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Introduction

This course document is primarily intended for students of the 3¢ year of the "Licence in
Mathematics" and covers the module "Integral transforms in L? spaces". It contains the
essentials of the course with examples according to the program proposed by the Ministry
of Higher Education and Scientific Research.

The particularity of this work is that it was designed to allow a student to acquire,
understand, and dominate by himself all the concepts covered.

This work contains three chapters, written in an easy-to-read style and very detailed:

The first chapter is mainly devoted to the study of the LP space of functions whose
absolute value is of p'" integrable power and their properties. L? spaces play a central role
in many questions of mathematical analysis.

In the second chapter, we consider the Fourier transform of functions defined on any
complex set C. The Fourier analysis in this case yields exceptionally rich mathematical
results, but these far exceed the aim of this course. In this chapter, we will focus on the
Fourier transform of functions of type L' or L2.

In the third chapter, we present the Laplace transform and some interesting properties
for solving linear differential equations with constant coefficients.

Exercises with solutions are provided at the end of each chapter to allow students to test
their knowledge and prepare for tests and final exams.

Finally, I hope that this work can help students who want to master the various concepts

that have been well developed.

v



Chapter 1
LP spaces

An L? space is a vector space of classes of functions whose exponent power p is integrable
in the Lebesgue sense, where p is a strictly positive real number. The passage to the limit
of the exponent results in the construction of spaces L> of bounded functions. The spaces
L? are called Lebesgue spaces.

This space constitutes a fundamental tool of functional analysis by allowing the resolu-
tion of equations by approximation with solutions that are not necessarily derivable or even
continuous.

Throughout the following, €2 denotes an open set of R" equipped with the Lebesgue
measure dz. We denote by L'(2) the space of integrable functions on Q with values in R

equipped with the norm:
1l = / ()] da.

When there is no ambiguity we will often write L' instead of L'(Q) and [ f instead
of [, f(x)dx. As usual we identify two functions of L'(€2) that coincide a.e. = almost

everywhere (= except on a negligible set).

1.1 Some integration results

In this section, we recall some definitions and theorems, without demonstrations, which will

be useful later.



1.1. Some integration results

Theorem 1.1.1 (Beppo Levi’s monotone convergence theorem)
Let (f,) be an increasing sequence of functions in L*() such that sup [ f,, < cc.

Then f,(z) converges a.e. on Q to a finite limit denoted f(x), moreover f € L*(Q2) and

an - fHLl — 0.

Theorem 1.1.2 (Lebesgue’s dominated convergence theorem)
Let (f,) be a sequence of functions in L*(Q) that satisfy
a) fulz) — f(z) a.e. on .

b) There exists a function g € L'(Q) such that for all n, |f.(z)| < g(z) a.e. on Q.
Then f € LY(Q) and || f, — fll;. — 0.

Lemma 1.1.1 (Fatou’s lemma)

Let (f,) be a sequence of functions in L'(Q) that satisfy
1. For alln, f,(x) >0 a.e. on .

2. sup [ f, < o0.

For lemost all z € Q, we set f(x) = nh_g)lo inf f,,(z).
Then f € LY(Q) and

£ < lim inf [ f,.
{75 Jm ot

Notation. We denote by C.(2) the space of all continuous functions on 2 with compact

support, i.e.

Co(Q)={feC(Q): f(z) =0,Vx € Q\K where K is a compact} .

Theorem 1.1.3 (Density theorem)
The space C.(Q2) is dense in L*(Q), i.e.

Ve L'(Q), Ve >0, 3f1 € C.(Q), such that ||f — fill <e.

Next, we present two theorems which are used in the following.

Let Q; € R™,Q), € R™ be open sets and let F': 2; x {23 — R be a measurable function.



1.2. LP spaces: definitions and properties

Theorem 1.1.4 (Tonelli’s theorem)

Suppose that

|F(z,y)|dy < oo for almost all x € §y,
Qo

and that

/ de [ |F(x,y)ldy < co.
oh Qs

Then F' € Ll(Ql X Qg)

Theorem 1.1.5 (Fubini’s theorem)
Suppose that F' € LY(Qq x Q). Then for almost all x €
F(z,y) € L}(Q) and / Fla,y)dy € LM(Qy).
Qo

Similarly, for almost all y € s

F(z,y) € LL(Q)) and / F(z,y)dy € L;(Qg).
Q1

Furthermore we have

/da:/ F(;L‘,y)dy:/ dy/ F(a:,y)dx:/ F(x,y)dxdy.
Q1 Qo 92 (951 Q1 %0

1.2 LP spaces: definitions and properties

In this section, we will present some definitions and properties of LP spaces.

Definition 1.2.1 Let p € R with 1 < p < co. We call the Lebesgue space LP()) the space
LP(Q) = {f: Q= R, f measurable and | f|" € L'(Q)} .

Definition 1.2.2 For any function f € LP(2), we set

1= ( If(fr)|”dx>;-

Definition 1.2.3 The Lebesgue space L>°(2) is defined by

L=(Q)={f:Q — R, f measurable and 3 a constant C' sucht hat |f(x)| < C a.e. on Q}.



1.2. LP spaces: definitions and properties

For any function f € L*(Q), we put
[f1lgee = nf{C = [f(z)| < C a.e.on Q.
We call space L>(2), the space of functions essentially bounded on Q.
Remark 1.2.1 If f € L>®(Q2) we have

lf(@)] < |[fll;e a-e. on S

Indeed there exists a sequence C,, such that C,, — || fl|;~ and for each n,|f(x)] < C,
a.e. on Q. Therefore ||f(x)| < C, for all x € Q\E,, with E, negligible. We set E = UE”

so that E is negligible and we have |f(x)| < C,, for all n and for all x € Q\E. Consequently
[f (@) < |[fllpee for all x € Q\E.

Notation. Let 1 < p < oo, we denote by g the conjugate exponent of p, i.e. zlo + % =1

with é =0.

Lemma 1.2.1 (Young’s inequality)
Let a,b € RT and p,q € [1,+00[. Then

1 1
ab < —aP + -b7.
p q

Proof. We use the definition of a concave function.

The function x — In(z) is a concave function on |0, 4+o00] i.e. Vz,y € ]0, 00|
In(azx 4+ By) > aln(z) + Bln(y) with o+ 8 = 1.

Sofora:%andﬁ:%wehaveavtﬁz

1 _
+i=1.

D=

Let us put x = a” and y = b9, so we have

1 1 1 1
In (—ap + —bq) > —lIn(d”) + = In(b7)
p q p q
> In(a?)7 +In (b%)7
= In(a)+1n(b)

= In(ab).



1.2. LP spaces: definitions and properties

Since z — exp(z) is an increasing function, we obtain

1 1
ab < —aP + -b1.
p q

Theorem 1.2.1 (Hélder inequality)
Let f € LP(Q2) and g € L1(Q2) with 1 < p,q < co. Then f.g € LP(Q2) and

/Q F@g(@)de = £l < 1150 9]0

Proof. Young’s inequality gives to show Holder inequality, we distinguish 3 cases:

Case 1. If p=1 and ¢ = oo we have

1ol = / 1 (@)g(x)| dz = / @) gl de
l9ll / ()] de

< N fllpllgllzes -

IA

Case 2. If p=00,q = 1 is similar.

Case 3. If p €]0, +00].

(i) If||fll;» =0o0r|gll;o =0, then f =0 a.eon Qor g =0 a.e on Q. We deduce fg =0
a.e on €2, so ||fg|l;. = 0 and finally, Holder’s inequality reduces to the trivial inequality
0 < 0 therefore it is verified.

We can therefore assume that || f]|;, # 0 and ||g]|;, # 0.

(ii) If || fll,» = 1 and ||g||;, = 1, then we have, with Holder’s inequality

1l = / 1 (@)g(x)| d = / (@) 9] de

1 1
o Ml + 2 lglls

1 1
= — 4+ =
p q

= 1

IN

= Wl gl o -

(iii) If || f]l;» > 1 and ||g||; > 1, define the following functions

£() 9(2)]
— W ond ¢y =
= 2 =




1.2. LP spaces: definitions and properties

so that || f]|,, =1 and ||g||,, = 1.

Case (ii) then gives

£ ()] |g(2)]
1fglle = 11fllzs 9]l Lo
v A e glza ll e
< WAl lgllze -1
= [ fllzo llgllzo

In general, let 1 < p, ¢ < oo and r defined by }—17 + % =1Land f € LP(Q) and g € L(Q).

Then f.g € L"()) and

[ 1@0@ras] =171 <1510 ol

Corollary 1.2.1 (Cauchy-Schwarz inequality)

When p = 2, we have ¢ = 2 and the Hélder inequality then reduces to the Cauchy-Schwarz

1mequality

[ 1rwaiar< ([ \f(aofdsc)é (f Lq<ac>|2d$)é

Lemma 1.2.2 (Minkowisky inequality)
Let f,g € LP(Q2) with 1 < p < +o0. Then f+ g € LP(Q) and

If+ gl < 1Al + Nl

Proof. We have

(f+9P = (f+9(f+9P
= f(f+g9)P  +g(f+9 !

= |f+ gl <IfIf+glP +lglIf + 9P

We apply Holder inequality, we get

/ F@)g@) e < / F@ (@) + g@)P™ de + / 9(0)] 1£(z) + g(2)P " da

< ([wra) ([ 156+ o)
+(/Q yg(a:)v’da;)’l’ (/Qlf(af)+g(m)|‘I(p1’ dw);»



1.2. LP spaces: definitions and properties

with g(p — 1) = p.
Finally we get

(/\f |pd:c) ([ 1 |pdx)_ls(/Q|f<x>rpdx>;+(/Qrgwpdx)‘l’,

||f+9||Lp < ”f”Lp + ||9||Lp-

Proposition 1.2.1 L?(Q) is a vector space and ||.||;, is a norm for all 1 < p < oo.

Proof. 1) The space LP({) is a vector space. Indeed,
a) Let « € R and f € LP(Q)), then we have

/ af (@) dz = |of? / @) dz < +oo,
Q Q

therefore o f € LP(Q).
b) Let f,g € LP(R2). According to Minkowisky’s inequality, then we have

1+ 9l = [ Fllzs + 191l s < o0,
—— N~

<too  <+oo
therefore f + g € LP().
We conclude that LP(£2) is a vector space.
2) ) The application |.[[, : f — [[f[|;», is @ norm on LP(€2). Indeed,
D fll;» > 0 for all f e LP(Q).
2) laf s = allfl,, for all f € L7(9) and a € R.
)

3) According to Minkowski’s inequality we have
If + 9l < Fll + llgllpe forall f,g € LP(€2).
4) [|f]l, = 0 implies that f =0 for all f € LP((2). m

Theorem 1.2.2 (Fischer-Riesz)
LP(QY) is a Banach space for all 1 < p < oc.



1.2. LP spaces: definitions and properties

Proof. Let us first treat the case p = oco.

Let (f,,) be a Cauchy sequence in L*. Given an integer k > 1 there exists IV, such that
1

This implies that there exists negligible Ej; such that

() — fu ()] < %,V:c € O\Ey, ¥m,n > N (%)

Finally, let F = UEk (E is negligible), we see that for all z € Q\ F the sequence f,(x)

k
is Cauchy in R. Let f,(z) — f(z) for z € Q\E. Passing to the limit in (*) when m — +o0
we obtain

fon(2) — fu ()] < %,vx € O\Ey, ¥n > Ny,

Therefore f € L>Q) and
1
If = anLoo < - Vn > Ny,

and consequently || f — f,|l;« — 0.
Now suppose that 1 < p < oco.
Let (f,,) be a Cauchy sequence in LP(£2). To conclude, it suffices to show that an extracted

subsequence converges in LP(€2). We extract a subsequence (f,,) such that

1

S5k > L.

Hf”k+1 o fnkHLP <

[We proceed as follows: there exists n; such that ||f,, — full;, < 3 for m,n > ny, we
then take ny > ny such that || f,, — full;» < 2% for m,n > ny, etc...]. We will show that f,,

converges in LP(2). To simplify the notations we write f; instead of f,,, so that we have

1
| fesr = fillo < o7, vk > 1.
Let’s put
ga(@) = Y _fisr(0) = fula)]
k=1
it comes

gnllr < 1.



1.3. Reflexibility, Separability, and Duality of LP

From the theorem of monotone convergence, we deduce that g, (z) converges to a finite

limit denoted g(z) with g € LP(€2). On the other hand, we have for m >n > 2

(@) = fo()] < |fn(2) = fna(2)] < o < fupa(2) = ful@)] < l9(@) = gna(2)].

It results that a.e. on Q, (f,(z)) is Cauchy and converges to a limit denoted f(z).

We have a.e. on ()
|f(x) = fu(x)] < g(x) for n > 2.

It results that f € LP. Finally || f, — f||;, — 0, indeed we have |f,(z) — f(z)|? — 0 a.e.
and |f(z) — fu(z)| < g(z) is major integrable. We conclude thanks to Lebesgue’s theorem,

LP(Q) is a Banach space. m

1.3 Reflexibility, Separability, and Duality of L’

In this section, we present very important results concerning the reflexivity, separability,

and duality of LP spaces. For this, we will distinguish the study of the three cases

-1<p<oo.
-p=1
—p = o0.

1.3.1 Reflexivity

Theorem 1.3.1 (Clarkson’s inequality)
Let f,g € LP(R2), then
(H1) If 2 < p < 00, we have

f+el|” L I1f—9|” _1 p
152 554 <5 v . )
(H2) If 1 < p < 2, we have
a —gll* 1 .
1522 552 < s+ o )
p




1.3. Reflexibility, Separability, and Duality of LP

Definition 1.3.1 (Uniformly convex spaces)

A Banach space E is said to be uniformly convex if Ve > 0,36 > 0 such as
Ve,y e B lzf < 1, ]|yl <1 and HCE—yH>5:>H H<1—(5

Theorem 1.3.2 (Milman-Pettis theorem)

Any uniformly convexr Banach space is reflexive.
Theorem 1.3.3 The space LP(Q2) is reflexive for all 1 < p < 0.

