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Foreword

This course handout is intended for second-year undergraduate students (LMD system)
specializing in chemistry and physics. It covers a foundational module on the oscillations of
mechanical and electrical systems, a topic that has seen significant growth in recent years.
It has led to the considerable development of techniques for solving physical problems in
various fields. This document provides a detailed course with worked examples. It is
divided into two main parts: "Vibrations and Mechanical Waves," which are further divided
into five chapters. These chapters are listed below:

CHAPTER | : FREE UNDAMPED OSCILLATIONS AT ONE DEGREE OF FREEDOM

CHAPTER Il : DAMPED FREE OSCILLATIONS WITH ONE DEGREE OF FREEDOM

CHAPTER Ill : DAMPED FORCED OSCILLATIONS WITH ONE DEGREE OF FREEDOM
CHAPTER IV : N DEGREES OF FREEDOM

CHAPTER V : WAVES

The second part contains one chapter recommended to introduce the basic phenomena
related to the propagation of mechanical waves in different material media. To this end, we
have taken the vibrating cord as a model.
The objective sought is to provide students with elements that will allow them to enrich
their knowledge on the one hand, and on the other hand, help them to better master the

problems they may encounter in this module.

Dr SAOUDI Amer
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CHAPTER | :FREE OSCILLATIONS NOT DAMPED WITH ONE DEGREE
OF FREEDOM

I.1 General information on oscillations

* Vibrations or oscillations are movements or changes of state of physical

systems, which are repeated more or less regularly over time.

* A mechanical oscillation or vibration is a movement that a system performs
around its equilibrium position (rest position) when the latter is moved away from

this position or given an initial speed.

* When the movement of the system is fast, we speak of vibration, when it is

slower, we speak of oscillation.

* The main property of oscillations is the elasticity or inertia of the system
induced by an internal force called the restoring force. This force has the role of

recalling or returning the system to its initial equilibrium position (rest position).

* The oscillatory or vibratory phenomenon can exist in solids, fluids or
vacuum and at the microscopic (atomic) or macroscopic and cosmic (planetary)

scale.

*The oscillatory or vibratory phenomenon can be mechanical or

electromagnetic.

Examples of mechanical oscillators

- Mass (M), spring (K): system (M,K)
- Simple pendulum: (m,l) system

- Torsion pendulum: (disc M, wire)
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- Hydraulic system: (U-tube, liquid)

- Bird wings movement, rotating machine, K
M
- vibration of tree branches under the effect X(1)
of the wind. S .
v
M
LNE
Y
a(t) " v0
Y
Examples of electromagnetic oscillators I ' 1

- Electrical circuit Coil L, capacitance C: system (L,C) M
- 1 -

- Luminous phenomena (radiation)

C —— Q('D %L
T

* A mechanical oscillation or vibration is said to be

periodic if the motion of the system around its equilibrium

position repeats itself identically at intervals of time réguliers To

called period of the motion. This quantity is often used for

D
o)
~
p—a

oscillations while for vibrations, we use the quantity fo = 1/Ty

called frequency which is more practical.

—_
-

<
€=

Physically:

To (in seconds) defines the time taken to complete a movement cycle.
fo (in second™! or Hertz) defines the number of motion cycles per second

* a periodic oscillation (or vibration) is characterized by a time function q(t)

called the equation of motion such that q(t) = q (t + To).
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* q(t) can be:
- Angle of a pendulum (rotation).
- Position of a body on an axis (translation).
- Displacements of slices of a liquid or gas in a centenary.
- Electric field and magnetic field of a radio wave or light.
- Current or voltage in an electric circuit.
* The simplest periodic oscillations are called harmonic or sinusoidal

oscillations having the equation of motion  q(t)=Acos(®ot+@o)

Where the constants:
- A is the amplitude of the movement (inmorrd ....... ) depending on the nature of
the movement (translation, rotation, electric........ )

- @0=27t/Ty (in rd/s) is the proper pulsation of the movement.

- ot + @9 (in rd) is the phase at time t.

- @ (in rd) is the initial phase at t=0.
* A mechanical oscillator is called a harmonic oscillator when, once removed
from its equilibrium position by a distance q (q=x for translation or q= @ angle for
rotation), it is subjected to a restoring force opposite and proportional to the
distance x (or 6) such that
F=—Cq. : C is positive constant

*Undamped free oscillations are oscillations performed only under the

effect of the internal forces of the system (weight of the masses Pm or stiffness force

of the springs Fk) in the absence of any exciting external forces Fex or friction fa.

* Undamped free oscillations are periodic harmonic oscillations and called linear

if the oscillation amplitude is low.
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.2 Degree of freedom

The degree of freedom is the number “S” of independent generalized
coordinates, necessary and sufficient to determine precisely the position of the

oscillatory system at time t. Such that
S=3N-n
Where N is the number of particles constituting the system (e.g. point masses).

n is the number of geometric links (mathematical relations between generalized

coordinates).

* Generalized coordinates are the set of related and independent coordinates of the

system.

Example: Simple pendulum (point mass m and inextensible wire 1)
Here we have

* N = 1 the mass m therefore generalized coordinates (Xm, Ym, Zm)

*n=2 relations 1: x2, +y% =1* or xm=1Isin® and ym=lcos®

relation 2 : zm = Constant

which gives that S=3N-n=3.1-2=1 —> S =1 so the system considered

has one degree of freedom: dof =1

Conclusion: To follow the evolution of the system's motion over time, we need

only one coordinate, i.e. q(t) = x(t) or q(t) = y(t) or q(t) = 0(t)

But since the motion of this system is rotational around the O axis, we prefer the

coordinate  q(t) = O(t) as the variable of motion in time.

Now it is more convenient and practical to write x instead of x(t), y instead of

y(t), z instead of z(t) and q instead of q(t).
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* A system with p degrees of freedom (S = p) i.e. p independent generalized
coordinates are required to follow the evolution of the movement of the system

over time.

* A system with p degrees of freedom (S = p) is a system having p

differential equations, p equations of motion and p proper frequencies.

1.3 Oscillation conditions

a) Existence of an equilibrium position (qo) or state of equilibrium

For a system to be in static equilibrium, it is necessary and sufficient that :
* The resultant of the forces (ﬁ) or the moment ( ﬁ) resulting from the forces
exerted on the system is zero : F= Yi F=0 (translational movement)

Ou M= Zim =0 (rotational movement)
This means that the system is subject only to internal forces derived from a
potential (the weight of the masses or the restoring force of the system's springs)

where the potential energy U(q) of the system is extremal at the position qo such
auU

that: — =0
%lg=qo

b) Stable equilibrium position (qo)

* An equilibrium position (qo) is said to be stable if the point slightly away from it

tends to return to it, in this case:

2
U@ isminimal & 52| =0 and =8| o,

Ug=q,

> 0

* An equilibrium position is said to be unstable if the point slightly deviating from

it tends to deviate further from it, in this case
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0%U(q)
aqz q=qo

U(qo) is maximal & v =0 and <0

1lg=q,

U(q

ST
N
S
~
_
—

i i r\ 9032 =52 | a=dos 0
0 K TR T o3 > q
qo1 stable equilibrium position
qoz unstable equilibrium position
qo3 inflection point the force (13‘)) does not change sign when passing through

position

Unstable equilibrium
0():0

Stable equilibrium
|.4 Differential equation of motion

There are different methods for determining the differential equations of the

oscillatory motion of a mechanical system, we cite:

10
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* Method of the fundamental principle of dynamics (or equilibrium or Newton
method)

* Energy method.

* Lagrange method.

We remind you that:
*During all the chapters of this “vibration” part, we will use two methods:

- the Fundamental Principle of Dynamics (FPD) method which is a vector
method.
- the Lagrange method which is a scalar method.

* In this chapter: the oscillators studied are free and undamped with one
degree of freedom (1 dof or S=1) i.e (i.e : that's to say). (q(t)= x(t) or 0(t) or i(t))
so we have only one differential equation of motion to determine, only one

equation of motion and only one proper frequency.

1.4.1 Method of the fundamental principle of dynamics

This method is based on Newton's second law for determining the differential
equation of motion of the system.

* If the (mechanical) system is in translational motion

Newton's second law——» YiFexti = MX

* If the (mechanical) system is in rotational motion
' — i  —
Newton's second law —— ViMeorii = il L

or M moment of external forces, L angular momentum of the system, J moment of

inertia of the system, @ angular acceleration.

11
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N.B :

In our course, we always consider that:

*The amplitudes of the oscillations of the systems studied are small.
*The masses of the springs are always neglected.
To determine the differential equation, we consider the mass-spring mechanical

oscillator (M, K) represented by the figure opposite.

