our description of the target provides results that are quasi similar to rather
sophisticated SCF calculations of the ADC(4) many body model [5,6]. This agreement
reveals that the molecular single centred molecular orbitals used in this work in order
to investigate the ionization dynamics are of good quality and constitute an accurate

description of the molecular target.
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Figure 4.2: EMS momentum profile reported in a non coplanar symmetric geometry at 1500
eV impact energy as a function of the recoil momentum, the outgoing electrons are detected
at 45° polar angles sharing the same energy. Theoretical PWBA results (black solid line) are
compared with experimental data (black full circles) taken from [5] and ADC(4) calculations [6].
Theory and experiments have been normalized to present theoretical results for the best visual
fit.

4.3.2 Collision dynamics study

We discuss now the dynamics of the ionization reaction by comparing the calculated
TDCS’s with experiments performed in asymmetric coplanar kinematics. We consider
then a comprehensive set of data for electron and positron impact ionization, all per-
formed in asymmetric coplanar geometry, in order to benchmark our calculations with

these data as well as other available theories.

The first situation deals with the (e,2e) measurements of Lahmam bennani et al [7] for
nitrogen molecule where the projectile is scattered with energy E; = 500 eV and an angle
0, = 6° , while the ejected electron is detected with energies (Ey = 37, 74 and 205 eV/).
These experiments are characterized by large recoil momentum q which means an impor-

tant participation of the residual ion in the reaction, the TDCS exhibits thereby a large
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intensity in the recoil region. The investigated data correspond to the ionization of the
inner valence orbital 20, and the outer valence orbitals (20, , 1w, and 30, ). As stated
in [7], the inner 20, orbital whose ionization potential is I = 37.9 eV is well isolated while
the outer orbitals 20, (I = 18.75 V), 1m, (I = 16.7 €V') and 30, (I = 15.6 eV) are
not resolved, this is related to the close spacing between electronic states faced usually
by molecular targets. As a result, the (e,2e) data are provided with a 100% efficiency
for 30,,78% for 1m, and 32% for 20, , our TDCS for the outer orbitals will hence be
presented as a weighted sum (30, 4+ 0.78 x 1m, 4+ 0.32 x 20,,). Our theoretical results are
displayed in figures 4.3 and 4.4 and compared with experiments and other theories. The
weighted sum of TDCS is presented in Fig. 4.3 as a function of the ejection angle for the
outer orbitals (20, , 17, and 30, ) for ejection energies Ey = 37 eV (panel a), By = 74 eV
(panel b) and Ey = 205 eV (panel ¢). As the data are given on a relative scale all results
are normalized to the M3BCWZ model in the binary region. Comparison is also made with
M3DW and DWBA models [7,8] where the PCI is included via Ward-Macek factor [9] for
DWBA and exactly treated for M3DW. Note that results are also available with a rather
poor First Born model (FBA-TCC) using bicentric Slater-type molecular orbitals [7]. In
this model no PCI is taken into account and the projectile is described by a plane wave,
results within this model are rather poor, results on FBA-TCC model have not been used

in this work due to large observed discrepancies with experiments.

The first observation is that the data present a two lobe structure in the whole angular
range, the first lobe in the binary region and the second one in the recoil region, this
two lobes structure is qualitatively better exhibited by M3CWZ. Indeed, it is shown
that in the binary region the shape of the TDCS is better reproduced by M3CWZ for
kinematics of panels (a) and (c) especially for lower ejection angles 65 inf30° while for
panel (b) M3CWZ and DWBA predictions are overall similar (M3DW are available only
for kinematics of panel b). In the recoil region the best agreement with experiments is
illustrated by M3CWZ in all cases, the DWBA model is not able at all to reproduce
the peak for ejection energies Fy = 37 eV and 74 eV but does better for Fy = 205 eV,
M3CWZ results remain still closer to the data that those of DWBA even at Ey = 205 eV
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Figure 4.3: Weighted sum (see text) of the TDCS for the ionization of Ny from the
(304, 1m, and 20,) outer valence orbitals by electron impact. The projectile is scattered with
energy F = 500eV at fixed angle #; = 6° and detected in coincidence with the ejected electron
with energy (a) Eo = 37eV, (b) Ey = T4eV and (c) Ey = 205eV. Electron impact calculations
of M3CWYZ represented by red solid line, are compared with the experimental data for elec-
tron impact (black full squares) taken from [7], M3BDW (wine short dashed line) [7] and DWBA
(green dashed dotted line) [8]. The blue dashed lines represent M3CWZ calculations for positron
impact. Experiments and theory have been normalized to M3CWZ results in the binary region
for electron impact. Positron impact calculations (blue dashed line) are represented on their
absolute scale. The dashed vertical lines indicate the momentum transfer K and its opposite
direction —K.

In addition, we should note that kinematics of panels (a) and (b) correspond to a
recoil momentum 2.4 au and 3.2 au respectively while for panel (c) the recoil momentum
gets even bigger and reaches nearly 5.4 au, this explains the amplitude of the recoil peak
which is more important in this case than that in the binary region. This is in fact
markedly illustrated in Fig. 4.3 if we look to details of the data, it is indeed seen that the
recoil-to-binary ratio (RB) increases with increasing ejection energies, the ratio becomes
much more important for Fy = 205 eV which means a stronger interaction between the
electron and the residual ion. The M3CWZ model reproduces rather well this features,
we can see that the RB ratio increases with ejection energy to reach the value (= 0.5)
at 205 eV ejection energy in perfect agreement with experiments. When we consider the
inner 20, orbital in Fig. 4.4, it is still observed that the TDCS exhibits a binary and a
recoil peaks, the recoil peaks are now much stronger for all ejection energies, revealing a
more significant participation of the residual ion to the reaction. It is shown that for this
orbital, theoretical results reproduce more or less the shape of the angular distribution

but underestimate substantially the data in the recoil region. Furthermore, the binary
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region is somewhat fairly described by theory while in the recoil region M3CWZ model
predicts better the data for all energies, the recoil peak is qualitatively reproduced but
underestimates clearly the data. DWBA results show clear discrepancies with the data
except at Fy = 205 eV where a recoil peak is somewhat reproduced but remains quite
far from experiments. When we look at the RB ratio, M3BCWZ results show that the
RB is increasing with growing ejection energy in a qualitative agreement with the data.
Quantitatively speaking, this ratio is nevertheless more important experimentally than
theoretically, it reaches about 1.6 experimentally at 205 eV ejection energy while M3CWZ
provides nearly 0.6. It’s worth noting that the deficiencies observed for the inner orbital
in the recoil region could be attributed to the use of the single picture approximation, in
which the valence electrons are treated as part of the frozen nucleus and are then inactive;
it would be interesting to take into account the other electrons of the target, especially for
inner rbitals. Unfortunately, the situation for the theory turns out to be more dramatic
if we consider the other electrons, since matrix elements become computationally very
expensive to evaluate. Another alternative to improve the agreement with experiments is
to use Second Born models, where the projectile undergoes a double interaction during
the collision with the target.
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Figure 4.4: Triple differential cross section for the ionization of the inner 2o, orbital of N».

