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Introduction

The aim of this course is to bridge the gap between the knowledge of analysis accumu-
lated in high school and the fundamentals that will form one of the pillars of mathematical
analysis training in the bachelor’s degree. Given that recruitment to the first year of anal-
ysis is fairly heterogeneous, it seems a good idea to start by recalling the basic notions
that will be used throughout this course, so as not to lose anyone along the way. Where
necessary, at the start of each chapter, we’ll remind you of what you're supposed to know
by the end of the course. As far as possible, we’ll also try to provide the essential results
of each chapter on a single page, so as to summarize the knowledge you need to master
in order to move on to the next chapter. We will provide as many examples and figures
as necessary afin order to achieve a better understanding of the course. We’'ll also try
to point out the pitfalls that everyone can fall into, either through inattention or poor
mastery of the course.

This course brings together the notes from the analysis module dedicated to first-year
students in the mathematics and computer science stream. It includes set theory, real se-
quences, real functions of one real variable, real functions of one real variable: continuity,
real functions of one real variable: derivability and elementary functions their relations.
The general idea behind the first chapter is to handle real numbers properly, you first
need to know a few basic rules. These rules all have a name afin order to identifier them
right away, so you know what you're talking about. A bit like a map, this lets us know
what we’re seeing, where we're going and how we’re getting there. Let’s start with the
simple, familiar rules.

In the second chapter we give the notion of a sequence is central in Analysis. Among
sequences, convergent sequences form a special important class. They are introduced and
studied in this chapter. Further, based on this, the notion of a convergent series is intro-
duced.

For the third chapter: In this chapter the notion of The basics of functions, and Some
properties of functions are presented

The forth chapter: the key notion of a continuous function is introduced, followed by
several important theorems about continuous functions.

The fifth chapter:The notion of a differentiable function is developed, and several impor-
tant theorems about differentiable functions are presented.

For the last chapter: We use power series to strictly define the Exponential, Logarithmic,
and Trigonometric functions and describe their properties.

Each chapter is followed by a list of exercises, usually illustrating a point made earlier. It
goes without saying that these exercises complement the course.



Notations

If F is a set, note by:

P(FE) Part of E.
A¢ = (O3 A'scomplement in E

%) Empty set

1d, Identity application

inf the lower bound,

sup the upper bound

ngrfoo the limit when n tends towards + oo
R the set of real numbers

N the set of natural numbers

r — xy x tends towardsz

f'(x) The first derivative of f(x)

f™ (z)  n®The n* derivative of f(z)

Let I be an interval of R, we have the following notations:

cr "n” times derivable functions

C™(I) 'The set of functions of class C™ on [
C> (I) The set of functions of class C* on [
e’ exponential

In Neperian logarithm

L.D limited development

/ b Bounded integral

Infinite integral
O.D.E  Ordinary differential equations
iff if only if



Chapter 1

Theory of Sets

1.1 Sets

1.1.1 Inclusion

Definition 1 |

J

Let E and F be two sets : We say that E is included in F'( or F' contains F )and
we note E C F(or F D FE)

If: any element x of E belongs to F": i.e.,
Vee E,x e F

We say that E is a part of F.

,_[ Definition 2 ]

Let E be a set, all parts of E constitute a new set of parts of E, denoted
P(E) [Part of E].

Example 1
Let

E={0,1},P(FE) ={2,{0},{1},E}.
1/ Ae P(EY& ACE
{z} e P(E)exCFE
2/ We note E ¢ F. Inclusion negation i.e., 3x € E,z ¢ F
3/ E=F < {ECFFCE}
4/ 9 CE,ECE,ECGGCF<ECF




1.1.2 Operations in P(E)

Definition 3 |
Let E be a set, A and B be two parts of E, we define the following parts:

1/ A°=C4 ={x € E,v ¢ A} (Complementary of A in E)

2/ AUB ={x € E;x € Aor z € B} ( Meeting of A et B)

3/ ANB={x € E;z € Aetx e B}(Intersection of A et B)

4/ A—B={x € E;x € Aet x ¢ B} ( Difference A minus B)(A\B, AN B°)
5/ AAB = {(A\B) U (B\A)} (Symmetrical difference)

,_[ Definition 4 ]

Let E be a set, A and B two parts of F.
We say that A and B are disjoint if AN B = &.

\.

Example 2

1/ A and A° are disjoint i.e., AN A° =g
2/ Let A, B and C be three parts of F

CEng, CEE:@
Cp(CrA) = A, (A°)e = A
AUA= A, ANA=A
AUE =E, ANE=A

AUB=A&BCA
ANB=A< ACB
(AUB)UC = AU(BUCQC)
(ANB)NC = An(BNCQC)
(AUB)NC = (AnC)u(BNCQC)
CUANB)= (CUA)N(CNB)

Morgan’s Law
¢ e~ e (AUB)" C A°N B¢
1/ (AUuB)"=A°NB @{ A°A BEC (AU B
Vo € (AU B)*
r¢ AUB
(AUB)'=A°NB°<< v¢ Aandz ¢ B
x € A°and v € B¢

x e A°N B¢
2/ (AN B) = A°U B¢
3/ CpA=FE\A
4/ A\ =A
5/ A\B=g

6/ AA\B=ANB*=A\(ANB)

Definition 5 ]
Let E be a set, P(E):a part of E.

We say that P(F) is a partition of F if:



1/VAe P(E): A+ o
2/VA,BeP(E):A+B=ANB=0
3/Vee E,JA€ P(E):z€ A

1.2 The sets: N, Z,Q,R
* The simplest are the natural integers, noted by N:
N={0,1,2,....}, N*=N-{0}.
* Then the relative integers, denoted Z:
Z=A...,-2,-1,0,1,2,...}, Z*=7Z-{0}.

* The third category of numbers is that of rational numbers Q:

Q= {]—) or p and ¢ are relative numbers} )
q

Example 3
2% = 2 does not have solutions in Q. Then v/2 ¢ Q. Non-rational numbers know

as irrationals.

* The set of real numbers denoted by R is the set of rational and irrational numbers.
We have the following conclusion:

NCZCQCR.
Aximatic of R:
RY ={z e R/z > 0}.

The same thing for R_, R*:
R_.={xeR/x<0}.

R* ={z e R/x < 0}.

1.3 Relations

Generalities
Let E and F' be two sets. We call the Cartisian product of E and F the set noted:
E x F of pairs (z,y) such that x € E and y € F:

ExF={(x,y),xr € Fand y€ F}.

Remark 1
if:(z,y) = (2,¢) & { )




,_[ Definition 6 ]
Let E be a set, a relation from E to F is called a binary relation on E.

\.

__| Definition 7 |
A relation R on F is said:
1/ Reflexive:

Ve € E: zRx.

2/ Symmetric:
V(z,y) € E* : 2Ry = yRx.

3/ Anti-symmetric:
V(z,y) € E*: xRy and yRx = = = y.
4/ Transitive:

V(z,y,2) € E*: 2Ry and yRz = zRz.

Example 4

1/ Equality in a set is reflexive, symmetric, anti-symmetric and transitive.
2/ The inclusion (C) in the set P(FE) is: reflexive, anti-symmetric and transitive.

1.3.1 Equivalence relation

Definition 8 |

J

Let R be a binary relation in E. we say that R is an equivalence relation, if: R is
reflexive, symmetric and transitive.

Example 5

Equality in a set is an equivalence relation.

Definition 9 |

J

Let R be an equivalence relation on F, for all z € E . The subset of E' denoted by
x is called the equivalence class of modulo R, defined by:

r={y € E,zRy}.

1.3.2 Order relation

Definition 10 ]

Let R be a binary relation in £. We say that R is an order relation, if R is reflexive,
antisymmetric and transitive.




= Remark 2
The order relation is often denoted (<) . The pair(F, <) (where E is a set, (<) is

an order relation): is called an ordered set.

,_[ Definition 11 ]

Let(F, <) an order set, (<) is a total order relation, if any two elements of E are
comparable i.e.,

V(ir,y) e B> :a <yory<ux

If not, the order is partial.

Example 6

E ={0,1},
P(E) = {®7{0}7{1}7E}

The set P(E) containing at least two elements {
Inclusion is a partial-order relation in P(F) :

e e o 0} E )
f(a,b) € E*;a#b, S (b} ¢ {a}.

1.4 The set of reals R

1.4.1 Axiomatic characterization of R

There are two applications of R x R — R denoted +(sum) and e(product)
f:RxR—=R
(z,y) = f(z,y) =z +y
(z,y) > g(z,y) =z ey
T:RxR-oR is called the addition in R.
(r,y) >z +vy
¢ RXR—=R is called the product in R.
(x,y) > zeoy
These two applications verify the following axions for (z,y,z) € R3 :
1/ (z+y) + 2z =z + (y + 2) associability.
2/ x4+y=y+ux.
3/ eR/NzreR: £+0=0+z = 2(0is the neutral element for + in R).
4/VreR,yeR /x+y=y+2 =0« y = —x is the symmetric of x in R
by the + law.
5/ rey=yeuz.
6/ (rey)ez=zxe(yez).
7T/xe(y+z)=rey+axez
8/ 1 eR/VNreR: reol=1ez=x(1is the neutral element for e in R).
9/VxE]R,HyGR/xoy:yoleﬁy:%istheinverseof:vinR by e law
R with these two laws (+, e).
(R, +, e) is a commutative field, R is ordered.

10



1.4.2 Axion of upper bound and lower bound in R

Let R be the field ordered by (<), Let A be a part of R and M, m two elements of R

__| Definition 12 |

1/ M is a majorant of A in R, if
Ve e A,z < M.
Example 7

A=10,1, M el +oo]

2/ m is a minorant of A in R, if
Vee A, x> m.

Example 8

A=10,1], m € ]—o0,0]

3/ M is a majorant of A in R and if M € A. So M is the maximum of A in R and
note by:

M = maxA.
Example 9

A=10,1], M=marA=1¢€A.

4/ m is a minorant of A in R and if m € A. So m is the minimum of A in R and
note by:

m = min A.
Example 10
A=10,1, m=minA=73(0¢ A).

5/ An upper bound of A in R is the smallest majorant of A in R, if it exists we
note :
M = sup A.

Example 11
A=1]0,1], M =supA=1.
6/ A lower bound of A in R is the greatest minorant of A in R, if it exists we note :

m = inf A.

11




Example 12
A=10,1], m=inf A=0.

Example 13

Let A=]0,1]U]2,3], maxA =sup A = 3.
minA3,inf A = 0.

7 /A is bounded in R, if it is major and minor at the same time:

Vee Am <z <M.
Example 14

A=10,1], VzeAO0<z<l1.

1.4.3 Characterization of the sup inf

'_1 Proposition 1

Let A be a non-empty subset of R.

i) VeeAdA z<M

M = sup(A) < 3
i) Ve>0,3zo€ A: M —e <z

i) VeeA, z>m
i) Ve>0,dzg€e A:zg<m+e

Example 15

VynEF:yn:Z—l—%
we have:0 < % <1
F={2+1lneN}&{ 2<2+1<3
sup FF=max F =3
inf F = 2?, min F3
VeeF.:xz>2
Ve > 0,dzg € F:2+4+ € > xg
We have: 2+e>x0<:)2+%<2+6<:)n>%
So just take n = [1] + 1, so:inf F = 2 ([.] : the integer part)

ian:2<:>{

1.4.4 Archimedean properties and their consequences

We show that the set R verifies the following principle

VreR,In e N:n > z.

12



This property is also written as follows
Vr>0,Vy e R,In e N*:n > z.
As a first consequence of Archimedes-principle, we show that:

VeeR,IneZ n<xr<n+l.

B )

R is Archimedean, in other words

VereR,In e N* :n > .

Or in similar way
Ve € R,Va € RY,In € N*: na > x.

Or:

Vy e R,Vx € RY,In € N* : nx > y.

1.4.5 Intervals in R
,_[ Definition 13 ]

For (a,b) € R? and a < b. We define in R the following intervals:

Bounded intervals
I =la,b={r eR/a <z <b}.

minl, = a max [; = b.
I, =la,b]={r € R/a <z <b}.
minly, = a max I, = 7.
Iy =la,bl ={r e R/a < x < b}.
minlz = 7 max I3 = b.
Iy =la,b[={r € R/a < x < b}.
minl, = max I, = 7.

Unbounded intervals
Is=la,+o[={z € R/a < z}.

minls = a max I5 = 7.
Is =la,+oo[={z € R/a < z}.
minlg = 3 max [g =
I; =]—00,a] = {x e R/z < a}.
minl; = 3 max I7 = a.
Iy =]—00,a[={x € R/z < a}.
minls = max Iy = 7
Iy =]—00,+o0c[ =R.

minly = 3 max Iy = 7.

Closed intervals
I =a,b={r eR/a <z <b}.
minl; = a max I, = b.

13




Is=la,+o[={z € R/a < z}.

minls = a max I5 = 7
I =]—00,a] = {x e R/z < a}.
minl; = max I; = a.
Iy =]—00,+o0c[ =R.

minly = 3 max Iy = 3.

Open intervals
Iy =la,b[={zr € R/a < x < b}.

minl, = A max I, = 7.
Is =la,+oo[={z € R/a < z}.
minlg = 7 max I = 7
Iy =]-00,a={x e R/z < a}.
minly = 7 max Iy = 7
Iy = ]—o00,+o0] = R.

minly = max Iy = 7.

Semi-open(semi-closed) intervals
L =la,b={reR/a<z<b}.

minly = a max I, = 7.

I3 =la,bl = {r e R/a < x < b}.
minls = max I3 = b.

R\ {0} R, =10,400] R_=]—00,0].

__| Definition 14 |

every interval of the following type is called an open interval respectively(closed) of

center a
{reR/a—h<z<a+h}

la—h,a+h]= {zeR/—-—h<z—a<+h}
{r eR/|x—a|l <+h}.

1.5 The absolute value

Definition 15 |

J

The absolute value of the real x is the positive real noted |x| defined by

i = r ifx>0
= =2 ifx (0

14



Example 16

Va>0,VxeR1/|z|<ae —a<zr<asx€l|—a,al.
2/ |z <ae —a<zr<aex€l—aal

3/ |z] >aea<zand z < —a &z €]—00,—a|U[a,+o0.
4/ |z >a<wa<zand z < —a & x € |—00, —a[U]a, +o0l.

For all (z,y) € R?:

1 -yl = o] - [yl

2/ |z +y| < |z| + |y| (Triangular inequality).
3/ ] = lyll < |z +yl.

4/ x| = Jyll < o =yl

1.6 Integer part

,_[ Definition 16 ]

It is denoted E(z) or [z].

The integer part of a real x is the greatest relative number less than or equal to x.

By definition, there is a unique relative integer n € Z such that:

n=FEz)<z<Ex+1l)=E(@x)+1=n+1.

Example 17
E(5,6) =5, E(-5,6)=—6.

1.6.1 The properties of the integer part
1-VereRVpeZ: E(x+p)=FE(x)+p.

2-Ve,yeR:x<y= E(x) < E(y).

3—Va,yeR:E(z)+ E(y) < E(x+y) < E(z)+ E(y) + 1.

4—VreR Vne N : E( ) = E(x)
n
5_VreR: E(z)+ B(—x) = {0 WTEL
-1 ifnot

1.7 Applications

Definition 17 |

application Let £ and F' be two sets. We call an application from F to F, every
relation f from E to F that has x € E associated with an unique at most one
element y € F' i.e., every an antecedent has an unique image.

15



Definition 18 |

J

function Let £ and F' be two sets. We call a function from F to F, every relation
f from E to F that has x € E associated with at most one element y € F i.e.,
every an antecedent has at most image.

- E is the set of definition.

- F is the set of images.

- We say that y = f (z) is the image of x by f and x is the antecedent of y by f.
- The set I' = {(x, f (x)),z € E} called the graph of the function f.

f is often denoted by:

f:E—F
x>y = f(z).
Example 18
The application:
f:R*— R*
1
T h— —.
x

Every an antecedent has an unique image

The function:
f:R—>R*
1
e
T

The antecedent z = 0 does not have an image.

Example 19

The application:
f:E—>F
x— x=1d,(x).

Surjection, Injection, Bijection

Definition 19 |
An application f: E — F'is called a:

1/ Surjective: if:

Vye F,dr € B,y = f(x).

i.e., every element y of I’ has an antecedent x in E by f.

16



Example 20
f 1, 4oo[ — [0, 400
x— 2 —1.

Let y € [0, +oo[, we find x € [1,+oo[ such that y = z? — 1
So: ©x = /y +1 € [1,+00] exist and unique.

2/ Injective:
V(z,7") € E? f(z) = f(z/) =2 =12

i.e., two different elements have two different images.

Example 21
f:[1,+oo[ — [0, 400
z— z2—1.

Let (z,2') € (1, +o0])’: f(z) = f(&) = 2> — 1=z - 1=z =12
Example 22

f:R* > R*
1
We have: f(1) = f(-1)=1=z # 2.
So this application is not injective.

3/ Bijective: If it is surjective and injective at the same time.
i.e., every element y of F is the image of a unique element x of E.

Vye F,3lz € E,y = f(z).
Example 23
f {1 4o0[ = [0, +o00]
z+— 2 —1.