0]
Here we have: Fg %
- 4

* Undamped free oscillator (harmonic oscillator)  Fk, K
%k = =

Degree of freedom dof =1 (S=1) M M
* Vertical translational movement along the axis (OX) X v X
*q() =x(t)=x, §(t) = X()=% and §(t) = ¥()=% Pu

PFD — Y Foy; = MX

a) Static state (Equilibrium state or Resting state)

FPD
—> YiFeui=0 —— Py+Fg, =0 ——> Mg-Kx=0 (1)

xo elongation of the spring K at equilibrium under the effect of the weight of M.

b) Dynamic state (State of motion)

We shift the mass M of x from its equilibrium and then leave the system to
itself
FPD

—_—> Ziﬁexti=M§—>I_)>M+FKO+FK=MTx2_> FK:M; (2)

12
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— _Kx=Mi% ou Mi\'f+Kx=00u5&+%x=0 ou ¥+ wix=0 3)
with wg = \[% 4) called a proper pulsation of the movement.

The word ‘proper’ is used because the system only oscillates under the effect of its

own internal or intrinsic forces.

The equation (3) is called the differential equation of the movement of the system
considered. This equation is linear, of the second order, homogeneous and with

constant coefficients.

1.4.2 Lagrange method

The Lagrange method is a very practical method for determining the
differential equations of motion of a mechanical oscillator, particularly in the case
of oscillators with complicated parameterization. It is the expression of the FPD in
an energy form. This method is based on the determination of the Lagrange function

or the Lagrangian L such that the differential equation for a system with dof =1 is

written:
}1=1|F ext ]'l — Translational Motion System
d [oL oL s _ _
atlag | Toq " Z;l_ 1| M., tj| — Rotational Motion System (5)
0 — > Conservative svstem

q Independent generalized coordinate.

q Independent generalized velocity.

13
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—

F . j External forces acting on the system.

ﬁext j Moments of external forces acting on the system.

L Lagrange function or Lagrangian.
L=T-U (6)

T Kinetic energy of the system due to the velocity of the oscillating point (mass).

U Potential energy of the system due to the deformation of a solid (spring) or to the

variation of position of a point (mass) in a gravitational field.

As we are dealing here with free undamped oscillations under the effect of internal
forces only, therefore our oscillator is a conservative system and the only
independent generalized coordinate is q(t) =x(t)=x and —» q(t) = x(t)=x

q)=x(t)=x SO:

d [oL JL

—_— | — - — =
(5) dt [ax ] 9x 0 ()

_ _ 1 1 .2
*T=Tm= SMViy = Mx t))
* U= Uk = Kxk =2 Kx?

— Iz lp.2

- 5 L= EMX - E Kx (9)
N.B: The potential energy Um of M's weight is not included in the expression of U
because the effect of the weight on the movement i1s compensated by the restoring

force of the spring at equilibrium (in other words, M's weight deforms the spring at

equilibrium).

So from (7) and (9) we will have

14
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9L _ M 40 ik an __
—=Mi —  S()=Mi and = =-Kx (10)

from (7)and (10) ___, MX +Kx=0 or ¥+w3x=0 (11)

The differential equation (11) is the same equation obtained by the FPD method

*This differential equation is of the type “homogeneous differential equation of the

second order, linear and with constant coefficients.

1.5. Equation of motion (solution of the differential equation)

Mathematically the differential equation (4) or (11) has as solution in the form
x(t) = Aexp(at) —>  x(t) = aAexp(at) = ax(t) —> Xx(t)= a’x(t) (12)
(12)in(11) ——> a?+w3=0—» a=+4j wy with jZ=-

Which gives

x(t) = Acos(mot + @o) (a) or x(t) = Bsin(mot + @o) (b)

or x(t) = Arexp(jmot ) + Azexp(-j ot ) (13) (c¢)

A

* Equation (a) or (b) or (¢) is called X(t)

the equation of motion of the system

under study.

v

*A, B or (A1, A2) Constants and

Amplitudes of movement.

* wq Proper pulsation of the movement.

15
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* wot + @ Phase at time t.
* (g Initial phase at t = 0.

*To Proper period of the movement.

* The constants A, B, (A1, A2) and @ are determined by the initial conditions

x(0) and x(0).

1.6. Total energy of motion

The total energy Et of an undamped free oscillator (harmonic oscillator) is

conserved since the total force (internal forcesFM and FK) derives from a

potential.
So we can write Er=T + U =Cte

for x(t) = Acos( wot + @)

We will have: T = Mi? = MAZw,?sin?(wot + @)
U= %sz = %KAzcosz(ooOt + @p)

K 2 K
and as Wo= |y —> Wo" =

Which gives that Er= %KA2 = %MAZ(»OZ =Cte Vt

(14)

(15)

(16)

16
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T, U, ET4
—_—— - T /’
/7
/
U y,
Ex | N ...
E1/2 E
’ !
ANZ 0
Position of equilibrium
Conclusion

During movement there is no loss of total energy Et (Et conserved with constant
amplitude A), but there is an exchange of energy between kinetic energy T and
potential energy U, i.e. everything that is lost in kinetic energy is transformed into

potential energy and vice versa.

1.7. Equivalent systems

Equivalent springs

In vibratory oscillatory systems, we can encounter different spring mounting
configurations (we recall here that the masses of the springs are always considered

negligible).

*15t configuration: Springs in series

17
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Original system

Equivalent system

% %
X=X1x =x1 Tt x2 ot xi o tx, Ki Xt
= Ke
K
F=F =F=..=F...=F, = +
F=Kix; = Kx>=..... =Kix; =..... = knxn Ki Xi
T Foox(
F = kex Ka Xn
n
) ) 1 1
From this we will have i z _ M
Ke - i
i=1
F x(t)
*20d configuration: Parallel sprin
Original system Equivalent system
Z ; %
R B & ==
! 2 g, TP g, TTTTIIT R g —> Ke
C T :
I M jj
t
E x(t)

X=XI=X2= ..os= X ounens = Xn x(t)
F=Y!F,=Fi1+F+...+F +....+F;
F=Kix + Kox +....+Kix +.....+ kax = Kex

From this we will have

Other examples of parallel springs

18
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Original system Equivalent system
] pos
K1 é K> E»- ...... K E ....... Kné -
T T
M I .
—| X(t

é

Ke =Y 1 Ki+X K,

1.8. Analogy between mass-spring mechanical system (M,K) and coil-
capacitor electrical system (L, C)

MECHANICAL SYSTEM (M, K)

ELECTRICAL SYSTEM (L, C)

Linear displacement x

Electric charge q

Linear velocity X

Electric current i

Linear acceleration ¥

Current variation q

Mass M

Inductance L

Stiffness constant K

Inverse of capacitance 1/C

Inertial force M x

potential difference between the terminals of coil

Lq

Restoring force Kx

potential difference between the limits of the

capacity q/C

Kinetic energy T :% Mx?

Magnetic energy Emag =El Lq?

Potential energy U = %K x?

: 1
Electric energy Eeieet =5~ q>

Proper pulse wqy = \/%

1

Proper pulse wg = C

19
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Exercise

Consider the following system composed of two
perpendicular rods OA and OC of negligible masses welded
to the axis of rotation O, three springs of stiffnesses Ki, K>

and K3 and a point mass m (see diagram opposite). The rod

OC is shifted from its equilibrium position (6=0) (vertical
rod OC) by a small angle @ and then the system is left to itself. The oscillations of the
system around the axis O are of small amplitude and take place in a vertical plane. We

give OA= a and OB=3b/4, OC=b, K; = K and K> = K3 = K/2.

1°) Calculate the kinetic (7) and potential (U) energies of the system.

2°) Using Lagrange's principle, establish the differential equation of the system's motion

and deduce the proper pulsation ®o.

3°) Give the equation 8(¢) of the motion under the following initial conditions:

0(0) = 6, and 6(0)= 0.

Solution

Original System Equivalent System

The two springs Kz and K3 are parallel. — Ke= K; + Ks3= K

But K and K. are neither in series nor in parallel.
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1°) Calculation of the kinetic energy T and potential energy U of the system

* Our system is an undamped free oscillator
*dof=1 > q(t)=06(t)
* rotational movement.

* coordinates in the given reference frame (XOY)

3
. . =~bsinO
= {bsmO G {bego.sﬂ o ;L —» xg = >bsin®
bcosO —b0Osind Zb“’se 4
— (—acos0 — aci
I'A{ asin® , ya = asin0

Kinetic Energy T: Twm= %mV,%, = %mbzé2

, Uke + Ukt + Un = = Kx + 2 Kx% + mghm
*Potentiel energy U: 2 2

| % K (% b%sin?0) + ; Ka?sin?6 - mgbcos 0 + cste

*Um 1s included in the expression for U because the weight of m does not deform any of
the springs in the system considered at equilibrium, and this weight changes height

during the movement.