Kinematics and symbols are the same as in 4.3.

For deeper insight to the ionization reaction we have presented theoretical calculations
of the ionization process by positron impact based on the M3CWZ model in the same

kinematics, our results are displayed as blue dashed lines for all situations in Figs 4.3 and
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4.4, bearing in mind that for the present kinematics no experimental data are available for
positrons for these kinematics to our knowledge. For a comprehensive study the directions
of the momentum transfer K and its opposite — K have also been represented by vertical
dashed lines. Overall, it is observed that the amplitude of the TDCS is enhanced for
positron impact reaction in the binary region while in the recoil region the opposite
occurs, this feature is better exhibited at 205 eV (panels ¢ , Fig. 4.3 and 4.4) . When
we look at the position of the peaks (with respect to the direction of the momentum
transfer K and its opposite ~K ), we can see in most cases (except kinematics of Fig.
4.4 | panel ¢) that, in the binary region the peaks are shifted in the backward directions
for positrons and in the forward directions for electrons, in the recoil region we observe
rather the opposite. Furthermore, this shift is more visible in both Fig. 4.3 and 4.4 at
205 eV ejection energy (panel c). All these features have been predicted by Dubois and de
Lucio [10] and confirmed by Zaidi et al. [2] for argon atom, the present findings illustrate
manifestations of projectile charge effects in the structure of the angular distribution of
the TDCS. The features observed in the TDCS for positron and electron impact ionization
reaction are attributed to the post collision interaction which is considered in our modeling
and exactly treated. It’s worth noting that the difference in the amplitude and the shift
in positions for positron and electron impact are clearly more visible at 205 eV ejection
energy (panel ¢) than for lower ejection energies (panels a and b), because in kinematics of
panel(c) the PCI is much more important playing therefore a more significant role in the
ionization reaction. We should note however that for the inner 20, orbital, these features

are unfortunately not clearly exhibited at 74 eV ejection energy (panel b, Fig. 4.4).
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Figure 4.5: Weighted sum of the TDCS for the ionization of Ny from the (30,4, 17, and 20,)
outer valence orbitals by electron and positron impact. The projectile is scattered with energy
E1 =500 eV at a fixed angle 6; = 6° and detected in coincidence with the ejected electron with
energy Fo = 205 eV. Electron impact calculations of M3CWZ with PCI (by red solid line) and
without PCI (blue dashed line) are presented in their absolute scales in panel (a). Panel (b)
shows the same results with a comparison to experiments [7], where the data and theoretical
predictions have been normalized to M3CWZ results in the binary region.

To conclude this part of discussion we make a comprehensive study for MBCWZ model
where the investigation focuses on the role of the PCI for these particular kinematics.
In Fig.4.5, theoretical TDCS calculations are displayed for M3CWZ with and without
PCI, for kinematics of Fig. 4.3-c where the ejected electron is detected with an energy
Ey = 205 eV rather close to that of the ejected electron F; = 500 eV, for this situation
the PCI is expected to be more important. In panel (a) obtained results are exhibited
on their absolute scales for a more comprehensive study, it is seen that calculations per-
formed without PCI overestimate dramatically those with PCI in the binary as well as
the recoil regions. In addition, calculations without PCI show a very strong peak in the
recoil region, larger than the peak in the binary region. To provide a comprehensive study,
theoretical calculations are compared with experiments [7] and shown in panel (b). Since
experiments are relative, theory and experiment have been normalized to the M3CWZ
calculation with PCI in the binary region. It is clearly observed that the calculations
with PCI agree quite well with the experiments, as shown above, while those without
PCI show strong discrepancies when compared with the data in the recoil region. We can
state that our model, which includes and treats the PCI exactly, is able to well predict
the data for this particular situation. In all situations considered in this work, the PCI is

systematically taken into account.
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In the following part, we investigate the ionization reaction by positron and electron
impact at lower 250 eV impact energy, where experimental data are now provided for both
electron and positron projectiles [11]. Measurements have been reported in asymmetric
kinematics, for the outermost 30, orbital at a scattering angle §; = 3° and three ejection
energies,Fy = 6, 12.4 and 24.7 eV. Furthermore, in contrast with situations investigated
in Fig. 4.3 and 4.4 at large momentum transfer, present kinematics are performed in the

dipolar regime with a low momentum transfer ranging between 0.29 and 0.42 au.
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Figure 4.6: Triple differential cross section for the ionization of the 3o, orbital of Ny by
positron (panel a) and electron (panel b) impact at 250 eV projectile energy. The projectile is
scattered at a fixed scattering angle #; = 3° and detected in coincidence with the ejected electron
with energy Fo = 12.4 eV. Theoretical calculations of the M3CWZ model (red solid lines) are
compared with experiments [11] and DWBA results (green dashed dotted line) [12]. Experiments
and theory have been cross normalized to the positron curve in the binary region (see text) The
dashed vertical lines indicate the momentum transfer K and its opposite direction ~K.

In Figure 4.6, the calculated TDCSs are displayed as a function of the ejection angle
for an ejection energy Fy = 12,4 eV corresponding to a momentum transfer K ~ 0.33 au.
Since the data are given on a relative scale, they have been normalized to M3CWZ
results in the binary region for positron impact in panel (a), the normalization factor
has subsequently been kept for electron impact data in panel (b), MB3CWZ results are
represented and compared with experiments [11] as well as DWBA calculations [12]. It
is seen that M3CWZ model exhibit trends which are similar to those observed in the
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previous situation at 500 eV scattering energy (Figs 4.3 and 4.4) say, the peak in the
binary region is shifted in the backward direction for positrons (panel a) and in the
forward direction for electrons (panel b) as expected. Moreover the peak is stronger in
magnitude for positrons than for electrons in the binary region while in the recoil region
the amplitudes are somewhat close. It is also observed that for electron impact (panel
b) the shape of the TDCS shows a two lobe structure in both binary and recoil regions.
When we make comparison with the data and the DWBA model, it is observed that unlike
for MBCWZ, the peaks in the binary region are shifted in the forward direction for both
electrons and positrons for DWBA. Similarly, the data are closer in magnitude to DWBA
for both positrons and electrons in the recoil region, while M3CWZ better reproduces
experiments for electrons in the binary region. It should also be noted that M3CWZ
shows a strong peak in the recoil region for both positrons and electrons, in contrast to
the data.