Let y € [0, +oo[, we find x € [1,+o0[ such that y = 2? — 1.
So: x =+/y+ 1 € [1,+00] exist and unique.

1.7.1 Composite applications

Let £, F and G be three sets f: F — Fand g: F — G.
The application from go f the application from F to G is called the composite application:

17



Example 24

(go f)(z) =g(f(z)),Vx € E.
f(z) =logz, g(y) = y*>+1
(go f)(z)=g(f(x)) =1/ (logz)* + 1.

= Remark 3
If f and g are both injectives respectively (surjectives, bijectives). So g o f is also

injective respectively(surjective, bijective).

1.7.2 Reciprocal application

If f: E — F is a bijective application from E to F', we define an application from F' to

E.By associating with every element y of F' its antecedent z in F.
This application is called the reciprocal application of f and is denoted by f~1.

V(z,y) eE-F: y= ()@1’— "(y)-
fHf@) =2 f(f 1 (y) =
1 is also bijective < (f7! ) = f.

Example 25

f+ {1 4o0[ = [0, +o00]
z— 22— 1.

Let y € [0, +oo[, we find « € [1, +o0[ such that y = z* — 1

So: x =+/y+1 € [1,+00] exist and unique.

So this an application is bijective, then it admit a reciprocal application f~!.
f71: [0, +o0[ = [1, +o0|
T — v+ 1.

Direct or reciprocal images of parts by an application

Definition 20 |
Let E and F be two sets f : E— F an application : A C E, B C F.

- The direct image of A by f denoted f(A) is the subset of F' containing the images

of the elements of A by:
f(A) ={f(z) e F/lx € A}.

18



Example 26
f:R—=R
T — 22
Let A =[-2,3],
fA) ={f(z) eR/z € [-2,3]},

we have x € [—2,3] so 2% € [0, 9]
So: f(A) =10,9].

= Remark 4
If A= 0 can f(A) = 0 No, because f is an application, every antecedent has unique

image

- The reciprocal image of B by f denoted f~!(B) is the subset of E containing the
antecedents of the elements of B by f.

[ (B)={x € E/f(x) € B}.
Example 27
f:R—=>R
T~ 22,
Let B = {—1,4},
fH(B) ={z e R/f(z) € {~1,4}},

we have: 22 = —1,22 =4s0o z = £2

So: f1(B) = {-2,2}.

Example 28
f:R—=R
x — z2.
Let B =[-1,4],
J7HB) ={z e R/f(z) € [-1,4]},
we have 22 > —1,22 <4s0224+1>0,22-4<0
So: f71(B) =1[-2,2].
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Some properties
Let f:E — Fand A, B C E.
1/JAcC B= f(A) C f(B).
2/f(AUB) = f(A) U f(B).
3/f(ANB) = f(A) N f(B).

4JAC B = fY(A) C fYB)

5/fHAUB) = fTH(A) U f7Y(B).

6/f~H(ANB) = f1(A) N f(B).

7/f7HA°) = (f7H(A)"

20



1.8 Solved exercises

Exercise 1:

I. Let A and B be two subsets of a set E. Show that :

(AUB)® = (A) N (B),

and
(ANB) = (A)°U(B)".
I1. Establish the following equalities:
A-B=ANB°=(AUB)-B
(AUB)=(A-—B)UB=(B—-A)UA.
Solution:
I. First, if X C F, we note X¢ = FE — X : the complementary of X in E.

1)We have:
Vie EF:ze(AUB) < ax¢ AUB

sr¢Aandx ¢ B

S reA°and v € B¢

Sre A N B¢
ie,NveE:x e (AUB) &z e A° N B°

So: (AU B)" = A° N B

2) We have:
Vie E:xe(ANB) < x¢ ANB.

sar¢Aora ¢ B

SreAorxe B°

Sre AU B°
ie,VNreE:x e (ANB) s xe A° U B°

hence: (AN B)" = A° U B¢
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Reminder:

reA U BsrxecAorxeB
r¢ AU Bsar¢Aande ¢ B
rceANBsrcAandr e B

r¢ AN Bsaxg¢gAorx ¢ B.

11.3) We have:

4) We have:

VieE:x€eA-—BearecAandao ¢ B
& reAand x € B
SreANn B¢

e, Vte E:xeA—Bsrxe AN B
From this:A — B=A N Be-.

Letze E:x€e A-—BSoxe Aandax ¢ B

as: A C AU B,So, we have: t € AUB and x ¢ B
From this:z € (AU B) — BSo:A— B C (AUB) — B.
Letx e E:x€(AUB)—Bsox € AUBand x ¢ B
as: x € AUB,so, x € Aor x € Bor: = ¢ B, so:x € A
As a result:z € A andx ¢ B, from thissz € A— B

So:(AUB)— B C A— Bthen: A— B=(AUB) — B.

x(A—B)UB = (A N B° U B (From (3))
=(A U B)n(B°UB)
—(AUBNE=AUB
*(B—A)UA= (B N A°)UA (from(3))
=(B U A)N(A°UA)
=(BUANE=BUA=AUB

So:(A-—B)UB=(B—A)UA=AUB
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Exercise 2:

Let A and B be two bounded non-empty parts of R. Show that
if AN B # 0, then AN B is bounded and moreover :

sup(infA,infB) <inf(AN B)

and

inf(ANB) < sup(AN B) < inf(supA, supB)

Solution:

) # A, B C R bounded, AN B # ()

*A N B is bounded, as A, B are bounded, then there exist m,m’, M, M’ such that::
Vae Am<a<M

Vbe Bm' <b< M
Posing: m = min {m, m'} , M = max {M, M'}

We obtain: Vo € AN B :m <z < M, from which: AN B is bounded.

*Show that:
sup(infA,infB) <inf(AN B)

and

inf(ANB) < sup(AN B) < inf(supA, supB)

First of all, here are the important notes.

-To show that: sup X < «, it suffices to show that «
is a majorant of X, since sup X is the smallest majorant of X.
-To show that: inf X > (3, it suffices to show that S is a minorant of X, since inf X
is the largest minorant of X.

*show that:
sup(infA,infB) <inf(AN B),

and

inf(AN B) < sup(AN B) <inf(supA, supB).
Therefore, it suffices to show that inf(A N B) is a majorant of {infA,infB} i.e.,
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it suffices to show that: infA <inf(ANB) and infB <inf(ANB) this again means that
it suffices to show that infA is a minorant of AN B and infB is a minorant of AN B.

Indeed, we know that:

Va € AyinfA <a(i—e:infAis a minorant of A)

Vb e B,infB <b(i—e:infB is a minorant of B)
Or: ANBC Aet AN B C B, so, in particular.
Vae ANB,infA<a
We also have:
Vbe ANB,infB<b
infA is a minorant of AN B = infA <inf(ANB)

Hence:
infB is a minorant of AN B = infB < inf(AN B).

So: inf(AN B) is a majorant of {infA,infB} i.e., sup(infA,infB) <inf(AN B).
*Show that:
inf(AN B) < sup(AN B) <inf(supA, supB)
First, here’s the reminder:

Ve Xz <a
sup X = a &
Ve>0,dzg € X :aa— € < xg
Vee X :x>p
infX =0«
Ve > 0,dxg € X : B+ € > xg

*As: AN B # (),then, exists x € AN B.

Therefore, we have: © < sup(AN B) and x > inf(AN B).

Le,inf(AN B)x < sup(AN B). or: inf(AN B) < sup(AN B)

*1t suffices to show that sup(ANB) is a minorant of {supA, supB} , because inf(supA, supB)
is the largest of the minirants of {supA, supB}.

That is, it is sufficient to show that supA > sup(A N B), supB > sup(A N B).

supA is a majorant of AN B
This again means that it suffices to show that
supB is a majorant ofAN B

In fact, we know that:
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Va € A,sup A > a (i.e.,sup Ais a majorant of A)

Vb € B,sup B > b (i.e.,sup B is a majorant of B)
Or: AnNBC Aand ANB C B,

so, in particular

Yae ANB,supA >a
We also have:
Vbe ANB,supB >b

sup A is a majorant of AN B = sup A > sup(AN B)
Hence:
sup B is a majorant of AN B = sup B < sup(AN B)

So: sup(A N B) is a majorant of {sup A,sup B} ,i.e.,sup(A N B) < inf(sup A, sup B)
Then: inf(AN B) < sup(AN B) < inf(sup 4, sup B).
Exercise 3:

For each of the following sets give, if they exist, the upper and lower bounds,

the maximum and the minimum.

A =]0,3), B = [0,1]U]2, 3]

1 1
C:{—,lngZ},D:{—,1<m<2}
T T
1 1
E:{——,lgxgz},F:{2+—,neN*>
A n

Solution:

VeecA:0<x<3
*A=]0,3] < < supA=maxA=3 ,

inf A = 0, min A%
Ve B:0<x<3

*B=1[0,1]U]2,3] & { supB =maxB =3

inf B=minB = 0.
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e

VeeC:1<r<2=1i<><1

SR

1
2

1
*Cz{—,lﬁxﬁQ}@ supC =maxC =1
x

infC’:minC:%

\
(

1 1
v:zceD:1<x<2:>§<—<1
xXr

1
*D:{—,1<x<2}(:> sup D = 1, max D3
x

1
inf D = 3 min D7

(
1
VieFE:1<z<2=-1<->-<—=

\

8
DN —

* p—f_1 1
E_{ x71§x§2}<:> supE:maXE:—§

\ inf ¥ =minF = —1

1
Vy, € F iy, =2+ —
n

1
we have:0 < — <1
n

*F={2+ineN} & 1
2<2+4-<3

sup F'=max F' =3

\ inf F = 2?7, min F3
VreF:.:x>2

inf =2«
Ve > 0,dzg € F:2+4+¢€> xg

1 1
We have: 24+ e> 202+ —-<24+esn>—
n €

1
So just take n = [—] + 1, so:inf F' = 2.
€

Exercise 4:

Let f: R — R a function defined by:

22 + 27 + 2
J(w) = 2+ 2x+3
Without studying the variation of f find the minimum of f on R.

Solution:
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1 1

have: f(z) =1— —— —
We have: f(x) x24+2r+3

(x+1)%+2
have: (z+1)*+2>2=0< ! <1:»1<f()<1
we have: (z —— <= T
- (z4+1°+2"2 27
1
for ¥ = —1, we have: f(x) = §the minimum of f on R. Exercise 5:

Using the triangular inequality |a + b| < |a| + |b|, show that
V(@,y) € R, ||z — |yl| < |z —y].
Solution:
[ = |z —y +yl < |z -yl + 1yl
We have:

lyl =y — o+ 2z < |z —y|+ |2
2] — |y < |z —yl
ly| — |z| < |z —y|
lz] — |y| < |z —y]

=
2| = [yl = — |z —y|

e —lr—y| <l|z|-|y| < |z —y| & V(z,y) e R ||z] — |y|| < |z -y

Exercise 6:

Let f be an application of £ — F

Let A and B be two parts of £ and Frespectively: We define the direct image of A
by :

flA) ={y e F/Ar € A f(z) =y},

and the reciprocal image of B by:

f'(B)={x € E, f(x) € B}.
Let A, Ay, A5 be parts of E, and B, By, By parts of F': Show the following relations.

1/A1 C Ay = f(A1) C f(A2)
2/f(A1 N Az) C f(A1) N f(Ay)
3/f(A1U Az) = f(A1) U f(Ay)
4/By C By = f~1(B1) C fH(By)

5/fHB1N By) = f~1(B1)N fH(By).
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Solution:

1/Vy € f(A1), 3z € ArJy = f(x)
or: x €Ay CAy=x € Ay = f(x) € f(Ay)
=y € f(As) hence: f(A1) C f(A2)

A C Ay = f(Ar) C f(Ar).
2y € F(A1N Ap), Tz € A1 N Asfy = f(z).
{ =3Jr € A /y = f(v)

et = dov € Ay/y = f(x)
{ =y € f(4)

and = y € f(A)
So: f(A1 N Az) C f(A1) N f(A2).

=y € f(A1) N f(Az)

4/V£C S f_l(Bl),f<llZ') € Bl-
or: B CBQ@f(ZE) € B,
=T c f_l(BQ).

So: f~1(B1) C f~1(Ba).
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Chapter 2

Real sequences

__| Definition 21 |
A sequence is an application U : N — R, for n € N. We denote U(n) by U,, and call
it n®m¢ term where general term

U:N—=R
n— U(n) = U,.

.

Example 29
U, = +/n,n > 0 is the sequence of terms 0,V1INV2,........ ,
Sequences can be defined in two different ways.
1. Directly by a formula, usually a function f, and we have for all,
neN U, = f(n),

which is called an explicit formulation of the sequence.

Example 30

U:N—R
n—U(n)=U,=2n+1= f(n).

2.By expressing U,;1 in terms of the preceding term U, and definishing an initial
value, as for example:

Un+1 - f(Un>7

Ug = Q.

This is known as a recurrence formulation.

Example 31

U/O:Q
Un+1:f(Un):Un+3
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There are two classic sequences that we come across quite often, aithmetic sequences

and geometric sequences.

2.1 Two classic sequences

__| Definition 22 |

\

Arithmetic sequences

An arithmetic sequence is every sequence (U, ),en for which there exists a € R,
called the reason of the sequence, such that

foranyn e N: U, =a+ U,.

\

,_[ Definition 23 ]

Example 32

Uy = 0

Un+1 = Un + 2
We have: ug=0,uy =ug+2=04+2=2,us =u1 +2=24+2=4,.......
An arithmetic sequence with the ratio a = 2.

Geometric sequences
A geometric sequence is all sequence (U, )nenfor which there exists r € R, called
the reason of the sequence, such that,

forany n € N: U, = rU,.

Example 33

U0§2

1
Un—|—1 = §Un +1

We have: v, = u,, — 2. So:

1 1
Un+1:un+1_2:§Un+1_2:§’Un-

1
A geometric sequence with the ration r = 3

Proposition 2 ]

Two classic sequences Explicit formulation of arithmetic and geometric
sequences

1. The general term of an arithmetic sequence of reason a and first term Uy is

U, = Uy + na.
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Example 34

UO:O
Un+1:Un+2-
We have: ug=0,uy =ug+2=0+2=2,ups =uy1 +2=2+2=4,

An arithmetic sequence with the ration a = 2
So: U,=Uy+na= U, =0+n2 =2n.

2. The general term of a geometric sequence with reason r and first term U is
Un = Uo?“n.

Example 35

UO§2
1

Un+1 = §Un + 1

We have: v, = u,, — 2. So:
1 1
Un+1 :Un+1_2:§Un+1_2:§Un

1
A geometric sequence with the ration r = 5

1

2
So:v, = vor"™ = (ug — 2) (5) .

A null sequence is one whose terms approach zero. This a particular case of a sequence
tending to a limit.

2.2 Convergence of a sequence

The sequence (U,,) is said to be convergent if there exists a real [ such that:

Ve >0,dNy € N,Vn > Ny = |U, — | < e.
We say that (U,,) converges to .

Example 36

U, = ?;f,show that (U,,) converges to 2 we have:
n > 3—¢

INg = [EE] +1/Vn > Ny : |U, —2| < ¢
(U,) converges to 2.

| <e=> 2 <e

‘ -3
n+1 n+1
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>

J

All sequences converge to a limit [ which is unique.

Proof Assume that U, — l; et U, — l5(l; # lo):

lim U, =1 & Ve >O,E|N1 EN,VnZNl = ‘Un—lly <é€1

n—-+oo

lim U, =1y, & Veq >0,3N2 EN,VTLZ Ny = |Un—l2| < €92

n—-+o0o

|l1—l2|:|l1—Un—|—Un—l2|SlUn—l1|+|Un—l2|<€1+€2

:>|ll—lg|<€:> lim (ll—l2)202>11:l2.

n—-+o00

2.3 Finite and infinite limits

__| Definition 24 |

The sequence (U,) has a limit [ € R, if for any € > 0, there exists an integer N
such that: VYn > Ny then: |U, — 1| < ¢ i.e.,

lim U,=1<Ve>0,INg € N,Vn > Ny = |U, — | < e.

n—-+o0o

We say that U, tends towards [ from a certain rank.

Example 37

lim 315 =0&Ve>0,3NeN,Vn: (n>N = |55 -0/ <¢)

n—-+o0o 2n—1

Let € > 0: We have (we can assume from the beginning thatN > 1),
thenn >1and 2n —1 > 0.

! ! 1 1, 1
|2”—1_0|<6<:>2n_—1<6<:>2<2”_1<:>n>§+2—5-

Just choose

N=maz([3+4]+1,1)=[3+%] +1.

N

,_[ Definition 25 ]

U, tends towards (+o0) iff:

lim U, = 400 < YA > 0,3N, € N,¥n > Ny = U, > A.

n——+00
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Example 38
lim 2% — 4o VA > 0,3N € N,Vn : (n>N:>2”% >A)
n—-—+00

Let A > 0: we find N € N such that Vn:n > N = 2»

1
2

> A
Let n € N, we have:

1 1 1 2
2" > A=1n2" >InA & n: > B4 o> (24)°

Just take N = [(11“—‘4)2} + 1.

n2

,_[ Definition 26 ]
U, tends towards (—oo) iff:

lim U, = —0c0 < VA >0,dNy € N,Vn > Ny = U, < —A.

n—-+o0o

,_[ Definition 27 ]

*(Up,) is a convergent sequence if it has a finite limit.