* spring Ki deforms vertically and spring Ke deforms horizontally. (0 «)

2°) Determining the differential equation of motion

d /oL oL
. : B — —_ —_ J—
The Lagrange principle " ( 69) ( ae) =0 1)
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L=T-U= %mbzéz % K(% b%sin20) % Ka?sin20 + mgbcos 6 + cste Q)

@) and (1) —»

. 2
30 % [g—g] =mb?0 , g—:; =- %Ksinﬂcosﬂ — Ka’sinOcos0 - mgbsind (3)

6+ > Kb2si res .
de (1) and (3)—> 0+ e K b“sinOcos0 + Ka?sinOcos0 + mgbsin® = 0

G iginal differential
8+ sind (% Kb?%cosb + Kacos® + mgh) =0 origma 1terentia
\/4 of motion
as 0 < (low amplitude oscillations) ——» ¢c0sO ~ 1 and sin® ~ 0 )
. 9 2 5 B
(4) and(5)9+0(1—6Kb + Ka“ + mgb)_() ’ (6a)

approximate differential equation of motion

e

2 Kb2+ Ka? + mgb

0+ w30 =0 (6b)  with @o= \/ 16 _— ‘7 (7)

proper pulsation of the movement

3°) Determining the equation 0(t) of motion

The equation of the form (6a) or (6b) is a homogeneous, second-order, linear differential

equation with constant coefficients. has as its solution :
-0 (t) = Acos(mot + @o)
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®

With the constants (A, @o) are determined by the initial conditions
0(0) =0, et 0(0)=0. (9)
8) —— 0O(t)=- Awysin(wot + @) (10)

from (8), (9) and (10)

{ 0(0) = Acos(@y) =0, (11a)
- > . .

0(0) = —A wysin(@y) =0 (11b)
(11b) —— sin(@y) = 0—— @o =nm with n € Z (12)
(12) and (11a)—> A= 6, (13)
and from (8), (12) and (13) ——» @ (D= Bo cos(@ot +nm) =8 cos(@t)  (14)

-

equation of motion of the system

Lagrange differential equation

*dof=1 — q(t) =y(t) Um=0____ .

* undamped free oscillator

* At equilibrium we have Mg — Kyo =0 (1) yo spring elongation K at equilibrium
d (oL

Lagrange E— E(a_y) — (2—;) =0 (2)
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With L=T-U (@) with T=Ty= My and U=Ux+ Uy

1st case the weight of M changes height during movement » Uwmis involved in U
— U= U+ Un=K(y +yo)’ - Mgy )
T L=T-U=;My - Ky +yo) + Mgy )

2nd case the weight of M deforms the K spring at equilibrium —— Uy is not involved

inuU —* U= Uk= Ky’ (6)
— L=T-U= My - JKy’ 7)
1st case
oL _ i dfo_
@ and G)—» =My —» ay]
oL
a—y=-K(y+yo)+Mg=-Ky-KyO+Mg )
2)and8)____, My +Ky+Ky,—Mg=0 ——» My +Ky=0 9
2nd case
oL_ 40 v and 2o
@and () —>T=My —> & [ ay_] My and 3~ =- Ky (10)
@)and (10) ——> My +Ky=0 (1)

We find the same result, but the 2nd case is shorter and simpler.
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CHAPTER 11 :DAMPED FREE OSCILLATIONS WITH ONE DEGREE OF FREEDOM

CHAPTER II :DAMPED FREE OSCILLATIONS WITH ONE DEGREE OF
FREEDOM

I1.1 Introduction

In reality, all vibratory (or oscillatory) systems, whether natural or physical, vibrate
under the effects of frictional forces of different origins. These vibratory movements are
called free-damped vibratory (or oscillatory) movements. They are characterised by a
reduction in their oscillation amplitudes or by dissipation in the form of heat of their total
energies over time due to these frictional forces. These forces do not derive from the

potential. These oscillations of the system are said to be non-periodic.

* Damped due to the presence of frictional forces and free due to the absence of

external exciting forces.

I1.2 Types of frictional forces

a) Dry friction forces (or friction between two surfaces)

These friction forces appear during sliding between two contact surfaces of

two solids. Ry
R
R Reaction due to contact of the two surfaces M £ /
. _ ' ' o Ve—o] L, ﬁT
R; Tangential Reaction Vector defines dry fricticrrrrrrrrrrrrrrrrrrrrara

T\’TV) Vector Normal reaction

% Velocity vector of M
*Dynamic friction (V # 0) : ||Ry|| = pal|Ry|| = ||Rx||ta(8)
* Static friction (V=0) : |R7|| = pes|| R ||
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With  pu, < ug

Ua , Ug are the dynamic and static coefficients of friction respectively.

b) Solid friction forces (or internal friction)

These forces originate in the friction that occurs inside solid matter and in the

crystalline structure (between molecules).

¢) Viscous friction forces (or fluid friction)

This type of friction generates forces that appear when the system moves in a fluid or

viscous medium (gas or liquid: example: air, water, oil, milk......). In this case, the viscous

friction force 7(1, depending on the amplitude of the velocity, is as follows:

foa=- aV  ifthe velocity V of the system’'s motion is low (viscous motion).

—

fo =- a'VZ if the velocity V of the system's motion is high (turbulent motion).

The sign (-) means that the frictional force opposes the movement of the system.
a and a’ viscous friction coefficients depending on the density and viscosity of the fluid

and the shape of the moving solid. The equation with dimensions of a is:

-2
[]=[2]1==55 =M.T? which gives its international unit is Kg.S™

In view of the complexity of the dependence of these various friction forces on the
parameters of the system's motion, in this chapter we are concerned only with the simplest
form of viscous friction, where the friction forces are proportional to the velocity of the

system'st fo=-aV at

with V low.
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I1.3 Determining the differential equation of motion

Let's always consider the system or mechanical oscillator mass (M), spring (K) and

damper (a), i.e. oscillator (M, K, a ). Viscous friction is symbolised by the damper in the

diagram below W

o K o
— —_
T w
The oscillator considered is represented by the diagram opposite
X(t)
11.3.1 Method of the Fundamental Principle of Dynamics
* Damped free oscillator
* Degree of freedomdof =1 —»q(t)=x(t) —» g=x and g=%
* Vertical translational movement along the axis (OX)
Fy ~
- - 0] f
FPD — Y;Fexti = MX (1) . *
7 Fgo
M
a) Static state (Equilibrium state or Resting state) ]
x l
X(t) -

—

FPD— YiFeti=0 —> Py+Fg,= 0

—> Mgl —Kxot =0 —» Mg—-Kxo =0

Xo elongation of the spring K at equilibrium under the effect of the weight of M.

b) Dynamic state (State of motion)

We shift the mass M of x from its equilibrium and then leave the system to itself
FPD — Mj_é:Ziﬁexti —_— M;= FM+F>KO+F>K+?LK

(2)
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——>  Mx= Fg+f, —s MXl =-Kxi —axi

3)
, Mx +ax+Kx=0
\ (4)
differential equation of motion of the system
% i
11.3.2 Lagrange method
K (0.4
* Damped free oscillator T M

* Degree of freedom dof =1 — q(t) = x(t)

X(t)
According to Lagrange's principle the differential equation sought is

in the general form

a4 ﬂ] _ 8L _ 0Dg
dt laq aq 94 1)
With
_1 .2
D,=-aV (2)

energy dissipation function
For our considered oscillator we have q(t) = x(t)=x, q(t) = x(t)=x and q(t) = x(t)=x
(1) will be in the form

dfL] o obg ©
dt Lox

ox ox
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and Do =- ax? (4)

Calculation
*L=T-U —> T=Tm= %Mx’2 and U = %sz —

1 X 1
L= ;Mx?-_Kx? (5)

* Uwm does not intervene in the expression of U because the weight of M deforms the

spring K at equilibrium.

oL _ .. dfdL] _ ... OL_ D, _ .
of 3), @and () —» = =Mk —» —[Z|=Mx , ==-Kx and <= ai
M + i + Kx =0 (6)

of (3) and (6) — Mx + Kx =-ax (7)

or

(7) same differential equation found by applying the FPD.

The differential equation (4) or (7) of the motion of the system can be written in the form

.. . K
(7)— x+ Zx+-x=0 or
M M

®
)

with differential equation of motion of the system

X +26x+wix=0

2
I
e

proper pulsation of the movement in (rd/s).
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§ =2 :friction or damping factor of the movement in (s*)

2M

I1.4 Determination of the equation of motion

This equation of motion is only the solution of the differential equation (8) which is a
second-order linear differential equation with constant coefficients without second
member. The solution of this equation is of the form:

X(t)=x=Ae"——> x=Are™ —> x=Ar%" 9)
9) in(8) —> r?+ 286r+ wi =0 (10)
( — 2 2
|ry = -8+ /8 — Wy
(10) has two solutions or two roots 4 and (11)
I 2 2
krz = —86— [8°— wg

so X(t) = x equation of motion and solution of the differential equation (8) its expression

depends on the relationship between & and w,.

*Firstcase: &8<wy —> low friction or damping
rH = -8 + ] (1)02 - 82

(11) — and with  j% = -1
Ip = -8 — ] (1)02 — 82

(12)

@ and (12—  x(t) = x = Are"1t + Aze™2t - Ae(-8+Wwo? =80t 4 p,p(~8-i/wo?= 87t
Or
X(t) = x = Ae~%sin(w,t + @) (13)
Q Equation of motion case (6 < wg)
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* The quantity Ae~%%is called the amplitude or envelope of the motion which decays
exponentially over time due to viscous friction (). From this, the motion is not purely
periodic but is said to be pseudoperiodic by the fact that the friction is low (6 < mo) where

the system will oscillate around its position for some time before stopping.

with Ta= 2% (ins) is the pseudo-period of the movement
Wq
W, =+ wy? — 82
and wo = 2T ( inrd/s) is called pseudo pulsation of movement.
Ty

(in rd/ s) proper pulsation of the movement and To proper period in (s)
* The quantity sin(wa: + @) is called the vibrational part of the motion.