Finally, it is observed that the experimental data for positrons in the binary region
seem to be surprisingly shifted in the forward direction in contradiction with theoretical
predictions. It should be noted that for the present data [11], it has been stated that the
statistical uncertainties can be significant because their experiments were carried out with
beams considerably weaker than usually used, this naturally leads to strong influence on
the detected electron emission. The uncertainties associated with the range of emission
angles are rather important in the experimental setup, which could significantly affect the

accuracy of measurements.

We consider now the two other sets of data at ejection energies 6 eV and 24.7 eV,
displayed in Figs.4.7 and 4.8 respectively, for this kinematics no statistical uncertainties
for the data are provided. At 6 eV ejection energy, M3CWZ significantly better agreement
with the experimental data than DWBA calculations (Fig. 4.7). It is shown that DWBA
presents two strong binary and recoil peaks similar in amplitudes in disagreement with
the data for positron (panel a) as well as for electron impact (panel b). In contrast,
at 24.7 eV ejection energy (Fig. 4.8), results are much better in magnitude for DWBA
while M3CWZ displays strong recoil peaks for both positron and electron projectiles in
disagreement with the data and DWBA results. When we look to the positions of the
peaks, it is still observed for these kinematics (Figs. 4.7 and 4.8), M3CWZ results exhibit
a peak in the binary region which is shifted to the backward direction for positron (panels
a) and to the forward direction for electron (panels b), as it was observed at 12.4eV
ejection energy (Fig.4.6) in perfect agreement with theoretical predictions. Also seen, the
peaks exhibited by DWBA results and the data are shifted to the forward direction for

both positron and electron impact. The comparison between amplitudes also shows that
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an enhancement of the amplitude for positrons with respect to electrons in the binary

region, this feature is overall reproduced by the two theoretical models.
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Figure 4.7: Same as Figure 4.6 but for Fo = 6eV.
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Figure 4.8: Same as Figure 4.6 but for Fy = 24.7¢V.

4.4 Summary and conclusions

This chapter presents, a comprehensive study of the ionization of the nitrogen molecule in
its ground state by electron-positron collisions is reported within a model called M3CWZ,
which has been previously applied to study the ionization of the water molecule by electron
collisions at low collision energies [13]. a wide range of experimental kinematics has
been considered in order to get an insight into the ionization reaction. In a first step,
we considered (e,2e) measurements performed at 500 eV scattering energies and large
recoil momentum, where the residual ion contributes strongly in the reaction, it has been
found that M3CWZ model reproduces quite better the (e,2e) data than DWBA in all
kinematics. A reasonable agreement was shown for the outermost orbitals (20, , 1w, and
30, ) while for the inner 20, orbital some discrepancies remain unfortunately observed,
for this inner orbital M3CWZ reproduces qualitatively the shape of the TDCS angular
distribution but underestimates markedly the magnitude of the recoil peak. In addition,
the theoretical TDCS has also been plotted for the case of positron impact ionization in
the same kinematics, an enhancement of the binary peak with respect to electron impact
situation and a shift towards backward direction have been observed in practically all

kinematics. These features are in quite good agreement with theoretical predictions,
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attesting a priori the validity of our modeling which includes and treats exactly the PCI.

Overall, the M3CWZ model predicts quite well the TDCS for the outer orbitals es-
pecially for high recoil momentum kinematics (Fig. 3, panel c), where the residual ion
participates strongly to the reaction. Nevertheless, for the inner 20, orbital severe dis-
crepancies are observed between theory and experiments, this issue already observed for
other molecular targets in similar kinematics [14], remains unsolved yet by available theo-
ries. Moreover we have investigated the same processes in completely different kinematics
at lower impact energy (250 eV), corresponding this time to dipolar regimes where the
momentum transfer is rather low. Measurements performed for the outer 30, orbital have
been compared to M3CWZ as well as to DWBA calculations. Theoretical results based
on M3CWZ and DWBA models were rather mixed, as clear discrepancies with the data
remain observed for the two models, The process should be further investigated to fix the
origin of the observed discrepancies. It’s worth noting that M3CWZ results for positron
impact were shown to agree better with theoretical predictions and previous measure-
ment [2,10] when we look to the positions of the binary and recoil peaks. Moreover, we
should indicate that experiments performed at 250 eV impact energies for both positron
and electron impact seem to present some shortcomings related to the uncertainties in the
measurements as stated in [11]. Calculations based on the M3CWZ and DWBA models
show some good points and some weak points for each model, further experimental and
theoretical investigations are needed for more accurate study of the Nitrogen molecule

ionization.
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Chapter 5

Investigation of Electron impact
Double Ionization of Nitrogen

Molecule

5.1 Introduction

Electron-impact double ionization of molecular targets provides a powerful tool for inves-
tigating the dynamics and electronic correlations within molecular structures. The work
of the Orsay group (Lahmam-Bennani et al. [1,2]) demonstrated that such experiments
can be performed by detecting all three outgoing electrons in coincidence. This type of
experiment, known as (e,3e), enables the measurement of the five-fold differential cross
section (ADCS). An alternative approach, referred to as (e,3-1e), involves detecting only
two of the three outgoing electrons in coincidence, allowing for the measurement of the
four-fold differential cross section (4DCS).

In this chapter, we investigate the double ionization of the outermost 30, orbital of
the Ny molecule by electron impact, using the Two Coulomb Waves with Gamow factor
(2CWG) theoretical model developed within the First Born Approximation. Calculations
of the 5DCS and 4DCS for the (e,3e) and (e,3-1e) processes, respectively, are carried out
in a coplanar geometry for an incident energy of approximately 600 eV and for both equal
and unequal energy sharing between the ejected electrons. Our aim is to examine the
influence of first-order double ionization mechanisms (SO, TS1) on the double ionization

process.
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5.2 Theory

In the DI process (e, 3e), an incident beam of electrons collide with Nitrogen molecule in

its fundamental state, the reaction is:
e”+ Ny — N3t +e; +ef +ey (5.1)

The six-fold differential cross section (6DCS) for the DI can be expressed as

B dSc
A dQdQ dQsd Erd Ey

kskik
= (2m)" == [Typ(a B)P

)

o (a, B)

(5.2)

where 0 (a, 3) refers to a molecular orientation defined by two Euler angles (o, 3) such
as dQguer = sin(f)dfda.