Proof. For 2 < p < oo, let € > 0, assume that || f — g/, > ¢, [[fl|;» <1 and [[g]], <1.

Using inequality (1), we obtain that

=
2 |, = 2)
and therefore

|54, 51

with .
-1-(1-(3))"

Thus LP(2) is uniformly convex and therefore reflexive thanks to Theorem 1.3.2.

For 1 < p <2, we deduce from inequality (2) that

q
H@ <1 <§>q,
2 ||, 2
and therefore
Hﬂ <14
2 |l

with )
()

Then LP(Q2) is uniformly convex, we deduce that LP(£2) is reflexive for 1 < p < oco. m
Theorem 1.3.4 The spaces L*(2) and L>=(2) are not reflezive.

Proof. See [1]. =

10



1.3. Reflexibility, Separability, and Duality of LP

1.3.2 Separability

Definition 1.3.2 A metric space is said to be separable if there exists a countable subset

F C E and dense in E.
Theorem 1.3.5 The space LP(QY) is separable for 1 < p < oo.

Proof. We denote by (R;);c; the countable family of blocks R of the form

N
R = [ [la, bx[ with ay,b, € Q and R C Q.

k=1
We denote by F' the vector space generated by the functions I, (the indicator function

of R;,i€1),ie

F = {Zliﬂ]ai,bi[} with I;,a;,b; € Q for all i = 1,2, ..., n,
=1

so that F' is countable. By Theorem 1.1.3, it suffices to show that F' is dense in LP(€2).
Let f € LP(Q2) and € > 0 be fixed. By density of C.(£2) in LP(2), there exists f; € C.(f2)
such that
I = fill <&

Consider €' a bounded open set such that supp(fi) C @ C Q. Since f; € Cc(Y)
and using the uniform continuity of f;, we easily construct a function fs € F such that

supp(fe) C ' and

€
- p < —.
Hf 2 f 1 HL ‘Q/|
We start by covering supp( fi) with a finite number of blocks R; on which the oscillation
of f1 is less than W It follows that || fo — fi||;» < ¢ and therefore we have

||f_f2||Lp = ||f_f1+f1_f2||Lp

< l|f - f1|‘Lg+l|f1 — f2||Lg

<e <e

[ J/
-~

<2

So F'is dense in LP(f), finally according to Definition 1.3.2, we have LP(f2) is separable

forl<p<oco. m

11



1.3. Reflexibility, Separability, and Duality of LP

Lemma 1.3.1 Let E be a Banach space. Assume that there exists a free family (Oi);er
such that

1. Ot is a nonempty open set of E for alli € I.

2. 0,N0; = ifi #j.

3. I is not countable.

Then E is not separable.

Proof. Let us reason by the absurd and suppose that there exists a sequence (u,)nen a
dense sequence in FE.

For each i € 1,0; N {u,,n € N} = @. We choose n; such that u,, € O;, we have
n; = nj = Up, = U, € O; N O; therefore i = j. We also have the application i — n; is
injective, consequently [ is countable, which contradicts the statement that [ is uncountable.

u
Theorem 1.3.6 The space L™®(£2) is not separable.

Proof. For all a € Q, let us fix r, < dist(a,$2). We put u, = Ip(ar,)

0n={re @17 - ullo < 5}

We easily verify that the family (O,)qcq satisfies the hypotheses of Lemma 1.3.1. We

therefore conclude that L>(2) is not separable. m

1.3.3 Duality

The following theorems will allow us to identify the topological dual of LP(Q2) spaces.
Topological dual
The topological dual of a normed vector space F over the field K is by definition the set
of continuous linear forms of F, i.e. continuous linear applications of E into K. We denote
this set by E*. Thus, E* = L(F, K) and by the above E equipped with the norm ||.|| defined
by

Ifll= sup |f(z)]= sup |f(z)]= sup |/ ()]

z€E,||z||=1 z€E,||z||<1 zEE,||z||#0 qu ’

is a Banach space since K is complete.

12



1.4. Convolution and regularization on R"

Theorem 1.3.7 (Riez representation theorem)

Let 1 < p < oo and let p € (LP(QQ))* then there exists a unique u € LI(S2) such that

(o, ) = / uf ¥ € IV(Q).

This theorem is important because it allows us to represent all the continuous linear

forms on LP(Q2) with 1 < p < oo, using a function of L(2) the application

T LNQ) — ((Q)

u — Tu=p,

is a continuous isometric and bijective linear operator which allows us to identify the dual

of LP(Q2) with L(Q2) and we have

||Tu||(LP(Q))* = ||U||Lq(Q)'

Theorem 1.3.8 Let ¢ € (L*(Q))*, then there exists a unique u € L>°(S)) such that

(s f) = /Q uf Vf € M),

plus we have

||90||(L1(Q))* = ||“”Loo(9)~

This theorem allows us to identify the dual of L'(Q) with L>(£).

The following table summarizes the main properties of the spaces LP(f2).

Reflexive | Separable Dual space
LP(Q) (1 <p < o0) Oui Oui L1(Q)
LY(9Q) Non Oui L>=(Q)
L>=(92) Non Non Contains strictly L'(Q)

1.4 Convolution and regularization on R"

In this section, we present the convolution product and their property, the regularization,

and the supports in the convolution, we take in all this part {2 = R".

13



1.4. Convolution and regularization on R"

Definition 1.4.1 Let f and g be two measurable functions on R™. We say that the convo-
lution product of f by g exists at the point x € R" and we denote it by (f * g) (x), if the
integral [o, f(x —y)g(y)dy has a meaning. In this case, we put

(fxg)(z) = . flz—y)g(y)dy.

Proposition 1.4.1 Let f and g be two measurable functions on R™ and x € R™. If (f * g) ()

exists, then (g * f) (x) also exists and
(fx9)(x) = (g% f) (2).

Proof. Suppose that (f % g) (x) exists, then the function y — f(z —y)g(y) is integrable

on R™ ie. [p. flz—y)g(y)dy < co.
We put ¢ : u +— = —u = y which is a diffeomorphism of R” — R". Then by applying
the change of variable theorem to the function h defined on R™ by h(y) = f(z — y)g(y), we

obtain
/n flx—y)g(y)dy = / h(p(u))du = . f(w)g(z — u)du.
Therefore

(f*9)(z) = (g% f) (2),Vx € R".

Remark 1.4.1 Let f,g and h be three positive measurable functions on R™, for all x € R™

we have

[(f x g) * hl(z) = [f * (g * h)](2).

Theorem 1.4.1 Let f € L' (R") and g € L? (R") with 1 < p < oo. Then for almost all
x € R"™ the function y — f(x —y)g(y) is integrable on R™ and (f x g) € LP (R™), moreover

we have

1f* gl < WAl llgllzs -

Proof. - For p = cc.
Let L' (R") and g € L? (R™) . Let us show that the measurable function y — f(z—y)g(y)

is integrable on R".

14



1.4. Convolution and regularization on R"

We have L' (R") then || f||,1 = [z |fldz < 00,9 € L* so 3C > 0 such that [g(x)] < C

a.e, therefore
- f (= y)llg(y)ldy < C . |/ (z = y)ldy.
Since the Lebesgue measure is stable by translation, then [p, |f(z —y)|dy = ||f]l,: -
Thus
. [f (@ =yllg)ldy < C [l < o0,
which gives y — f(z — y)g(y) is integrable on R", consequently (f * g) (z) exists almost

everywhere.

Let us show the inequality, we have

[ (f*9) (2)] =

ﬂw—wﬂw@4§ (@ — 9)llg()ldy,
Rn Rn
and we know that |g(y)| < ||g]| « We then obtain

[ 1= llsw)lay S(é!ﬂz—wHMMw@

|mmm41ﬂx—wwy
gl 1 e

IN

IA

and consequently | (f * g) ()] < ||gll;« || f]l;: a-e. So by definition of the norm ||.||;- , we

have
1f* gl < Nl llgllze -
- For p=1.
We put F(z,y) = f(x —y)g(y), then F' is measurable and for almost all y € R" we have

. |F(z,y)|dx = |g(y)] . |f(z = y)ldz = [g(W)| | £l -

As f € L' (R") then ||f]|;: < oo, and g € L' (R") therefore A\({g = +00}) < o0,
consequently |g(y)|||fll;» < oo a.e. Therefore [,.|F(z,y)|dz < oo for almost all y €
L' (R™).

By Fubini’s theorem, we have

Loav [ Pawias = [ gy [ 1rte=plas

Rn, R'Il
|1 [ fll e < oo,

= g

15



1.4. Convolution and regularization on R"

and by application of Tonelli’s theorem, we see that F € L'(R" x R™) and by Fubini’s
theorem, we obtain [, |F(z,y)|dy < oo. Therefore y — f(z —y)g(y) is integrable on R"

and

1f*glln < |f * g(x)] dz
Rn

/n dx/n F(z,y)|dy

111z Mgl -

IN

IN

- For 1 <p < o0.

Suppose that L' (R™) and g € L? (R"), then |g|P € L' (R") and consequently for almost
all x € R", the function y — |f(z—y)|g(y)[? is integrable on R". We have |f(z—y)||g(y)|" €
L} (R") therefore |f(z = y)|7|g(y)| € Lj (R").

Let g €]1, +o0[ be such that ]l) + é =1, then f € L' (R") implies that \f|% € L1(R"),
hence |f(z — y)]% € L7 (R") and therefore

@ =wllgw| = [f@—wl" o)
= | f(@—y)|7lg)||fz —y)|.

Using Holder’s inequality we obtain

[pe—watomts = ([ (=) as) ([ 156 =)’
(e ymg(y)'pdy); ([ 1t y>|dy); ,

[(F9) @] < (7] gl @I 111

IN

then

which gives
[(f*9) @) < (If] % |gP@) [If]I} € LP (R™).
So fxge LP(R") and
[ o @ras < WL [ a5l ds

p
< FIZ Iz gl

A1l Mgl

A

IA

16



1.4. Convolution and regularization on R"

which gives

1 gll e < [1f11p lgll o -

Theorem 1.4.2 (Young’s inequality).

Let 1 < p,q < 400 be such that % + é > 1. Let 1 <r < +o0o be defined by the equality
Lyl l=1 Let feLP(R") and g € LY(R"), then

i) The convolution product f * g is defined almost everywhere and defines a measurable
Lebesgue function.

it) We have fx g € L"(R™) and

1 gl < 1Al o gl

i) If % + % =1 (and therefore r = 00), then we have the following stronger conclusions

f * g is defined at every point and

(F*9) @) <\ fllo 9l Lo Vo € R™

Proof. See [1]. =

1.4.1 Supports in convolution

The notion of support of a continuous function is well known: it is the complement of the
largest open set on which f is zero or it is the adherence of the set {z, f(z) # 0}. When
working with measurable functions, one must be more careful, since these functions are only

defined almost everywhere. The appropriate definition is the following:

Proposition 1.4.2 (and definition of support)
Let Q0 C R™ be an open set and let f be a function defined on Q with values in R.
Consider the family of all open sets (w;)ier,w; C S such that for each i € I,f =0 a.e. on

w;. We put w = Jw;, then f =0 a.e on w and by definition, suppf = Q\w.
i€l

Proof. The family of indices I is arbitrary, to reduce to the countable case we proceed

as follows.

17



1.4. Convolution and regularization on R"

Let (K1);en+ be a sequence of compacts such that w = | J K;, we can take
i€N

1
K= {x cw,d(z,R"\w) > = and |[[z|| < z},
i

we have K; C w = (Jw;, since K; is compact there exists I; C [ finite such that K; C |J w;.

€l JEL;
We put J = |JI;, so J is countable and since K; C |J wj, then
1€N JEL;
UKZ C U ij = U Wj.
ieN iENjEL; JEUieN

Sow C |Jw; and since J C I, then

jeJ
ij C w.
jeJ

As f =0 a.e. on wj, then IN; C w; such that N; is negligible and Vo € N¢: f(x) =0,
we take N = |J N; and we have
jeT
A(N) = A (UNj> <D AN =0.
jeJ jed
So N is negligible and consequently 3N C w such that Vx € N¢: f(z) =0, s0 f =0 a.e.

onw. n

Remark 1.4.2 1. If f is continuous on we easily verify that this definition coincides with
the usual definition.

2. If f1 and fy are two functions such that f; = fa a.e. on §, then supp(f1) = supp(f2),
we can therefore speak of the support of a function f € LP(Q).

Proposition 1.4.3 Let f € L'(Q) and g € LP(R2), then

supp(f * g) C supp(f) + supp(g).

Proof. Let x € R" be fixed such that the function y — f(z — y)g(y) is integrable. We

can write
(f*g)(x) = . [z —y)g(y)dy

- /. f(z—y)gly)dy + . f(@—y)g(y)dy,

18



1.4. Convolution and regularization on R"

where
Se ={y €R",y € supp(g) and x — y € supp(f)}.

We then have

| =gty =o,

T

which gives
(Fea)@ = [ 1 vy = [ -ty
If z is not in supp(f)+ supp(g), then (z— supp(f)) Nsupp(g) = @ otherwise Jy such that
y € (v — supp(f)) and y € supp(g), so x —y € supp(f) and y € supp(g) and consequently
x = x—y+y € supp(f)+supp(g), which contradicts the fact that x is not in supp(f)+supp(g)
and therefore (f x g)(z) = 0 a.e. on (supp(f) + supp(g))¢, in particular on int((supp(f) +

supp(g))¢) = supp(f) + supp(g)¢ where int(B) is the interior of B, and consequently upp( f *

g9) C supp(f) + supp(g). =

Remark 1.4.3 Of course, if both f and g are compactly supported, then f x g is compactly
supported. In general, if only one of the supports is compact, then f * g is not compactly
supported.