* The constants (A, @) are determined by the initial conditions of the motion x(0) and
x(0).

6<w0

X(t) 4 _2m
N

7 sin(wgt + @)

*Secondcase: &s=w, —> friction or critical damping

11) ———>» ri =r,=-6 (14)
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(9) and (14) — X()=x=(B1+Bat)e™ (15)

L equation of motion case (8 = w)

* The motion is non-periodic. The motion is said to be critical where the system will
not oscillate at all and it returns very quickly to its equilibrium position once shifted
from this position.

X(t) A

~y

* The constants (B1, B2) are determined by the initial conditions of the motion x(0) et
x(0).

* Third case: §>wy — strong friction or damping
( — 2 2
rn= -6+ [8°— wj
(11) % et (16)

2= —8- /82— w3

equation of motion case (8 > w,) 7

(9) and (16) —» o (FaE @
X(t) =X= Clerlt + C2€r2t:e_8t(cle< 8 )t +Cze < 8 >t)
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* The motion is aperiodic. The system will not oscillate at all and it returns very slowly to

its equilibrium position once shifted from this position due to friction or strong braking.

* the constants (C1, C) are determined by the initial conditions of the motion x(0) and

(0).

X(t) A
S > (O1))
o) f
Remarks or Noticed :
X(t)A
A(to)
A(t0+Ta)

o N~
v t vtom \U

From the three cases of viscous friction types discussed in this chapter: low, critical and

strong friction, we see that the most useful and practical is the case of weak friction where
the mechanical system has a chance to oscillate even in a pseudoperiodic manner. This
situation allows us to follow as a function of time the evolution of certain physical

properties of the system, in particular the variation or dissipation of its total energy under
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the effect of friction via two important parameters, namely the logarithmic decrement
(D) and the quality coefficient (Q).

IL.5 Logarithmic decrement and quality coefficient

I1.5.1 Logarithmic decrement

It is defined as the logarithm of two successive amplitudes of weakly damped oscillations
(6 < o) of the same sign.

_ A(ty) _ Ae%%0
D= In(A(t0+ Ta))_ I (Ae—5<t0+ Ta))

—>  D=§T, ~ 8T,

2
or To=—1t

wWo

I1.5.2 Quality coefficient

It is defined as the ratio between the maximum energy (Emax) stored by the system and the
energy lost AE during an oscillation cycle (Ta).

142
E —KA w
Q=22 22— = —¢
|AE| —;KA%28T, 28

The energy lost by viscous friction is transformed into heat and propagates in the system
and its surroundings.

* In conclusion we can say: For a damped free oscillator to be able to oscillate several

times before stopping, that is to say that the loss of its total energy during the

pseudooscillations is very slow, it is necessary to have a large quality coefficient Q or
very low friction (6 «).
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I1.6 Analog electrical system

Mechanical system (M, K, a)

C,R)
K (04

T ™

X(t)

* X +26x+wix=0

* Friction a :

Low-critical-strong

big

* friction force f, = aV

dq
Ur = R—
R= N

Analog electrical system (L,

C
| |
|

=R

‘-‘-‘ q(t) charge

g + 284 + wgq =0

wWqy = E
R
=X
2L

Resistance R

small-critical (medium)-

voltage across terminals of R :
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Exercise

Consider the mechanical system shown opposite,

consisting of a homogeneous rod AB of negligible
mass and length | oscillating without friction, in a

vertical plane, about a fixed axis perpendicular to

the plane of motion at O, springs of stiffness K,

K> and a damper of viscous friction coefficient «

all attached to the rod at points A and B (see

figure). The rod is moved from its equilibrium

point 8=0 (vertical rod AB ) by a small angle & and then the system is left to its own
devices. OA = a, OB =2a,m2 = 2m1=2m and Ki= K2 = K..

1°) Calculate the kinetic energy T, potential energy U and dissipation energy D of the
system.

2°) Using Lagrange's principle establish the differential equation of motion of the system

and deduce the proper pulsation wo and the coefficient of friction ¢ of the motion.

3°) Give the expression of the equation @ (¢) of motion in the case of low friction and
under the following initial conditions: 8(0)=0o and 6(0 =0)

Solution

* the two springs Kiand Ky are neither in series

nor in parallel.

1°) calculation of the kinetic energy T,

potential U and dissipation Da of the system.

* Our system is a damped free oscillator

*dof=1—  q(t) = 8(t)
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* rotational movement.

a) Kinetic Energiy T: T =Tm + Tm2 = imv,%,ﬁ %mv,flz ,

Vm1:? et Vm2:?

b) Potential Energy U : U =Uk1 + U2+ Um1 + Um2 + cste

1 1
U= - Kuixgy + 5 Kaxihy + Mighm - maghma + cste

Xm]_:?, Xm2:? ) hm]_:? et hm2=?

*Umt and Umz intervene in the expression of U because their weights do not deform the two

springs at equilibrium and change height during the movement.

c) Dissipation energy Da: D, = izon2 :% Vi, , Vm=?

* coordinates in the given reference frame_(XOY)

. {asine o {aécose . {—bsin(-) = {—bécosﬂ
ml  lacos8—» ml | _40sin0’ ™  l—bcosO m2 | bOsind
T=Tm+Tm= -mVZ; + -mV2, = -mia20? + -m;h26?
T T Am T Am2 = 5 Mg T 5 MV = 5 2 (2)

9 .
= Ema292

1 1
U= 2 Kixhy+ 5 Koxhy + Migym: - Mag|yma| + cste

=% K(asin@)? + % K(-bsin@)? + migacosd - moghcos@ + cste

- 5 1
U »| U=2 K(asin@)? - 3 mgacos@ + cste (3)
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1 1 ,
D.,= jaVy;, = - aa’d?

D, — (4

2°) Determining the differential equation of motion

* QOur system is a damped free oscillator
*dof=1—— q(t) = 6(¢t)

* rotational movement.

The Lagrange principle — d (aL) _ (%) _ _ 9D (5)

dt \9o a0/ — a6

differential equation sought

with L=T-U=? et D ,=?

T = gmazgz ot U= g K(asin®)? - 3 mgacosé ,

L= gmazéz - g K(asin®)? + 3 mgacos@ and | Pa= izcmz@2 ©6)
ﬂ = 2¢ i a_L = 20
from (5) and (6) —— 5% - 9Ima“‘0 —— " [ae] 9ma“0
% = - 5Ka’sin0cos® — 3mgasin® and % = aa’0 (7)
from (5) and (7) ——>  9ma?@ + 5Ka’sinfcosd + 3mgasing = - a0

Ima?0 +aa’6 +5Ka%indcosd + 3mgasin® = 0

or 9Ima?6 +aa?6 +(5Ka’cosd + 3mga)sind= 0 | (8)

<

~
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original differential equation of motion

as 0 <« (low amplitude oscillations)> cosB =1 and sin@=0 (9)

from (8) and (9)—

Ima?6 +aa’6 +(5Ka*+ 3mga)d = 0

(10a)

or in the form 6+286 + 036 =0 | (10n)  approximate differential

equation of motion

5= aa2: a 4/)

" 18ma? 18m 2
movement friction factor o = f—SKa i 32mga
9ma

proper pulsation of the movement

with

3°) Equation 0(t) of motion

The differential equations of motion (10a) or (10b) are second-order linear differential

equations
with constant coefficients and no second member.

Solution of (10b) and for the case of low friction (6<wo) — pseudoperiodic movement

O(t) =0 = Ae~%sin(w,t + @)

(11)
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pseudopulsation of motion.

The Constants (A, ¢) are determined by initial conditions {%((00)):_%0 (12)
(4) —>  O(t) = -8Ae %sin(w,t + @) + w, Ae % cos(w,t + @) (13)
0(0) = Asin(¢g) = 6,
4 _ :
(4), (G) et (6) {9(0) = —8Asin(@) + w, Acos(¢@) =0 (14)
from (7) —» tg(e) = %—» Q= Arctg(% (15a)
- 6o _ 6o

(15b)

_sin((p) B sin(Arctg(wTa)

— 0 (t) = 0 = Ae %sin(w,t + @)
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CHAPTER III :DAMPED FORCED OSCILLATIONS WITH ONE
DEGREE OF FREEDOM

II1.1 Introduction

We saw in the previous chapter that the presence of friction (viscous friction)
causes the system's mechanical energy to be dissipated in the form of heat during
movement, forcing the system to stop after a certain time. To compensate for this loss of
energy, and therefore to give the system a permanent oscillatory motion, we need to
supply the system with an external source of energy by subjecting it to an external
force F(t), called the exciting force, which is collinear with the motion of the system.
In this case, the oscillations of the system are called damped forced oscillations. This
phenomenon of forced oscillations is of great importance in practice and applies to all

types of oscillator: mechanical, acoustic, electrical, optical, thermodynamic, etc.....