The two ejected electron energies are denoted by E; and F,. The scattered and the
two ejected electrons are defined by their solid angles (dS)s, d€);, d€2), and momenta
(ks, k1, k3), respectively. The conservation of the energy and momentum in the (e, 3e)
reaction is written as

Ei=FE +EFE,+E,+1

ST (5.3)
fi=ki+ ko + k4@

I; is the energy required for the double ionization of Nitrogen molecule. ¢ represents
the residual ion momentum.
Working in the frozen core approximation with two active electrons, the wave function

of the initial state is given by
U, = (ki 7o) B (71, 7) (5.4)

where ¢;(k;, 7) is the incident electron wavefunction and (7, 7) is the wave function
of the two bound electrons that will be ejected after the collision.

In the exit channel, the final state wave function is written as
Uy = @f(ks; 7o) (K, 71, ko, 72) (5.5)

the incident and scattered electrons wave functions are represented by plane waves, since
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they have high kinetic energies

. ezkj-rg

Qoplane(kj7F0) = (27T)3/2 j = {Zﬂ S} (56)

In the firt Born approximation frame work, the transition amplitude is:
Tif =< \I/fIV|\IJZ > (57)

V is the interaction potential between the incident electron and the two active electrons

in the target, given by
2 1 1
V=—+ + (5.8)

To |F0 — 7?1| |F0 — F2|

where |7y — 7| the distance between the incident electron and each of the two ejected
electrons.
In this study, we focus on the double ionization process of the outermost orbital 303,

the initial wave function of the two active electrons is given by

q’(ﬁ,ﬁ) = ¢(F1)¢(7?2) (5-9)

¢(7;) are the single center molecular wave function expressed as a linear combination

of Slater type functions:

Nj
F) = i Ry (1Y) . (9
90(4) ; jk ]k( ) ik gk( ) (510)

sz',j(r) = by, prak—t exp(—a;gr)

Using the 2CWG model, in the final state, both ejected electrons are represented by a

coulomb wave and their mutual interaction is expressed by the repulsive Gamow factor

FGamow(k12) , as

1

—(pelky, 71, k2, 73) + ey, 7, k2, 71)) X Faamow (Fi2) (5.11)
V2

be(k?_i, Fla k_;a FZ) -

where

=1

s
1R-T

e

¢e(T) = CoEE eCTID(1 — i) | Fy (i, 1, —(ikr + ik - 7))

, (5.12)
7T0412)F(1 — iOélg), with 19 = W
12

FGamow(kIQ) = eXp(_
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The transition amplitude T;; in equation (5.7) is written as

- 1 P 2@“’%*’55)"7 eilki=ks) 75 gilki—ko)rd o(r
7,f(a76> - (271_)3<¢f( 1,71, 2,7’2)’ - To + ’FO—F1| + |F0—F2| | (7”1,7’2>>
(5.13)

The integration over the projectile coordinate 7 in equation (5.13) is performed analyti-
cally using the Bethe relation:
e K7 47 iR

——dr = — with K =Fk —k; j={1,2
e ' =1L
Equation (5.13) becomes

1
(2m)?

| no

Tif(a, B) = (dp(ky, 71, ke, )| — 2+ €57 4 K72 (7) 7)) (5.14)

2

o

where K is the momentum transfer vector.
Finally the six-fold differential cross section 6DCS is then averaged over the two Euler

angles to account for all possible orientations of the molecule.

B d°o
A, dQy dQy dE, dE,

= ﬁ// dp sin fdao'® (a, B)] (5.15)

5)

Furthermore, integrating the 5DCS equation (5.15) over df2 we obtain the four fold
differential cross section corresponding to (e,3-1e) process where only the scattered elec-

tron and one of the ejected electron are detected in coincidence,

d*o

= dQ, d, dE, dE,

- / / o dQ (5.16)
- dQ, dQ, dQy dE, dEy ‘

e

5.3 Results and Discussion

Five-fold (5DCS) and four-fold (4DCS) differential cross sections have been calculated
for the electron impact ionization of the outermost 30, orbital of the nitrogen molecule
(Ng) within the first born approximation framework using the 2CWG theoretical model,

in which the final state of the electrons emerging into the continuum is described using
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two Coulomb waves with a constante effective charge, the post collisional interaction
between the two ejected electrons is represented by Gamow factor. The same single-center
molecular wave function described previously in section 3.6 is employed here. These
wave functions were previously validated by Electron Momentum Spectroscopy (EMS)
measurements [3-6], confirming their high quality and their ability to provide an accurate
description of the molecular target.

The dynamics of (e, 3e) and (e, (3—1)e) double ionization are investigated by compar-
ing the calculated 5DCS and 4DCS with experimental measurements and other theoretical
results, namely the Second-Born Aproximated Three coulomb waves (B2-A3C) [7] and the
Two Center Continuum with correlation (TCC-C) [8] models. Experimental data from
Li et al. [9-11] are used for the 4DCS (e, (3—1)e) reaction in coplanar equal and unequal
energy sharing conditions, and for the 5DCS (e, 3e) reaction in coplanar equal energy

sharing configurations.

5.3.1 The ¢, (3 — 1)e reaction study

In the (e, (3—1)e) reaction, the scattered electron of 500 €V is detected at an angle of 65 =
—6° £ 3° with respect to the incident electron beam. For the ejected electrons we consider
two cases in the equal energy sharing setup, £y = Ey = 12 ¢V and Fy = Ey = 37 €V,
and two cases in the unequal energy sharing setup, E; = 72 eV with Fy = 12 €V, and
E; =144 eV with E5; = 12 V. The angular positions of the ejected electrons are measured
with a tolerance of £8° and their energies with a tolerance of £3 eV. The necessary
incident electron energy is then obtained from the energy—conservation law (5.3), taking
1; = 43 eV as the double-ionization potential.

The 4DCS calculations are performed under the condition that, for unequal energy
sharing, the slower ejected electron e~ (EQ, E,) remains undetected, while the faster ejected
electron e*(lgl, Ey) is detected in coincidence with the scattered electron. In the case of

equal energy sharing, one of the two ejected electrons is left undetected.
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Figure 5.1: Four-fold differential cross sections (4DCS) for double ionization of 30,4 of No. The
scattered electron with energy F, = 500 eV is detected at an angle 6, = —6° in coincidence
with one of the ejected electrons, while the second electron remains undetected. Panel (a):
(E1 : Ey) = (12:12) eV; Panel (b): (E; : Ey) = (37 : 37) €V. Red full squares are experimental
data. The dashed vertical lines indicate the direction of momentum transfer () and its opposite
(f_k ). The theoretical results of 2CWG are in solid black line while those of B2-A3C in green
dash dotted line.