* 1t is divergent if it does not have a limit, or if the limit is infinity.

Example 39
LU, = (—1)" = 1 if‘n even
—1 if n odd
2/ U,=n lim U, = 4oc0.
n—-+oo

2.4 Major sequences, minor sequences and bounded se-
quences

1/(U,,) isupper bound, if:
M eR,Vn e N,U, < M.

Example 40

Ug = 4
Un+1 =V 5Un

We have: 0 < u,, < 5. So:

Su,, < 25 = +/5U,, <5
(U,) is upper bounded by 5.
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2/(U,) is lower bound, if:
dm e R,Vn € N,U,, > m.

Example 41

Uy =
Un+1 =V 5Un

We have: 4 < wu,. So:

20 < bu, = 4 < V20 < /5U,.
(U,) is lower bounded by 4

3/(U,) is bounded, if:
IM € R,¥n € N, |U,| < M.

Example 42

Ug = 4
Un+1 =V 5Un
According by (1) and (2). We have:

—5<4<u, <5=|u,| <5.

2.5 Increasing, decreasing and monotone sequences
1/(U,) is an increasing( strictly increasing) sequence, if:

Vn € N,Upyy > Uy = Upyy — Uy > 0(Uy iy > Uy = Upyy — U, > 0).
Example 43

Uy = 4
Un+1 =V 5Un

We have: u,, < 5. So:

Un (5 — up)
el — Uy = \/5U, — Uy, = —= > 0.
Upp1 — U U ST —u.

So: (u,) is strictly increasing

2/(U,) is a decreasing sequence( strictly decreasing) if:

Vn € N, Un+1 S Un = UnJrl - Un S O(Un+1 < Un = Un+1 — Un < O)
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Example 44
U, = #,n e N*

—(2n+1 : ,
Unt1 = Up = (n—il)2 — == n2((n111))2 < 0= (U,) is decreasing
1
2 . .
or: 5t = (ni;)g = (nﬁ)z = (+%)" < 1= (U,) is decreasing

3/ (U,) is a monotone(strictly monotone) sequence if the sequence is increasing or
decreasing

4/ (U,) is a constant sequence, if:

Vn €N, Uy = U,

= Remark 5
(Uy,) is an increasing sequence if Vn € N : U,y > U,

If (U,) is a sequence with positive terms, it is increasing, if and only if

¥n e N: Gt >,

'_1 Proposition 3

All convergent sequence is bounded i.e.,

AM € N/Vn e N: |U,| < M.

Proof
nEIPmU” =l Ve>0,dAN, e N,Vn > Ny = U, —I| <e.
\Un| = Up =1+ < U, =l + |l <e+]]].
AM = max(Uy, Uy, Us, ......... e+ U]),Vn e N: |U,| < M.

The reciprocal is not always true

Example 45
Let U, =1+ (—1)",¥n >0

we have : |U,| =1+ (-1D)"| <1+ |(-1)"| <2
|U,| < 2= (U,)is bounded

{ 2 if n is even

0 if n is uneven
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a )

1/ if (U,) converges to | and if U, > 0,Vn € N. Then [ > 0

2/ if(U,,) converges to [ and if U, < 0,Vn € N. So [ < 0.

Example 46
Up =222 Yn € N,U, > 0
1 = lim 22 =1>
n—1>r—l{1(>oUn n—1>r—Poo3n+1 3 = ¢

Proposition 4

1/if (U,) is increasing and upper bounded it is convergent

and lim U, = sup (U,).

n—-+o0o

2/ if (U,) is decreasing and lower bounded it is convergent

and lim U, = inf (U,)

n—-+o0o

Example 47
{ |Uo] <1

2
Un+1 = 1+2Un7vn Z 0

Let’s show that (U, )is increasing and upper bounded

1/NneN: Uy — U, = 1+2U,% — U, = (1’2U”)2 > 0= (U,)is increasing

2/¥n € N: |U,| < 1(by reccurence)
sforn=0:|Up <1

«We assume that |U,| <1 and we show that |U, 1| < 1.

We have: |U,| <1 = |Uyu1| = ’HQU%

=3 (1+TD) < 3(1+ 7)) <1

(Uy,) is increasing and upper bounded by 1 so it is convergent(U,, — ()

Unpr = 5% = lim Upsy = lim B = 1= B = (-1 =0=1=1.
—+00

n n—-+00 2

Proposition 5

Comparison of sequences and limits
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Let (Up)nen, and (V,,)nen be two sequences.

1. If lim U, = +oo and if there exists N € N such that:

n—-+o0o

VYn>N:U, <V, then lim V, =

n—-+00

2. If lim U, = —oo and if there exists N € N such that:

n—-+00
Vn>N:V, <U,, then lim V, = —
n——+00
Example 48
1
1)U, =>"————. We have:

=13+ |sin k| vk

sink| <1< 3+ |sink|Vk <3+ VEk<3++vn

3

1 1
< .
3+\/ﬁ 3+|smk|\/_ Z3+ Vvn T =3+ [sink| vk
_" _ <y
3++v/n
We have:
nEIJPoo3 m \/_ =+400.50 : nEIfooU" = +400.

Proposition 6

Let (U,), (V) and (W,,) are three sequences such that, from a certain rank

U, <V, < W, and (U,) and (W,) have the same limit [. So (V) are
also

converging to the same limit /.

Example 49
U, = 5gn3,Vn = W?Wn _ %
(U,) and (W,,) converges to [ = g
we have: =3 < U < B4 i ¥, = i SN 3
n—r+00 n——+o00

Proposition 7

Let (U,) be a sequence converging to ”0” and if (V},) is a bounded

37



sequence then the sequence (U, - V,,) converges to ”0”.

\

Example 50

Let W, = 220t 71— ¢

e : <
we have: { ‘U/n_ingg— )= |sin(n+1)] <1
n = 2 .

2.6 Extracted sequences( sub-sequences)

_{ Definition 28 |

Let (Uy,) be a real sequence and (ny),y a strictly increasing extracted

sequence. Then (U,, ) is a sub-sequence of (U,) .

\

Example 51
Un = (=1)" 25
*an even-numbered subsequence: Uy, = (—1)2’“.% — 1.

*an uneven-numbered subset: Upyyy = (—1)%+1 26l 1

" 2k+2
a )

If the sequence (U,,) converges to ”1”. All extracted sequences converge

to 71”7, the converse is false.

Example 52

ng = (—1)2k — 1

Let U'n, — (_]->n = { U2k+1 — (_1)2k+1 — _1

Results
1/ if (U,) admits two extracted sequences converging to two different limits. Then
the sequence (U,,) is divergent.
2/ if (U,) admits a divergent extracted sequence. Then the sequence(U,,) is divergent.
3/ if (U,) is a Cauchy sequence and admits an extracted sequence converges to ”1”.
Then the sequence (U,,) is converges to "{”.

Bolzano’s Theorem: Every bounded sequence in R admits a convergent sub-sequence.
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Example 53

(Usy) is a sub-sequence converging to ”1”
Let U, =(-1)"=|U,| £ 1=

2

(Usag41) is a sub-sequence converging to ” — 1.

2.7 Adjacent sequences

Let (U,) and (V,,) be two sequences, they are adjacent if and only if
1/(U,,) is increasing.
2/(V,,) is decreasing,.

3/ lim (U, —V,)=0.

n—-+o0o

Proposition 8 ]

if (U,) and (V;,) two adjacent sequences. Then they converge to the

same limit [.

.

Example 54
Up=1
Un = Unfl + %
Vo=Uo+ =+

1
We have:* U, — U,y = —>0= (U,) is increasing
n!

1 1
*Vo— Vo1 = (U, — U — —
1= 1)+<n!n (n—l)!(n—l))

1 1 1 n(n—1)+(n—-1)—n? -1 ,

Al nln T (D= 1) o o — 1) o) =~ (V) is
decreasing

1

*lim (U,—V,) = lim — =0 So: (U,) and (V},) are adjacent.
n——+oo n—+toonln

2.8 Cauchy sequences

Definition 29 |

J

*A sequence (U,) is called of Cauchy if and only if:

Ve > 0,3IN. e NNVn,m > N, = |U, —Up,| <e¢
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*A sequence(U,) is not of Cauchy if and only if:

3> 0,YN. € N,In,m > N. AUy, — Ua| > €

a

N
J

Every convergent sequence is of Cauchy, and the converse is true in R

Example 55

1
U, =(-1)"+ - is not Cauchy

We take: n =2N, +1,m = 2N..

We have: n > m > N,:

1 1
|Un - Um’ = |U2Ng+1 - U2N5| = ‘<_1)2Ne+1 + _'

__12N5_
2N, +1 (=1) 2N,

1 1

1
—1
2N, + 1 2N

_ 1
2N, (2N. + 1) ‘ B )2 T NN

|Up, — Up| = |—1+ ‘>2

:‘_2_

Je = 2 = (U,)is not of Cauchy
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Example 56

2) U, = cos * is of Cauchy

1 1
|U,, — Uy,| = |cos — — cos —
n n
A—-B A+ B
cosA—cosBz—Qsin( )sin( + )
2 2
m—n "
|Un, — Up| = 2SII1( T )Sm mon)
m i (m—n
U= Unl < 2 (Qnm)imn(zmn

sin
|Up, — Um| < 2sin

20| Ccan foin (32) < 1]
m—+n m+n m+n
Yo (because sm( Yo ) < Yo )

1/1 1
2\m n
<

m n

2 2
:>N5>—:>NE:[—]+1.
)

\Up, — U] <2

1 n 1 2 -
N - = £
NE & NS

Properties
1) Every convergent sequence is a Cauchy sequence
2) (U,) is not a Cauchy sequence=-(U,,) is divergent
3) Every Cauchy sequence is bounded
Cauchy criterion of convergence

A real sequence is convergent in R: If and only if it is of Cauchy
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2.9 Recurrent sequences

__| Definition 30 |

Uy given
A recurrent sequence is a sequence defined by:

Uny1 = f(Un>'
f N — R is an application. Studying the nature of the sequence is like

studying convergence if (U,,) converges to [ , it is verified: [ = f(I) < [ — f(I) = 0.

Example 57
UO S

1
2
Study the nature of the sequence (U, )defined by:
Un+1 == UEL + 13_6

We have: Uy = U2+ & = (1)*+2 = Z>0/U, = U2+ 3 = (L)’ +32 =L >0

*By recurrence, we show: U, > 0,Vn € N We have:U, = % > 0.
We assume that U,, > 0 and we show that U,.; > 0.
We have: U, > 0= U2 + 1 > 0= Up1 >0

* The monotonicity of (Uyp) Un41 —Un = U2 =Un+ 2 = (U, —3) (U, —3) >0
So [0 1} .

14
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2.10 Solved exercises

Exercise 1.

Using the definition of limit show that:

1) lim

n—-+00

1 _
2n—1 O’

1
2) lim 2"? = 400
n—+o00

Solution.
1) We have:
lim 31~ =0&Ve>0,3N eN,Vn: (n>N = |25 -0 <e)

n—-+4o0o 2n—1

Let € > 0:We have (we can assume from the beginning thatN > 1),

thenn>1and 2n —1 > 0.

1
2n—1

| 1

7 — 0 <es

1 1 1
<e<:>;<2n—1(:>n>§+2—6.

Just choose
N=maz([3+5]+1,1)=[3+5] +1.
2)We have:

lim 2"% =400 VA >0,dN € N,Vn : (n>N:2"% >A>.

n—-+00

Let A > 0: we find N € N such that Vn:n > N = 277 > A.

Let n € N. We have:
1 1 1
2 2 5 InA InA\?
22 > A=m2? >hAen2>——on>(— ).
In2 In2
Just take N = [(%)2} + 1.( Where [a] denotes the integer part of ).

In

Exercice 2:

Let (un)n>o0 be a sequence defined by the recurrence relation

Upy] = 5“" + 1,
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and ug is given.

1-Show that if ug < 2 then for all n > 0, u,, < 2 and that the sequence is monotonic.
2-Deduce that the sequence is convergent and determine its limit.
3-Show that ifug > 2 then for all n > 0,u, > 2 and that the sequence is monotonic.
4-Deduce that the sequence is convergent and determine its limit.

5-We put v, = wu, — 2: Show that the sequence (v,) is a geometric sequence of rea-

1
son 5

6-Deduce an expression for u,, as a function of n and wuy.
Find the result of the first two questions.

n
> ug
7-Deduce lim =2
n—-+oo n

Solution.

1-By recurrence uy < 2 and let’s show that u, < 2 leads to u,+1 <2,

1
Up+1 = ZUp + 1<

1
—-24+1=2
2 2 +

So for all n > 0,u,, < 2,

1 2—u,
un+1—un:§un+1—un:—§un—l—1: 5 .>0

Then the sequence (u,,) is increasing.

2-The sequence is increasing and upper bounded by 2 so it converges to a limit [ which
verifies

1 1
3- By recurrence ug > 2 and let’s show that u,, > 2 leads to u,1 > 2.

1

Upt1 = Uy, + 12> =-2+1=2

1
2 2
Then for all n > 0, u, > 2.
2 — U,
2

Un+1_un:§un+1_un:_§un+1: <0.

So the sequence (uy,,) is decreasing.
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4-The sequence is decreasing and lower bounded by 2, so it converges to a limit [ which
verifies

1 1
un+1:—un+1<:>l:§l+l<:>l:2

2
5-
= 2= 1= L ( 2) = L
Un4+1 = Un+1 - 2un - 2 Unp, - 2'Un'
So (vy,) is a geometric sequence of reason %
6-From 5. we deduce that for all n > 0 That:
1 1
vn:2—nUO:2—n(u0—2)
Soforalln>0:
Uo 1
u Un + 2n 2n—1 +
. U 1 .
— — = = 2.

n

Sug=> (v, +2)=(vo+2)+ (1 +2)+ ... + (v, + 2)
k=0 k=0
=vo+v1+..+v,+2(n+1)

Zuk:vo+%vo++2lnvo—l—2(n+1)

k=0
n 1 1
> up = g (1+—+...+—> +2(n+1)
k=0 2 2n
1
n " on 1
S g = v—2 12+ 1) =20 (1— —— | +2(n+1)
i=h 1 1 on+1
2

n (%
]CZ;OU]CIQUO— 2n21 +2(n+1)

n

];uk 21)0—2:(11%—2(71—1—1)
lim =2 — = lim = 2.
n—-+4o0o n n—-4o0o n

Exercise 3:

Show that the sequence (uy,),>0 with general term w,, defined by :

1% 3% ...2n+1)
Up =
3%x6...(3n+3)

Is convergent and determine its limit.

Solution.
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We can express u,.; as a function of u, :

1><3><...(2n+1)><(2n+3)_1><3><...(2n+1)X2n+3
3%x6..(3n+3)x(Bn+6)  3x6...3n+3)  3n+6

Un4+1 =

2n+3
n+6

Upt1 = Up X

If there is a limit [ it verifies:

Unp1 = Un X 2B S ] =Ix21(1-2)=0&1=0.

It remains to show that the sequence of general term w,, converges.

It is more than clear that u, > 0, the sequence islower bounded.

Un+41

just look at the quotient

Unp

un+1_2n+3<2n+4_2(n+2)_2<1
u, 3m+6 3n+6 3(n+2) 3

So the sequence with general term u,, is decreasing and lower bounded, so it converges.
The only possible limit is 0.

Exercise 4:

Uy = 2

Vi, +2,Yn > 1

Let (uy)n>1be the sequence defined by { "
n+1

1-Show that : Vn € N* | u,, < 2.

2-Study the monotony of the sequence (u,).

3-Study the nature of (u,), and determine its limit if it is convergent.

Solution.

. UI = 2
1-We have: { Uni1 = Vtn +2,0 > 1.

Let’s show that u,, < 2 ( by recurrence).
For n = 1 (the relation is true).

Assume that u,, < 2 and show that u,,; < 2.
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We have: v, <2 u,+2<4S Vu,+2<2E u, <2.

Finally: w, <2 Vn > 1.

2-The monotony:

On the one hand, according to(1) we have Vn > 1 : w, < 2, therefore the sequence
(uy,) is increased.
On the other hand: (u,) is a recurring sequence defined by:

Unt1 = VU, +2 = f(u,) where f(z) = Vx + 2.

We have Vo > =2 : f'(z) = ﬁ > 0. So f is increased

As up = V2, and uy = Vug + 2 = VV2 + 2.
So us > wuy, from which (u,) is increased.

Finally, since the sequence (u,,)is increasing and upper bounded, then it is convergent.
3- The limit:

First: since (u,,) is convergent, then 3l € R, lim w,, = .
n—+oo

As upp1 = Vu, +2 = f(u,) where f(x) = vz +2,s0 f(l) =1.

We have f(I) =l e VI+2=1a—1-2=0& (1+1)(1—2)=0.