I11.2 Differential equation of motion W

As before, consider the mechanical system composed of a K a

mass (M), a spring (K), a viscous friction damper and the T
M

external exciting force F(t).

The whole is represented by the mechanical system shown X(t) )

in the figure opposite.

111.2.1 Method of the fundamental principle of dynamics (FPD)

* Damped forced oscillator
* Degree of freedom dof =1—» q(t) =x(t)—> g=x
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and g =X Fr
* Vertical translation movement along axis (OX) fa
Fi i‘)KO
M
PFD — YiFpui=MZ (1) l—(
X(t) J F(t)
M

a) Static state (equilibrium or resting state)

PFD—> % l::exti: 0— FM + FKO =0

—> Mgi—Kxoi=0 > Mgi—Kx,i=0
Xo elongation of the spring K at equilibrium under the effect of the weight of M.

b) Dynamic state (state of movement)
The mass M of x is shifted from its equilibrium position and the system is left to its own

devices.
PFD —— Mz:Zlﬁeth—’M}):FM-l_FKo +FK+?a+?(t) (2)

— > Mi=Fg+f.+F@lt) > Mii=—-Kxi—axi+FUi (3)

Mi + ax + Kx = F(t)
(4)
differential equation of motion

111.2.2 Lagrange method

According to Lagrange's principle, the differential equation of motion of a damped forced

mechanical oscillator with degree of freedom dof=1 __, q(t) is of the following general
form :
d [g ] oL _  aD,
dt lag '
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where

L : Lagrangian or Lagrange function withL =T - U

D, = %avz . energy dissipation function and velocity of the point of application of

friction

Fy(t) : excitatory external generalised force linked to the independent generalised

coordinate q(t) = g

the exciting force F(t) if the movement is translational

The quantity Fy (t) :{ the moment of F(t) if the movement is rotational

F, () :?(t).g

such as , T position vector of the point of application of?(t)

For our oscillator considered previous system (M, K, a and F(t)) we have:

* () = x()=x, g(t) = %(0)=x and §(t) = ¥(t)= ¥

d [oL aL aD,
from where (5) — L [& ] T -E-I- Fi(t) (6)

with
_ 12 1., 2
L—TM—UK—EMX —EKx

* Uwm does not intervene in the expression of U because the weight of M deforms the spring

K at equilibrium.
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1 1 -
D, =;avy = ax’ @)

* F,(t) = F(t) Tm _ F(t)i';—’f = F(t)i -1 = F(t) (translational movement)

dax

oL ) d [oL .
from (6) and (A— P =M p” [&] = MX (8)
%--Kx nd Da _ o5 nd F,(t) =F(t

from (6) and (8) ——— MX +ax + Kx = F(t)

(9)
\

differential equation of motion of the system

found before by the FPD (4)

I11.3 Equation of motion

Equation (4) or (9) is a second-order linear differential equation with constant coefficients

and a second member. This equation can be written as
X + 28x + w3x = B() (10)
(10)
Where w, =\/§ proper pulsation of movement
e % friction or motion damping factor

B(t) = % term dependent on the exciting force F (t)




The solution x(t) (equation of motion) of this equation is the sum of two terms such that:
X(t) = xn(t) + xp(t)  (11)

Xn(t) : homogeneous solution with no second member such that

Xp + 26x, + wixp = 0 (12)

The solutions xn(t) (see Chapter Il) depend on the relationship between wg and § (8 < w,,
8 = wy, and & > w,) where the limit of xx(t) in all cases is always zero when t tends to

infinity.
xp(t) : particular solution with second member such that
Xp + 26xp + W3xp = F(1) (13)
xp(t) its mathematical form depends on that of F(t).
In reality, the motion x(t) of the system is composed of two regimes:

* The first regime is called the transient regime and occurs at the start of the movement for
such that X(t) = Xn(t) + xp(t)

This regime disappears when t increases since xn(t) < e~%¢ tends to zero for t>>
* The second regime is called steady state and occurs when t > to such that x(t) = xp(t)

This regime is permanent since it is due to the exciting force F(t) being permanently applied.

I11.4 Amplitude and initial phase of steady state
Case of sinusoidal F(t) excitation

&» F(t) = Fycos(Qt) (14)
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where Q is the excitation pulsation F(t)

When the component xn(t) becomes truly negligible, only the particular solution remains,
which is the solution imposed by the excitation function. We say that we are in a forced

regime or steady state.

The exciting forces the mechanical system to follow a time evolution equivalent to its own.
So if Fext is a sinusoidal function of angular frequency Q; then the particular solution xp(t)

will be a sinusoidal solution of the same angular frequency .

The oscillations of the mass m are not necessarily in phase with the exciting force and
present a phase shift noted ¢. The particular solution corresponding to the permanent regime

is therefore written:
Xp(t) = A cos(Qt + @) (15)

For practical reasons, it is convenient to use complex notation. The complex quantity

associated with Xp(t) is written as:
X,() =A@ and F,, = Fpel™ (16)

Determining the quantities A and ¢ amounts to finding the amplitude and phase of the

complex number X (t).

I11.4.1 Calculation of amplitude A

X, () Check the differential equation with second member:
) : ) Fy ot
X, + 28X, + wpX, = EX" = Be (17)

Let us calculate the first derivative and then the second derivative of X, (t).
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X, (t) = A @+ @) Xp (1) = AjQ /@ @) = jO X, (D)
p Xp(t) = Aiz Q2 ei@+@) — _(2 Xp(t)

We replace in the differential equation we find:

— 02X, (1) + 28j2 X, () + w§ X, (t) = Bel®

= [(wf — Q%) + 289j]X,(0) = [(wf — Q%) + 258Qj|A e/ @t+ @)

= Be”[(w§ — Q%) + 28Qj| Ae/? =B

We divide by ©* e/ *> and we find:
[(w§ — 02) + 28Qj| A = Be ¢ (19)
The complex conjugate of this equation is as follows:

[(w3 — 02) — 28Qj] A = Be}® (20)

(19)et (20) = A?[(wf - 02)” + (289)%| = B?

B

) \/[(m% - 02)" + (250)?]

111.4.2 Calculating the phase shift ¢ :

- 2 _ 02) —
(w2 — 02) + 250Qj]A = { Be ¢ o {A(mo 02) = B cosq

B(cos@ — j sing) 28QA = —Bsing

—28Q

(w%_—ﬂz) —28Q ]

= (@ = Arctg [m
0

= tgp =

B

So: t) =
% J[(wg— a2)*+ (280)?]

cos [ﬂt+ Arctg (o 22832)”

(18)
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Remarks :
* The general solution to the differential equation is written as: X(t) = Xn(t) + Xp(t).

* Xn(t) is called a homogeneous solution characterising a transient regime that disappears
exponentially with time. When the transitory regime disappears: x(t) = xp(t).
B

J[(mg- 02)"+ (250)2]

characterises a steady state (stationary) because it exists as long as the external force (Fex:) is

which

« xp(t) is called a particular solution of amplitude A =

applied. We note the dependence of the amplitude A of pulsation Q.

« The solution x(t) will therefore often have a characteristic appearance like that shown in

the figure below.

I11.5. Study of the steady state: amplitude resonance phenomenon.

IIL.5.1. The variation of the amplitude as a function of the force pulsation for
different values of & :

Let A(Q) be the amplitude of the particular solution characterising the (forced) steady

state:

B

A(Q) =
\][(w(z, - 02)" + (259)?]
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B B/ w3
A(Q) = > > = - = -
2
o (- ) o (@] - @)+ @@
_ Ao
a2\’ Q2
- @)+ e
B . 0 FO FO
Suchas : Ay = 2 and &= P with B=— = Ay = I K
0 0
AQ) 1
AO B 2\ 2 2
0 0
- @)+ o

Q
Let'sput:r = — = A(r) =

®o VIA = )2 + (28r)%]

and let's look for the maximum value of A(r).

dA(r) B

d _1
0= Ag—=[(1-1?)%+ (28r)?*]2=0; Ap # 0

A max © -

dia- 21 @maz=o
= - )7+ @272 =

= —%[(1 - r?)?%+ (ZEr)Z]_% [2(1 — r?)(—2r) + 88r] =0 = —4r[1 — r? — 2&%]

Q
r #0;(— #0)
A(Q
=0= J ®o () is maximal for (—R)

o= ()= vT-20 ™ ©0
0
= J1- 28
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There is a maximum at pulsationQr = wg/1 — 282 = /wg — 282 only if the damping is

sufficiently low that § < ®o / R At this pulsation the system enters into resonance and the
amplitude A(Q) is at its maximum,; it is equal to:

Ay Ajw§ B
28/1— 8 28Jwi— 82 28 /w3 — &2

The amplitude variation as a function of the force pulsation for different values of & is shown

A(Q)max =

in the following figure:

AQ) |
Ay
6

0,0

< e ol

Amortissement Inefficace Amortissement Efficace

I11.5.2. Study of resonance

8- For Qg = wg/1 — 282 = /w(z, — 282 : the amplitude of vibration reaches a maximum,

we say that there is resonance.