Figure 5.1 presents the 4DC'S as function of the ejection angle 6, for Fy = F, =
12¢V (panel a); Ey = E; = 37eV (panel b) corresponding to momentum transfer
K =~ 0.8 au,0.95 au respectively. The experimental data is given in relative scale thus it
has been normalized to 2CWG results in the forward lobe region. 2CWG results are rep-
resented and compared with B2-A3C [7] model as well as the experimental data [10]. We
observe for both energy cases the same general structure, that is all angular distributions
display a two lobes structure. A forward lobe is roughly around the momentum transfer
direction (+K) and a backward lobe in the opposite direction (—K), respectively. These
two directions are indicated by vertical dashed lines. Both 2CWG and B2-A3C models are
able to reproduce the forward lobe in the given two equal energy sharing kinematics, the
backward peak is better illustrated by 2CWG model in both cases than B2-A3C model.
The theoretical calculations are somewhat symmetrically distributed about the + K axis
with a very slight shift which might be due to the uncertainty of ~ 10° in the momentum
transfer direction, although this uncertainty is very small to explain the large shifts seen
in the experimental results, but we observe that the experimental maxima exhibit a shift
from this axis direction as the ejection energy increases.

In addition, the experimental distributions exhibit additional structures for both the
forward and backward lobes which are located at larger angles with respect to the mo-

mentum transfer direction.
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Figure 5.2: Same as Fig. 5.1 but for Panel (a): (E; : Ey) = (72 : 12) €V; Panel (b): (Ej :
Ey) = (144 : 37) eV. The scattered electron is detected in coincidence with the faster electron,
while the slower electron remains undetected

Similarly Figure 5.2 represents 4DC'S as function of the ejection angle 6, for £, =
72 eV, FEy = 12 eV (panel a) and E; = 144 eV, E; = 12 €V (panel b) corresponding
to momentum transfer K ~ 0.99 au; 1.3 au respectively. To the best of our knowledge
there is no available theoretical results for these kinematical conditions so our 2CWG
results will be compared only with the experimental data. Again the measured angular
distributions display a two lobes structure that are not symmetrically distributed about
the momentum transfer direction (+K) and its opposite (—K') and a significant shifts of
both forward and backward maxima can be observed. For the unequal energy sharing
setup, the 2CWG model reproduces the the forward region peak around the momentum

transfer direction (+K) but it fails to reproduce the backward region peak.

5.3.2 The e, 3e reaction study

In the (e, 3e) reaction, the scattered electron with an energy of 500 eV is detected at
an angle of #; = —6° + 3° relative to the incident beam. The two ejected electrons are
subsequently analyzed for both energy and emission angle in coplanar symmetric energy
conditions.

Figs. 5.3 and 5.4 present the Five-fold differential cross section (5DCS) calculations
as function of both ejection angles 6; and 6, for the e,3e reaction using 2CWG model for
outermost 30, orbital of Ny for (Ey, Ey) = (12,12) eV and (37,37) €V, respectively. We
note that all the angular distributions of these cross sections exhibit two symmetric regions
with respect to the direction #; = 65. Consequently, we focus only on the description and
analysis of one part of each figure, the other part being simply deduced by symmetry with

respect to the axis 6; = 6,.
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Figure 5.3: Five-fold differential cross sections (5DCS) calculated using the 2CWG model
for the double ionization of the 30, orbital of Ny. The scattered electron, with an energy of
E, = 500 eV, is detected at a scattering angle of 8, = —6°, in coincidence with two ejected
electrons of equal energies (F1, Eo) = (12,12) €V.

In Fig. 5.3, the angular distributions display a long wing lobe located in the ranges
0, € [80°,280°] and 0, € [80°,280°] with two prominent maxima at (61, 62) = (120°,300°)
and (01,0y) = (45°,225°). Similarly in Fig. 5.4 the angular distributions display a long
wing lobe located in the ranges #; € [60°,300°] and 6y € [60°,300°] with two prominent
maxima at (61,62) = (40°,220°) and (6;,02) = (135°,320°).
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Figure 5.4: Same as Fig. 5.3 but for equal energies (E1, E2) = (37,37) eV.

Figs. 5.5(a) and 5.6(a) present the Five-fold differential cross section (5DCS) calcula-
tions as function of both ejection angles 6, and 6 for the e,3e reaction using 2CWG model
for outermost 3o, orbital of N, for (Ey, Ey) = (12,12) eV and (37,37) eV, respectively.
We also display in figs. 5.5(b) and 5.6(b) the only experimental measurement available to
the best of our knowledge by Li et al [9]. Due to the fact that the experimental data is
within a very limited angular ranges which are 200° < #; < 340° and 20° < 65 < 160°, we

present our theoretical results in the same intervals for the sake of comparison.
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Figure 5.5: panel (a): Same as Fig. 5.3, panel (b): the experimental results. The most
prominent structures in the experimental results are encircled and labeled A, B, C, D, and I,
respectively.
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Figure 5.6: panel (a): Same as Fig. 5.4, panel (b): the experimental results. The most

prominent structures in the experimental results are encircled and labeled E, F, G, H, Jy, Jo,
J3, and Jy, respectively.
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5.3.2.1 Discussion of 2D diagrams

The experimental two-dimensional (2D) diagrams exhibit a rich and intricate structure
characterized by several pronounced maxima, reflecting the complex interaction between
the incident electron and the target at low ejected-electron energies. For ease of com-
parison with our theoretical calculations, these prominent features are highlighted and
labeled in the figures: regions A, B, C, D, and [ in Fig. 5.5 correspond to the (12:12) eV
case, while regions F, F', G, H, Jy, J2, J3, and J; in Fig. 5.6 correspond to the (37:37) eV
case.

In Fig. 5.5(a), structures A (defined by 6, € [244,287], 0, € [57,84]) and C' (defined
by 6, € [278,298], 6, € [88,118]) show qualitative agreement with experiment, suggest-
ing a possible contribution from first-order (first-Born) processes to the measured 5DCS
distribution. However, since the first-order approximation alone fails to account for the
remaining experimental features, we infer that, under the present kinematical conditions,
the double-ionization process is primarily driven by second- and higher-order mechanisms
such as the TS2 process. Structures B (defined by 6, € [297,315], 6, € [74,94]) and
D (defined by 60, € [246,277], 02 € [94,116]) exhibit partial agreement with experiment,
possibly indicating interference effects between first- and second-order mechanisms. The
structure I (defined by 0, € [294,315], 02 € [44,67]) appears weak and will be discussed
in a later section.