But Vn > 1 : w, > 0 (in fact : by recurrence u; = V2 > 0, and(u, > 0 =
Upt1 = VUun +2>0)
Hence [ = 2, i.e., lim u, = 2.
n——+oo

Exercise 5:

Use Cauchy’s criterion to study the nature of general term sequences.

1
1w, = cos—.
n
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1
2)vn:1+§+§+....+5

Solution.

1)We have:
‘ ‘ 1 1‘ ’2,1(1 1>.1<1+1)‘
U, — Uy| = |[cOS— —cos—| = |—2sin—= [ — — = |sin=( =-+=]].
P p q 2\p ¢ 2\p ¢

But we have:

sinz < |z|,Vz € R.

So:
1 1 1/1 1\1/1 1 1 1
cos——cos—| <25 |\ ——— | s (=t )|=|53 53
p q 2\p q/2\p ¢ 2p* 2q
1 1
cos% - COSE < 27 + ’2_q2 (Triangular inequality).
We have:
1 1
gzp=>2ny =< - < —.
7 p T g
So:
1 1 1 11
‘cos;—cosa §m+m—n—g<6:>no>7
We take:

The sequence (u,),en+ is a Cauchy sequence, so it is convergent.

*¥) lim (cost) = cos( lim %) =1.

n—-4o00 n—+400o

2) We have:

| | TUEEITRL S S NI TS IR
Vop, — Up| = -+ -4+ +t—F+—+ .+ — | = -+ =+ +—=].
? 23 n on+l 2n 2 '3 n

Von — Un| = =5 + . + 5=

We have:

n+1<2n,n+2<2n,...,2n < 2n.

So:
1

1 1 1 1

11 .
|V2n — Vn| > ng- = 5, wherever N;
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there exists € = %,p =n> N,q=2n> N, such that |v, — v,| > €.
The sequence (v, )nen+ is not a Cauchy sequence, so it is divergent.
Exercise 6:

Let (uy) et (v,) be two sequences defined by:

n
Up = D 7, Un = Up + ==
Show that (u,) and (v,) are two adjacent sequences.

Solution.

*)The monotony of (u,):

no1
un_kzzjlya Un_un+n nl
n+l ] n 1
Up+1 Unp, E_ZE
k=1 Iv- k=1
1 1 1 1 1
Unpr —Up = (14 =+ ..+ — + —(14+=+...+—=
2! nl " (n+1)! 2! n!
1
Un+1—un:m>0.

So (uy,) is strictly increasing.

*)The monotony of (vy,) :

1 1
Ut = Un = (Un41 = n) + ((n+1)-(n—|—1)! _n-n!)
1 n—(n+1)> -1
Ut = = i N ) ) nmdD)-ma Y

So (vy) is strictly decreasing.

1
* lim (v, —uy) = lim = 0.

n—+oo n—+oo 7y - 1!

So (u,) and (v,)are two adjacent sequences.
Exercise T7:
Let (uy,)n be defined by:
u, = (—=1)" + L,Vn € N*.
1-Show that (u,) does not converge, that this sequence is bounded.

2-Can we extract a convergent sub-sequence?
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Solution.
1) Let’s show that (u,,) does not converge and is bounded.

As u, = (=1)" + £,Vn € N*, then consider the two subsequences (v,) and (w;,)

defined by:
1 1
= Uy = (—1)"" 4+ — =14 —
v U2 ( ) +2n +2n ]
= Ugpyy = (1) 4 —— — 1 .
Wn = Uongr = (1) 4 52 ot
We have:

Clim =t (U4 gg) = 1

* s — Jj 1 —
i = i (=14 ) = =1

As

lim v, # lim w,, then the sequence (u,) is not convergent(i.e., it is divergent)
n——+0oo n——+0oo

*) Let n € N* : As

—1<(-1)" < 1.

1
0< —<1.
n

So

1< (-1)"+:+ <2

3=

ie.,

-1 <u, <2

We have Vn € N* :—1 < u,, < 2; hence the sequence (u,) is bounded.

2) Since the sequence (u,) is bounded , then by Bolzano-Weiestrass’s Theorem, we can

always extract from (u,) a convergent sub-sequence.
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Chapter 3

Real functions of a real variable

,_[ Definition 31 ]

A numerical function of a real variable is an application
f:1— R(I CR). We denote by D(f): Definition domain of f

{f:]—>R

T — 3x

is a numerical function

Graphic representation:

Si f s a numerical function of a real variable, the graph of f notes G is the subset of
R defined by:

G(f) = {(z, f(z)),z € D(f)}.

3.1 Some properties of functions

Limits of functions respect algebraic operations.

3.1.1 Algebraic operations

51



,_[ Definition 32 ]
Operations on functions
If fand g are two functions defined on the same interval I C R, then we have the
following results:
1. Sum: the sum functionf + gis defined for all real x on the interval I by :

(f +9)(@) = f(z) + g(z).
2. Product: the product function fg is defined for all real x in the interval I by :

(f9)(z) = f(x)g(x).

3. Quotient: when the function g does not annul on the interval I, the quotient

function i is defined for any real = of I by:
g

3.2 The restriction

__| Definition 33 |
Restriction
Let f be an application defined on an interval I of R. Let [y be an interval of R
included in . The restriction of f to Iy, denoted f|ly, is the function defined on I
by:

Vo € Iy, f1, = f(z) .

The successive application of mappings leads to the notion of the composition of
functions.

3.3 The composition

,_[ Definition 34 ]

Composition of functions

Let f be a function defined from an interval I of R to values in an interval J of
R. Let g be a function defined from interval J of R to an interval K of R. The
composite function of functions f and g is the new function that we write go f (and
read g round f) defined for all z in interval I by:

(g0 f)(x) = g(f(x)),

and can be written as follows:

gof:I—=J—K x+— f(z)— g(f(z)).
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Example 58

3.4 Parity of a Function

3.4.1 Even and odd functions

Let f: I — R be a numerical function
a) It is said to be even if:
Veel etV (—x)el, f(—z) = f(x)

Example 59

f(x) =cosz, f(x) = 2* are two even functions.

Figure 3.1: 22
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Figure 3.2: cos x

b) It is said to be odd if:

Example 60

Veel andV(—z) €1, f(—x) = —f(x).

f(x) =sinz, f(z) = 23 are two odd functions.

Figure 3.3: 2*
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Figure 3.4: sin x

3.5 Periodicity of a Function
It is said to be periodic of period p(p € R*) if:
Veel andV(z+p)el, f(xr+p) = f(x).

Example 61

frxsinx,g:x— cosz. Where T =27 the period.
L.f(z+2m) =sin(z + 27) = sinz.
g(x + 2m) = cos(x + 2m) = cos z.

2.h : x +— tanxz,T = 7,21 the period because : tan(x + m) = sin(z +m) —
cos(x + )
—sinx
— = tanux.
— cos(x)

3.6 Monotonic functions

Let f:I — R be a numerical function
a) It is said to be increasing (respective, strictly increasing) if,

Ve,yel v <y= f(z) < f(y)
Veyel:x<y= f(z) < f(y)

b) It is said to be decreasing (respective, strictly decreasing) if,

Ve,yel v <y= f(x)> f(y)
Ve,yel:x<y= f(z)> f(y)

c¢) f is monotone if it is increasing or decreasing.
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Example 62

*) f(x) = 2* is monotonic
*) f(x) = x? is not monotonic

3.7 Bounded functions

1/ We call majorant of f:I — R every real M such that

Veel: f(z) < M.

2/ We call minorant of f: I — Ris every real m such that

Veel: f(x)>m.

3/ f is said to be majored (minored) if it has a majorant (minorant).
4/ f is bounded if it is major and minor at the same time.

Example 63

ILVzeR:|sinz] <1 and |cosz| <.

So:xz+sinx and x> cosxzare bounded functions.

1
2.f(:c):x2—+1,VxeR::c2+121:>O<

1 < 1. sofis bounded.
z

= Remark 6

if f is bounded then it reaches its upper and lower bounds which are:

supf(x) = M, inff(x) =m

xel zel

zel

supf(x) =M Ve e [[Ve>0,Fxg €l M —e < f(zg) <M

ingf(x):m<:>Va;EI,V€>O,EIxOEI:mgf(xo)§m+€
e

Example 64

supf(x) = si
f(z) =sinx & ¢ €k

inf f(z) =sin (-%) = -1

zeR

=
(B
I
—_

3.8 Injective, Surjective and Bijective functions

Definition 35 |
Let f:I — R be a real function.
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1/ We say that f is injective if

V(z,y) eI x I, f(x)=f(y) =>z=y
eV(z,y) el xI,v#y= f(r)# f(y).

= Remark 7 T ——
Every monotone function is injective.

Example 65

Example 66

We have: f(1) = f(-1)=1=z # 2.
So this application is not injective.

2/ We say that f is surjective if
Vye R, dx € I,y = f(x).

Example 67

f i1, +oo[ — [0, +o0]
z—x?—1

Let y € [0, +o0[, we find = € [1, +oo[ such that y = 2% — 1
So: x = /y +1 € [1,+0o0] exist and unique.

3/ We say that f is bijective if it is injective and surjective at the same time, i.e.,

Vye I, e xI,y= f(x)

In this case we can define a new function:

fFLiR—1T
VyeR: f'(y)==

x is the only element such that y = f(x)
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Example 68

f 1, 4oo[ — [0, 400
x—x?—1

Let y € [0, +oo[, we find x € [1,+oo[ such that y = z? — 1
So: ©x = /y +1 € [1,+00] exist and unique.

3.9 The limit of a function

3.9.1 Limit in zp € R

__| Definition 36 |
f 1 — R is a function, let zp € I. We say that f has a limit [ € R when z tends
to xg, if

lim f(z) =leVe>0,In>0,Ve el:|z—x <n=|f(x) -1 <e.

T—T0

Example 69
Using the definition, show that lim (3z —2) = 1.

z—1

limBr—2)=1Ve>0,In>0,Veel,|lz—1<n=|B8z—-2)—-1|<e¢

rz—1

We have: |3z —2) 1| =3z -3|=3|r—1|<e=|z-1| <§,
just taken = =
3
Example 70

Using the definition, show that lim (z* — 1) = 3.

r—2

lz’_rg(xQ—l):3<:>V5>O,EI77>O,V$€I,|:C—2\<77:>|(a:2—1)—3|<€

we have: (2?2 — 1) =3|=[2? —4| =|(z —2) (z +2)| <¢
we have: |1 —2|<1l=-1<z-2<1=1<2<3=-5<3<z+2<5=|r+2|<5
E)

|(x—2)(x+2)|<6:>|x—2|<5,

just taken = min(1, %)

Example 71
Proving that lima sin 1 = 0.
x—0 €
limxsin% =0<Ve>0,In>0,Ve el |z—-0<n= |xsin%—0| <e

z—0
we have: |zsinl — 0| =|zsini| = |z||sini| < |z] < e (car: [sin 1| < 1)

just take n = e.
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3.9.2 Left and Right Limits

,_[ Definition 37 ]
We say that f has a limit on the right (resp, a left) at the point z if :

lim f(x)=1&Ve>0,In>0Ve el :xp<z<zo+n=|f(x) =1 <e (resp,xo+n <z <)

LT+

Example 72

fa) =2 =0

lim f(x)= lim = =1

T—T )+ z—=0t T

g . —X

lim f(z) = lim — = -1
T—T— =0~ T

So f(0) does not exist.

3.9.3 Infinite limits
1/ Let f:I — Rbe a real function. We say that f has a limit [ € R when z — +o0 if:

lim f(x)=leVe>0,AM eRVxel,a > M= |f(x) -1 <e

T—r—+00

2/ We say that f has a limit [ € R when z — —oo if:

lim f(r)=1leVe>0,AM eR Ve e l,e <M= |f(x)-1l<e

T—r—00

3/ We say that f tends to oo when x — xq if:

limf(x) =400 VM eR,3In>0,Vr €I, |z —xo| <n= f(x) >M

T—T0

limf(x)=—c0oe VM eR,In >0,V el, |z —xo| <n= f(x) <-M

T—I0

4/ Let f : 1 — R be a real function. We say that f does not have a limit oo when
xr — oo if:

lim f(z)=4c0c<=VM >0,In>0Ve e,z >n=f>M

T—r+00

lim f(zx)=—c0o&VM >0,In>0Veel,z>n=f<—-M

T—r+400

lim f(zx) =400 VM >0,In>0Ve e,z < —n=f>M

T——00

lim f(z)=—c0ce VM >0,In>0Veel,z<—n=f<-M

T——00
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Example 73

_ 1
lim =0
z—toox + 1
lim =0&Ve>0,AM e R,Ve e I,z > M = —0‘<5
x—+oo L + r+1
1

We have: -0 =

r+1 rz+1

1 1

And: 2 > M =

< <
T+l M ©
just take: M > — —1
€

3.10 Operations on limits

Let f:I —Rand g:I — R be two real functions and x,l;,l, € R
Assume that lim f (z) = [ and lim g (x) = l5. Then

T—T0 2) 0
lim (f +g)(x) = lim f(x)+ limg(z) =11 + 1y
T—rT0 T—T0 T—T0
lim (f x g)(x) = lim f(x) X limg(z) =11 -1y
T—T0 Tr—xQ

Tr—rxQ

lgm (AX f)(x)=Ax limf(x):)\ll VAeR
f(2) lim f (x) o

T—T0

Veel g(x)#0: lim

oz (v)  limg(r) I

3.11 Limit of a compound function
Let f:I— Jand ¢g:J — R be two real functions andx, l1,ls € R, if:

limf(x)=10; and limg(x)=1y Then: Ulim (gof)(x)= limg(f(x))=Ils.

T—T0 r—l T—T0 T—T0

Example 74

f(x)zlnx:ii_(r%f(x)zo
9(y) = Vy* +1 = limg (z) = 1
(go f)(z) =g(f(z)) =/(Inz)* +1= lim (go f) (z) = limy/(Inz)* +1=1.

T—To T—x0

3.12 Comparison Relations(Landau’s Notations)

Let f,g be two functions defined on the same interval I in a neighborhood of the point
o (left and right ofzy € R) with R = [—o0, +00] . We say that f is negligible compared
to g in the neighborhood of z if a function exists ¢ defined on I with:

f=exg andlime(x)=0.

T—T0
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It is symbolized by :f(z) = Oy 9(x).
We call f = O(g) Landau notation.

= Remark 8 (I)
the function g does not annul in the neighborhood of xy. So

Example 75
T = 04012 Je with e=—.
T

1
r = —z% such that lim ¢(z) = 0.
xT T—+00

. B
T =007 & lim — = 0.
T—To L

3.13 Lipschitz functions
Let k € R,. We say that f: I — R is k Lipschitz(or it is lipshitz with respect to k) if:

Example 76

1].
) = fWl =12 - =lz+y)@ -yl =lz+yllz—yl=

So: fis Lipschitz .

3.14 Indeterminate Forms

Let f and g be two real functions.
1/f+¢g with f— 400 and ¢g— —oc.
2/f-g with f—0 and ¢g— co.
[
3/= with f—0 and g¢g—0.
g
4/z with f—o00 and ¢g— cc.
g
5/f9 with f—1 and g¢g— oo.
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6/f with f—0 and g¢g—0.

7/f9 with f—o00 and g¢g— 0.

3.15 Algebraic methods for eliminating indeterminate
Forms

3.15.1 Simplification of algebraic expression

Example 77
. z2—1 _ 0
iz_?fleQJr?)erl -0
iy @2=1  _ pa (=Dl _ g atl
glvz_tq'mQ—l-?)x—i-l - fﬂﬁ(x—Q)(x_n - iz_r)qu_Q = —1.
3.15.2 Putting in factor
Example 78
mLZToo z+2 oo
lim 2241 = lim x2(1+‘%2) = lim x = +00
zotoo T2 g0 z(1+2) s too

3.15.3 Using the conjugate quantity

Example 79
lim (Vz+1— /) =+400— 00
T—>+00
T i) | O i) N PR S Sy DN W
r—+00 (m+\/5) T—+00 (m+\/5) T—+00 (\/er\/E)

3.15.4 Using the In and exponential functions

exp(ln) =Id | In(exp) = 1d
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Example 80
1 1
. ; o . 5 . . l
i@_?)?’é(l—i-x) —lez_%exp (ln(l—i-ac) ) —i@_?)?’éexp (Lln(1+2))

We have: lim

In(1+4=x) 1
—= =1,
z—0

So: iz_vzfé exp (£1n (1 + z)) 2'5_7)73 exp (1) = exp (1)

e W4 o f@)-f0) _ g
because: iz_% — i@_rg =t £(0),

f@)=ln(l+2) = fl2) = & = f(0) = L.

3.15.5 Equivalence relation

1/ Let zo € R and let @ : I — R be a function that does not cancel on I except perhaps
at xg. Let f a function of I — R

a)We say that f is dominated by @ in the vicinity of xq if we can write

flz) = Q(x) - Ux),

where: U : I — Ris a function bounded in the vicinity of x, this is equivalent to:
is bounded, and we write:

f(x)
Q(z)

f=0(Q)
f(z) is dominated by Q(z).