52




8- At the start of a resonant movement, when the force is applied to the system. Most of
the energy supplied during each cycle is stored in the system, which gradually increases the
amplitude of its oscillations to a maximum value. This value remains as long as the energy

supplied by the external force remains.

8- The lower the damping, the sharper the curve and the greater the maximum; if there is
insufficient damping, there is nothing to limit the amplitude of the oscillations, with the risk
of destroying the system: the system goes into resonance. The consequences can be serious.
Two well-known cases can be cited: » On 18 April 1850 in Angers, a regiment

crossing a suspension bridge in cadence (harmonious) caused its destruction.

- On 7 November 1940, six months after its inauguration, the suspension bridge in Tacoma
(United States) was destroyed by the effects of gusts of wind which, although not particularly

violent (60 km/h), were regular.

8- In the case of low damping (), the resonance frequency is very little different from the
natural pulsation, . In this case, the amplitude of vibration at resonance :

Ap  Apw, B
28 28 28w,

A(Q)max =

For low damping, A(Q)nax i therefore inversely proportional to 9.

111.5.3. Conclusions :

Depending on the value of £ we have 3 possible cases:

AxAg= 2

1st case: Low frequencies: § < 1 (Q K wg) = { 00 K
(p =
. . A=x=0
2nd case: High frequencies: § > 1 (Q > wy) = {(p — _m

3rd case: Resonance:
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Ay
Qp = ® \/1_—222;A(Q)max = - —
f=1@=wo~ 0 = { 281 - %

<P=—§

Remarks: e If E&=0 (system is undamped): the amplitude tends towards infinity but in reality,

the systems are all damped so the amplitude is never infinite.
o If & very low (weakly damped system): A(2)max = ':—g ; (A= wy = Qp).
III. 5.4. Resonance phenomenon and quality factor

8- The resonance phenomenon appears when the pulsation of the external excitation

approaches the natural pulsation of the system.

8- At resonance, the vibration amplitude increases until it exceeds the elastic limits of

mechanical systems, producing their destruction.

8- In electrical systems, this phenomenon makes it possible to calculate the quality factor Q,

. . . . . A 1
which increases when the maximum amplitude increases Q = % ofbr:
0

wo
Q- Q4

8- Another practical method to determine the quality factor: Q =

8- To characterize the sharpness (intensity) of the response of an oscillator as a function of

the pulsation, we define a bandwidth: Q, — Q4
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Amax

v
v

Conclusions: ¢ When & increases = Q decreases = Q»- Qi increases = the resonance

curve is wider = decrease of the resonance amplitude therefore of the quality factor too.

« The ends of the bandwidth correspond to an amplitude of value v/2 times smaller than at

resonance.

Exercise

Given a mechanical system consisting of a mass M, springs of

: . - .. F
stiffnesses K1, Kz, Kz and a damper of viscous friction coefficient a ®)

all attached to the mass M ( see diagram opposite). The mass M is

subjected to an external force F(t) =Fosin(2t). The oscillatory motion of
about its equilibrium position is described by the function y(t). The
amplitude of the oscillations and the viscous friction are small. We give K= K/2 and K»=
Ks= K.

1°) Give the equivalent mechanical system (simplified system) of the given system.

2°) Cite the forces involved in the movement of M, specifying the effect of each on the

movement. Justify your answer.
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3°) Using the fundamental principle of dynamics (FPD), establish the differential equation
of the motion of M as a function of y(t) and deduce the proper pulsation o and the friction

coefficient & of the motion.

4°) Give the general equation y(t) of the motion of M, specifying the different terms of the

equation.

5°) What are the conditions that must be imposed on F(t) so that the system oscillates in an
optimal (maximal) way? In this case, give the response (in terms of magnitudes) of the

system to this force.

Solution
1°) Equivalent System a

Kzand Kz inseries . Ke;= KoKs/( Ka+K3)=K/2 F(t)

K1 and Kez in parallel » Ke=K;+Ke=K

Equivalent system

2°) Definitions and effects of the forces involved in the movement of M.
* Weight of M: ﬁ force of gravity PM = Mg
* Spring force K : E{ module restoring force Fx = Ky, force deriving from a potential.

*Damper force o : fa modulus viscous friction force f, = ay force not derived from a

potential but from dissipation energy D,

*External force F(t) : exciting force (force that supplies energy to the system).
3°) Differential equation of movement

* dof = 1:q(t) = y(t) , Damped forced oscillations and translational movement along the
(OY) axis
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FPD (Newton's2nd law) : ¥, Fi=My (1)
* Static state: FPD Y, Fi=0 Py + Fg, = 0

* Dynamic state

-

FPD: Y, Fi = My My
My + o y + Ky = Fq sin(Qt) 2

Py+ Fg + Fg + fo + F(O

Ou y + 26y + wdy = Bosin(Qt) (3) with wy =[ KM ]J1/2, §=x/2M and
Bo = Fo/M

4°- Equation y(t) of motion

y(t) = yn(t) + yp(t) = Ce-dt sin(mat + @o) + A(Q)sin(Qt + P(LQ))

Vh(t) = Ce 9sin(wyt + @o)  with  @a= (w3 — 62)z : pseudo-pulsation
ye(t) = A(Q)sin(Qt+d(Q)) : permanent regime

A = . D(Q=-Arctg]
(03— 02)"+ 45202]

(;8%2] and (C, o) determined by the initial
2_

s

conditions: (y(0) and y(0))
5°) For the system to oscillate optimally (maximally), it must:

* Force frequency Q = Qr = [w3 — 25%]*/? resonance pulsation with 0 < § < %

* The intensity FO of F(t) is maximum and finite

The system response _—, In this case, steady state will be in terms of maximum values

where

* A(Q) —> Amax=A(Q=Qr)= ——° - and finished
28[w3— 52|

wj— 52]"/?

*O(Q) — DQr) =-Arctg[[ P ]~ — /2
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CHAPTER IV :N DEGREES OF FREEDOM

IV-1.Introduction

This chapter examines conservative mechanical systems with an arbitrary number N of
degrees of freedom, where the various components oscillate around their equilibrium
positions and interact with one another. At any given moment, the system's
configuration is defined by generalized coordinates, the number of which equals the
number of degrees of freedom. Additionally, N relations between the different

amplitude factors are obtained.

IV-2. Study of a Mechanical System with N Degrees of Freedom and Fixed
Ends

We examine the behavior of a chain of N oscillators arranged in series between two

fixed supports (see figure below). All oscillators are assumed to be identical, each

consisting of a point mass m and a spring of stiffness k.

k m kK m m m k m m m m
-0 O——C-I-O-I-O-— /
\ 1 2 n-1 n n+1 N

Figure 1. Analysis of a mechanical system with N degrees of freedom and fixed ends

IV.2.1 Derivation of the Differential Equation of Motion for Mass n

The motion of mass n is studied by applying the fundamental principle of dynamics

(Newton's second law). Y F = my,
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The weight of mass n is negligible.

Therefore: T, + T, = my,

By projecting along the OZ axis, we obtain:

Tiz7— Tz=0

thatis: T,cosa, — T;cosa; =0

Since the angles a3 and oy are less than 10 degrees (small amplitudes), we may assume:
cosa; =1 and cosa, =1

Thus : T, =T,=T, (1)

Projecting along the Ox axis yields: T,, — Ty, = mxj,

That T, cosa, — T; cosa; = mxy, (2)
tan a, = % (3)
and tana, = %: (4)

Substituting relations (IV-1), (IV-3), and (1V-4) into (IV-2) gives:

Xn+1 — Xn Xn — Xp-1

TO d - TO d

= mx,

Thus, the differential equation governing the motion of mass n is:
T .

EO (xn+1 + Xp—1 — an) =mxy (5)

IV.2.1.1 Calculation of the dispersion relation

The ends of the mass are fixed. The solution x, of the differential equation (5) is given

by:
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x,(t) = Asin(nkd) sin(wt + @)
Where k represents the magnitude of the wave vector.
The same will apply for the displacements Xn.1 and Xn-1:
Xp41(t) = Asin((n + 1)kd) sin(wt + ¢)
and: Xp—1(t) = Asin((n — 1)kd) sin(wt + ¢)
We sum the two displacements Xn.1 and Xn-1:
Xps1 + Xp_1 = Asin((n + 1)kd) sin(wt + @) + Asin((n — 1)kd) sin(wt + @)
Xp+1 + Xp_q = Asin(wt + @) [sin((n + 1)kd) + sin((n — 1)kd)]
Xp+1 + Xp—q = 2Asin(kd) sin(nkd) sin(wt + @)
Thus:  x,41 + x,—1 = 2 cos(kd) x,, (6)
and: X, = w’x, (7)

We substitute (6) and (7) into expression (5), and obtain:
2 2To kd))
w° = — cos(kd)

We know that: 1 — cos(kd) = 2sin? kz—d

We thus obtain : w? = “2sin2 2 (g)
md 2

The displacement amplitude at these two points is zero:
Asin(kL) =0
Thus: sin(kL) = sin(pm)

Hence: k, = p% with p € N*
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For each mode, there is a natural frequency, and formula (8) takes the generalized form:

4T, k,d
2 _ 70 2D
a)p md Sin )
a)p =2 % SII’IT
With w, = |->
md

VI.3. Study of a mechanical system with N degrees of freedom and free ends

Such a medium is represented schematically by an infinite succession of masses m,
separated at rest by a distance d, connected by springs with spring constants k (see

Figure 2).