A similar pattern is observed in Fig. 5.6(a). Structures F' (defined by 0, € [271,290],
0, € [88,113]), Jo (defined by 6, € [242,262], 0, € [60,74]), and J; (defined by 0, €
[275,298], 02 € [118,136]) show limited correspondence with experiment and may likewise
stem from first-order contributions. Structures E (6, € [267,292], 6, € [54,75]), G
(01 € [242,268], 05 € [97,117]), and H (0, € [297,319], 05 € [94,112]) partially reproduce
the experimental behavior, which might again point to interference between first- and
second-order mechanisms. Finally, structures J; (6, € [304,323], 6, € [52,71]) and J;
(61 € [206,230], 02 € [76,99]), although less prominent, will be examined in detail in the

following sections.

5.3.2.2 Discussion of different cuts

The 2D experimental diagrams shown in Figs. (5.5 (b)) and (5.6 (b)) provide an overall
view of the data. Since the experiment collects data over many variable angles of both
0, and 0y, the results can be sorted in different ways. Each choice corresponds to a
different cut through the 2D angular distribution (5DCS) shown in Figs. 5.5 and 5.6.
This allows the generation of many different angular distributions. To analyze the (e,3e)

results in more detail, we now consider several specific cuts of these 2D diagrams. Many
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different cuts have been employed in previous works [12-16]. In this study, we restrict
our investigation of the (e,3e) angular distribution to the geometrical cuts used by Li et

al. [11]. These cuts are:

1. #-Variable mode: 6, is fixed along the momentum transfer direction or its op-
posite, 0., while 6, is varied. In this particular geometry, first-order theoretical
calculations are expected to produce a symmetric angular distribution around the
momentum transfer direction. Thus, this mode serves as a useful tool to probe
higher-order double ionization (DI) mechanisms, such as the two-step-2 (T'S2) pro-

Cess.

2. Fixed mutual angle mode: Both ejection angles are varied while maintaining a
fixed mutual angle 6,5 = 7, corresponding to the back-to-back emission configura-
tion. This setup highlights the contribution of the shake-off (SO) mechanism to the

reaction.

3. Symmetric geometry: Both ejection angles are varied under the condition 6; =
—0s.

Figures 5.7 and 5.8 show theoretical 5DCS calculations based on the 2CWG model
for both energy cases (F1, Fy) = (12,12) eV and (37,37) eV given in the #-Variable mode
cut, and compared with experimental measurements and results from B2-A3C model [7]
as well as the two-center continuum model with electronic correlation in the final state
within the first Born approximation (TCC-C) [8]. It should be noted that in the work of
Chuub et al. [8], calculations were also performed using the two-center continuum model
without electronic correlations in the final state (TCC-OC). However, in this study, we
restrict our comparison to the TCC-C model.

Experimental data and theoretical results of TCC-C and B2-A3C models have been
normalized to the maximum value of the 2CWG model, since the experimental measure-

ments are given on a relative scale.
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Figure 5.7: The variation of 5DCS of the (e,3e) DI of Ng for E5 = 500 eV, Ey = Ey = 12 €V,
0s = —6°, the second ejected electron is along the momentum transfer 6 in panel (a) and along
opposite of momentum transfer §_g in panel (b). The results of 2CWG are represented by a
solid black line, Experimental data are represented by full red squares. Green dash dotted line
represents results of B2-A3C model and dashed blue is Two center continuum with correlation
model. Vertical dashed lines indicate the direction of momentum transfer and its opposite.

For the (E, Ey) = (12,12) €V case, Fig. 5.7(a) corresponding to 65 = 05 = 56°, the
2CWG model predicts an angular distribution that is symmetric around the opposite of
the momentum transfer direction, —TK, exhibiting two distinct lobes. The first lobe, with
the highest intensity, is centered around the K direction, i.e., 1 = 0_x = 236°, where
012 = |61 — 0| = 180°. This configuration corresponds to a back-to-back electron emission
characteristic of the first-order Shake-Off (SO) mechanism. The second, less intense lobe
appears around ¢; = 309°, with 6,5 = 107°, suggesting an interaction associated with the
first-order T'S1 mechanism.

The experimental peak indicated by arrow A, located near 6; = 270° where 65, =
146°, is not fully reproduced by the theoretical calculations. This feature may result
from interference between the SO and TS1 mechanisms. Additionally, since 6,5 = [0 —
0] = 90°, it strongly suggests the contribution of the second-order TS2 mechanism.
The structure I, located near #; = 305° with 6,5 = 111°, partially corresponds to the
less prominent theoretical lobe, indicating interference between SO and TS1 processes.
Similarly, structure B, located around #; = 315° where 65, = 90°, may also signify the
presence of the TS2 mechanism.

The theoretical B2-A3C model exhibits a shape similar to that of the 2CWG calculation,
although with a broader main peak. It reasonably reproduces the experimental peak
denoted by arrow A; however, for Structure I, neither the position nor the amplitude

is well reproduced. In contrast, the TCC-C model shows a general disagreement with
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the experimental data, failing to predict both the correct peak amplitudes and their
corresponding angular positions.

For Fig. 5.7(b), corresponding to #; = 6_x = 236°, the 5DCS exhibits a symmetric
distribution around the momentum transfer direction K , again showing two main lobes.
The first, more intense lobe is centered around K , where 015 = 180°, consistent with
back-to-back emission dominated by the SO mechanism. The second, weaker lobe ap-
pears at 0, = 124° with 65 = 112°, indicative of a TS1-type interaction. The structure I,
marked by an arrow and located around 6, = 60°, lies close to the momentum transfer
direction K , with #15 = 176° ~ 180°, again pointing to the dominance of the first-order
SO mechanism through back-to-back emission. Finally, structure B, located at 6, = 90°,
where 015 = 146° and 0y =~ 90°, suggests a significant contribution from the second-order
TS2 mechanism, which may compete with or dominate over the first-order SO and TS1
processes.

The B2-A3C model again follows a trend similar to that of the 2CWG calculation but fails
to reproduce the experimental structures. The TCC-C model shows a reasonable agree-
ment with the experimental data at lower ejection angles; however, it fails to reproduce

the measurements at larger angles.
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Figure 5.8: Same as Fig. 5.7 but for 1 = Fy = 37 €V.