Definition 1.4.2 Let 1 < p < oo, We say that a function f € LT () if for all compact
KcCQ, [ |f(x)]de < 4o0.

Proposition 1.4.4 (Regularization)
Let f € C.(R") and g € L}, (R™), then

fxge CR").

Proof. Let us first note that for all x € R™ the function y — f(x —y)g(y) is integrable

on Rn and therefore (f * ¢g)(x) has a meaning for all x € R". Let x,, — x and let’s put

19



1.4. Convolution and regularization on R"

so that F,(y) — F(y) a.e. on R". On the other hand, let K be a fixed compact such that
(x, —Suppf) C K for all n, therefore f(x,, —y) = 0 for y which is not in K and consequently
|Fo(y)] < || fll 1 Ix (y)g(y) integrable majorante. We deduce from Lebesgue’s theorem that

(F+9)an) = [ Fuwidy — [ )y = (7 4 9))

Notations

C*(£2) denotes the space of k times continuously differentiable functions on €,
Cx(@Q) = [CHQ)

Ce(Q) = CHQUC(),
C2(Q) = C=Q)UCQ).

Theorem 1.4.3 Let f € C™(R") and g € L}, (R") (m € N), then
fxgeC™R") and D*(f * g) = D*f = g with |a] < m.
In particular, if f € C(R™) and g € L}, (R"), then f*g € C®(R").

Proof. Let o € R"r > 0 and h be the function defined on (zq,7) x K’ by: h(x,y) =
f(z —y)g(y) where K’ = {a —b/a € Bf(0,n) and b € K} with K = suppf then K'is a
compact because K’ = 7(Bf(0,7) x K) where 7 is the continuous application defined by
7(a,b) = a —b. For all x € B(xo,7n), the function y — h(z,y) is integrable on K’. For
almost all y € K',z — h(x,y) is of class C"™ on B(zo,7n) and for all multi-index a with
la| < m, we have for all (x,y) € B(xg,n) x (K'\IN) where N is a negligible set on which ¢

is not defined and

|D%h(x,y)| = [Df(z —y)g(y)|
< Zs;lﬂgwaf@)l!g(y)\

< max|D*f(2)[]g(y)] -

Since g € L},.(R") then g/K’ is integrable and by the derivation theorem under the

integral sign, the function = — [, h(z,y)dy = (f *g) () admits partial derivatives on

20



1.4. Convolution and regularization on R"

B(xzg,n) and D*(f x g) = D*f x g on B(xg,n) for all || < m, which gives that f * g is of
class C™ on B(xg,n) from which the result since zy and n are arbitrary. In particular if

feC®R") and g € L} _(R") then f* g € C®(R"). m

loc

1.4.2 Regularizing sequences

Definition 1.4.3 We call a regularizing sequence any sequence (p,)n>1 of functions such

that

L p, € C=(R"),
2. supp, C B (O, %) ,

3. [rn=1,
4. p, > 0 on R".

Remark 1.4.4 From now on, we will systematically use (p,,)n>1 to designate a regularizing

sequence.
An application to the regularizing sequence is presented by the following example.

Example 1.4.1 Let u: R — R be the function defined by

exp(3)  ifz <0

z— f(r) = . P

then u € C®°(R+),u™(z) = Pk(%)exp% if ¥ < 0 where P, are polynomials defined by

recurrence
PO (ZE’) - 17
Pyi1(2) —2? (P}(7) + Py(x)),Vk € N.
Moreover
lim ™ (z) =0,
z—0~
so u € C®(R) and supp(u) = R-. We put
1 .
p(z) = exp <|le2*1) i flell <1
0 if [lzfl =1
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1.4. Convolution and regularization on R"

where x € R"™ and

Z 22 (Euclidean norm).

=1

] =

Then
p:zeR"— ||z -1 € R~ p(x) €R,

is of class C* on R™, supp(p) = B(0,1), p(x) > 0,Vz € R",p >0 on B(0,1) so
/p(x)dm > 0.

We put then ¢ = ([, p(w)dx)_l and take py(x) = ck"p(kx),k € N, then (p;)ken is a

reqularizing sequence.

Proposition 1.4.5 Let f € C(R"™) then p, * f converges uniformly to f on any compact of
R™.

Proof. Let K be a compact of R”, f being continuous on R" it is uniformly continuous

on K according to Heine’s theorem. Consequently
Ve>0,3n>0,Ve,y € K: |z —y| <n=|f(z) - fy)| <e.
For y € B(0,n) and = € K, we have
Iyl = llz =y +yll <n=f{z —y) = FWl <e,
and therefore

(o % [) () = f(2)] = f@—y)pn(y)dy — f(x)

R’Il

fe == [ @]

R
= [ =) - f@)l )y
B(O,%

Finally, for € > 0 and for £ (%) we have for all n > % >F (%’) and for all z € K we have

[(p, * f) (z) — f(2)| < e.
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1.4. Convolution and regularization on R"

Theorem 1.4.4 Let f € LP(R") with 1 < p < co. Then p,, * f converges to f in LP(R™).

Proof. Let f € LP(R") and £ > 0. Since C.(R") is dense in LP(R"), then 3f. € C.(R")
such that || f — fo|| < 2.
According to the previous proposition p,, * f. converges uniformly to f. on any compact.

On the other hand we have

supp(p,, * f) C supp(p,) + supp(fz),

and
1

SO

supp(p,, * f) C B (0, %) + supp(fe) C K,

where K is a fixed compact. K being compact therefore bounded and measurable therefore

A K) < oo in addition p,, * f. converges uniformly towards f. so

1
|0 % fe — fell, tends to wards 0 with —.
n

We have
(onx f) (@) = [ (@) = (pnx f)(x) = (o # [2) (@) + (o * fo) (@) = [2 (2) + [ (x) — [ (@)
= pn*<f—f5)<l')+(pn*fg)<l')—fg(l’)‘f‘fg(l')—f(ili')-

So
lon = f = Fll, < llon = (f = I, + lon = fo = fell, + 1fe = f1I,,-

Now according to Theorem 1.4.1, we have

lon * f = Fll, < lloally 1 = fell, = IF = £l

hence

[ * f — pr < [If- f5||p + |lpy * fe — fEHp + I fe — pr
< 2||f_f5|‘p+||pn*f5_f5||p
< 2o s £~ £,
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1.5. Corrected exercises

Let ¢ > 0,9dN. € N: Vn > N, we have ||p, * f- — f5||p < 5. By sequence Vn > N, we
have |[p, * f — f]|, <e, ie.

dim g, £~ fl, =0

Corollary 1.4.1 Let Q2 C R” be any open set, then C2°(Q2) is dense in LP(2) for1 < p < oo.

Proof. Let f € LP(Q), let us show that there exists a sequence (f,)neny C C°(€2) such
that (f,)nen converges to f in LP(Q2). We put

f(z), fz e
0, ifzeRN\Q

then f € LP(R"™). Let f, = n* f with (p,)n>1 is a regularizing sequence. By Theorem 1.4.2,
we have f, € C®°(R"),¥n > 1 and by Theorem 1.4.3, the sequence (f,),>1 converges to f
in LP(R"), hence f, o converges to 7/9 = f in LP(Q2). Therefore C°(12) is dense in LP(£2).

1.5 Corrected exercises

Exercise 1.5.1 Study the membership in L*(R) and in L*(R) of the following functions:

fi(z) =sin(@)lra , folz) = sinT(x)l[Hoo[ L fs(z) = e~ (a > 0).
Solution:
fi € LY(R)

/_:O A@)lde = / 7 psin )1 ] d

[e.¢]

_ / " sin(a)] de

™

= 2/0 7rsin(m)dm
= 2[eos(a)];

= 1< +o0.
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1.5. Corrected exercises

Then f; € L}(R).
f1 € LA(R)

+o0 9
[ i@t

Then f, € L*(R).
fo € L*(R)

[l

We integrate by parts, we obtain

+00 o3
/ sin(x) dr -
n x

In addition, we have

So

+00
/ sin(x) i
1 x

Then f; € L*(R).

[ cos(x
cosl—/ p dz.

cos(x)

T2

IN

+o00o
2
/ )1[77(7”] } dx
+m
/ sin?(z)dx

T

|sin(z

l/Jﬂr (1 — cos(2x)) dx

2/,

1 t

A

™ < +00.

—T

+00 | o3
sin(z) e

[14-o00]

/.
[

x2

] * cos(a)

cos(x)

1
<.
x?

+oo 1
cosl — / —zda:
1 T

1 *00
cos1l — [——}

T4
cosl —1 < +o0.
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1.5. Corrected exercises

fo € L*(R)

[ Cinwra = [

VAN
»-\
+
8
le —_
QU
8

AN

|
SR
_
= +
8

Then fQ eL? (R)

f3 € L'(R)
/ @l / e e

0 +oo
= / e‘””d:cjt/ e “dx
—00 0
1 1° 1 oo
SRES
a —00 a 0

2
= — < +oo (a>0).
a

Then f; € L'(R).

f3 € L*(R)
/%0 | fs(x)|? de = /%O }e*alzlfdx

0 +o0
= / 2 dy + / e 2y

—00 0

1 0 1 +o00o
— _62(1:5 + __6—2a:5

2a o 2a 0

1

= a < 400 (CZ > O)

Then f3 € L*(R).

Exercise 1.5.2 Let f € C*(R) assume that f and f” belong to L*(R).
Show that f f" belongs to L'(R).
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1.5. Corrected exercises

Solution:

We deduce from the elementary inequality

lab| < E (a® +b%) ,Va,b € R,

(\V]

that
|f(@)f"(z)] <

and therefore

/R F@)f (@) dz <

IN
N = N =

(17122 + 17132 ) < +o0,

because

([utrars [ () a)

f € L*R) and f” € L*(R) = ff" € L'(R).

Exercise 1.5.3 Suppose that ) is of finite measure (| < 00) and let 1 < p < g < 0.

Prove that L1(2) C LP(§2) with continuous injection. More precisely, show that

11
11l < 18275 [ £l o, VS € L)
[Hint: Use Hoélder inequality/

Solution:
Suppose 1 < p < g (Because for p = ¢ the inequality is trivial).
We apply Holder’s inequality with exponents

r =2 (because 1 < p < q),

p
and
o
q—p
with
1 1
ror
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1.5. Corrected exercises

Then, we have

e = / @) de = / (@) 1dz

(e ()

P
q

([1ser i) o

= flle < (/Q |f(x)|qda;) QP70 < || £l Q07T

As 1 <p<gq,then ; — 2 > 1, finally || ], < .

IN

IN

Furthermore the inequality below shows that the inclusion of L4(Q) in L?(2) is contin-

uous.

Exercise 1.5.4 Let C (]0,1]) be the space of all continuous functions on [0, 1].
1- Prove that if C ([0, 1]) is equipped with the uniform norm

[fll e = max [f(z)],¥f € C([0,1]),

z€[0,1]

then C ([0, 1]) is a Banach space (i.e. a complete normed vector space).

2- Give an example showing that C ([0, 1]) equipped with the norm of L' ([0, 1])

1
Il = [ 1#@)ldz,vf € 0 (0.1),
1s not a Banach space.

Solution:

1- We show that C'([0, 1]) is a Banach space over [0, 1] equipped with the norm || f||; =
m[%)f] |f(z)|. It suffices to show that C'([0,1]) is a complete space. To do this, consider a
Cauchy sequence (f,),cy in C ([0, 1]) and show that it converges uniformly in C' ([0, 1]) to a
function f € C'([0,1]).

According to Cauchy’s criterion, for all £ > 0, there exists a rank N € N, such that for

all n,m > N we have

an - meLOO <e
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1.5. Corrected exercises

So for all = € [0, 1], we have

(@) = fn(2)] < fn = fnll oo <€

It follows that the numerical sequence (f,,()),,cy is Cauchy in R complete, which ensures

that there exists a real number f(z) € R such that

falz) — f(x)inR.

n—oo

So, we fix n € N and by passing to the limit m — +o0, it comes that

[fo = Sl <e,

which ensures that f,, converges uniformly towards f on [0, 1] so that f is continuous i.e.
f € C(0,1]) then
li n— ~ = 0.
Jim S = Sl
2- We give an example showing that C ([0, 1]) equipped with the norm of L' ([0,1])
defined by || f|l;. = fol | f(x)| dx, is not a Banach space.

For each n € N, we consider the function

nx, if0§x<%
fn(m):

1, ifl<z<1

We have the sequence (f,) is Cauchy with respect to the norm of L' ([0,1]) but it
converges towards
0, ifxz=0
1, fo<a<l1

fx) =

which is not continuous i.e. f ¢ C (]0,1]), so the space C ([0, 1]) equipped with the norm
of L' ([0, 1]) is not a Banach space.

Exercise 1.5.5 Let f € L?*(R"). We put for x > 0,
1 xr
F@%:—/jWMt
T Jo
1- Prove that

(/ zf(t)dt)Q <23 [ Vilf)a
2- Deduce that F € L*(RY).
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1.5. Corrected exercises

Solution:

Let f € L*(RT). We put for x > 0

1- We demonstrate that

( / xf(t)dt)Q <2 [ Vilfa

We use the Cauchy Schwarz inequality

[ iatomona < ([ a0 |dzf)l(/0‘7”|h<t>|2dt)é

To do this, we must write

F(t) = g(t)h(t) with h2() = VE[F(0)]

Therefore, we have

/Oxf(t)dt = /Oxtitif(t)dt

— (/jf(t)dt)z < 2\/5/0$\/¥|f(t)]2dt.

2- We deduce that F' € L*(R") i.e. 0+°° |F(z)|? dz < 0.

For this we have

/:OO]F(QJ)Fdx _ /;Oo%(/:f(t)dtym
2/+oo 13 (/ VEIf(t) |dt) dz.