Figure 2. Study of a mechanical system with N degrees of freedom and free

ends.
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IV.3.1. Derivation of the differential equation of motion for mass n

Consider the masses with indices n-1, n, and n+1. At time t, their displacements

from their respective equilibrium positions are Xn-1, Xn, and Xn+1, using the

notation from Figure 2.

At equilibrium, the masses are separated by a distance d. Mass n is subjected to

two opposing forces of magnitude k(d—lo), where lo is the natural length of a

spring.

Out of equilibrium, the spring between masses n and n+1 has a length d+Xn+1—Xn

. It exerts on mass n the force:  F; = k(d + xppq — X — Io)T

Similarly, the spring between masses n and n-1 has a length d+x,—Xn-1. It exerts

on mass n the force: Fy=—k(d +x, — xp_1 — )T
The equation of motion for mass n is given by:
mx,i = F, +F,

mx, U =ki(d + xp11 —xp —lo —d —xp + Xp_1 + Ip)
Thus: mx;, = k(xp4q + xp—1 — 2xp)
Or equivalently:

,_+2k k( s |
X —X,, = — X X
n m n m n+1 n—1

IV.3.2. Derivation of the dispersion relation

We are looking for solutions of the form

X, (t) = Asin(wt — nkd)
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Similarly, for the displacements Xn+1 and Xn-1:
Xp+1(t) = Asin(wt — (n + 1)kd)
Xp—1(t) = Asin(wt — (n — 1)kd)
And the acceleration is:
¥n41(t) = —Aw? sin(wt — nkd)
We calculate Xns1#Xn-1:
Xp41(t) + x,,_1(t) = Asin(wt — (n + 1)kd) + Asin(wt — (n — 1)kd)
By taking the product of the sum of the sines, we obtain
Xp41(t) + x,,_1(t) = 24 sin(wt — nkd) cos(kd)
Thus:  Xp+1+Xn-1=2c0s(kd)xy

Substituting into the equation of motion:

k
—Aw?sin(wt — nkd) =

— [2cos(kd)Asin(wt — nkd) — 2Asin(wt — nkd)

—w? = % [cos(kd) — 1]

, 2k
w [1 — cos(kd)]

m

Where :
2k wd

w? = — [1 - cos(T)] 9)
With : k = 2

v
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We replace the angular frequency with its value as a function of the frequency,

we have :

d
A% v®m = 4ksin? (7)

2T
k=5
k .
Weask v3 = — 0 Dols called resonance frequency

. md
UV =7 SIHT

Vibrations propagate only if < v, . This part of the course will be covered in detail

in a forthcoming book on waves.

In formula (9), the term cos(kd) depends on k , the cosine varying between the

limits -1 and 1; the permissible values for w are : w,,;;, = 0

k
and Wy = 2 \/%

In the case where kd is small, we can make an approximate calculation of the

dispersion relation.
k?d?

2

2k 2k
w? = — (1 — cos(kd)) = —
m m

either w = kd\/E
m

The propagation velocity takes the form: v = d\/%
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Exercise :
Consider the system of three identical

masses m connected by springs with the
spring constants indicated in the

following figure:

1- Establish the differential equations
governing the motion of the system using
Newton's method.

2- Calculate the three propres pulsations

using the matrix method.

Solution

X2

AMMVAM WD
k
J‘71\’/
k
®
I m
l k
k
k
k X3
= Pd -

1. Differential equations of motion of the system using Newton's method:

Applying the fundamental principle of dynamics ISEERREN

(Newton's second law) for translational motion:

Projecting in the positive direction yields:

mxy = —kx; — k(x; — x3) — k(x — x2)
mx, = —kx, — k(x; —x1) — k(x; — x3)
mx3 = —kxz — k(x3 —x1) — k(x3 — x,)

2- Calculate the three propres pulsations

using the matrix method:

mx; + 3kx; —kx, —kx; =0
mxy + 3kxy, —kxs; —kx; =0

mxz + 3kxz — kx; —kx, =0

(1)
()
3)

=~

X
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We are looking for solutions of the form:

x,(t) = Acos(wt + ¢,) with A>0
x,(t) = B cos(wt + ¢,) with B >0
x3(t) = Acos(wt + @3) with C >0

In complex notation, we have:

xl(t) s Aej(wt-l'(pl)
xz(t) =B ej(wt-l'(pZ)

x3(t) e Cej(wt-l'(pS)
The system of equations below is written as:

3k —mw?)A—kB —kC =0
—kA + 3k —mw?)B—kC =0
—kA — kB + 3k —mw?)C=0

This homogeneous system admits non-zero solutions if and only if the determinant is

Zero.
3k — mw?) —k —k A 0
—k (3k — mw?) —k (B) = (O)
—k —k (3k — mw?)
Hence:

3k — mw?)[(Bk — mw?)(Bk — mw?) — k?] + k[-k(3k — mw?) — k?]
+ k[k? + k(3k —mw?)] =0

that is to say:
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( k

(l)l = E

m3>w® — 9km?w* + 24k*mw? — 16k* = 0= { o, = 45

m

(T m
k

If we set: wy = \/: , We get:
m
w1 = Wy, Wy = 20)0, w3 = 20)0,
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CHAPTER V : WAVES

V-1 Introduction :

In the vibratory phenomena discussed in the previous chapters, we were interested
in phenomena or physical quantities that depended on a single variable, time. We are
now going to look at a whole series of phenomena that are described by a function that

depends on both time t and a space variable, x for example.

These phenomena are governed by a partial differential equation, called a wave

equation or a one-dimensional propagation equation of the form :

0%s 1 9°%s
a2 29 0 1)

With v is a physical quantity which has the dimensions of a velocity and will

subsequently be called propagation velocity.

V .2 Definition and types:

A wave corresponds to a displacement of energy that manifests itself by correlated
oscillations between them, in the space crossed, producing on its passage a reversible
variation of the local physical properties of the medium. It moves with a determined

speed that depends on the characteristics of the propagation medium.
There are three main types of waves:

» Mechanical waves propagate through material media whose substance deforms.
Restoring forces then reverse the deformation. For example, sound waves propagate

through air molecules that collide with their neighbors.
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 Electromagnetic waves do not require a physical medium. Instead, they consist of
periodic oscillations of electric and magnetic fields originally generated by charged

particles, and can therefore travel through a vacuum;

 Gravitational waves also do not require a medium. They are deformations of the

geometry of space-time that propagate.

Our interest will be focused on mechanical waves that propagate in a single direction,

which can be classified as transverse and longitudinal.

« Longitudinal waves: the points of the propagation medium move locally according
to the direction of the disturbance (typical example: compression or decompression of

a spring, sound in a medium without shear: water, air, etc.)

* Transverse waves: the points of the propagation medium move locally perpendicular
to the direction of the disturbance, so that an additional quantity must be used to
describe them (typical example: deformation of a live wire, earthquake waves,

electromagnetic waves). This is described as polarization.

Figure 1: Longitudinal waves

direction of movement of the

deformation
P . JrT R L .
/ * N, :‘1 \\ J'/ ‘r.
'y o by i Y /
i p e “\I I/J . . s

direction of oscillation

in the medium

Figure 2: Transverse wave
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Solution of the propagation equation

The general solution of the one-dimensional wave equation (1) is given by :

X X

S(x,t)zF(t——)+G(t+;) (2)

v

The functions F(t - x/v) and G(t + x/v) are functions whose nature is fixed by the
boundary conditions imposed on the solution s(x,t), such that F(t - x/v) represents a
travelling part or wave while G(t + x/v) is a reflected part or wave which

can be zero.

Note:

Any function that can be put into the form F(t - x/v) or F(t - x/v) + G(t + x/v)

represents a wave function where v is the speed of propagation.

V.3 Progressive sinusoidal wave
Consider a progressive wave propagating in the direction of the x axis, such that the

point of abscissa X = 0 is subjected to a sinusoidal vibration of the form

s(x=0,t) = S, cos(wt) (3)

The point located at the abscissa x >0 will have the same vibration as that of the

point x = 0 but with a delay equal to x/v:

s(x,t) = S, cos [w (t — f)] (4)

v

This expression constitutes the definition of a progressive sinusoidal (or harmonic)

wave; it can be written in the form:
s(x,t) = S, cos[wt — p(x)] (5)
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Where @(x) = %x represents the phase shift related to the propagation time % . We

say that e(x) represents the phase shift due to propagation. The sinusoidal progressive
wave is written in the following form which highlights the double periodicity (in time
and in space):
s(x,t) = S, cos [Zn (E - E)] (6)

T A

The quantity T = 2;” Is the time period while the quantity 4 = vT is the wavelength
which constitutes the spatial period. We can easily verify that:
s(x,t + nT) = s(x,t) (7)

s(x +nAt) =s(x,t) (8)

Where n is an integer.