For the (E, Ey) = (37,37) €V case, Fig. 5.8(a) corresponding to 65 = 05 = 42°, the
2CWG model predicts an angular distribution exhibiting a symmetrical peak around the
—K direction, located at 6, = 222° where 6,5 = 180°. This configuration suggests the
dominance of the first-order Shake-Off (SO) mechanism, characterized by back-to-back
electron emission. A second, less pronounced peak appears at #; = 300° with 6, = 102°,
indicating the presence of the first-order T'S1 mechanism. However, due to the limited

experimental statistics, it is difficult to make a detailed and reliable comparison between
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theory and experiment.

In Fig. 5.8(b), corresponding to #; = 6_x = 222° the angular distribution again
exhibits a symmetric pattern around the momentum transfer direction K. The main
maximum, centered at 0y = 42° with 615 = 180°, confirms the predominance of the back-
to-back SO emission. A secondary peak of lower intensity is observed at 65 = 119° with
015 = 103°, which may be attributed to the TS1 mechanism. Furthermore, structure J3
corresponds to a local maximum near 6, = 90° where 615 = 132°. This region suggests
contributions from the T'S1 mechanism; however, since 65 = 90°, it also indicates a strong
influence of the second-order TS2 process, likely overshadowing the first-order effects.
Similarly to the (Ey, Es) = (12,12) €V case, the B2-A3C model follows almost the same
trend as the 2CWG calculation but fails to reproduce the experimental results. The TCC-
C model shows limited agreement with the experimental data around the region where
0y = O, although it overestimates the corresponding amplitude.

Figures 5.9 and 5.10 show theoretical 5DCS calculations based on the 2CWG model
for both energy cases (Ey, Ey) = (12,12) ¢V and (37,37) eV given in the back-to-back
configuration and the symmetric geometry cuts, and compared with experimental mea-
surements and the two-center continuum model with electronic correlation in the final
state within the first Born approximation (TCC-C) [8]. The results of the B2-A3C model

for these kinematical conditions are not available.
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Figure 5.9: The variation of 5DCS of the (e,3e) DI of Ng for Es = 500 eV, Ey = Ey = 12 €V,
0s = —6°, the second ejected electron is along 6; = 62 + 180° in panel (a) and along 6, = —6,
in panel (b). The results of 2CWG are represented by a solid black line, Experimental data
are represented by full red squares. Dashed blue represents the Two center continuum with
correlation model TCC-C.

For the (Ey, Ey) = (12,12) €V case, Fig. 5.9(a) (symmetric geometry mode), both the

2CWG model and the experimental results display a symmetric structure with respect
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to Oy ~ 90°. The 2CWG calculation exhibits a main peak at 65 =~ 90°, where 6, =
|01 — 03] = 180°. This peak roughly corresponds to structures A and C, which have
previously been attributed to an interference pattern between the Shake-Off (SO) and
TS1 mechanisms. Additionally, two less prominent peaks appear at ;o = £50° and
012 = £125°, corresponding to 013 = 100° and 110°, respectively. The first of these may
correspond to structure I, previously associated with first-order mechanisms, although the
theoretical intensity is noticeably underestimated.

The TCC-C model exhibits two peaks that are, overall, in good agreement with the
experimental data within the limits of the available angular interval.

Similarly, in Fig. 5.9(b) (back-to-back geometry mode), both the 2CWG and experi-
mental data reveal a double-peak structure that is symmetric with respect to 6y &~ 90°.
Although the peaks are less distinct in the theoretical distribution, they are located near
0y = 47° and 119°, corresponding to back-to-back emission configurations. The exper-
imental peaks, observed at Ay = 73° and 105°, are in reasonable agreement with the
theoretical predictions and suggest a possible interference between the SO and TS2 mech-
anisms, particularly for structure D indicated by an arrow.

The TCC-C model exhibits only a single peak structure, which is roughly consistent with
the left-hand peak observed in the experimental data, while the right-hand peak present

in the experiment is completely absent in the theoretical prediction.
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Figure 5.10: Same as Fig. 5.9 but for £y, = Fs = 37 €V.

For the (E1, E) = (37,37) €V case, Fig. 5.10(a) presents the results for the symmetric
geometry. The 2CWG model predicts a symmetric angular distribution about 6, ~ 90°,
with a maximum located at this angle where 615 = 180°, indicating the dominance of
the Shake-Off (SO) mechanism. Two additional, less intense peaks appear at 6, = 49°
and 128° corresponding to #15 = 98° and 104°, respectively, which can be attributed to
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contributions from the first-order TS1 mechanism.

Regarding the experimental data, despite the relatively large statistical uncertain-
ties, two distinct peaks can be identified. Structure J;, located around 65 =~ 60° where
012 =~ 120°, suggests the presence of the TS1 mechanism. Structure G, centered near
0y ~ 100° with #,5 =~ 160°, indicates an interference pattern between the SO and TS1
mechanisms. Furthermore, since 6y, &~ 90°, this structure may also imply a contribution
from the second-order T'S2 mechanism.

The TCC-C model exhibits two peaks whose maxima are aligned with the positions of
the experimental maxima. However, due to the significant statistical uncertainties in the

experimental data, it is difficult to draw any definitive conclusions.

Figure 5.10(b) shows the results for the back-to-back geometry. The 2CWG model
predicts a two-peak distribution symmetric about #; ~ 85°. Although the peaks are not
very pronounced, their positions correspond closely to those observed experimentally. The
first, structure Jy, appears around 0, ~ 70° where 6,5 ~ 140°, suggesting an interference
pattern between the SO and dominant TS1 mechanisms. The second, structure F', is
located near 0y ~ 105°, where 615 ~ 180° and 65 ~ 90°, indicating an interference
between the T'S2 and dominant SO mechanisms. The TCC-C model exhibits two peaks,
with the second one having a smaller amplitude compared to the first. However, the

positions of these peaks do not align with those observed in the experimental data.

5.4 Summary and Conclusions

In this chapter, we conducted a theoretical investigation of double ionization (DI) pro-
cesses in molecular nitrogen Ny, focusing on the (e, 3e) and (e, 3—1e) reactions induced by
electron impact. The calculations focused on the ionization of the outermost molecular
orbital, 30,4, within the framework of the first Born approximation.

We employed the two Coulomb waves with Gamow factor (2CWG) model, where the
incident and scattered electrons were treated as plane waves, while the two ejected elec-
trons were represented by Coulomb waves. Post-collisional interaction effects between the
two ejected electrons were incorporated using the Gamow factor, which is an approxima-
tion to the BBK model. For the initial state, a frozen core approximation was applied,
considering only two active electrons described by a single-center wave function derived
from a self-consistent field Hartree-Fock calculation using the LCAO-MO approach with
Slater-type orbitals.