Example 81

_ . . l: . A . lN . —
1 f(z) =z -sin; = O(x) iz_%bx sin izlz%x 0

2/f(z) = In(z> + 1) = O(lnz) in the vicinity of (+o00) liT In(z? + 1) ~
T—r+00

lim Inz = +o0.

r—+00

b) We say thatf is negligible in front of @ in the vicinity of o, if we can write:

flz) = Q(x) - (),

where: € : I — R an infinitely small function such that lime(x) = 0.

T—T0
This is equivalent to lvm @) 0, and we write:
T—T0 Q(I)
f=0(@Q)

f(z)is negligible in front ofQ(z).
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Example 82

1/In(z) = O(z) in the vicinity of 400 lim

r—-+00 r—-+00

xn+1

2/x" = O(2™) in the vicinity of 0 lim =0~ lim = =0.
T—

n
(I z——+oo®

c¢) Letf and ¢ be two functions of I — R which do not cancel on I except perhaps at
xo. We say thatf is equivalent to g in the vicinity of xg, if we can write:

f(z) =Qx) - (1 +&(z))

Where: ¢ : I — R an infinitely small function such that: lime(x) =0,

T—T0
this is equivalent to lim c];((:;)) =1, and we write:
T—T0
f~Q

f ~ @ in the vicinity ofxg.
zo

Example 83

sinz ~x, e —1~x, 1—cosz~ia? tan(z) ~z, In(l+z)~ax
0 0 0 0 0

Exercice:
*lz’m(l —cosz)In(1+ 2) _ 9
20 z? tan (z) 0
1— In (1 L2 x
lim< cosx)In (1 + x)  lim 2 :%.
0 x? tan (z) z—0 x2 -1
Exercice:
(1 —cosx)sinz 0
xlime z? tan (z) = 66
x—0
(1 —cosx)sinz s
lime 3 ~lime 3 =¢e2.
x—0 x—0
Exercice:
*lzm In(cosz) __ 0

(1—cos2z) ~— 0"

—~
We have: In (cosz) = In <1+(cosx— 1)) =In(1+ X) AOJX =cosz — 1

1 —sx? 1
1 —cos2x ~ 1 (2x)°. ThenzlimM ~ MmO = i 2 = —
02 =0 (1 — cos2x)  2—0 2 z—0 212 4

Exercice:

64



* Give the equivalence at infinity for the following function:

f(x):(1+x)xi1 —mézexp (xilln(l—kx)) —exp (iln(x))

f(z) = exp (% In (m)) [exp (I i I (1+a) - In (x)) - 1]

n(1+2) Jngo o x

z(x+1) = P

exp
22

f(z) = exp <iln (:1:)> [exp <x—1k1 In(1+z)— #) _ 1] ~ exp [—lz(x)
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3.16 Solved exercises

Exercise 1:

Determine the domain of definition of the following functions.

(@) = =5, 2) f(2) = A=, 3)f(¢) = Va? — Te™7,4)f(z) = (1 + Ina)?
Solution:

Determine the domain of definition.
1) f(x) = 1””“ — Dy =]—00,0[U]0, 00|

1
—ex

_ 1 _
2)f(x) = 4= = Dy = U |2km, 7+ 2kn].
3)f(x) =va?— lems — Dy =]—00,—1] U1, 40o0].

Nf(@) = (1+Inz)* = ex(41) 5 Dy = Je~! 00|,

Exercise 2:

Using the definition of the limit of a function, show that:
3r—1 3

1)9101E>I}L(2x—1) =7, 2);13100290_'_1 =3 3)x£1>1+noolnx = +o0, 4)21%Ii13x+3
“+o0.
Solution:

Using the definition of the limit of a function, show that:
1)lirr}1(2x—1) =7 Ve>0,3a>0,VeeR: |z —4| <a= |2z —-8| <e.
T—

We have: |22 —8| < e 2[z —4|<e& |z -4 < 5.

So just take a = 3.

3
: 3z—1 __ . 3z—1 3
2){}01_131002“1—§<:>Ve>0,3a>0,Va:€R.x>a:> T — 5| < €
We have: _3 N e > '
e have w1 2 € yr € i

So just take o = }51—36|

3) im Inzx =400 < VA>0,Ja>0,VzeR:z>a=Inz > A

T—+00

We have:lnz > A = ¢ > e,

So just take o = e
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VA>0,E|0¢>O,V:C€R:|x+3|<a:>zi+3>z4

. 4

=-3 SVA>0,Ja>0VreR: -3 << -3+a= > A.

T+ 3

4
We have: 3>A(:)x<%—3.

x +

4
So just take a = —-.
0 just take & = —

Exercise 3:

We consider the two functions f and g defined on R. by

( 1
xeg, ifx <0
flz) = e and g (z) =< 0, if = 0.
0, ifx=0
1
2?2 In (1+—> ,ifz > 0.
T

\
Study the continuity of functions f and g.
Solution:

“f(a) =

L4 en — Dy =]|—00,+00.|

0, ifx=0

f is continuous on |—o0,0[U]0, +00.|

x
limf(x) = lim = 0.
350 250 l

1+ex

x

limf(x) = lim = 0.
30 30 l

1+ex
And f(0) =0, then f is continuous at ”0”, so f is continuous on R.

1

rekx, ifx <0

*g () =14 0, ifz=0 D,=]—o00,+00]

1
len(1+—>,ifa7>0
x

g is continuous on |—oc, 0[ U ]0, +00.|

limg(z) = limzer = 0.

50 250

1
limg(z) = limz?In (1 + —> = limz?[In (1 +z) — Inz.]
230 30 2 30
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=limz?In (1 +z) — limz?Inz =0 (because In(1+ x) ~ x) :

>
3530 =0

and ¢(0) = 0, then g is continuous at ”0”, so ¢ is continuous on R.

Exercise 4:

Study the prolongation by continuity of the following functions on R.

sin Tx

O ) =cos . Df (@)=, of (2)

C1—z
Solution:

1 *
a)f () = cos — — Dy =R".
lim f(z) = lim cos £ = 3.
z—0 z—0 z
Therefore, it cannot be prolonged by continuity into xq = 0.
b)f(z)=x- eamtg(x%), — Dy =R*.
i = limz - e9(32) = ( i 1) = _>
glcli%f(x) ilir(l)x e 0, becauseilg(l] arctg (IQ) )

Therefore f admits a prolongation by continuity at o = 0 as follows:

0, ifz=0
sin mw
c)f(:zc):1 — Dy =R —{1}.
-
: . 1 .
lim f(x) = i SR _ g sinT (y+1) _ i S 7Y
z—1 z—11 — g y=z—1—0 —y y—=0 Yy

.Y .
=lim— =, (because sin Ty ~ 7ry> .
y—0 Yy 0

Therefore f admits a prolongation by continuity at o = 1 as follows:

{ Suref g £ 1

9(w) = w, ifxr=1.

Exercise 5:

1*Show that the function f is uniformly continuous on [0, +oo[ and that the function ¢

is not continuous on |0, 1], where f (z) = ﬁ—jg and ¢ () = i

2*Show that every continuous application f of a segment [a, b] in it self has a fixed point.

Solution:

1)* We have: f (z) = 2.
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Let x et y be two positive reals.

e+l oy+1] T—y __ lz—yl
f (@) = F)l = x+2_y—|—2’_ (x+2)(y+2)‘_(x+2)(y+2)'
r>0&c+22>2
= (z+2)(y+2) =24

y>0&y+22>2

1
(z+2)(y+2)

Hence:|f (z) — f ()| < v -yl

N g

1
= 1

With:0 < }1 < 1, then f is contracting so it is uniformly continuous on [0, +o0[.

*g(z) = % < ¢’ is not uniformly continuous on |0, 1].

g(x)= % < Je > 0,Va > 0,3x1,20 €10,1] : |21 —2a] < aA|g(z1) — g (22)] > €.
We have:Va > 0, dn € N*, such that:

L e me e
SR n T

Hence:|z, — 25| = %, so that |r; — 22| < a , it is sufficient to take n = [%} + 1.

And since |g (z1) — g (22)| = n, then just take ¢ = 2

|

9%
f:la,b] = [a,b]

We have:
v f(5) =3

We put g (x) = f (z) — x.

*¢ is continuous on [a, b] .

*We have: Vxe[ab. < f(x) <b,s0
a< f(a)<b O<f )—a<b-—a.
a< f()<b a—b< f(b)—0b<0.
0<g(a)
=
{9()§0

and therefore, according to the intermediate value theorem:
de € fa,b]:g(c) =0=3c € [a,b]: f(c)=rc.

and therefore f has a fixed point in [a, b] .
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Chapter I

Real functions of a real variable:
Continuity

4.1 Continuous functions at a point

__| Definition 38 |
Let f : I — R be a function, zy a point of I We say that f is continuous at xg,if
f(zo) is defined " its value is finite"

and only if { lim f(x) _ f(330)
T—T0
Using the definition:

lim f(z) = f(zo) © Ve >0,In>0,Ver € [ : |z —xo| <n=|f(z) — f(xg)] <&

T—T0

Example 84

f(z) =sinx

lim sinz = sin(zg) < Ve > 0,3n > 0,V € [ : |z — x| < n = |sinx —sin(xg)| < €

T—T0

We have:

sinx — sin(zg) = 2sin <:7c —2$0)

sin S Cos T+ %o <2
2 2

sin(x_%)‘gQ
2

r — X9
2

So:

|sin & — sin(zg)| = 2

sin (x _2:[0) ‘ (because :

CoSs (xﬁ;xo)‘ <1

We find:

T — TIg

|sinz — sin(zp)| < 2

(7)<

Just take: n =e.

= |z — x| <€

)

(because:
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4.2 Continuous functions on an interval

Definition 39 |

A function defined on [ is said to be continuous on I, if it is continuous at every
point on this interval. The set of continuous functions on [ is denoted by C(I)

4.3 Some examples of discontinuous functions

,_[ Definition 40 ]

A function f : I — R is said to be discontinuous at xg, if it is not continuous at
this point.

Example 85
%, ifx#£0
Letf(ﬂf):{ a ifx=0(aeR"

We have: lirr(l)f(x) = lir%% =00 # f(0) = f(x) is not continuous at xo =0
T—r T—

Example 86

sinl ifx#0
Letf(w):{o S

Definition 41 |

We have: lim f(r) = limsin £ = A = f(z) is not continuous at zy = 0
z—0 z—0 x

4.4 Operations on continuous functions

Let f and g be two functions defined on I and continuous at xy € I , then the functions:
a-flaeR), f+g, -9, 5( if g(x) # 0) are continuous at x.

4.5 Continuity of a compound function

a )

Let f: 1 — Jand g:J — R be two functions, if f is continuous at z( of I and g is
continuous in y = f(zy). Then the compound function g o fis continuous at z( of [

(gof)(x) =glf(z)].
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Example 87

f@) =Inz = limf (z) = 0= f(1)
9(y) = Vy? + 1= limg (z) =1 = g(f(1))
(90 f) (@) = g(f(x)) = /(In2)* + 1 = lim (go f) (z) = lim/(Inz)’ + 1 =1= g(f(1)).

T—T0 T—T0

4.6 Uniform Continuity
A function f defined on interval I is uniformly continuous on [ if:
Ve>0,3n>0Ve,yel:|lz—yl<n=|f(x)— fly)| <e.

Example 88
f($) = \/571 = [17+OO[

Letx,yEIi\f(l’)_f(y)’:h/g_\/yl:‘\/;:—%/g‘
>1 = >1
wehave:{zgl ::j;;l = VT + .y =2

So f(z) — f(y)] = 'f;?jy <kPod,

just take n=2¢

So f is uniformly continuous (U.C) on [1, +oo].

= Remark 9
(1) If f is uniformly continuous on I so f is a continuous on I, the reciprocal is false

(2) Every function f is a continuous in interval closed and bounded I so f
is uniformly continuous on I.

Example 89

f@) == 1=10,1]

de>0,Yn>0,3z,yel:|z—y|<nA|f(x)— fly)| >¢
We have:n > 0,3n € N: — <n (Archimed’s therorem)
n
1 1 1

1
wetake:z ==~ y=—=lz—yl=|--=—|== <.
n 2n n 2n n

And:[f(x) — f(y)| = In = 2n[ = n| = 1 =¢

1 1
So: 3521,V77>0,E|:1::—,y:2—E[:|a:’—y|<77/\|f(:c)—f(y)|21.
n n

So f is not uniformly continuous (U.C) on |0, 1] but is continuous on 0, 1] .
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4.7 Extension by Continuity

Let I be an interval of R,zp € R and let f : I — {zo} — R be a function. If f has
a finite limit at zo : [ = lim f(x). Then the function g : I — R defined by: g(z) =

T—xQ
f (.Z‘ )7 ifz 7é Lo
[ ifr = xg
g is continuous at xg, and is called the extension by continuity of f at x,.

Example 90

Let f(z) = z.sin< and be defined on R — {zo}
limf(z) = limz.sin £ = limx = 0
z—0 z—0 z

z—0
because: We have: —1 <sin: <1= —z<z-sint <z = —limz < limz.sin+ <
a3 z z—0 z—0 z
limzx
x—0

x.sin%,ifx # 0
0, ifrx=0
g is the extension by continuity of f at xg =0

f is extend-able at g = 0 by g: g(z) =

Example 91
Let f(z) = 222 on R*
limf(z) = im¥22 = 1
z—0 xz—0 T )
. - ‘ R it #£0
f is extend-able at g = 0 by g: g(z) = P 0

g is the extension by continuity of f at zo =0

4.8 Theorems on continuous functions

a )

Every continuous function f : [a,b] — R is bounded, i.e.,

sup |f(z)| < oo
z€[a,b]

& )

All continuous functions f : [a,b] — R reaches its bounds at least once i.e., there
exist 1, z2 € [a, b] such that:

sup |f(z)] = f(z1) xéﬁfb] |f(2)| = f(z2)

z€[a,b]
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,_( )

J
If f: Ja,b] — R is continuous and if f(a) and f(b) are of different signs (if
fla) - f(b) <0).

Then there exists at least ¢ € Ja,b[ (a < ¢ < b) such that f(c) =0

=

b

0 1

Figure 4.1: Intermediate value theorem

Example 92
Let f(x) = m — 3x + 1 be defined on [0 1]
We have: 1 }

So: Jc €0, 1[ f ) = 0 root ofequatlona: —3r+1=0

4.9 Intermediate value theorem

Let f: I — R be a continuous function, I an interval. Let f(z;) and f(xs) be two
arbitrary values such that z; < x,.

Let y be a real point between f(x1) and f(xq) (f(x1) <y < f(x2)),

There exists xg € |z1, 29[, such that : y = f(zo).

4.10 Fixed point theorem

Definition 42 ]
Let:p : I — I be a function. We say that ¢ is a fixed point of a function ¢ if:

w(§) = ¢&.
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&

N
J

Let:p : [a,b] — [a, b] is continuous, we say that ¢ has at least a fixed point on [a, b]
ie.,

K efa,b] o) =¢

4.

Example 93

Consider the function f(z) = x on a closed interval [0, 1]. This function has the
fixed point = 0 and x = 1, since both satisfy f(z) = x.

11 Reciprocal function theorem

Let I be an interval of R, and let f : I — R be a continuous, strictly monotonic function.
Then: the reciprocal function f~!: f(I) — I exists and is continuous.

Example 94

f 1, +oo[ — [0, 400
-1

We have: f is continous on [1, +o0o|
And: f'(xz) =2z > Oon[1, +oo[ is strictly positive
So: f~! exists and is continous

f71:[0,4+o00[ = [1, +o00]
T +— v+ 1.
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4.12 Solved exercises

Exercise 1:

Calculate the following limits.

. 3 _ .1 1
lim Y= lim 2?sin 1, lim Zt1 llm2 CORT—S 22 lim jx )
r——oo0 S " xsioco T—— ooCOtg —0 g=x x—0 gz

Solution:
We Calculate the following limits.

1tz 1 (i 1 _1 /1

. 3 . \ 22 . \/7-&- =1/ = -/ =+1
* lim Y2 = hm#z hm|| lim —=Y=2— — lim —%=< -1
r——o0 S T——00 1.5”‘15 r——o0 1.9 1 T——00 1.5"‘II T——00 Sml'*

vz ) vz Tz z

. . . sin =
* lim a?sint = lim 22%f-2= = lim 2 = 400

r—r-+00 x r—-+00 z T T—-+00
* 1 41 1 441 1 4 1 _ . 4 1 tg% o : 441

im r = lim &= = lim (2*+1)-tg>- = lim (z*+1)- 5= = lim &= =
z——00C0t g3 T——00 3 T T——00 z T——00 r 3z z——00 ¥

xT
—0OQ.
2 (l—cosx | 1—cos?2 2 (1— 1 2
*1 2—cosx—cos2x __ Ii l—cosxz+1—cos2x __ li z ( :SBIJF Z;)E 1’4) — i x ( :SBIJF Z;)E = 4)
1m—t 22 = Hn—t 22 = 111m F——— = 111m T9z . Tgx
x—0 9 z—0 9 x—0 9gx-tg x—0 T T
l—cosx | 1—cos2x 1

— 15 z2 422 4 — |3 —§+§4 — é
= lim = lim =

750 tg9z tgx a0 1 2°

x x

>|<1 Vidz—1 li _ 1

1M -—— = 111N —.+ = 3.
r—0 tgT 20T tg’: \/1+:1:+1 2

Exercise 2:

Calculate the following limits using the equivalent functions and say if they can be ex-
tended by continuity.

sin 27x logsin? z 1 : i1 ( 2z )
i{%sm 5ra? :}1_131 (%,x) ilH(l)l 2 cos 2z log <COS l‘) 7IEIEIOO Sl mtg 4z+3

1iI(I)1+ logx - log[1 + log (1 + )] , hm V4dx + 1log [ - Vx+21}
r—r

Solution:
%1344, SiD 27T
3 sin b

olo

We take: y =x — 3.