IN
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1.5. Corrected exercises

We apply the Fubini-Tonelli theorem. The condition x > 0 and ¢ € [0, x] translates into
t >0 and z € [t,+00], we find

+oo +oo +oo 1 2
[Twere < o [T viger ([ ) a
0 0 t X2

“+o0o

2/ tz [f(H)]° x 2t 2dt
0+oo

4/ F(0)2 dt < oo,
0

IN

IN

We deduce that
F e L*(R") and ||F||, < 2]f],.

Exercise 1.5.6 1- Calculate

1= | | et

such that D = {(z,y) : 0 < x < y}.

2- Show that we cannot apply Fubini’s theorem for the calculation of
z? — 2
// CCENTE — 5y drdy with D =0, 1]°.
Solution:

1- The function (z;y) +— ] is continuous and positive on D, therefore measur-

1
(1+22)(1+y2
able, we can therefore apply Fubini’s theorem. Then x varies from 0 to y with y a positive

real number.

[ | armartey - /: L wraarme) @
= /O ((1—1——1y2) [arctanx]g) dy
[(arctan y)2] o
2

0

71.2

g.
So

I // L dudy — ™
= Xx = —,
b A1+ VT8

31



1.6. Suggested exercises

2 2

2- We put f(z,y) = (;24_;52)2 and we calculate the two integrals

/01 (/Olf(x,y)dx) dy and /01 (/Olf(x,y)dy) .

So
1 1 2 1
2x 1
x,y)dr = — dx — —dr
A'ﬂ v) A (2 + 42)? A 2+
1 1 1
—T 1 1
N — de - ———d
[932+y2]0+/o R /0 PR
B 1
1y
So

/01 (/Olf(w,y)dw) dy:/ol—ljygdyz—%-

In the same way we calculate the other integral and we will find

/01 (/Olf(x,y)dy) dx:/ol 1—1—1:1:2d$:£

These results show us that Fubini’s theorem does not apply to this integral, because the

function f ¢ L'(]0,1]?). Indeed, by passing to polar coordinates we find

27 1 2
//f(a:,y)da:dy:/ /Mdrd&
D 0 0 r

1.6 Suggested exercises

Exercise 1.6.1 Let f : R — R be defined by

% if0<zx <1
0, ifx<0

o fa) =

1- Find the value of o such that f € L3 (]—o00,1]).
2- Find the value of o such that f ¢ L' (]—o0,1]).

Exercise 1.6.2 Let (2, A, i) be a measured space, p € [1,400land let g € L4(Q), where q

18 the conjugate exponent of p.
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1.6. Suggested exercises

Let T : LP(Q) — C defined by T(f) = |, fgdpu.
1- Show that T' is defined and continuous. Show that |T'|| < gl -
2- Let
g(@)g(@)|"*, if g(x) #0
flw) = ! .
0, if g(z) =0

Show that || f|12, = llgll%, , Calculate T(f), deduce that |T| = gl

Exercise 1.6.3 Let f be a complex function, measurable on (R, B(R)).
1- Let 1 < a < 3 < oo. Assume that f € L*(R) N L?(R). Show that for all p € [a, 3],
we have |f|P < |f|*+ | f|°. Deduce that {p € [1,+oc[, f € LP(R)} is an interval of R.

2- Show that the application p —|| f ||e is continuous on its domain of definition.

Exercise 1.6.4 Let f € LP(R) with 1 < p < 400.
1- Show that we can define¥ x> 0, F(z) = [; f(t)dt. Justify that F(z) =40 O(zP=D/P).
2- Let € > 0. Demonstrate that there exists a > 0 such that <fa+°° |f(t)|pdt> o <e.
3- Deduce that F(x) =, o(zP~D/P).

Exercise 1.6.5 Let a,b be two real numbers with a < b and let f € L*([a,b]). Prove that

tim | f o=l f e -
p—-too

Exercise 1.6.6 1- For x > 0, calculate the integral

“+oo 1
/ 5y,
o (14914 22y)

+o0 1
/ 2nx dz.
o x°—1

2- For x > 0, calculate the integral

and deduce the value of

1
/ cos(zy)dy,
0

+oo s
sinr _
e dx,
0 x

and deduce the value of

for allt > 0.
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Chapter 2

Fourier transform

The Fourier transform is an extension for non-periodic functions of the Fourier series ex-
pansion of periodic functions. The Fourier transform associates with an integrable function
defined on the set of real numbers or that of complex numbers, a function called the Fourier
transform whose independent variable can be interpreted in physics as the frequency or the
pulsation.

When a function represents a physical phenomenon such as the state of the electromag-
netic field or the acoustic field at a point, it is called a signal and its Fourier transform is

called its spectrum.

2.1 Fourier transform for integrable functions

Definition 2.1.1 Let f € L'(R). We call the Fourier transform of the function f, the
function F(f) = f: R — C defined by

“+o00

wi— F(f)(w) = flw) = flz)e % dy, w € R.

This integral is well defined because

|f(2)e” ™| = |f(x)] and | € L'(R).

The previous definition of the Fourier transform is not always the one chosen. For

example, some authors define the Fourier transform of f by

For=—= [ st

34



2.1. Fourier transform for integrable functions

Fr= [ re s,
~ 1 [t .
flw) = — (x)e “"dx.

2r J_ o

The definition chosen may lead to changes in certain properties simply because, for
example

F)=7(5)

It is therefore always necessary to check the definition used before applying a formula.

Proposition 2.1.1 If f € L'(R), then we have

1) ]/C\ is a continuous and bounded function on R.

2 |7 < s,
3) wlig;of(w) = 0.

Proof. We have f(w) = fj;o f(x)e ™2 dy, w € R.

1) The function under the integral sign is continuous for almost all x € R and is mea-
surable for all w € R. Furthermore we have |f(z)e 2"“*| = | f(z)|,Vw € R.

We know that |f(z)| € L'(R) and according to the continuity theorem for functions by

an integral the function f is continuous. Moreover we have

’f(w)‘ < /R ()| dz = ||f]l,,Vw € R,

which shows that fis bounded.
2)
7] =su || < [ 1#@do =111,

w€eR

~

3) We now show that lim f(w) = 0.
We know that the space of stepped functions with bounded support on R is dense in
LY(R), i.e. for any function f € L'(R) and Ve > 0, we can find a stepped function ¢ such

as
g
1 =l < 5
with .
P(r) = Ciljay_y0n(2), V2 € R,
k=1
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2.1. Fourier transform for integrable functions

where C1,Cy, ...,Cy € R and [ay_1, ],k = 1,2, ...,n are intervals.

Let us first calculate the Fourier transform of ¢

Pw) = /R D Ciliay (@) > da

k=1

n a
_ ch/ efQﬂiw:cdx
k=1 Fk—1
n

-1 }
— C —2Tiwx
> C [QM'we }

k=1

€75

A —1

— § Z_k (6—27riwak _ 6—27riwak_1>
2mw

Which implies that

So

i.e. for w — 00, we have

Therefore

i.e.

Example 2.1.1 Gate function
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2.1. Fourier transform for integrable functions

Let a > 0, the gate function is defined by

L if |z[<a

Ha(l‘) - .
0, if |x|]>a

Let’s calculate its Fourier transform

II,(w) = / I, (z)e ™ dy

o

“+a
— / e—27rmmnd‘r
—a

1 —2miwx]| TA

- 21w [e 2 T—L“
1 e?m'wa _

w 2

e—27riwa
w
in(2
_ sin( mua)’w%o.

Tw
If w =0, we have

I1,(0) = / dx = 2a.

a

ﬁ ( ) sin(izwa)’ Zf w 7§ 0
J(W) = )
2a, if w=0

Example 2.1.2 Exponential function
Let a > 0, the exponential function be defined by

flz) = el

Let’s calculate its Fourier transform
+o00

flw) = (e)e 2w d

—0o0

400
_ / e—a\x|€—27mwxdx

o

0 ] +o00 )
_ / e(a727mw):cdx +/ 67(a+2mw)xdx
0

—0o0

_ 1 [e(a—Zwiw)x} 0 1

a — 2miw —o g + 2miw
1 n 1

a—2mw  a+ 2miw
2a

a? + 4m2w?’

[6—(a+27riw)a:] goo
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2.2. Cosine and Sine-Fourier transforms

2.2 Cosine and Sine-Fourier transforms

Definition 2.2.1 If the function f(x) is real and even, the Fourier transform of f(z)is a

real and even function. We call the cosine-Fourier transform of f(x), the function

flw)=2 ; N (x) cos(2rwz)dx.

Indeed, by separating the domain of integration into R = R~ UR™, it comes by making

the change of variable { = —x in the first integral

~ 0 . +oo .
f(w) — /; f(x)efZWlwmdx 4 i f(x)€727rzwxdx

0 +o0
- _ f(_t)627rzwtdt 4 (x)6727rzwxdx
+o00 0
+o0 ) +oc0 )
— (:E)€27rzwxdx + (l,)ef%mwzdz,
0 0
+oo 2miwe —2Tiwx
= 2 (x) (6 te > dx
0 2
“+oo
= 2 (x) cos(2mwz)dz.

0

Since the cosine function is even, we have f(—w) = f(w), and obviously f(w) is real.
T

-~

A similar reasoning allows us to conclude that if f(x) is imaginary and even, then f(w)

will be imaginary and even.

Definition 2.2.2 Similarly, if f(x) is real and odd, then the Fourier transform of f(x) is

imaginary and even. We call the sine-Fourier transform of f(x), the function
flw)=—2i (x) sin(2rwz)dz.
0
Indeed

0 400
flw) = /_ f(z)e ™ dy + i f(z)e 2™ dy;

0 +o0
- _ f(_t)€27riwtdt 4 (x)e_%iwmdx
+o0 0
+oo ] +00 )
- _ (.’17)627”wxd$ 4 (‘T)efQﬂ"wadx
0 0

400 2miwr __ ,—2miwx
= —2i (x) (e ‘ ) dx
21

0
+00
= —2i (x) sin(2rwz)dz.
0
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2.3. Properties of Fourier transform

Since the sine function is odd, we have fA(—w) = f(w), and fA(w) is clearly imaginary.

-~

A similar reasoning allows us to conclude that if f(x) is imaginary and odd, then f(w)

will be real and even.

2.3 Properties of Fourier transform

2.3.1 Linearity

Theorem 2.3.1 Let f and g be two functions that admit a Fourier transform, then for all

real numbers o and 3, we have

Flaf +Bg)(w) = aF(f)(w) + F(g)(w).

Proof. According to the definition of the Fourier transform, we have

Foo .
Flof +g)w) = / (af + Bg)(z)e " da

[e.e]

400 400
= a f(z)e 2y, —I—ﬁ/ g(z)e ™ dy

— 00

= aF(f)w) + BF(g)(w).

2.3.2 Complex conjugation

Theorem 2.3.2 Let f be a function that admits a Fourier transform. Then f :x — f(x)

also admits a Fourier transform and

F(fa)(w) = f(-w).

Proof. We have

+o0

F(f(@))(w) = f(z)e 2™ dy

|
—

o)
—+00

f(.r)eQmwa:dx

—00

(—w)-

Il
=)



2.3. Properties of Fourier transform

2.3.3 Translation

Theorem 2.3.3 Let [ be a function that admits a Fourier transform and a € R. Then the

Fourier transform of a translated function of a is given by
Fl(pal)@)(w) = F(f(z — a))(w) = e > f(w).
where (p,f)(z) = f(z — a).

Proof. With the change of variable y = x — a, we find

+o00

f(f(x - (l))(w) = f(x _ a/)e—Qﬂ'iw:de
oo

= fly)e 2mtalgy

+oo
— 67271'10.)(1 f<y>672mwydy

— 6727riwa A(CU).

2.3.4 Change of scale

Theorem 2.3.4 Let f be a function that admits a Fourier transform and \ € R. Then the
Fourier transform of a function whose variable undergoes a change of scale of ratio A > 0,
s gwen by

Fl(hNa)(w) = FUO0)@) =757 (5).
where (hyf)(x) = f(A\x).

Proof. We have
“+o00

F(f(Ar))(w) = f(Ax)e 2wy

— 00

There are two cases

1) If A > 0 we put y = \z = dy = A\dz, then

FUOo)) = [ flgemert!

1 [t

= 3 fly)e ™3 dy

- 1)
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2.3. Properties of Fourier transform

2) If A <0, then

FEO)w) = [ fwe szy
+]_oo +o00 oy
- . f(y)e rdy
1~/w
= /()

Finally, we have

2.3.5 Modulation

Theorem 2.3.5 Let f be a function that admits a Fourier transform and wy € R. Then the

—2miwoT s given by

Fourier transform of a signal f(x) modulated by e

F(e 0" f (@) (w) = f (w = wo) -

This property is shown by recognizing the Fourier transform of f(x) where w is replaced

by w — wo.
Proof. We have

727rzw0xf ) 72m'wzdx

Flemmeorf(z)(w) =

— / 727rzwxef2ﬂ'zwoxdx
f w —

—271'2 (w— wO)xde’

Cdg)

2.3.6 Convolution

Theorem 2.3.6 Let f and g be two functions that admit a Fourier transform, then the

Fourier transform of a convolution product of two functions f x g is the usual product of the
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2.3. Properties of Fourier transform

Fourier transforms of each function and we have
F((f*9) (@) (w) = [(@)F @),

Proof. The definition of the convolution product of f and ¢ is given by

“+o00

(fxg)(x) = f(t)g(z —t)dt.

Then
Fie o)) = [ (g e mwds
= /_ :o ( _:O ft)g(x — t)dt) e 2T

Applying Fubini’s theorem, we obtain

A ) = [ 10 (f g e i ) .