Our calculations included five-fold and four-fold differential cross sections (5DCS and
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4DCS) under coplanar geometry conditions. For the (e,3—1e) process, both equal and
unequal energy sharing configurations were considered, whereas only equal energy sharing
was explored for the (e, 3e) process.

The obtained theoretical results were compared with available experimental data and
alternative theoretical models, namely the B2-A3C with Gamow factor model for both
reaction channels, and the two-center continuum with correlation (TCC-C) model for the
(e, 3e) reaction.

These comparisons provided valuable insight into the reliability and limitations of the

2CWG model in describing correlated three-electron dynamics in DI processes.
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General Conclusion

This thesis has presented a comprehensive theoretical investigation of single and double
ionization processes induced by electron and positron impact on atomic and molecular
targets, with particular emphasis on molecular nitrogen. The work integrates fundamen-
tal theoretical frameworks, detailed modeling, and extensive comparisons with available
experimental data to advance our understanding of electron-target interactions.

The study began with an analysis of single ionization, establishing the essential conser-
vation laws, kinematic descriptions, and experimental configurations required to charac-
terize such reactions. Several established theoretical approaches, including BBK, DWBA,
and M3DW, were reviewed, and a new model, M3CWZ, was introduced. By incorporat-
ing distortion effects and post-collisional interactions through a variable-charge scheme,
the M3CWZ model demonstrated improved accuracy and computational efficiency for
electron- and positron-impact ionization.

Building on this foundation, the thesis explored double ionization of both atomic
and molecular systems, highlighting the greater complexity of these processes and the
importance of electron-electron correlation. The main mechanisms Shake-Off, Two-Step 1,
and Two-Step 2 were described, and the relevant experimental methods and theoretical
models, including BBK and TCC, were examined. Molecular nitrogen was chosen as the
primary target for detailed investigation. Calculations of five-fold and four-fold differential
cross sections for the (e, 3e) and (e, 3—1e) reactions were performed using the two Coulomb
waves with Gamow factor (2CWG) model and compared with advanced second Born and
TCC-based theories as well as with experimental data. These comparisons provided
insight into the role of electron correlation and the validity of different approximations
across a range of kinematic conditions.

Overall, the results demonstrate that models incorporating post-collisional interactions
and distortion effects, such as M3CWZ and 2CWG, are capable of reproducing many key
experimental features, particularly for outer-shell ionization and high-recoil kinematics.
Nonetheless, persistent discrepancies remain, especially for inner-shell ionization and in

low-energy or strongly correlated regimes, where available theories show limitations.
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CONCLUSION

This work underscores the continuing need for improved theoretical descriptions of
multi-electron dynamics and for high-precision experimental measurements to guide and
validate such models. By clarifying the mechanisms of single and double ionization and as-
sessing the predictive capabilities of several theoretical approaches, the thesis contributes
to the broader understanding of fundamental collision processes relevant to atomic, molec-

ular, and plasma physics as well as related fields in applied science.
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Appendix A

Calculation of Matrix Element for
M3CWYZ Model

The initial and final wavefunctions, denoted respectively by ¥; and ¥, are expressed as
follows: . .
‘I’z‘(/fu??ofl) = ¢cZi(kz‘77?0)¢’(F1)

Lo . . . (A.1)
s (ks, k1, 70,71, T01) = cbczs(k’s,FchZe(kl,7?1)0(0401, ksi,701)

Here, ¢, represents a Coulomb wavefunction characterized by a variable effective charge

Z(r), while C" accounts for the post-collisional interaction (PCI) between the outgoing

electrons:
¢ il T2 (1 — o)) Fy (—ia(r), 1, —i(koiror + ko1 - 751))
c = T~ ~2,5,€ — — , 1, — .
(2m)7 141 01701 01 ° To1 (A.2)
Clao, Kot 1) = €™0V2D (1 — jagy )y Fy (—iavy, 1, —i(];oﬂ”m + Koy - 701))
Such that:
. S - 1 - = Z(r) 1
o= (To —71), ka==(ks—k), ar)= ,and  ap(r) = ———. (A.3)
2 k 2koq

The potential V' describes the Coulomb interaction between the incident projectile and

the active (ejected) target electron, and is given by:
V=——+—; roa=|f—ri (A4)
The corresponding transition matrix element 7;; is therefore written as:

Tiy = (U |V[¥3) (A.5)
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The matrix element becomes:

Ty =T - T; (A.6)
calculating T}/
_’ * "¢ = 1 - ., I
I"t ///QSZS 7o) (/{:1,7“1)0 (002, K, u) (7”_) 7 (K, 7o) @ (7)) diodiy oy
o1
(A.7)

To treat the terms involving 75, more efficiently, we follow the Fourier-transform approach

proposed by Kornberg and Miraglia.

N (27r)3/2/ rTOE)ap
) = s [ ¢ ot

1 s> o =4
= Gy / P / e T (7 )di dip (A.9)

Applying the Fourier transform to the interaction term yields the following representation:

(A.8)

—~

Such that:

—

C* (o1, ks1, To1) = / & ml/ B T‘“C (o1, kslar01)d7n01dp (A.10)
the equation (A.7) becomes:

Int __
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By introducing two infinitesimal parameters A\; and Ay (tending to 0) to ensure conver-

gence of the integrals, we obtain:

\/4 *x , = = *x , — R
" lim lim (/%ZE (Fy,m)e” P (r)dr x /¢CZ (s, 70) 2" (i, 7o)€ P 0™ Y109 dry

T =
if (271')3 a—0 A—=0

. 1 =
* — i(ko1—D) T4y ,—Ar0 = =
X/C (0401,]%1,7”01)76( 01=P) To1 ¢ °dry, | dp

01

(A.12)
To further simplify the calculation and improve computational efficiency, the integration

over each term can be separated into finite and asymptotic regions based on the general
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behavior of the variable charge Z(r) as follows: On the one hand, we have:

[e%) d 0
/ 2 (o, 72 ) e PR D ()i, = / o2 (o, 7)o PR B (7 )i+ / 6271y, )P B (7 )
0 0 d
(A13)

on the other hand, we have:

00 9] d
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Combining the previous two expressions, we can rewrite the integral in the more compact

form:

00 d
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Substituting these results into Eq. (A.12), the transition matrix element 7;; can be rewrit-

ten as:

[ir d . - I L
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Following a similar procedure, the term Tf} associated with the 1/ry interaction potential

is obtained as:
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1 * 7\ . . ¥ o (L. = e/P o
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Applying the same developements in Eq. (A.13) and Eq. (A.14), we get:
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