SmemyTY) — : = lim 2~ = =Z(because : sinz ~ x)(therefore
351n57rm yﬁ\osm57r(y+3) yﬁ\o—s1n57ry yH0—57ry 5 ( 0 )(

admlts a continuity extension).

11 sin 27z . sin2m(y+3) li sin 27y

%,if x#0
—.if 2=0
5 I T

The extendable function is :g(z) =
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1 2
*hm ogsin® © _ (Q)
x%2 (5‘1)

We take: y =7 — .

. _1,2)?
J}I_I)% ké&_n;)m = %i_r)r(l)% = ll/ii%bg(l—ﬂ)(because :1—cosx ~ 1z?%).
2
. log(1—y2431yt L —y24 1,4
= ZII%# = 3lllg(l)% = hm( y + 1y*) = O(because : In (1 —y) ~ y) (there-

fore admits a extension by contmulty)

logsin®x - T
logsin®s 3 g 4

The extendable function is :g(z) = { (5-2)

0,if v = 7.
* 1 S S S S _ 1.2
Jlgg%l 2 cos 2z lOg (COS .T) - hH(l)l cos 2x—cos 2z lo 0g (COS .T) }}i}% 14;524-%4932—1 log (1 2$ ) !

*hr% 49621 il (—%372) = 0 (therefore admits an extension by continuity).

0,if z=0.
* lim sin 1g (4x+3) = hm 1tg (4x+3) = lim 1tg (%) = 0.( therefore does not ad-
Tr——00

T—r—00

1 .
The extendable function is :g(z) = { ey 108 (cos ) i @ 20

mit an extension by continulty).

*lim logz - log[1 4+ log (1 + )] = lim log - log [1+2z] = lim logz - x = 0( therefore

z—07F z—0 z—0t
admits an extension by continuity).

The extendable function is :g(z) = { log - log |1 +log (1 + )] if = #0

0,if x=0.
141
* lim v4x + 1 log[ —V+2]: lim /2 1log{1— y;}
T—+00 z y=%—>0 Y 512

@‘,_.‘E\H
]
Fle
ol &
S—] o
[

L (y+y?)
= lim /2+41log|1— Yo" " = lim /% +1log|l — 20
y=1-0V Y & [ %(H'%) y=10V Y &

/ / 2
hm = + y+y lim — % = —2.( therefore does not admit an
—>0 y

extensmn by contmulty)

Exercise 3:

Let the function f be defined on R by:

lz| +x+ 1 ifx <1

VI (@2 +2),if x> 1.
1) Show that f is continuous on R — {1}

2) Study the continuity of f in 1.

3) Deduce the continuity of f on its definition set.

77



Solution:
1) Let’s show that f is continuous on R — {1}.
*x — |z|+ 2+ 1 is continuous on]—oco, 1] .
* x — /z (2* 4+ 2) is continuous on |1, +o0].
So: f is continuous on R — {1}.

2) Study the continuity of f in 1.

lim L f(z) = 111{17 (lz|+x+1)=3
{ i () = Tim (V7 (a2 +2)) =3

We have: lim f(z) = lim f(x), so f is continuous at :xg = 1
x—1- z—1t

3) Deduce the continuity of f on its set of definition
We have: f is continuous on R — {1} and f is continuous at: xo = 1 so it is continuous
on R.

Exercise 4:

Let: f:R — R, continues at "0" such that Vo € R, f (z) = f (2x2).
Show that f is constant!

Hint: set x € R and take y =

NI

Solution:
We have: f(z) = f(2z) & f(z) = f (%) ........ (1).

Sot [ ()= f(2) = F(2) = £ (2) = o (&)
assume that: f(z) = f (&) and show that: f (z) = f (557) -
! (%

From (1) : f (&) = r), therefore:f (z) = f (557) -
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Chapter 5

Real functions of a real variable:
Differentiability

5.1 Derivative of a function at a point

__| Definition 43 |

Let f : I — R be a function, z( € I.
We say that fis derivable at x( if the finite limit and exists: lim

T—T0
this limit is unique and is called the derivative number f at zy, and we denote

f'(@0), Dy(0), £ (o)
Using the previous definition, we can write

f@)—f (xo)

T—x0

F@)—f(=o) = f'(zo) -e(x), with: lime(z)=0

=2y T—To

Thus:
f(@) = f(xo) = f'(w0) (x — wo) + & (2) (z — o)
f(@) = f(zo) + f'(w0) (x — m0) + & (z) (z — o)
with : g}LIleOE () =0

If .z =0, f(z0) = a, f'(zo) = 0.

So: f(z) = a + bx polynomial of degree (1).

Example 95
Let f(x) =+/z,20=1
@ f() Va1 _ o (Ve (Ve (z-1)
s D 0 = W (. ey vy R L Yoy oYy
lim FO=10) = lim s = § = f(1)

f'(1) =1 = fis derivable at zp = 1.
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Example 96

2? (24 z-sinl) if x #£0
Letf(ﬂv)—{o o
x? z-sin L )— 2 z-sin L
We have: lim%gm) = hm(ﬂfow)o = lim (2+ x) _
z—0 r—1 T | z
1irri$ (2 + x - sin %) = 0( because sin% is bounded)
z—

f'(0) =0 = f is derivable at zy = 0.

5.2 (Geometric interpretation

f is derivable at xy the line with equation y = f(xg) — f/(xo)(x —x0) is called the tangent
to the graph of f at the point My (xo, f(x¢)), geometric interpretation with respect to
the slope of MyM.

* Show that the derivative of f is equal to the slope of the tension at the point My (x¢, f(x)).

if o is the angle formed between the O‘)_() axis and the tangent at My. Then tga = f1(x).

s
£

Figure 5.1: Derivative of a function at a point

fz) = o)

r — X

tgo =

5.3 Left and right derivatives

Also interpreted by considering two tangents to the right and left of the point M, , if they
are not equal, the graph of f represents an angular point at M.
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Example 97
f(z) = Va3 + 22, Dy = [-1,00]

The derivability at x

ifxe[-1,0[:

£1(0) = lim ZD=LO) — Jjpy VA0 iy zovedl — Jigy — /p 41 = —1.
z—0 T z—0 7 z—=0 7 z—0

if z € [0, 00] :

£4(0) = lim I@=1O _ Jjpy IVeH=0 _ 1y ovetl0 _ i/ + T = 1.
x—0 & x—0 L x—0 L x—0

Figure 5.2: Left and right derivatives

5.4 Derivability on an interval

5.4.1 Derivative function

Let f : I — R be a function, it is said to be derivable on [, if it is derivable at all point

I —+R
The application: is called the derivative function
x> f'(z)

If f is well defined on I. Then it is derivable on I.

Example 98
Let f(z) = vz + 1 on[—1,400]

fl(x) = 37T O ]—1, 4+o0[.
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5.5 Differentiability

Let f be a function defined in a vicinity V' of the point xg, it is said to be differentiable
at xq if there exists a number « such that: we have:

Vh #0, f(xo+h)— f(zo) = ah+ he(h) with:lime (h),z —x¢ = h.

h—0

N
J
|’(A function f is differentiable at xq if it is derivable at this point.

5.6 Operations on derivative functions

__| Definition 44 |
Let f,g: I — R be two functions derivable at xq € I.

1/ «- f is derivable at z :
(o f) (2) = f'(2)
2/ f + g is derivable at z :
(f+9) (x) = f(2) + ¢ (x)
3/ f-gis derivable at z :
(f-9) (2) = f'(2) - 9(z) + f(z) - ¢ ().
!

4/ < is derivable at  :

5.7 The derivative of a composite function

Let f:I — J be a function derivable at xy € I,¢ : J — R a function derivable at f(xz)
So g o f is derivable at x(, and we write

(g f) (z0) = (g (f(20)))" = f'(z0) - ¢’ (f(w0))-

Example 99
flx)=+Vzx2+1

We take: g(z) =In(z) — f'(z) = 1.

Then:(go f)(z) =Inva2+ 1= (go f) (x0) wigﬂ : \/zé+1 = 2
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5.8 Derivative of a reciprocal function

_[ 0
J
Let f be a continuous bijection of I — R is derivable at xy € [ and such that

f'(z0) # 0. Then the reciprocal function f~! is derivable at the point f(x() and has
the derivative.

—1\/ i ST @) - (o) s T—x _ 1 _ 1
(7Y (f(z0)) = xlgfclo F@)—f(@o) = xlggof(x)ff(()zo) = lim I@=7G@D  F(zo)"

T—x( @=aH)

Example 100

f i1, +oo[ — [0, 400
z— 22 —1

Let y € [0, +o00[, we find = € [1, +oo| such that y = 2% — 1

So: . = +/y+ 1 € [1,400] exist and unique

5.9 Derivability and continuity

'_1 Proposition 9

If f is a differentiable function at xy. Then it is continuous at this point.

= Remark 10 —
The reciprocal of the proposition is not true.

Example 101
Let f(z) = vz

f(z) is continuous at zy = 0 but is not differentiable.

111%L—g(0) — lim*® = lim-L = oo
T—

z—0 7 xﬁoﬁ o

5.10 Higher-order derivatives

If the function f” has a derivative. This is called the second derivative [second-order derivative of f]
denoted f”. By recurrence, we define the successive derivatives of f.
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5.10.1 n'"-order derivative of f

denoted f™ is the derivative of the function f"~b.

f(n) _ (f(nfl))’.
Example 102
Find the derivatives '™ (f() of f(z) =sinz

n=1:f'(z)=cosz =sin (z + %)
n=2:f'(z)=—sinz =cos(z+3) =sin(z+2-%)
n=3:fO(z)=—sin(z+%)=cos(z+2-%) =sin(z+3-3)

ﬁ:n:f(”)(a:):—sin(:c—l—(n—Q)%):cos($+(n—1)-§):sin(aj—i—n-g).

5.11 (C" class functions

* Let n € N*. A function f: I — R is of class C" (or n time continuous derivable) If it is
n times derivable and if f is continuous on I.

* We say that f is of class CY, if it is continuous on I.
* We say that f is of class C* | if it is infinitely differentiable on I ji.e., f(™ exists for all n.
* Let C™ (I) : be the set of functions of class C™ on I.

* Let C*° (1) : The set of functions of class C* on [.

5.12 Leibniz formula: Derivative n'* for the product of
two functions
,_( N
J
If f and ¢g admit derivatives at the point zy. Then the function f - ¢ admits a
derivative n'™¢ at the point zy and we write:

(f- 9" = Tpio CEF® . g0 with:Ck = 2 CO=Cr =1

(f - g)(”) — C’gf(o) . g™ 4 C’}Lf(l) o gl L CZf@) .gn=2) ... Ogﬂ”) . g
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Example 103
Let f(z)-g(z) =e”-sinz

f (z) =e* g™ (z) =sin (z +nf)

(f- )™ = 33, Chf® . gtk = S0 Ckevsin (z+ (n — k) T)

with:-C) = o fm Crn=Cr =1

(f - 9)™ = COFO . gm) 4 CLFW) . gln=D) | G2 . g(n=2) 4 ... Cnf() . gO)
(f-g)™ = Cle”sin (z+ (n) 2) + Cre®sin (z 4+ (n — 1)) + ... + Cre®sin (z + (n — n) I)

(f-9)™ = e [sin (z + (n) T) + nsin (z + (n — 1) Z) + ... + sin (z)]

5.13 Theorems for differentiable functions

Rolle’s Theorem: Let f : [a,b] — R be a continuous function on [a,b], derivable on
la, b[ and such that f(a) = f(b). Then there exists ¢ € ]a, b[such that : f'(c) = 0.

¥

flal=fb) r—_

Figure 5.3: Rolle’s Theorem

= Remark 11
The assumptions of Rolle’s theorem are essential for its validity.

Example 104
flz) =2'+1,[a,b] = [-1,1],

we have that f is continuous on [—1, 1] and differentiable on | — 1, 1],

So 3| —1,1[, f1lc) =0=423=0=c=0

85



Example 105

J1—2 ifx#0
f defined on [0,1] by : { 0 ifr — 0

hH(l)f(l‘) = 1 # f(0), so f is not continuous at =y = 0. So, we can’t apply
z—

Rolle’s theorem.

Example 106

. ]z ifxe[-1,0]
f defined on [—1,1]by : f(x) = |z| = . it 2 €10, 1]
f is not derivable at o = 0. So, we can’t apply Rolle’s theorem.

Mean value theorem (Finite increments theorem)
Let f:[a,b] — R be is a continuous function on [a, b], derivable on |a, b| .

Then there exists ¢ € ]a, b[such that : f'(c) = (b)_f(a)
Generalization

Let f and g be two functions: [a,b] — R such that: Vz € [a,0] : |f'(z)| < ¢'(x),
f and g are derivable.

So: [f(b) = f(a)] < g(b) — g(a).

We have:
f/(c) _ (bl); i(a) - |f/( _ ‘ i(fl) < g’(c) _ g(bl)):g(a)
= | f(b) = fa)|] < g(b) — g(a).

Example 107

f(x) =3 — 2 is a continuous on [0, 2],derivable on]0, 2[.

Then there exists ¢ € ]0,2[: f'(c) = f( ; g( ) = _21__03 = _74 ——

Application: Error calculation
If we take f(a) to be the approximate value of f(a + h) and if we know how to determine

a major M of |f'(z)| for x € [a,a+ h].

By the formula of finite increments, we obtain a majorant of error comise.

|£(b) = fla)] = [f"(c) (b

—a)| <M ((b—a)
|fla+h)— fla)| <M -h.
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Example 108
V123 ~ 11,121 =11

Using the formula of finite increments for the function f(z) = v/z, we find:
|[f(a+h) = f(a)] =1f(123) — f(121)] = |f(121 + 2) — f(121)| = 4 < 11

because: f(b) — f(a) = f'(c) (b—a) = f(123) — f(121) = %ﬁ - 2.

5.14 Hospital rule

Let f and g be two functions continuous and derivable on I except at the point xy and
are verifying:
1/limf(z) =0 = lim g(x).
T—T0

T—T0

2/ Ve el—{xy}:g'(x)#0.

If: g :ég admits a limit [ at the point x, then:% admits a limit [ at the point x.

f(=)

s f=®) o f®)
Jm ey = m e =
f(@) Heo F(2)—f (o) /()
13 r) _ : T—x( _ . x)—f(xo) __ . _CC
We have: lim &y = lim st = M0 g0 = ik o6
Example 109
-1 / ’ o -1
lim% = limf (w) = lim f,, (.7:) = lim CoST _ —
z—0 x2 zaOg’(m) z—0 g (gj) z—=0 2 2

5.15 Inflexion point

Let f be a function defined and 2 times derivable on an interval |a, b[ of R, if there exists
a point ¢ of ]a,b] such that f”(c) = 0 and f” changes sign in a neighborhood of ¢ from
positive to negative or vice versa. Then c is an inflection point for f.
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BBYUS

Inflection
point

1
Concave Concave
up down

Figure 5.4: Inflexion point

Example 110

For the function f(z) = 23, the second derivative is f”(x) = 6x. Setting this equal
to zero gives x = 0, which is an inflection point, because the curve changes from
concave down to concave up at x = 0.

5.16 Taylor’s formula
Let f : I — R be a function derivable at 2y € I, it can be written (in the neighborhood ofzy) .
f(x) = f(@o) + f'(wo) (x — @o) + R (x)

with: R(z) =¢(z)(x —29) and lime(z) =0
Tr—T0
R (z) : is called the rest.

This means that f can be approximated by a polynomial of degree 1.

f(x) =P (x)+ R(x).

Py (z) : polynomial of degree 1 in (z — ).

Py (x) = f(zo) + f'(20) (x — 70) .

The error comised by this approximation tends to ”0” when = — xg.

5.17 Taylor’s generalized formula

This result shows that ”"n” times derivable functions can be approximated by "n” (in the neighborhood of
degree polynomials and we write.
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"z " (p (n) T n
F() = flxo) + £89 ( — ) + L0 (& — ) 4 oo + L2000 (30— 20)" 4 R, (2)

n!
f(z) =P, () + R, ().
P, (z) : polynomial of degree n at (x — xg).

f'(z0) f7 (o)
1! 21

R, (x) : is called the rest

Py (z) = f(xo) + (£ —20)° + ... +

(.T—I()) +

Example 111
f(z) =expx,zo = 0.

We have: f(z) = £(0)+ LD (z — 0)+ L& (3 — 0)*+.... + L0 ( _ 0)"+ R, ().

2 n

€T T
So:f(x):1+x+§+...+m+Rn(x).