(e 9]

We put y = x — t = dy = dx, then we have

A = [ 5 (f ” o)y )

_+oo - +oo
— i f(t)ef%riwtdt % /; g(y)ef%riwydy
= fW)gw)-

2.3.7 Fourier transform of the derivative of a function

Theorem 2.3.7 Let f be a function of class C' that admits a Fourier transform. Further
assume that lim f(z) = 0. Then the Fourier transform of the derivative f'(x) of the function

f(z) is given by the following relation

F(f'(2)(w) = 2miwf (w).
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2.3. Properties of Fourier transform

Proof. We have

+oo )
F(f'(@)(w) = f(x)e ™" dw
_ 1 —omiwz] TA . oo —27riwacd I : b
= Jim [f(2)e 17+ 2miw i f(z)e x (Integration by part)

+o0

= 0+ 27riw/ f(z)e 2™ dy,
= 2m'w]?(w).

|

Corollary 2.3.1 Let f be a function of class C* and admitting a Fourier transform. Sup-
pose that liril f®(z) = 0. for 0 < k < n. Then the Fourier transform of the derivative
T— 00

f™(z) of the function f(x) is given by the following relation
F(f™ () (w) = (2miw)" f (@)

Proof. This relation can be demonstrated by recurrence. m

2.3.8 Derivation of the Fourier transform

Theorem 2.3.8 Let f € L'(R). If zf(z) € L*(R), then [ is differentiable and the deriva-

tion of fA(w) with respect to the variable w gives

L F(w) = F(-2miz () ().

Also, if z"f(x) € L*(R), then

dr -~

(@) = Fl(~2ria)" () ().
Proof. We have

d N _ d e —27r7lwxd

ol W= N f(x)e .

As |-2miz f(z)e ?™?| = 27 |z f(z)| and by hypothesis zf(z) € L'(R), then according

to the theorem of derivation under the integral sign we have

d ~ o g ’
L@ = [ e

o

“+o0o
= / —2mix f(z)e 2" dy

—00

F(=2mizf(z))(w).
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2.4. Inverse Fourier transform

More generally z" f(z) € L'(R), we can show by recurrence that
d’n

dw™

f(w) = F((=2miz)" f(x))(w)-

2.4 Inverse Fourier transform

Definition 2.4.1 Let f be a function in L*(R). We call the inverse Fourier transform of f
denoted F~1 such that if f(w) = F(f(z))(w), then f(x) is the inverse Fourier transform

of f(w) . In other words, we have the equivalence

fw)=F(f@)(w) & fz) = FHf ().

The inverse Fourier transform is defined by

—+o00

fl@)=F U (f(w) = F(w) e e,

—0o0

More generally if f is not continuous at xoy we have

e A(w) e27riw:pdw _ f(l’o + O) + f(l’o B 0)
oo 2 ,

where

f(zo+0) = lim f(zo + h) and f(zo — 0) = lim f(zo + h),

h30 hS0
are the limits to the right and left of f(z).

Exercise 2.4.1 1) Find the Fourier transform of the function f defined by

1, if |z|<a
Fa) = f |zl

0, if |z|>a

2) Using the inverse Fourier transform, calculate the integral

too 2 in(2
/ cos(2mwz) sin( Wwa)dw
0 w

3) Deduce the value of the integral
+00 3
/ sin(x) .
0 x
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2.4. Inverse Fourier transform

Solution: 1) The Fourier transform of f is

—~ oo , +a ‘ in(2
f (CU) — f(x)e_Qmw”"dx — / 6—27rzwacdx — Sln( mua) LW ?é 0.
) —a W

—+00 -
s / e (1) dw = f(x)

+oo in(2 1, if |z]<a
& / (cos(2mwz) + isin(2mw)) de = l«
o mw 0, if |z|>a
Which implies that
N /+°° cos(2mwz) sin(2rwa) i jLZ,/Jroo sin(2mwz) sin(27rwa)dw L if |z|<a
—00 W J—oo W 0, if |l’| >a
g
+0o0 2 in(2 m, if |zl <a
:/ cos(2mwx) sin( Wwa)dw _ |z '
—o0 W 0, if |z|>a
3) For 2 = 0 and a = 5-, then we have
/+°<> Sin(w)dw = T=2 /+°° Sin(w)dw =T
oo W 0 w
+oo i
o [,
0 w 2

We put w = z, we get

Proof. We have
+oo
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2.5. Fourier transform for square-summable functions

and
FUF@) = i@ = [ F)erd
So
feo) = [T
- F(F W)

Finally, we have

2.5 Fourier transform for square-summable functions

Proposition 2.5.1 Let f and g be two functions of L'(R). We have fg and fg are in L*(R)

Aﬂmmmmzéﬂmmmm

Proof. We have f,g € L}(R) and according to Proposition 2.1.1 we have g is bounded,
therefore fg € L'(R). Similarly fg € L'(R) (by hypothesis).

and

We apply Fubini’s theorem and we get

Aj@m@w:= @ ([ot
I o[-
= (w) flw)

—2miwx dCU) dl‘

Proposition 2.5.2 (Parseval-Plancherel Equality)
Let f and g be two piecewise C* functions, absolutely integrable and square summable

over R. Then we have Parseval’s equality



2.5. Fourier transform for square-summable functions

Proposition 2.5.3 In particular (taking f = g), we obtain Plancherel’s identity

Jir@r = [ |7 a

-~

Proof. Let us apply Proposition 2.5.1, we put h(w) = g(w), so we have

/R Flw)@)dw = /R Flw)h(w)dw = /R F@)h(a)dz.

But

h(w) =

<)
£

g (SL‘) 6727riw:cdx

g (l,)e%riwmdl,

I
—

|

Il
Q
0

8
S~—

According to Proposition 2.4.1 we have

—
—

h(z) = g(—2) = g(2),

which implies that

Exercise 2.5.1 We recall that the Fourier transform of function
sinz\”
o) = (22

Flw) =71 = =o)Xy 1)),

s function

From the Parseval-Plancherel equality, deduce the value of the integral

[_/+°° <sinx)4dx'
o \ T
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2.6. Applications

Solution: We have

“+o00
I:/

sin x

X

(

4
)dm

sin x

INESE

From the Parseval-Plancherel equality we have

\/+oo
—00

So it is enough to calculate

We have

So

2.6 Applications

—+o00 .
@)t = /

‘f(w) dw.

7T2/ (1 — 7 |w])?*dw
772/ (1 —7w)?
0

7T2/ (1 — 27w + m°w?)dw
0

2

2

1
371 =
o2 {w 7Tw2+7r2w—}
3 1o
1 1 1
2 2
27'(' |:}_7TP+7T ﬁ]
2T
3
. 4
2
smx) gy = 2T
T 3

2.6.1 Ordinary differential equations

The Fourier transform allows you to explicitly solve a linear differential equation by trans-

forming it into a simpler equation. For example, if the initial equation has constant coeffi-

cients, the Fourier transform of this equation is an algebraic equation. The Fourier transform

is used when the equation is set over all R.

If the data in the equation are periodic, Fourier
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2.6. Applications

series are used instead. If the equation is set over a half-line with initial conditions for the
desired solution, the Laplace transform is used instead.
To solve linear differential equations with constant coefficients, the following properties

of the Fourier transform are used.

Proposition 2.6.1 Let f,g: R — C be integrable f i fA and g 9, g. Then

;lf = (2miw) f(w) ;

&Ef F o n

75 (2miw) f (W) = ~4r" f (),
df r N3 TN 3 F
75 (2miw) f (W) = —8r%i’ f (w),

Proof. Use the definition of F and the integration by parts formula. =

Proposition 2.6.2 Let f : R — C integrable f — j? Then
df

)

dw

( )
—1af

42 de

Proof. Use the definition of F and the formula zre ?™** = %8% (e7?™we) " and the

l
2

vf(z) 5

properties of integrals depending on a parameter. m

Example 2.6.1 Find a function f : R — C integrable on R such that

P f(@)
dx?

+ f(z)=e",x R
The Fourier transform of the above equation is written as
4772w2]/”\(w) + J?(w) =F (€7w2> 5

where the unknown is f = F(f). We deduce that

F@ = gy ()

- %]-" () F ().
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2.6. Applications

The last equality being a consequence of e ! EiR 2 (see Example 2.1.2).

1+(27w)?
Therefore

_ 2
(e |’”‘*e‘”>.

~

Fw)y= g7 (e ee™) = fla) =

N —

since F is injective.

Example 2.6.2 Using the Fourier transform, find a particular solution to the following

second-order differential equation
y"(z) + 27ty (z) + 27y (x) = 0. (E)

Suppose that F(y(zx)) = y(w) is the Fourier transform of y(x). Then the Fourier trans-

form of equation (E) is written

F(E) = 0 @riw)’jw)+2r (%) 2ime ()] + 275 (@) = 0
— (—Ar’w® +27) § (w) — 21wy (w) =0

— —wy (w)+ (—2mw* +1) 7 (w) = 0.
This last differential equation is linear without a right-hand side. The solution is

2 2 / 2
T(w) = kwe™ =ylr)=F 'HWw)=k <6_” ) = —2kmxe ™

= y(x) = Cze ™ with C = —2kr € R.

2.6.2 Partial differential equations

Example 2.6.3 Using the Fourier transform, determine the solution u = u(x,t) to the heat

equation

%— @ >0
o ‘o2 '

with the initial condition: u(x,0) = ug(x) where ug(z) is the temperature at time t = 0.

We put
—+00

Flule, ) (w) = (w, ) = / u(, e

— 00

Then we have

70 400 Lo A2
%(w,t) :/ %(l‘,t)e_%riwxdx = a,/oo %(x7t)6—27riwzdx‘

—00
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2.6. Applications

Taking into account Proposition 2.6.1, we obtain

a (%@’”) (w) = gfj (w,t) = / :O %(w,t)e‘z”mdx = (2miw) T (w, ),
F(Fawn) @ = oawn= [ Tt ne e = e,

Therefore, the previous equation is written in the form

%(w, t) = —4am’w’u (w, ).

By integrating this equation into the unknown u (w,t) of the variable t, we obtain

2

U (w,t) = Ce tome™t,

where
—+oco +00
u(w,0)=C= / u(z,0)e 2™ dy = / up(z)e 2 d.
— o0 —Oo
So
+oo
a (w’ t) — 6—4a7r2w2t/ uo(x)e—%rzwwdx _ €—4a7r2w2tﬂ\0(w)’
—0o0

i.e.

F (u(,1)) (w) = ¢ F (ug(x) (w)-

Since F(f xg) = F(f)F(g), we can put u(x,t) = f*g, with f = ue(z) given and g such

that

we have

+o0 2
-~ 2miwT L
g= g(w)e dw = e TearZt .

oo 47r\/ art

Finally, we get the solution

22

u(x7 t) = uo € " 16ar2t

47r\/ art
+oo (z—1)2
— U e 16ax2t d1.
47r\/ art /oo o(y) Y
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2.7. Fourier transform of usuel functions

2.7 Fourier transform of usuel functions

The following table shows the expression of Fourier transforms for some usuel functions.

Function Fourier Transform
e*“xQ, a>0 \/gexp <—”2a°’2>
el g >0 112_31%
e~ lsign(x),a > 0 a® + 4m’w
e H(z),a>0 m
. mefzmw
II(x) ‘71| sinc (£)
sin ¢ (ax) %‘H (£)
sin ¢? (ax) ‘ai'tri(g)

Table 2.1: Table of usuel Fourier transforms

2.8 Corrected exercises

Exercise 2.8.1 Let Il(x) be the rectangular (or gate) function and A(x) the triangle func-
tion, defined by

L—|z|, if |z]<1
0, if lzl=1

L if |z| <

M(z) =
0, if |z|>

and A(x) =

NI—= N

1- Compute the Fourier transforms Il(x) and A(z).
2- Deduce the Fourier transforms of the following functions

i) ) (i)Y

T T

a) H(“;‘Q”), b) (¢ +1) (), ¢

3- Using Parsevals identity, deduce the values of the integrals

/(sm(ﬂx)) dx, forn =24.
R T

Solution:
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2.8. Corrected exercises

1) We compute the Fourier transform of II(x) and A(z), for this we have

M(w) = / (z)e ™ dy
b
— / 6727T1wxdx
4
1 |2
— . : 6727mwz
{ 2miw }1
2
— 1 [efﬂ'iw o erriw]
2miw ‘
B 1 eTiw _ p¥miw
Cfw 2
_ sin(mu)’ ifw £ 0.
w
For w = 0, we have I1(0) = 1.
Since A(z) is even then
Aw) = 2/ A(z) cos(2rwz)dx
0
= 2/ (1 — z)cos(2mwz)dz.
0 R/—/W_/
Integration by parts gives
Alw) = 2/ A(z) cos(2mwz)dx
0
~[2(1 — 2)sin(27wr) !
B 2w
1 1
= — |——— cos(2nwzx)
W 2mw 0
1 1 — cos(2mw)
T w22 2
sin?(7w)

For w = 0, we have 3(0) =

m202

()

1.

, ifw#0.

2) We deduce the Fourier transform of

53
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} + / sin(2nwz)dx
0 21w Jo



2.8. Corrected exercises

1
a) 11 (a:—2|— > , for this we have

() -n (56— ),
(2) - o)

= F <h% (90_11_[) ($)> (w)
— 9 (go/_l\ﬂ) (2w)
= 272N (2u)

then

_ gimis sin(27w)
2w
4miw Sin(QWw)
e R
W

b) (x + 1) II(z), for this we have

(2 + 1) TI(x) = oT1(z) + TI(x),

then
F(x+1) () = F(all(z)+(x))
= F(zll(z)) + F (I(x))
1 d =~ ~
= —%%H(w)—kﬂ(w)
1 d sin(rw) = sin(mw)
T Tmide mw | w
_ sin(rw)  cos(mw) | sin(7mw)
2im2w?  2irw + Tw
c) sinizm)) we have the property
F(F ([(2))) (@) = T(w)
then

P (ﬂ) () = (=) = TI(z),

™

because II(z) is an even function.
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2.8. Corrected exercises

sin(mx)

So the Fourier transform of , is ginen by

sin(mx) ) = Ti(w) = 1, if |w| <
F< T )()H() {0, it Jw| >

. 2
d) (sm(ﬂx)) we have the property

NI— DN

™

then

because A(z) is an even function.
sin(mz)

2
So the Fourier transform of ( ) , is ginen by
T

sin(ﬂ'gj) 2 W) = Alw) — 1—‘&]‘, if |w|<1
F(( M)>() ) {o, i w|>1

3) We use the Parseval identity and have

_Forn =2
/R (Sin;;m)>2d$ - /R (I(w))? dw
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2.8. Corrected exercises

o

I
— S— 5—
E
S
~
£

(1+w)2dw+/1(1—w)2dw

—_

1
(1+2w+w2)dw+/ (1—2w+w2)dw
0

PN I AN
E— E— w__ E—
> "3, 2 3,

1 Il
IS .L\o

[GSR )

Exercise 2.8.2 Let f € L'(R).
1- Using the Fourier transform, show that there does not exist any function g € L*(R)

such that, for all f € L*(R)
gxf=1

2- Solve in L*(R) the convolution equation
fxf=17

Solution:
1- By the absurd, we suppose that there exists g € L*(R) such that g * f = f.