The progressive wave is often written:

s(x,t) = S, cos[wt — kx] (9)
Where k = % = 27” Is called the modulus of the wave vector which is expressed in
m~1,

We very often use the complex notation of a sinusoidal progressive wave:

s(x, t) = Syet@t—kx) (10)
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V.4 Superposition of two progressive sinusoidal waves
V.4.1 Case of two waves of the same frequency propagating in the same direction

Let us consider two waves of the same frequency and direction of propagation, with
respective amplitudes S: and Sz, and respective phases @1 and ¢.. The resulting wave

will then be:

s(x,t) = Slej(wt—kx+<ﬂ1) + Szej(wt—kx+<ﬂz) — Sel(wt—kx+¢) (11)

Or in real notation:

s(x,t) = Scos(wt — kx + @) (12)

with

S = \/512 + S22 4 25,5, cos(py — @3)

S1sin(pq) + 5, 51“(9”2)) (13)

@ = Arctg (
S1cos(@q) + S cos(¢z)

The superposition of two harmonic waves of the same frequency, and which
propagate in the same direction, gives another progressive harmonic wave of the

same frequency, amplitude S and phase ¢.

V.4.2 Case of two waves of the same frequency propagating in opposite directions

If, on the other hand, we superimpose two harmonic waves of the same frequency
but propagating in opposite directions, the result is completely different. Indeed, in this

case.
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s(x, t) = Syl @t=kxte1) | g pilwt+kxte;)

= [S,e/P1e7 Tk + S el P2t IRX|gl0t (14)

and the resulting wave cannot be written as a simple progressive wave. An important

special case occurs when the two amplitudes are identical. If we note:

S1=S,=35, (15)

We have:

s(x,t) = 28, cos (kx + %) o/ (or+t52) (16)
and therefore in real notation:

s(x,t) = 25, cos (kx + w) oS (wt + @) (17)

This mode of vibration is very different from a progressive wave, since all the points
x on the cord vibrate in phase with different amplitudes depending on the position x of
the point in question.

$1 — §02)

Sy = 25, cos (kx + >

(18)

In particular, there is a series of very specific points for which: Sx= 0 or Sx = 2So

called nodes and antinodes in the case of standing waves in a cord.

- T
S, =0 =>kxN+¥:(2n+1)E=>

w=[(n) -2 19
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S,y =28, =>kxAN+¥=nn=>

_ 1 — @214
e e 20)
with : n=0,+1, 2, ......

Between each pair of nodes there is a belly where the vibration amplitude is maximum
and equal to 2So. We also note that the interval between two nodes is equal to half a

wavelength /2.

V.4.3 Standing waves in a cord:

. Cord
oscillator

oscillator

The progressive wave is the superposition of two waves, one progressive and one
regressive in a stretched cord (the following diagram).

Let the progressive wave be of the form at point A :

S1(x,t) = Sycos(wt)

The regressive wave in the same point A" : S, (x, t)
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Point A" is immobile under the action of the two waves, so:

S, t) =80, t) + S,(x, t) =0 > S,(x,t) = =S, (x,t) = Sycosw(t + m)

Point m oscillates under the action of the two waves.

The motion of m along the progressive wave :

The point m is in advance of motion with respect to A’

S1(x,t) = Sycos[w(t — At)] = S, cos [2” (% t %)]

The movement of m along the regressive wave :

t x
S,(x,t) = Sycos[w(t — At) + ] = S, cos [Zn (7 — i) + n]
The movement of m :

S, t) =85,(x, t) +S,(x,t) =S, cos [Zn (% + %)] + S, cos [27t (% — %) + n]

X T t m
S(x,t) =28, cos (2711 — E) cos (an + E)

Note that the amplitude of point m is a function of So , so we can find values of x for
which m is stationary or of maximum amplitude :
X T _

X @
Point mis a node: 25, cos (Zn— - —) =0-2n—

T
1737 7 (2k+1)§
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X A
—>2nz=(k+1)n—>x=(k+1)5

Point m is a antinodes:

X MmN _ X T X
ZSOCOS(ZT[——E)=+1—>27‘[1—§=k7‘[—>27'[1=

et + = 2k + 1)
—_— — —
p) Ty 4

Standing waves are established in a taut cord by using an electric oscillator that
produces vibrations in the cord. The setup is illustrated in Figure 3. The tension in the
cord is equal to the weight of the masses suspended at the end of the cord. The tension
can be changed by changing the suspended mass. The amplitude and frequency of the
wave can be adjusted by changing the signal output from the function generator that

controls the vibrations of the oscillator.

Oscillator

suspended mass

Figure 3: Cord and oscillator assembly.

78




CHAPTERV : WAVES

Wave velocity and cord density

For any wave having wavelength A and frequency f, the velocity of the wave v, is

given by:
v=Af (21)

The velocity of a wave is given by its wavelength and frequency. For a wave in a
cord, the velocity is also related to the tension (T) in the cord and its linear density (u)

as follows:

_Z 22
v= | (22)

The linear density (i) corresponds to the mass of the cord per unit length. The applied
tension (T) is given by the suspended mass (m) multiplied by the gravitational

acceleration (T = mg).

To produce standing waves, the length (L) of the cord must be an integer multiple of
half the wavelength (A4):

L=n= (23)
The fundamental modes are identified by the number n. Figure 4 illustrates the first

four modes of vibration.
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Figure 4 — The first four fundamental modes of vibration of a cord.

V.5 Doppler effect:

In the case of sound waves, the Doppler effect can be seen, for example, in the
perception of the pitch of the sound of a car engine or the siren of an emergency vehicle.
The sound is different depending on whether you are inside the vehicle (the transmitter
being stationary in relation to the receiver), or whether the vehicle is moving towards
the receiver (the sound being higher pitched) or away from it (the sound being lower
pitched). It should be noted, however, that the variation in the pitch of the sound in this

example is due to the position of the observer in relation to the trajectory of the mobile.

To simplify the study, we assume that the velocity of the transmitter v_eand the
velocity of the receiver v_will follow the same trajectory. The positive direction is that

of wave propagation.

By convention, speeds are counted as positive in the direction of propagation of the
signal (from the transmitter (source) to the receiver). Thus, a positive ve and negative
vr speed means that the source and receiver are moving towards each other, while a

negative ve and positive vy speed means that they are moving away from each other.
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. . . + R Uy Ve E
Approximation between source and receiver ~ <--------- e
+ vy R E Ve
'''''''''''''''''''''''''''''' —————»

Distance between source and receiver ~ <«---<——=
Figure 5 : case of variation of the measured frequency fr

If fe is the frequency of the wave in the transmitter's frame of reference and c is the

propagation velocity of the wave, then the receiver will receive a wave of frequency

fr.

For a fixed (immobile) receiver, the formula is written:

Case 1: source approaching the receiver:

—_— _
oo WWWWWW- €

Le véhicule se rapprache : le son est percu plus aigu

Le wéhicule se rapproche

Le veéhicule s'éloigne : le son est percu plus grave

B

_fs
fr = T—v/c (24)

Case 2: source moving away from the receiver:

_fs
fr = T+v/c (25)

With: v: velocity of the source and c: velocity of sound
81




CHAPTERV : WAVES

Note:

For electromagnetic waves one must take into account the theory of relativity.

Exercise :
A transverse sinusoidal wave propagating on a cord of length L, of linear mass u,

stretched with a tension To has the following wave equation:

yis
s(x,t) = 12 sin [g (g— 3x>] , s and x in meters, t in seconds

1- What is a transverse wave?
2

Show that s(x,t) is a wave function and specify the direction and sense of

propagation.

¢

Determine the pulsation w, the propagation velocity v and the modulus of the

wave vector k of this wave and deduce its two temporal periods T and spatial 4

+

With what tension must the cord be stretched so that the propagation velocity

of the wave is twice the previous propagation velocity? We give v = /Ty /u

Solution

1°) A transverse sine wave is a wave obtained from a sinusoidal disturbance which
propagates in a medium (cord) where its particles (points) move under the effect of the
disturbance, in a manner perpendicular to the direction of propagation of the wave.

2°) s(x, t) is a wave function
T T T
s(x,t) = 12 sin [g(t/3 -3x)| = 12sin [E (t-92)| = 12 sin [ﬁ( t- x/(1/9))]
=F(t- x/v)
s(x ,t) is a wave function of propagation velocity v = 1/ 9 (m/s).

ou

* those who verified by the d'Alembert equation (Wave propagation equation)
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925(x,t) 1 9%S(x,t)

0x? v2 Ot
0S*(xt)  m 252, )
108t m., 1 . e velocity of propagation v
_ 1
= 9m/s

* The wave propagates in the (x) direction and in the positive sense of the (x)

3°)_determination of wave parameters:

pulsation w = m/18 (rd/s)

velocity of propagation v =1/9 (m/s),

wave vector modulus k=w/v=n/2({m1),

timeperiod T =2 m/w = 36 (5)

space period A = v-T = 4 (m).

4°) The svelocity of propagation of the wave on the cord is given by v = m

V= szz\/TO/l.l=\/T1/l,l:T1 =4T0
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