5.18 Taylor’s formula with Lagrange remainder

& )

Let f : [a,b] — R be a function such that f € C™ ([a,b]), f™ is derivable on ]a, b]
and let zy € [a,b]. Then Vzo # z € [a,b] :

(2, ” (2 () (g, n (n+1) (¢
f(@) = flao) + L5 (@ — @0) + L5 (@ — o) + .. + L5320 (2 — mo)" + f(ni)(z)

f(x) = By (x) + Ry, (2)

M 0

¢’ is a point between xy and z
(1) (¢ n+
f(n+1)(!) (z — )

The term: ! is called the Lagrange remainder.

(x

Example 112
f(x) =expx,zg = 0.

We have: f(z) = f(0)+L£Q (2 — 0)+ f2_@ (3 = )P sonns f(n;(!xo) (x —0)"+R, (x).

1!

2 n

T x
——|—...—|——'—|—expc
n!

So: f(x) =14z + o1

(n+ 1)

5.19 Mac-Laurin’s formula with Lagrange remainder

When zy = 0 in the Taylor lagrange formula. We obtain Mac-Laurin’s formula with

Lagrange remainder:
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/ » (n) (n+1) (¢ n
F(@) = F(0) + L9 (@) + L0 (@) 4 ..o 4 L0 (g 4 L2000 (gt

f(x) = P (z) + R (z)

R, (x) : is called Lagrange remainder.

5.20 Mac-Laurin’s formula with Young remainder

When xy = 0 in the Taylor lagrange formula. We obtain Mac-Laurin’s formula with
Young remainder.

n

fl@) = f0) + 20 (2) 4 L0 ()2 4 4 17O ()7 4 O (a7)
(x

f(z) =P, )+Rn(x)
O(z") . .
O (z") = 2"(x) and lime (z) =0 = lim——= : is called Young remainder.
z—0 z—=0 T
Example 113

fl)=1+x+ 2?4+ 23+ 23 cosx
r)=1+x+ 2%+ 22% + 23 (cosz — 1)
lime (z) = lim (cosx — 1) = 0.
z—0 z—0

I

Exercice: Using Mac-Laurin of order ”n” show that:

2 n
l/ee>1+2+8 4+
2/ Using Mac-Laurin of order "4”, show that: 2 < e” <3

xX 2 x n
3/ Show that: gy; < e’ — (1 TR AT R Q) < 2

Example 114

f(z) = cosx order ”5” with Mac-Laurin’s

z)? z)* sin(Ox
cos =11 4 4 15— 100

R5 (ﬂf) _ _sin(s!Oa:) (.’17)5

5.20.1 Local extremum

,_[ Definition 45 ]

point zy such that f’(x¢) = 0 is called a critical point.

,_[ Definition 46 ]
Let f: I — R be a function and xg € I,

*If f7 () # 0 =1 we stop .
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[ > Ohas a minimum extremum at xg.
[ < Ohas a maximum extremum at xg.
*If f"(x0) = 0 we calculate £ (zq) So:
*Tf f®) () # 0 = [ we stop, no extrema .

*If f®)(x) = 0 we calculate f™)(mo)...

& )

Let f be a function n times derivable on [a, ] if:

f' (o) = f(z0) = fP(zo) = ovoovv. = f0"D(wp) = 0. and ™ (x0) #0 =1.
* If n even, we have:

[ > 0 we have a minimum extrema.

[ < 0 we have a maximum extrema.

*If n odd, no extrema

Example 115

e ff(x)y=22=0=2=0
fl@)=x { f(0)=2>0 aminimum extrema

5.21 Differential application

We call differential application f defined at point x, the form linear form R by:
h— A(h) = f'(z) - h.

Noting dz the variable h and dy its image A(h). and, we have:

dy= F@)-de = % = ')

91



5.22 Solved exercises

Exercise 1:

Are the following functions derivable at zo =0 7

fz)=alz|,g(x) =25, h(z) = cos/[7]
Solution:

We study the derivability at xo =0

22 ifx >0
*f @) =xlz] =
—22 if 2 <0
lim L8=1G0) — i 2220 — [im 2 — ima = 0 = f] (0)
xixo e zZ>O w0 $Z>0 * xio -
Lim LI G0) — iy =220 — i =2 = lim — 2 = 0 = f' (0)
a:i:vo 0 .Z’SO a:ﬁo mi[)

3
xg (r) = 5.
. (z)—g(z0) . 2 o .2 . —2 .
lim LE=LT0) — lim==% = lim®=> = limzs = lim— = +o0,
z—xg L0 z—0 T— z—0 T z—0 z—0zx5

so g is not derivable in zy = 0.

cos/x,if v > 0

cosy/—x, if x <0

Lim MO=1@0) i cosva=l i, cosy=l 1 py (0).
320 e 30 -0 y=1/230 v 2 "
Lim M@)=h@o) _ jippcosval gy, cosul L gy (0)
T—x0 z—0 —y? 2 - )
S5m0 50 y=v/—230

We have: A/, (0) # h”_(0), So h is not derivable at zy = 0.

Exercise 2:

Let f be the function defined on [0, 1] by:

0 fxz=0
x—l—mll_—ngf Hfo<z<l1
0 ifz=1.

1) Show that f is continuous on [0, 1].
2) Show that there exists ¢ € ]0, 1] such that f"(c) = 0.

Solution:

1) Let’s show that f is continuous on [0, 1].
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x — x + 2L is continuous on 0, 1[.

*imf (z) = lim (z + 222) =0 = f(0).

1—x
:1:2>0 $Z>0

So f is continuous to the right of zy = 0.

*limf (z) = lim (z + 222) = lim ((y—irl)—i—%) =0=f(1).
:rgl xgl y§>0

So f is continuous to the left of ¢y = 1.

. Then: f is continuous on [0, 1] .

2) Let’s show that there exists ¢ € ]0, 1[ such that f’(¢) = 0.
We apply Rolle’s theorem to |0, 1].

*We have f is continuous on [0,1].

*We have f is derivable on |0, 1].

*fO0)=r1).

According to Rolle, there exists ¢ € |0, 1] such that f"(¢) = 0.

Exercise 3:

Let f: R — R the function defined by:

fz) = e’ itz <0
)= ar?+br+cifx >0
Find a,b,c in R such that f € C*(R). In this case f € C*(R.)

Solution:

*We determine a, b, c in R such that f € C? (R).

, . .
are continuous and derivable on R
feC?(R) e | S areco
f7 is continuous on R.
*f is continuous on R < f is continuous at ”0”.

& li>rnf (x) =limf (z).

=0 z—0

& limax? + bx + ¢ = lime®.
5030 905)0
Sc=1

, e ifx <0
f(x)—{ 2ax + b if z > 0.

93



*f" is continuous on R < f’ is continuous at ”0”.

& limf' (x) = limf’ (x).

:EZ)O x§0
& lim2ax + b = lime®.
$Z>0 $§0
S bh=1.
. ] e ifx <0
f<@_{2a if >0

*f”is continuous on R < f’ is continuous at ”0”.

& limf” (z) =limf” (z).

230 mSO

& lim2a = lime*

30 50
Sa=3.
In this case, is f € C? (R)
" e ifzx<0
@ =10 if >0

*f" is continuous on R < " is continuous at ”0”.

< limf" () = limf" ()
130 x—0
< im0 = lime®.
130 x§>0

s0=1&f¢C*R).

Exercise 4: .

Let f: R — R the function defined by:

3—z? :
_ 5 ifr<l1
J(2) {x ifz>1

1
Show that there exists ¢ € ]0,2[ such that f(2) — f(0) =2f'(c).

Determine the possible values of c.

Solution:

Let’s show that there exists ¢ € |0, 2] such that f(2) — f(0) = 2f'(c).
We apply the finite increment theorem on f in |0, 2].

*f is continuous on R — {1}, in particular on |0, 1{U]1,2].
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0=l () =

So f is continuous at xy = 1, so it is continuous on ]0, 2[.

*f is derivable on R — {1}, in particular on |0,1[ U ]1,2[.

lim%ﬁémo):limx - = lim==% X%—lzm =—-1=/f(1)
mzmro xil =1 3:—)1

lim L@=1@0) — gy =1 = limz—= =limE = —1=f' (1).
a:i;vo e 5551 I_l xi 2Ae _1) .Z’S

Then f is derivable at xy = 1, in particular on |0, 2].
According to the finite increment theorem, 3¢ € ]0, 2 such that f (2) — f(0) = 2" (c).

Exercise 5:

a) Using Mac-Laurin’s formula for the function  — In (1 + x).

Calculate lim (1 — % + % — + ﬂ) .

n—-+0o
b) Show that if$>OSOSL’—§ <In(l+z) <uz.
c) Find the limit of the sequence (U,) defined by U, = [],_, (1+%),Vn e N~
Solution:
a) Using Mac-Laurin’s formula for the function z — In (1 + x).
calculate lim <1 —2+3— .t #) .

n—-+00
* Using Mac-Laurin’s formula for the function  — In (1 + x).

f(x)=In(1+2x) e C®(]-1,+00]), in particular on C"™!([0,1]).

(0 ” (0 2 () (0 n (n+1) (¢ n+1
F)=FO)+ 52 )+ 5202+ R )"+ LR ()

n2=0+%4(1) =L 1)+ ..+ CU (qyr 4 L0000 (qni

" ) (n+1)!
_ 1\ n+1 c
21— b4 d - 0 s,

lim In2 = lim (1 _ % +% 4 (- 1)n+1 n f(n+1>(c)> .

n—+00 n—r+o0 (n41)!
We have: f((::j)(vc } = ((_12:)12(51”@1)?' — 0 (because: (=1)"*%is bonded ).
So:ln2 = lim (1—%4—%_ ,,,,, 4_%)‘

n—4o0o n



b) Showthatifx>OSo:r;—§<1n(1+x)<:r;.

Jer €0,2[: f (x) = £(0) + 5Pt () + L5 ()

Je; €0, 2] f (@) = f(0) + 5P () + L2 (2)° + L2 ().
(3, €]0,2[:In(14+2)=0+2— —L—a?

2(14-c1)?
_ 1 3
\ Je, €]0,z[:In(142) =0+z — 322 + (Hc)x.
( .
E|Cl>0.—2(1+61)2$ <0:>0+1'—m$ <
_1 3 1,2
KE|02>O (1+ )3w >0=0+4+x x—l—(+c)3x > x — .

dey >0 2> >0=Imn(l+z)>z— 27

{Elcl>0 2(1+C 233 <0=h(l+2) <z
1.2

3(1+62)3
Therefore: if > 0so x — % <In(l1+z) <z

c) We calculate the limit of the sequence (U,) defined by U, = []/_, (1+ &

We take: V,, = In (Hn 1 (1 + L)) = ZZ=1 In (1 + %)

p= n?
From (b) :
S G- E<n(B) <A

n2

= # Z;L:lp - # ZZ=1 p2 < ZZ:I In (1 n2) n2 Zp_lp

n n(n+1 n n(n+1)(2n+1
D1 P = (2 )’Zp PP = ( )6( :

1 n(n+1) 1 n(n+1)(2n+1 P 1 n(n+1)
= w22 oad <Zp1 ( )<n_2 2

53< lim > In(1+%) <3

2

n—-+o0o
Then : hmV——:> th—ez
n—+400 n—+400

96

),VnEN*



Chapter 6

Elementary functions and their
reciprocals

6.1 Logarithm Function

__| Definition 47 |

The Neperien logarithm function is given with the following notation log : the
function defined on ]0, +o0o[ by

T dt
logx = —
o ¢

this is equivalent to
(logz) =1 logl=0

log is defined on |0, +o0o[ — R is strictly increasing If z,y > 0 :
1/ log(xz-y) =logz + logy

2/ log (%) =logx — logy

3/ log(x") =r-logx

4/ lim logx = 400

r—>+00
5/ limlogz = —lim log 1 = —o0.
z—0 z—0 z
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Figure 6.1: log(x)

The Variation table is given by:

X |0 1 e +
In'() +
Irix : ——‘_;'_____r o
—an e
signe ) .
de Inx
Figure 6.2

6.2 The base "a" Logarithm Function

,_[ Definition 48 ]

Let ”a” being a positive number different from 1 (a # 1).

We call the logarithm with base ”a” defined on ]0,+o00] denoted by log,
defined by:

and we have: log, a = 1 log is defined:]0, +00[ — R and strictly increasing if a > 1,
and strictly decreasing if 0 < a < 1

Ifx,y>0:
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1/ log, (v - y) = log, * + log, y
2/ loga (5) = lOga.iL’ _ logay

3/ log, (z") =r - log, .

6.3 Logarithmic derivative

Let U be a function derivable at zy with U (zg) # 0.

U’ ()
U (w0)

The logarithmic derivative is the number

6.4 Exponential Function "e”

The function log Neperien is a bijection (continuous and monotone) of: |0, +o00[ — R.

We call the reciprocal function denoted (exp) of the the function log Neperien : |—o0, 400 —
10, 400 and we will have:

y=expr < x =logy.
z€eR y>0

expr = e* is a strictly increasing continuous function on R and infinitely differentiable.

Some properties

Vr,y € R: eV = e . ev.

the varition table is given by:
lim e* =0, lim e* = 400

oome® = AT
X | o1 0 ot
exp'(x) | + +
. v T
explx) - l
0

Figure 6.3
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g(x) = logy(x)

Figure 6.4: log and exp

6.4.1 The base "a” (a > 0) Exponential Function,

__| Definition 49 |

exp, z = a* = exp (loga®) = exp (zloga) (a > 0,z € R)

*If a # 1 :the exponential is strictly increasing.
*If a > 1 : the exponential is strictly decreasing.
*If 0 < a < 1: it realizes a bijection of |—o0, +-00[ — ]0, +00].

* The function exp,x is only the reciprocal of the function and log,x we
get:

y=a®* =exp(zloga) < log,y = % = %ggaa —
=a" =&lo —
y zeR yg>a0y

The function a* is continuous on R, monotonic and indefinitely differentiable.
1/ Vz,y €R: (a®)? = (e*'8?)" = loga - a*

2/ Vr,y e R:a" =a” - a¥

3/ Vx,y e R: (a®)! = a™¥

4/ Va,beR: (a-b)" ==a" - V"
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6.5 Power functions

__| Definition 50 |

Vn € N, the function z — 2" defined on R is monotone if ”n” is odd, continuous
and derivable.

The function x +— 2™ realizes a bijection of R — R therefore, it admits a
relation noted:

1
xz» = .
"n” is odd: y = 2" < x = y/y is constant, monotonic and derivable.
z€eR
yeR
n

Ve >0 : (:L,n)/ _ (enlog:c)/ _ _6n10gz — an _ ’I’l,l'n_l
X X

6.6 Circular functions

6.6.1 cosinus and sinus functions

The essential relation is

Ve e R:cos’z +sin?z =1

Definition domain | Parity | Period | continuity | derivability | derivative
sinx R odd 27 R R cosx
cosx R even 27 R R —sinx

6.6.2 The Variation table

cosinus and sinus functions are each continuous and derivable on R, periodic.

The two functions are studied on a period T = 2.

i - -T2 ] iz b

Cos _ L

Figure 6.5: Varition Table of cos
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Figure 6.7: sin x
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oo -n -T2 U iz bl

Sifl L J U

Figure 6.8: Varition Table of sin

6.6.3 Tangent and cotangent functions

__| Definition 51 |
*The tangent function is defined by:

Ve e R\ {5 +km ke Z}

sinx
cosx

T tgxr =

*The cotangent function is defined by:

Ve € R\ {kr, k € Z}

Cos T
sinz

T — cot gr =
*We have:

Vo € R\ {Z + km,k € Z} U {km, k € Z}

— 1
x|—>cotg:c—tgx

Some relations.

1/ cos’z +sin’z = 1.

2. _ 1

2/ cos”x = 17
3/ sin?z = to’s

T 1+tg2x”

4/ tg(a+0b) = fﬁ;ﬁ’&-

5/ tg(a—10b) = tga—tgb

1+tga-tgb”
( _ 2tgz
tg2x = T t%%
6/Ifa=b=ux:{ sin2z =292
— V=4 1+tg2x
_ 1-tg’z
cos2r = Trig%s

\
The tangent and cotangent functions each continuous and derivable on its domain of
definition:
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Ve e R\{§ +km ke Z}

(tgx)' _ (w)/ _ cos z-cos x—(— sin x) cos © _ 1 1+ tgzx

cosx cos? cos?

Va € D; (tg) : (tgz) > 0.
*The tangent function is strictly increasing:
Vo € R\ {km, k € Z}.

(COt gx)/ _ (cosx)/ _ (—sinx)~sinx2—cosx-cosz _ .—21 — (1 + cot 921:) )

sinx sin® x sin“ x

Va € Dy (cot g) : (tgz) < 0.
*The cotangent function is strictly decreasing:

*tg is a periodic function of period 7, 27 we see its variations on }’7”,

(B

[

*cotg is a periodic function of period 7, 27 we see its variations on |0, 7| .