We apply the Fourier transform we obtain

Flg*[f)w)=F(f) W)

g(w) = 1 is a contradiction, because g € L*(R) and lim g(w) = 0, so there is no

w—>F00

g € L'(R) so that we have g x f = f.
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2.8. Corrected exercises

2- We solve the convolution equation f * f = f.

By applying the Fourier transform we find

~

f(w) =1 is impossible, because f € L'(R) and lim f(w) =0, then

w—F00

flw)=0= f=0aeonR.

Exercise 2.8.3 Let f be the function defined on R by f(x) = e ™
1- Verify that f is the solution to the differential equation

f'(z) + 2wz f(x) =0. (1)

~

2- By applying the Fourier transform to equation (1); show that f(w) satisfies a first-
order differential equation, which you should determine.

3- Solve this di erential equation and determine f(w) knowing that fR e g = 1.

Solution:

1- Let f(x) = e ™", we have
f(z)+2rzf(x) =0

2\ 2 2 R
- <e ”) + 2rxe” ™ = 27rxe” ™ 4 2mze ™ = 0.

2- Applying the Fourier transform to the equation (1), we get
F(f'(x) + 2nzf(x)) (w) =0

— F (f'(2)) (W) + 20 F (2f(z)) (w) =0
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2.8. Corrected exercises

271 dw

— (@rie) ) + 27 (g L)) =0

-~ ~

— %f(w) + 27w f(w) = 0.

3- We solve equation (1). For this, we have

~ ~

%f(w) +21wf(w) =0

d ~ ~
—Fw) = ~2mwfw)

—

— In ‘f(w)‘ = —mw?+C/C eR.

— f(w)=Ke ™ /K =¢ €R.

-~

We have f(0) = K and

7o) = / F(z)e 20 gy = / f()ds

ziKzéﬂmm:AeMM:L

So, the solution of equation (1), is
flw)=eT".

Exercise 2.8.4 Let f(z) = el for a > 0
1- Compute its Fourier transform.
2- Deduce the Fourier transform of the function

1
— .
1+ 22

g:x

3- Compute the convolution f * f and deduce the Fourier transform of the function

1
(1+a2)°

Tr —
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2.8. Corrected exercises

4- Determine the Fourier transform of the function

e
(1+22)*

Tr —

Solution:

1- We compute the Fourier transform

fa) = J—alal _ e” ™ if x>0,

e if x <.

Using the definition of the Fourier transform, we get

=)
E
I

/ f($>€—27riw;tdx
R
0

“+o00
— / eax672mwxd:€ 4 / 67ax672mwxdx
—00 0

0 ) +o00 )
— / e(aszw)xdx_i_/ ef(a+2mw)dx
0

—00

1 10 1 310
— (a—2miw)x . —(a+2miw)x
[a—Qm’we }_OOjL [ a — 2miw" .
B 1 n 1
4 —2miw  a+ 2miw
B 2a
o + 4Am2w?’
So
-~ 2a
fw) a? + 4m2w?’
2- For a = 27, we have
~ 47
fw) 472 + 472w
11
orl4w?

So its Fourier transform is f(—x) = e~27lel.

Thus the Fourier transform of function z — e is function
T

w — e 2l
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2.8. Corrected exercises

3- We calculate the convolution product

400

(f*f)(z) = fle=y)f(y)dy
o

_ / ¢—alo=lg=alsl g
o

_ / e=allz=yl+1ul) g

0 +o00
_ / e=alo=sl=lu gy, 4 / e~allo=uiluD gy
—00 0

If x > 0, we have

0 T 400
(f*xf)(z)= / e~ @2 gy +/ e“dy +/ e~ =0 gy,
0 T

—00

Because

r—y, if y<u,
|z —y| = ,
y—x, if y>uzx.

1 0 1 e
—alx—2 axrlx —a(2y—=x
(ef)@) = ™| e gt
- e—a$+ aw_l_e—al'
 2a e 2a

1
= e_‘“‘(£+—), a > 0.
a

The function f is even, so is f * f.

Indeed,

Genea = [ " H (e = ) F =)y

We deduce that
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2.8. Corrected exercises

The Fourier transform of f * f is

(F7) @ = Fwiw
- 2
= (F)
B 4a?
(a2 + 472w?)*
For a = 27, we have
— 1672
(F+7) @) = ;
(42 4 4m2w?)
B 1672
1674 (1 4 w?)®
1 1
7 (14 w2)2'
We apply the inverse Fourier transform, we obtain the Fourier transform of the function
1
r — ————— is the function
(1+2?)

o= (e f) @) = (ol + ).

x
4- we determine the Fourier transform of x — —.
(1+22)
—2x
Note that the derivative of x — 5 is1 — —-—73.
+a (14 22)

Then

) - (=) v

Exercise 2.8.5 Consider the integral equation

e f) 1
ﬁdt: 5 2f0T0<(I<b,
(x—1t)2+a x2+b

with f is assumed to be absolutely integrable and bounded.

Determine the Fourier transform of f and then deduce f.
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2.8. Corrected exercises

Solution:

Let the equation

e f(t) o1 %
/_OO (x—t)2+a2dt_x2+b2’ )

We express (*) as a convolution equation.

for 0 < a < b.

Let’s set
so we have

Indeed

22 + b2
= g(t).

We determine the Fourier transform of f and then we deduce f. For this we have

(Fra)®) = o) = (Fre.) @ =g

= [(Wh(w) = Gw)
n 9 (w)
- ( ) gtl(“).

We compute g, (w) and g,(w).

We have

1 1
"= TE TG (1+ ")

According to the exercise 2.8.4, we have

1 _ —27|w|
.7:(1+t2)(w)—7re :

So



2.8. Corrected exercises

Then we have
—27b|w|

lw) = plw)  3e

_a
- @(w) - §€f2ﬂ'b\w\ - b

We apply the inverse Fourier transform, we obtain

6—27r(b—a)\w\ )

Flw) = F (1)) (@) = Fem2ro-ol

Hence
a(b — a)

ft) = br [t2—|— (b—a)ﬂ'

Exercise 2.8.6 Let a €]0,+00[. Consider the functions defined on R by

:Ck

Ja(®) = e Ao 400((7) and pp(x) = o

fa(x).

1- Compute F(fo(x))(w) and deduce F(p,(x))(w).
2- Let g, be the function defined by

9a(2) = fol@) + fal—2).
Determine F(ga(x))(w) and deduce the value of the integral

+00
/ cos(&) dx, where £ € R.
0 14 22

Solution:

1- We compute F(f,(x))(w).

We have

e if z €]0, 400,

a =e X %) -
fol@) = € Ao 4ool() 0, if z¢]0,+ool.
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2.8. Corrected exercises

Then, we have
+o0
S A
0

+o0 ]
_ / 6—(a+27rzw)xdx
0

1 oo
— . 67(a+27riw):p
a + 2miw 0
B 1
a4+ 27w’
So
~ 1
Jalw) = a+ 2miw’
We deduce F (@, (z))(w)
We have
d® ok
mfa(w) = F((—=2miz)" fo(x))(w)
1 d®

I‘k
L e = cmit# () @

o (k) <
= 7 (540) ©) = Fa)e) = i o)

We use the successive derivative, we obtain

d® (—2mi)" 1!
—fulw) = —F—,
dw (a + 2miw)
ﬁf W) = (—2mi)* 2!
dw?”* (a + 2miw)®’
@f ) - (—2mi)* 3!
dw3”* (a + 2miw)*’
@f( ) - (—2mi)" k! |
dwk " (a + 2miw)*
So we have
- 1 d®)
B 1 (—27i)" k!
(—27Tl)k]€' (a + 27r@'w)k+1
1
B (a + 2miw)*
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2.8. Corrected exercises

cos(&x)

14 22

“+o0o
2- We determine F(g,(z))(w) and deduce the value of the integral / dx, where
0

EeR.

For this, we have

Flga(@))(w) = F(fal2))(w) + F(fa(=2))(w)
= fa(w) + fu(—w)

B 1 1
o+ 2miw  a— 2miw
B 2a

a4 4202

To deduce the value of the integral, we use the inverse Fourier transform, so we have

ga(z) = F_l(/g\a<w))
= /R e?rG (W) dw

= /R(cos(27rwx) + i sin(27wz)) Go(w)dw = go(x) = e,

Because

ga() = fal2) + fa(=7)

e if >0 e if x <0
= —Iv— = €

0, if x<0 0, if >0

—alz

Because the function cos(27wz) is even and sin(27wz) is odd, then we have

+o0
2/ cos(2mw )G (w)dw = e~
0

. /+oo (2 ) 2a d —alz|
cos(2mwr)—————dw =€
0 a? + 4m2w?
—+o00
cos(2mwzx
- 4a/ #dw = el
o a?+4r%w?

Let’s choose a = 27 and & = 27, we obtain

—+o0o
87r/ de _ o2zl — -kl
0
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2.9. Suggested exercises

—+o00
_ 8 / COS<€°~;>dw _
0

472 1+w
:>/+°° cos(¢ T g
= —e L
1 +w2 2
We put w = z, we get
+oo
/ Mdl’ — ze—lf\’ 5 c R.
0 1+ 2?2 2

2.9 Suggested exercises

Exercise 2.9.1 Determine the Fourier transforms of the following functions

1- x — ]I[—T,T] (.CC)
P sm(x)

B—xr—>exp( )
1

.

Tml4+ 22

Exercise 2.9.2 Let f,g € L'(R"), we denote by f the Fourier transform defined by

f) = [ fl@)e v da,
R"l
where (.,.) denotes the scalar product of R"™. Show that
1- fRn r)dr = [, Fl2)g(z)dz.

9 Jrg= fg
Exercise 2.9.3 Consider the following functional equation
f@)+ A(f(z = 1) + fz+1) = u(z),

where u(z) is a known function absolutely integrable over R and A is a constant.
Assume that the Fourier transform of the function f and its inverse exist.

Determine f(x) in integral form. What condition must A satisfy?
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2.9. Suggested exercises

Exercise 2.9.4 Let f and g be two absolutely square-integrable functions on R. The corre-

lation function @, () of f(x) and g(x) is defined by

04y(z) = / (gl + y)dy.

1- Show that

+oo —

Prg (z) = f(w)/g\(w)ezmwdw.

—0o0

2- Deduce Parseval’s identity

:o fA(z)dx = /+OO ‘f(u))r dw.

—00

+oo :..2
sin“t
/ il
oo 12

Exercise 2.9.5 Use the Fourier transform with respect to x to solve the Laplace equation

3- Calculate the integral

Pu  O%u

o2 "o 0

0
where y > 0 with a—u — 0 and u — 0 when ||(z,y)| — +oo,
T

Lof |zl <1

u(z,0) = .
0, if |z[>1

Exercise 2.9.6 Using the Fourier transform, solve the following integral equation

f@ =g+ [ K- piwa

o0

where g and k are known functions and their Fourier transforms G and IC, respectively.
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Chapter 3

Laplace transform

Mathematicians have invented many integral transformations of a function, among which
we have seen the Fourier transforms. Another widely used transformation is the Laplace
transform. Laplace transforms are cousins of the Fourier transforms. Their relationship
is that of the exponential function and the sine or cosine function. The most interesting
property of the Laplace transform is that integration and differentiation become divisions
and multiplications. The Laplace transform, for example, allows us to reduce the resolution
of linear differential equations with constant coefficients to the resolution of affine equations.
This transformation is widely used to solve equations and differential systems, particularly
in electricity, electronics, heat theory, and signal theory. In this chapter, we present the

Laplace transform and some interesting characteristics.

3.1 Definition and existence of the Laplace transform

Definition 3.1.1 Let f(t) be a function of t, defined for t > 0. We define and denote by
L(f)(p) = F(p) the Laplace transform of f(t) as follows
+o0o

L(f)(p)=F(p) = f(t)edt,

0
where p is called the Laplace variable, f is called the origin of F' and F is the image of f
(or Laplace transform of f).
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3.1. Definition and existence of the Laplace transform

Remark 3.1.1 1) The new variable p belongs to C.

2) The Laplace transform F(p) does not always exist. For example, it is easy to show

that the integral f(t) = €' is undefined.
Now, we will give conditions that guarantee the existence of f0+°° f(t)e Pdt.

Definition 3.1.2 We say that [ is of exponential order «, if there exist constants M > 0
such that
|f(t)| < Me™, for allt > 0.

Intuitively, this means that from a certain value of t(= N), f(t) cannot grow faster than
an exponential Me®, therefore

lim e *f(t) = 0.

t—-+o0

Example 3.1.1 - f(t) = t? is of exponential order 1,2,3, ... since
2<e<e’ <e’ <. fort>0.

- f(t) = € is not of exponential order since

3 —at

3_
ee =l

b

can become as large as we want when t increases (t3 grows faster than t when t — o00).

- f(t) = e is of exponential order Vt € R since
e < e fora > a.