Figure 6.9: tgx
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o0t )

Figure 6.10: cotg

6.7 Reciprocal circular functions

6.7.1 Arcsinus Function

__| Definition 52 |
flz) = sin[_T,r

](x) is the restriction of the sinus function on [_T“, %] it is continuous,

us
"2

strictly increasing, it realizes a bijection of [’T’T, %} — [—1,1] and it then

admits a reciprocal function

[t Aresin: [-1,1] — [;77 E}

272

x—y=Arcsinz

We get:

Arcsine < x = siny
—1<z<1 _
T Sus<3

Arcsin is continuous on [—1, 1], strictly increasing and indefinitely derivable, in
fact:

(siny) = cosy > 0 sur [, %]

1 1

cosy 122

(Arcsinz) =
We have: cos?y +sin?y = 1 < cos?y = 1 —siny

& cosy =+/1 —sin’y < cosy = V1 — a2
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0
Yy = El]_‘f:f']ill(ir)
-T1/2 1

Figure 6.11: arcsin

6.7.2 Arccos Function
__| Definition 53 |

The function f(z) = cospx () is the restriction of the function cos on [0, 7], it is
continuous, strictly decreasing, so it realizes a bijection of [0, 7] — [—1, 1]
and consequently it admits a relation Arccosz

[t Arccos : [-1,1] — [0, 7]

x+— 1y = Arccosx
We get:
Arccosr < x© = cosy.
—1<z<1 0<y<m

Arsin is continuous on [—1, 1], strictly increasing and indefinitely derivable, in fact:
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(cosy)' = —siny < 0 on [0, 7]

1 1
(Arccosz) (cos ) () == siny  Vi-e?

We have: cos?y +sin’y = 1 < sin?y =1 — cos?y

Ssiny = —/1 —cos?y & siny = —v/1 — 22

y = arccos(xr)

T/

ol 0 1

Figure 6.12: arccos

6.7.3 Arctg Function

__| Definition 54 |

flz) = tg]i E[(9:) is the restriction of the sine function sinus on | <, T it is
2 72

continuous, strictly increasing, it realizes a bijection of } = g[ — R and
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it then admits a reciprocal function.
f1: Arctg - R—ﬁ%ﬂ,g[
x — y = Arctgx

Arctgr < x = tgy

z€R _77"<y<g
Arctg is continuous on R, strictly increasing and indefinitely derivable, in fact:
/ - T
(tgy)' = iy = 1 +tg’y on |57, 5[
(Arctgz) = —1+t192y — _1+1x2

We have: cos?y +sin?y = 1 < cos?y = 1 —sin®y

& cosy = /1 —sin’y & cosy = V1 — 22

arctan(x)

Figure 6.13: arctg

6.7.4 Arccotg Function

,_[ Definition 55 1

The function f(x) = cot go[(x) is the restriction of the function cot g on 0, [, it

1S

continuous, strictly decreasing, so it realizes a bijection of |0, 7[ — R and

consequently it admits a reciprocal function Arc cot gx

[t Arceotg: R — )0, 7]

x +— y = Arccot gx.

we get:
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Arccot gr < x = cot gy
z€R O<y<m

Arcsin is continuous on R, strictly increasing and indefinitely derivable, in fact:

(cot gy)’ = Si}ly = — (1 + cot g%y)

1 _ -1

1+cot g2y ~  1+z2 <0.

(Arccot gr) =

ATCCOt () 4

H
&
s
1 4
Farr

o

b

Figure 6.14: arccotg

Some relations
*sin (Arcsinx) = x
*cos (Arccosz) = o
*tg (Arctgr) =«
cos (Arcsinz) = v/1 — 22 because
cosy = m(:) cosy = /1 — a2 on [_7”, g}
cos (Arcsinz) = /1 — sin? (Arcsinz) < cos (Arcsinz) = /1 — 22.

xsin (Arccosx) = /1 — z2.

*tg (A?”C sin l’) _ sin(Arcsin x) _

z
cos(Arcsin ) Vi—z2®
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6.8 Hyperbolic functions and their inverses

6.8.1 Hyperbolic Sinus

Definition 56 |

J

The hyperbolic sinus noted shz is the function defined by

shx=-(e"—€e*) /VzeR

DO | —

The variation Table is given by

¥ [-eo (} + oo
chx + ] +
(8]
shx
- 00
Figure 6.15
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Figure 6.16: shx

6.8.2 Hyperbolic Cosinus

Definition 57 |

J

The hyperbolic Cosinus noted chz is the function defined by

cht==(e"+e™) /Vz eR

N | —

The variation Table is given by

X |Tco f) + co
shx {h
7 ca
ch x
{

Figure 6.17
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Vr eR

e” = chx + shx

e~ * = chx — shx

e’ - e ® = (chx + shx) (chx — shx)

1= Ch2;1; — Sh2x

(&)

=

Figure 6.18: chx
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Some properties

VreR

* sh(—x) = —shx ch(—z) = chx
*shzx is a continuous odd function on R
*chzx is a continuous even function on R
*r € R: (sha) = cha (chx) = shx
*sh(z+y) =1 ("7 — e~ (@)
*sh (x +y) = shx - chy + chx - shy
*ch (x +y) = chx - chy + shx - shy
frxr=y
*sh (2x) = 2shx - chy
*ch (2x) = ch?x + sh’x
The limits

* lim chx = lim

T—r—00 T—r—00

(
*lim chx = lim (
(

r—r-+00 T—+00
x1—1>r—noo shr = mgr—noo 2 (6 ¢ )) o0
Hm she = lim, (3 (ef = e™)) = oo

6.8.3 Hyperbolic Tangent

,_[ Definition 58 ]
The hyperbolic tangent denoted thx is the function defined by

= (e - )
h — (e —e
thy = 20 = 2 /Vz eR
chx l(6x+€—x)
2
thxzex_e—w :€2x_1 1_6—2:6

er 4+ e % e2z+1 - 1+€—2z
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The variation Table is giveb by

Y |-oo ), o
(th) P
d
ti
Figure 6.19

tanh(:r) 4

Figure 6.20: thx

The limits
*lim thx = —1 *lim thx =1
r——00 T——+00
*th (0) =0
hz\' — ch?x — sh’x 1
“(the) = (== ) = = =1tk
(thz) (chx> ch?x ch?x v

*thx is an odd function, continuous and strictly increasing.

6.8.4 Hyperbolic Cotangent
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,_[ Definition 59 ]
The hyperbolic Cotangent cot hz is the

function defined by

(e )
—(e* +e
Cothmzczx—% /VzeR
shz .
5(69“"—6 )
Cothx_em—l—e_”_e%—{—l_1—|—e_2’”
_ex_e—x_GQx_l_l_e—Zx

The variation Table is giveb by

= i + o
coth's [~ — 1]
+oo—
coth .
Figure 6.21
¥ &
k] otk %
1 _
' _.1 EI *i '

— 1

Figure 6.22: cothx

115




The limits

2x
. . et +1
*lim cothz = lim 5 =1
T——00 r——00e?® — 1
. o l4e
* lim cothx = lim —— =
T—r+00 r4o0] — 2%
*lim cot hx = lim ﬁi_i; = —00
r—0~ z—0~
. o l4e?
*1lim cothr = lim ——— = 400
0+ z—0+1 —e 22
cha\'  shx — ch’x -1
*(cothx) = [ — ) = = =1— cot h’x
( ) shx sh2x sh2x

*cot ha is an even function, continuous and strictly decreasing.

6.8.5 Reciprocal hyperbolic functions

6.8.5.1 Hyperbolic sinus-argument function

_{ Definition 60 |

The hyperbolic sinus function is continuous and strictly increasing on R, it
realizes a bijection of R — R, it then admits an Argsh-Reciprocal and we
will have:

y = shx & x = Argshy

z€R z€R

This function can be expressed as follows

ch’z = 1+ sh’x chz >0
chx = v/1+ sh?z & chx = /1 + y?
e’ =chx 4+ shx < e =\/1+y>+y

mzln<m+y>

Argsh is continuous, strictly increasing and indefinitely derivable

1 1 1
Argshy) = = =
( g y) chr \/l—l—ShQ:E \/1+y2
2
1+—y
2/ 1492 1

(Argshy) = (In (mﬂ/))/: Vit@Z+y 1+ ¢
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6.8.5.2 Hyperbolic cosinus-argument function

,_[ Definition 61 ]

The hyperbolic cosinus function is continuous and strictly increasing on [0, +00],
it realizes a bijection of [0, +oo[ — [1, +00[, it then admits Argch-reciprocal
and we will have:

y = chx < x = Argchy
= v=1

This function can be expressed as follows

sh’z = ch’z — 1 shz >0
shx = v/ch?r — 1 < shx = \/y? — 1
e* = chx + shx & e* =x + /y? — 1

x:ln<y+\/y27—1>

Argch is continuous, strictly increasing on [1, +oo[ and indefinitely derivable

I S|
shx  eh?x —1 \/y2 -1
1+

(rges = (i (VF=T+3)) =22l = s

(Argchy)/ —

>0 Vy>1

2y

6.8.5.3 Hyperbolic tangent-argument function

,_[ Definition 62 ]
The tangente hyperbolic function is continuous and strictly increasing onR, it

realizes a bijection of R — ]—1, 1], then admits a reciprocal Argth and we
get:
y = thr & x = Argthy
z€R

ye]—l,l[

This function can be expressed as follows
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_ _ 2x _ 2z
1
e2x(y—1):(y+1)(:)62“—y—+1
y_

2z =1In y—H <:>.7::11n &1
y—1 2 y—1
1 1
a::Argthyzéln (&> ly| <1
y_

Argth is continuous, strictly increasing and indefinitely derivable

1 1
Argthy)' = = <1
(Argthy) 1 |yl
y—1—y—1
1 (y+1\\) 1 (y—1) 1
Argthy) = (=In[=——) ) == =
gy = (30 (75)) -~
y—1

6.8.5.4 Hyperbolic cotangent argument function

__{ Definition 63 |

The cotangente hyperbolic function is continuous and strictly increasing on R, it
realizes a bijection of R — |—1, 1[, it then admits a reciprocal Argcot h
and we get:

y = cot hx < x = Argcot hy
z€R ye}fl,l[
This function can be expressed as follows

2" Ll
6293

y =cot hr = Sz —1)=e*+1

1
P (y—1) = (y+1) & =L

1 1 1
2 = In & < x=—-In &
y—1 2 y—1
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6.9 Solved exercises

Exercise 1.

Write in algebraic form

a) cos(arctgr) b) sin(arctgz).
c) cos(arcsinx) d) sin(arccost).
e) tan(arcsinx) f) tan(arccosz).
Solution:

a) We start from the relation
tg(arctgr) = x

true for all real z.

First, we have:

2( tgz) 1 1
cos”(arctgzr) = -

J 1+tg?(arctgr) 1+ a2’

but arctgx belongs to | — 7, 7], and so cos(arctgx) is positive.
So

(aretg) = ——
cos(arctgr) = ——.
g V1+ x?
b) We write

sin(arctgzr) = (cos(arctgz))(tg(arctgx)),

and using a), we obtain

x
sin(arctgr) = ———.
( ) V1+a?
c) We start from the relation
sin(arcsinz) = z,
true for all x in the interval [—1,1]. First, we have:
cos?*(arcsinx) = 1 — sin*(arcsinz) = 1 — 22,

but arcsinz belongs to | — 7, 7], and so cos(arcsinz) is positive.
So

cos(arcsinx) = V1 — 22.

d) We start from the relation
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cos(arccosx) = x,

true for all z in the interval [0, 7r]. First, we have

sin*(arccosz) = 1 — cos*(arccosz) = 1 — 2%,

but arccosx belongs to [0, 7], and so sin(arccosz) is positive.

So
sin(arccosx) = V1 — 22.
e) Using c)
o nz) sin(arcsin) T

arcsinx) = = .
g cos(arcsinz) /1 — 22

f) Using d)
sin(arccosx) 1 — x?
tg(arccosx) = = :

cos(arccosx) x

Exercise 2.

Solve the following equations:
a) arctg(2z) + arctgr = 7.

b) arcsinx + arccos(x) =

vl

c¢) (arcsinx — 5) arcsinz = —4.
Solution:
Taking the tangent of the two members, this implies:

tg(arctg(2x) + arctgzr) = 1,

using the formula giving the tangent of a sum

_ tg(a)+tg(d)
tg(a+b) = 200

Hence,
2v +x
1 —2zx
Finally, we obtain the equation
202 +3x—1=0,
which has a unique positive solution

_34+V/17

Zo 1
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b) For all z € [—1, 1],Let:a = arcsinz, 5 = arccosz.
By definition: 8 € [0,7],0 € [-Z,2], So, (3 —8) € [-3.Z].
We have:

stna = x, sin <g — ﬁ) =cosff = x.

Hence:

_ 5.>

Or the function sinus is a bijective of [—2,Z] on [—1,1].

sina = Sin (

N[N

Therefore: a =3 — 3. ie., a+ 8= 7.

And therefore: -
arcsinx + arccosxy = 5

c¢) The equation

(arcsinx — 5)arcsine = —4

is equivalent to the system

U = arcsinz

U?-5U+4=0
The second-degree equation has two roots U; = 1 and U, = 4.

but arcsinz lies between 7 and —7, the equation arcsinz = 4 doesn’t have a solu-
tion.

By on the other hand, the equation arcsinx = 1 has a solution x = sinl,which is the only
solution of the initial equation.

Exercise 3.

Show that we have the following relation, if and only if ab < 1 :

a+b
1—ab

arctga + arctgb = arctg
Application: calculate S = 2arctgi + arctg% + 2arctg%
Solution:

Let’s put

a-+b
ab’

A = arctga + arctgb and B = arctg{-
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applying the formula for the tangent of a sum

a+b
tgA =
g 1—ab
but also
a+b
tgB =
g 1—ab

The numbers A and B therefore have the same tangent.
Moreover B belongs to the interval ]—7—;, 5 [, and A belongs to the interval |—m, 7[.

So A and B will be equal if and only if cosA > 0. But, using the second exercise,

1—ab

cosA = cos(arctga)cos(arctgb) — sin(arctga)sin(arctgb) =

and this expression is positive if and only if ab < 1.

We can applying particular the formula if @ = b when a? < 1, which gives

2a
1—a?
Application: in the following calculations, the numbers used are between 0 and 1,

2arctga = arctg

so the condition ab < 1 will be verified. We obtain successively
arctg;l1 + arctg% = arctg%

2arctgy = arctgs

aTCtg%Jr arctg% =arctgl = %

Finally: S =%

Exercise 4.

Determine the domain of definition of the following functions

Df(2) =thSsh  2)f(x) = Arctg, /=1

3)f(x) = Argch(3z +2) 4)f(z) = Argth{;
Solution:

1)The function th is defined on R, so f(x) exists 1f§§j& is defined,
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which verifies for all z € R, so Dy = R.

2) the function arctg is defined on R. Or i—jr} belongs to R only if z # —1.
and (x —1)(z+1) >0, i.e., z € — oo, —1[U[1, +o0].

Hence

Dy =] — o0, —1[U[1, +00]
3)We know that the function argch is defined on [1, +o00].

So f(z) exists if
3r+2>1

Then

1
Df = [_5’ +OO['

4) The function argth is defined on | - 1, 1| so f(x) is defined if:

2 €] —1,1[and z # 1.

Hence:

Dy =] — 00,2 — V3[U[2 + V3, +00.

Exercise 5.

Let x be real. Assume t = arctgshx. Show that:
tgt = shx, sint = thx, cost = ﬁ

Solution:

If we put t = arctgshx, we deduce that

tgt = tg(arctgshx) = shz.

We know that chz is positive. Moreover ¢ belongs to the interval | — 7, 7],

so cost is positive. But

=1 +tg’t = 1+ sh*x = ch’z,

cos?t
we therefore deduce
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1
—— = chax.

So

1
sint = tgtcost = she—— = thx.
chx

Exercise 6.

Calculate the following limits

a) 2ch*r — sh?z(x — +00).

b) exp2z(2ch®x — sh?z)(x — —o0).

Solution:

a) Writing the function using exponentials, we obtain

26h2x—sh2x:2(e —;e )2—(6 —;e P =1+e >

and this tends to 1 when x tends to +o0.

b) So

e*(2ch*r — sh®x) = e* 4+ 1

and this tends to 1 when z tends to -co.
Exercise 7.

Solving the system
{ Argshy = 2Argshx
Argchy = 3Argchx
Solution:
The system is defined on D = [1, +o0[X[1, +00]
Using formulas:
sh2a = 2shacha and cha = \/m,
ch(a + b) = chachb + shashb and ch(2a) = 2ch?a — 1.
sh(argcha) = v/a® — 1 and ch(argsha) = Va® + 1.
and taking the sh from the two members, the first equation of the system becomes:

y=2zvVa2+1....(1)

124



Then by calculating ch3t as a function of cht, we find:ch3t = 4ch3t — 3cht

and taking the ch of the two members of the second equation

Relations 1 and 2 lead to

20vVa? 4+ 1 = 4a® — 3x.....(3)

We then look for the solutions of (3) for x > 1(so = # 0),which gives:
20V 12 + 1 = 42 — 3z or again 162* — 2822 +5 =0
Posing 2% = X, it follows that

X1 = —7+%/@ where X2 = —7_8 29

or again r = 4/ Y2

So
22 — TEV29
= 73 8

As a result:

o \/7+§/2_972\/7+8@\/7+8@+1
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