Theorem 3.1.1 (Existence of the Laplace transform)
If f(t) is piecewise continuous on each finite interval 0 < t < N and if f(t) is of

exponential order « for t > N, then the Laplace transform F(p) exists for all Re(p) > «.
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3.2. Examples of Laplace transform of elementary functions

Proof. Let p = x + iy € C, we have

—+00

[F(p)| =

[ roeran

+oo

/ ‘f(t)e—(ac-i—iy)t‘ dt
0+C><> |

/0 £ || at
+oo

| e ar
0

—+o00
< Me®te%tdt

0
+oo
M / e~ (Tt gy
0
1 +eo
M

|:_ e (ac—oz)t:|
r— 0

M

r—a

IN

IN

IN

IN

<

<

Hence, the integral exists for x = Re(p) > o. =

3.2 Examples of Laplace transform of elementary func-
tions
1) Heaviside function: Let the function H(¢) be defined by the following

1, if >0,
0, if t<0.

H(t) =

The Laplace transform of H(t), is compute as follows

L(H)(p) = +0° H(t)e P'dt

0

+o0o
= / e Ptdt
0

“+00
=N
p 0
1
p
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3.3. Properties of the Laplace transform

2) Exponential function: Let

e, if t>0,
0, if t<0.

ft) =

The Laplace transform of f(¢), is compute as follows
+o0

L) = f(t)e M dt

0

“+00
= / eXe Pt
0
400
= / e (P=) gt
0

I
|
—_
Cb‘
i
Q
=
1
+
3

3.3 Properties of the Laplace transform

3.3.1 Linearity

Theorem 3.3.1 Let f(t) and g(t) be two functions admitting Laplace transforms F(p) and
G(p), then
L(af +bg)(p) = aF(p) +bG(p), Ya,b e R.

Proof. For a,b € R, we have
+oo
Llaf +ba)p) = [ (af +1g) (e
+oo
= / (af(t)e ™ +bg(t)e ™) dt
0

+oo

+o0
= a f(t)e Pdt + b/ g(t)e Pdt
0 0

= aF(p) + bG(p).
Using this property, we can determine the sine and cosine transform
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3.3. Properties of the Laplace transform

3) Sine function: Let
f(t) = sin(at).
The Laplace transform of f(t), is compute as follows

Gsinan)p) = £ (5 ) )

We know that

L)) =
Then
Llsin(a)(p) = 5L (=) (1)
1 1 1
T2 p—ioz_p+m>

4) Consinis function: Let
f(t) = cos(at).
The Laplace transform of f(t), is compute as follows

Lleosta)) = £ (S50 ) )

We know that

at 1
L)) =
Then
1 ot —iat
L(cos(at))(p) = §£ (e +e ) (p)
1 ( 1 1 )
= = — + -
2\p—1x pHia
_ L2
2\ p?+a?
_ b
p2 _|_ 0(2
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3.3. Properties of the Laplace transform

Example 3.3.1 Compute the Laplace transform of the following function
f(t) = 4e® + 3sin(4t) — 2 cos(2t) + 6.
Using the linearity of the Laplace transform, it comes

L(f)(p) = L (4 + 3sin(4t) — 2 cos(2t) + 6)
(

= AL (") + 3L (sin(4t)) — 2L (cos(2t)) + 6L (1)
4 12 % 6

p—5 p+16 pFt+d p
3.3.2 Translation of the variable ¢t (Delay Theorem)

Theorem 3.3.2 Let a € R. If L(f) (p) = F(p) and

f(t—&), Zf t>a,

0, if t<a,

(paf)(t) {
then

Ll f(1)p) = L(f(t—a))lp)
= e PF(p), Re(p) > a.

Proof. Using the definition of the Laplace transform, we get

+o0
Clof(0)(p) = / o F()ePdt
_ / " pu (e + / " puf (et

—+00

= 0+ f(t —a)e Pdt.

We put u =t — a = du = dt, then
+oo

Lo, f(1))(p) = (w)e Pt dy

a
“+o00

= (u)e e Pldu
a
400
= e (u)e P du
a

= ¢ F(p).
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3.3. Properties of the Laplace transform

Example 3.3.2 Let us find the Laplace transform of

sin(t — %), iof t>7Z%,
g(t) ’ ’

0, if <3,

By the property of the translation of the variable t, we have

Llpgsin(t)(p) = Lisin(t - 3)(p)
= e 3PL(sin(t))

p

e
p

ol

1

+

3.3.3 Translation of the variable p (Modulation)

Theorem 3.3.3 Let 6 € C. If L(f) (p) = F(p), then we have
L f(1)(p) = F(p —9).

Proof. Using the definition of the Laplace transform, we get

L)) = / " f (bt

“+oo
_ f(t)e_pt+5tdt
o+oo
= f(t)e Py
0
= F(p—9).
[
Example 3.3.3 As
p
L(cos(2t))(p) = i F(p),

then we have

Lle "cos(2t))(p) = F(p+1)
_ptl
(p+1)>+4
p+1
p2+2p+5

74



3.3. Properties of the Laplace transform

3.3.4 Change of scale

Theorem 3.3.4 For all A > 0. If L(f) (p) = F(p), then we have

L(af)(p) = LIf(A))(p)
1 . (p
= 3 F(5)

Proof. Using the definition of the Laplace transform, we get

L(haf®)(p) = L(f(A))(p)

+o0
= f(\t)e Pidt.
0

We put u = At = du = Adt, then

“+o0

L(hf)(p) = fFM)edt
0 o
= i flu)e Axdu
1 [+ e,
= 5 i (u)e”x"du
1 . /p
=57
n
Example 3.3.4 As
£lsint)(p) = 1 = Fo)

then we have

3.3.5 Complex conjugation

Theorem 3.3.5 If L(f) (p) = F(p), then we have
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3.3. Properties of the Laplace transform

Proof. Using the definition of the Laplace transform, we get
+oo

LFB))p) = i f(t)e Pdt
= o f(t)ePidt

= F (D)

3.3.6 Laplace transform of a derivative

Laplace transform of the first derivative
Theorem 3.3.6 Let f be a continuously differentiable function. If L (f) (p) = F(p), then

L(f'(t))(p) = pF(p) — f(0).

Proof. Using the definition of the Laplace transform, we get

+0o0
L) = [ £
0
Let us integrate by part, we put
v = e = du=—pe ™
dv = f'(t)dt = v = f(t).

We find
+oo

L(f'®)p) = i f(t)e Pt

= [0 [ SOt
+o0o

= —f(0)+p i f(t)e "dt

= pF(p) - f(0).

Remark 3.3.1 If in Theorem 3.3.6, f(t) is not continuous at t = 0 but lim f(t) = f(0T)

t—0

exists (but is not equal to f(0) which may or may not exist), then

L(f'(t))(p) = pF(p) — f(0T).
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3.3. Properties of the Laplace transform

3.3.7 Generalization to higher derivatives
If f” verifies the hypotheses of Theorem 3.3.6, then we have
L)) = LIF®))p)
= pL(f'(t)) - f(07)
= p(pF(p) — f(07)) = f(0).
Hence,
L(f"()(p) = p*F(p) — pf(07) — f/(07).

We can demonstrate by recurrence that

LF™E))(p) = p"F(p) —p (07 —p" 2/ (0%) — ... — pf™=2(07) — f=D(0")

=0

33
—

ol

Special case, if
F0%) = f1(07) = f(0%) = ... = f"7D(0") =0,
then

L™ (1)) (p) = p"F(p).

3.3.8 Derivation of the Laplace transform

Proposition 3.3.1 The Laplace transform of a locally summable function is a holomorphic

function in the summability domain {p € C,Re(p) > a} and we have the formula

o) = e ar
LN L () ().

Example 3.3.5 Compute
L (t”e%) , forn=1,2.
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3.3. Properties of the Laplace transform

then we have

ceew = 5 (25)
1
(-2
and
e = 4 (5)
2
(p—2)°

Example 3.3.6 We determine the Laplace transform of t".

According to the previous proposition we have

LE () (p) = (=1)"F™(p).
Here f(t) = 1.
So
£V = (-1 (5) Relp) >0
We have
(1><"> ol
D (—1)rprtt”
Then
i 1y n!
(t )(p) - (_ ) (_1)npn+1'
Hence,
" n!
L(t")(p) = ——7:Re(p) >0
As special cases, we have
- For n = 0, we have
1
- For n =1, we have
1
- For n = 2, we have
2!
2
L(t7) = E
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3.3. Properties of the Laplace transform

- For n = 3, we have

L(t3) ==

1"

3.3.9 Laplace transform of integrals

Theorem 3.3.7 If L(f) (p) = F(p), then we have

c ( /0 tf(x)dx) ) =22

p
with Re(p) > max(0, a).

Proof. We put t
G(t) = /0 f(z)dx.
Then
G'(t) = f(t) and G(0) = 0.

L(G'(t))(p) = pL(G(t)) (p) — G(0),

which implies that

Hence, we have

Example 3.3.7 Compute
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3.3. Properties of the Laplace transform

then we have

(o) - 25

9
p(p?+4)

3.3.10 Laplace transform of a periodic function

Theorem 3.3.8 Let [ be a periodic function of period T (i.e. such that f(t+T) = f(t)),

then

UGV 0 = 17 | e ro

Proof. We can write

T 2T 3T (n+1)T
E(f(t))(p):/o e_ptf(t)dt+/ e_ptf(t)dt+/ e_ptf(t)dt+...+/ e PLF(t)dt.

T 2T nT

In the second integral, let ¢t = v+ 7', in the third integral, let t = u + 2T, etc. we obtain
T T T
L(f()(p) = / e P f(t)dt + e_pT/ e P f(u)du + e_2pT/ e P fu)du
0 0 0
T
+.. 4 e‘”pT/ e P f(u)du
0
T
= (I+e?+e 4 e / e Pt f(u)du
0
1 T
— —pt
- /O e f (1),
where we used the sum of the geometric series

L+r+r’4 . 41" =

1
if < 1.
—— if Ir|

3.3.11 Laplace transform of convolution

Theorem 3.3.9 If L(f) (p) = F(p) and L (g) (p) = G(p), then

L((f*g)(t)(p) =F(p)G(p)
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3.4. Inverse Laplace transform

Proof. Using the definition of the Laplace transform, we get

+oo
L((f*9) ) (p) = / (f + ) (e Pt

_ /0 o < ;OO F(r)glt - 7)d7> et

By setting the change of variable v = t — 7, therefore dv = dt, and by separating the

variables into two integrals, we get

L(f+9) (1) () = /+°° gyt

+o0o +oo
= / f(r)g(v)e Pre P drdv

= ([ e ([ aweran)

= F(p)G(p).

3.4 Inverse Laplace transform

Definition 3.4.1 Let F'(p) be the Laplace transform of a function f(t). We call the inverse
Laplace transform (or the original of F(p)), the function f(t) denote by

and is given by
I
16 =5 [ Fwerdp

2w J_ o
Example 3.4.1 Find the inverse Laplace transform (or original) of the following function

p+1

IR

The decomposition of F(p) is written as

A B Cp+D
Flp)=—+—5+— :
p D p*+4
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3.5. Laplace transform of usuel functions

By a simple calculation we obtain

So, we have

dp " 4p® 4\ p2+ 4
Hence,
ft) = L7 (F(p)
/1 1 1 /p+1
_ 1~ - =
=t (4p+4p2 4(p2+4))
ol (1 1., (1 1., ([ »p (1
= F <p>+4£ <p2) 1~ (p2+4) 4 P2+
= L o e - Leine
= 4 4 4COS S1n .

3.5 Laplace transform of usuel functions

The following table shows the expression of Laplace transforms for some usuel functions.
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3.6. Application to solving of differential equations

Function Laplace transform
1 1
p
1
f 7
e n!
t", n positive integer e
r 1
t".neR, n>-—1 (n+1)
pn+1
e—at 1
p+a
tefat 1 5
(p+a)
i t
sin(at) PR
p
t
cos(at) o
2
tsin(at) #
(p? +o?)
t cos(at) —— 5
(P + o?)
e~ sin(at) p2
(p+a)” +a
e~ cos(at) P —|—2a
(p+a)” + a?
—~ap
H(t —a) c
o(t) 1
ot —a) e~

Table 3.1: Table of usuel Laplace transforms

3.6 Application to solving of differential equations

3.6.1 Solving linear differential equations with constant coeffi-

cients

The Laplace transform is useful for solving linear differential equations with constant coef-

ficients
aoy(”) (t) + aly(nfl) (t) + agy("’z) (t) + ...+ any(t) = f<t> (1)
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3.6. Application to solving of differential equations

We want to find the solution to this equation y = y(t) for ¢ > 0 and verifying the initial
conditions
y(0) = yo, ¥'(0) =y1, ¥"(0) = yz, s " V(0) = yr. (2)
The solution method consists of
- Taking the Laplace transform of both sides of the equation.
- Using the initial conditions to calculate the derivatives.
- Obtaining an algebraic equation to obtain L(y(t)) = Y (p).
- The desired solution is obtained by taking the inverse Laplace transform of Y (p).
We will now present a simpler solution method by introducing the Laplace transform.

We apply the Laplace transform to both sides of equation (1)

£ (aoy™ (1) + ary"™ V(1) + agy" D () + .. + any(t)) = L (f(2)) (p)- (3)

Using the properties of linearity, equation (3) becomes

aol (3™ (1) + ar L (y" V(1)) + a:L (y" P (1) + o+ anlly(t) = L (1) (p)- (4)

Knowing that

n—1

Ly™(®)(p) =p"Ly(t) =Y _p " FyP(0").

k=0
We substitute these expressions into equation (4) to obtain an algebraic equation of the
type
L(y()(p)(®n(p)) = L(f(1)) (p) + Yn-1(p),
with ®,, a polynomial of degree n and ¥,,_; a polynomial of degree n — 1.

Then, the algebraic equation can be written in the following form

L(f#))(p) N ¥,_1(p)
®,.(p) Dn(p)

Finally, we use the inverse Laplace transform to equation (5) to determine the solution

L(y(®))(p) = (5)

y(t) of equation (1) with the initial condtions (2).

Example 3.6.1 Solve the following differential equations
1) ' (t) + y(t) = 1, with the initial condition y(0) = 0.
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3.6. Application to solving of differential equations

2) 4" (t) — 3y'(t) + 2y(t) = 4e3, with the initial conditions y(0) = 4, y'(0) = 9.
1) To solve the equation y'(t) + y(t) = 1 with y(0) = 0, follow the next step.
Let us take the Laplace transform of both members of equation and using the linearity
property, we get
Ly (8) + £ () = £(1).

According to the Laplace transform of the first derivative, we have

PL(y(t)) = y(0) + L(y(1)) = L(1).

Replacing the initial condition and by a simple calculation, we obtain

(0 +1) L(y(1) = }9
— Y(p) = L(y(t))
1
plp+1)

Applying the inverse Laplace transform we find

y(t) = LY (p)
1 1
=t (p@+U)

_ £—1<1__1 )
N p p+1

= 1—¢e".

So the solution of the differential equation y'(t) + y(t) = 1 with the initial condition
y(0) = 0, is the function
y(t)=1—e".
2) To solve the equation y"(t) — 3y (t) + 2y(t) = 4€3 with y(0) = 4, y/(0) = 9, follow the
next step.
Let us take the Laplace transform of both members of equation and using the linearity

property, we get
L(y"(t) = 3L (Y (1) + 2L (y(t) = 4L (V).
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3.7. Corrected exercises

According to the Laplace transform of the first and second derivatives, we have

P L(y(t)) = py(0) = y'(0) = 3(pL (y(t) — y(0)) + 2L (y(t)) = 4L (™) .
Replacing the initial condition and by a simple calculation, we obtain

P L(Y(1) —4p — 9 = 3pL{y(t)) + 12+ 2L (y(t)) = b3

= Y(p) = L(y(t))

dp? — 15p + 13
pP—3+2
1 1 2

p—1+p—2+p—3'
Applying the inverse Laplace transform we find
y(t) = LY (p)

1 1 2
= £}
(p—1+p—2+p—3)

— €t+€2t+2€3t'

So the solution of the differential equation y"(t) — 3y'(t) + 2y(t) = 4€3 with the initial
conditions y(0) = 4, y'(0) = 9, is the function

y(t) = e' + e + 2™,

3.7 Corrected exercises

Exercise 3.7.1 Let the Heaviside function be defined by

1, if t>0,

H(t) =
0, o t<DO.

Compute the Laplace transforms of the following functions
1-H(t—1)— H(t—2).

2- (t—2)?H(t —2).

3- i‘o (H(t —2n) — H(t — (2n +1))).
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3.7. Corrected exercises

Solution:

- H(t—1)— H(t —2).

There are three distinct cases:

-Ift <1, then H(t —1) =0 and H(t —2) = 0, and the function is zero.

-Ift € [1,2], then H(t — 1) = 1 and H(t — 2) = 0, and the function is equal to 1.
-Ift > 2, then H(t —1) =0 and H(t — 2) = 0, and the function is zero.

Therefore

2
F(p) = /e_ptdt
1

— _1672p _|_ leip
D D
eP —e2
B p
2- (t —2)*H(t — 2).
We know that
2
L) = F(p) = .

Using the translation property, we obtain

L(t—2%H(t—-2) = e *F(p)
Qe 2P

p3

3> (H(t—2n)—H(t—(2n+1))).
n=0
With the same reasoning as for the first function, we see that the function is equal to 1

on the interval of type [2n, 2n + 1] and is equal to 0 elsewhere, the calculation of the Laplace
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3.7. Corrected exercises

transform then gives

o 2n+1
F(p) = Z/ e Pt
n=0 21
oo 2n+1
= >
n=0 p 2n

I
M8
~—
s | 1

ef(2n+1)p + 162np>
p

3
Il

0

— 1 (i e 2 _ i 6(2n+1)p>
P \= n=0

1 1 e P

B 5(1—6_21)_1—6_21’)

B 1—e¢€P

 p(l—e)

Exercise 3.7.2 Let a € RT

1- Using two different methods, compute the Laplace transform of

f(t) = te™.
2- For each k € N, define the function fr : RT — R by
t*
fk;(t) = He“ .
Show by induction that
1
L(fr(t) (p) = TS

Solution:

1- By two different methods we calculate the Laplace transform of

f(t) = te™.
- 15t method:
We have
+o00
LU = [ rwera
0
+oo
= / te®e Pt
0
—+oo
= / te~ =gy,
0
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3.7. Corrected exercises

We integrate by part, we have

u = t—du=1,
dv = e Pt 4= — 1 e~ (P—a)t,
p—a
So
o] [ (p—a)t
L(f(t))(p) = {— e_p_a] +/ e WPVt
e e it I e
-0
“+00
— 1 {_ 1 e—(p—a)f}
p—al| p—a 0
B 1
(p— a)?
- 274 method:
Let
1
oft) =t = Glr) = .
So
L(te)(p) = L(e"g(t)) (p)
= G(p—a)
B 1
(p— a)®
2- Let
fi : RT =R
tk
t — fk(t) = Hea
we show by recurrence that
r B 1
(RO (0) = 7 (¥

- For k = 0, we have
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3.7. Corrected exercises

- For k = 1, we have

fi(t) = te™ = L(f1(t)) = L (te™) =

(p—1°
Then the relation (x) is true for £ =0 and k£ = 0.

Let’s suppose that (x) is true for & and we show that it is true for k + 1, so

thrl
Jea(t) = (it 1),6‘”7
which implies that
E £ tk+1 .
t) = L{———e"
(fchrl( )) ((k+ 1)!6 >
1 oo k+1 _at —pt
_ at ,—p
— (k+1)!/0 tPT e e P dt
1 oo
— Rt e=(P=a)t gy
(k+1)! J M v
u dv
1 Hhtl +oo 1 +o0
LP {_ e—(p—a)t] 4 / (k + 1)the P~y
(k+ 1) p—a o p—al
e
1 1 oo
- m(k; + 1)p — /0 the=P=a)t gy
+oo 1k
— 1 / %e(p“)tdt
b—ajg :
B 1 1
p—a(p—a)
B 1
(p . a/)k—i—l ’

Exercise 3.7.3 Let
£(t) = (1= cos (1)) and g(t) = e f(¢).

1- Show that
1
LU0 ) =~
2- Deduce that )
£ 0) ) = L
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3.7. Corrected exercises

Solution:

Let
f(t) = (1 —cos(t)) and g(t) = e~ f(t).

We show that

1
LU0 0) =~
For this we have
L(f(t)(p) = L(1—cos(t))(p)
= L(1)(p) — L(cos (1)) (p)
_ L
o p PPl
B 1
PP+ 1)
2) We deduce that
£ <€tg”(t)) (p) (p - 1)2
p(p*+1)
We have
L(g"(t)) (p) =p*L(g"(t)) — pg(0*) — ¢'(0")
and
g(0%) = e°f(0%)
= 1—rcos(0")
= 0,
and
g'(t) == f(t) + e f'(t)
—¢'(07) =0
Then
L(g"(t)(p) = p*L(g" (1))
= p’L(e'f(1))
= pFlp+1)
P

P+ D((p+1)2+1)

91



3.7. Corrected exercises

Which implies that
(p—1)*

L(e'g"(t)) (p) = PP 1)

Exercise 3.7.4 Solve the following integral equations using the Laplace transform

(1) :z(t)=t+ /Otx(s) sin(t — s)ds, t > 0.

(2) e () — /0 e *x(s)ds = sin(t), t > 0.

Solution:

We use the Laplace transform to solve
(1) :z(t)=t+ /tx(s) sin(t — s)ds, t > 0.
0
We apply the Laplace transform to equation (1), we find
L(z(t) = L (t + /tx(s) sin(t — s)ds)
0

= L(t)+L (/o x(s)sin(t — s)ds)
L(t)+ L (z(s) = sin(t))
= L(t)+ L(z(s)) L (sin(t)) .

Which implies that

We apply the inverse Laplace transform, we find

o - ()l

1
= ¥+ =t
i
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3.7. Corrected exercises

We use the Laplace transform to solve

(2) : e ta(t) — /0 e *x(s)ds = sin(t), t > 0.

Multiple equation (2) by €', we find

(2) s x(t) — /0 e"*x(s)ds = ' sin(t).

We apply the Laplace transform to equation (2'), we find

L (w(t) - /0 t et_sx(s)ds)

I
o
—
D
o~
wn
@,
=
—
~
S~—
SN—

Which implies that

-1 (p-17+1)

We perform a decomposition into simple elements, we have

_ p—1
L) = T (P
_ .t 1o p-t 1 1
o 2p—1 2(p—1%+1 2(p—17+1
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3.7. Corrected exercises

We apply the inverse Laplace transform, we find

1.,/ 1 1. p—1 1. 1
0 = 36 (-21) -3¢ () +567 (o )
{0 2 (p—1> 2 (p—1*+1/ 2 (p—1)*+1
Lo L
5¢ 3¢ sin(t) + 5¢ cos(t)

(1 —sin(t) + cos(t)) e’
5 :

Exercise 3.7.5 Find the inverse Laplace transforms of the following functions

1 p+1 5)

R M PR VTP PR

Solution:

We find the inverse Laplace transforms of the following functions

1)
1
F(P) =
(P) p? —3p+2
B 1
(rp—1)(p—2)
B a b
 p—1 p-2

By a simple calculation, we find

a=—1and b=1.

Then
1 1
F(P):m—pTl
So
ft) = L7 (F(p)
S L
B p—2 p-1
— e2t et
2)
p+1
G(P _
P =
_a  bp+tec
p pP4d
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3.7. Corrected exercises

By a simple calculation we find

1
a:Z,b:——andc:
Then
11 —gpH+1
Glp) = 4]_9 p?+4
1 /1 —p+4
4 \p pr+4
So
g(t) = L7H(G(p)
_ (il zptd
4\p p*+4
o l -1 1 -l p 1—1 2
B 4<£ (p) <p2+4>)+2£ <p2+4>
= 1—1(:05(215)—1—18' (2t)
= 171 5 Sin :
3)
5)
K(P) =
S S TR
a bp+c

p+1 p2+4p+8

By a simple calculation we find
a=1, b=—-1and c= -3.

Then

1 p+3
K(p) = —(2 )
p+1 p*+4p+8
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3.7. Corrected exercises

So

1
= e —e® (cos(Zt) ~ 5 sin(2t)) :
Exercise 3.7.6 Use the Laplace transform to solve the following differential equation
y'(t) —y(t) =3e 2 +t+1,

with the initial conditions

y(0) =y'(0) = 0.

Solution:

Using the Laplace transform to solve the following differential equation
y'(t) —y(t) =3e 2 +t+1, (1)

with the initial conditions
y(0) =y'(0) = 0. (2)
We apply the Laplace transform to equation (1) and use the property of linearity, we
find
LY'(t)—L(yt)=3L(e™)+L(t)+L(1).

We put Y(p) = L (y(t)) and we use the Laplace transform of the second derivative, we

obtain

1 1

/ a1 l 1
pY (p) —py'(0) —y(0) = Y(p) = 3t et
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3.8. Suggested exercises

We replace the initial conditions and by a simple calculation we get

4p* + 3p + 2

pP’(p+2)(p*—1)
a b c d e

+ =+ + +

p p* p+2 p—-1 p+1

-1 1+ 1 +3( 1 ) 3( 1 )
op p? p+2 2\p-—1 2\p+1)°

We apply the inverse Laplace transform, we get

Y(p)

y(t) = L7 (Y(p)

1 1 1 3 1 3 1
e () () () e () 3 )
(p) p - p+2 * 2 p—1 2 p+1

3 3
= —1—t+e 24+ iet — §e_t.

)

Finally, the solution of equations (1) and (2) is

3 3
y(t) = -1 —t+e 2+ §et — §e_t.

3.8 Suggested exercises

Exercise 3.8.1 Determine the Laplace transforms of the functions

1- x — sin(y/x).
2- v — —COS(\/E).
N3

Exercise 3.8.2 From the definition of the Laplace transform, compute L[f(t)] and L[g(t)]
for

0, if 0<t<1,

f)=9q t—1, if 1<t<?2,

0, if t>2.
and

0, ifo0<t<l,

t—1, if t>1.
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3.8. Suggested exercises

Exercise 3.8.3 1- Determine the inverse Laplace transform of the function

p

F(p) = W7

using two different methods.

2- Determine the inverse Laplace transform of the function

y(0) =2
where
0, if 0<t<1,
g(t) =4 12, if 1<t <3,
0, if t>3.

Exercise 3.8.5 Determine the solution to the integral equation

f”(f) +/0 eZ(x—t)f/<t>dt _ 62:107

satisfying the initial conditions

Exercise 3.8.6 Use the Laplace transform to solve the following differential system

o' (t) = 4x(t) — 6y(t) + 1
y'(t) = 12x(t) + 10y(t)

with the initial conditions
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Résumé:

Ce polycopié pédagogique est le support du cours «Transformations
intégrales dans les espaces Py, enseigné par le Dr. KHALOUTA Ali
pour les étudiants de troisieme année licence en mathématiques a
l'université Ferhat ABBAS Setif 1. Elaboré tout au long de I'année, il ne
remplace pas le cours magistral. Ce document est trés proche du
cours enseigné, et excepté quelques infimes modifications, il
retranscrit le cours tel qu’il a été€ donné a tous les étudiants.

Mots clés: Les espaces [P, Transformation de Fourier, Transformation
de Laplace.

Abstract :

This pedagogical handout is the course material for "Integral
transforms in IP Spaces," taught by Dr. Ali KHALOUTA to third-year
students licence in mathematics at Ferhat ABBAS University Setif 1.
Developed throughout the year, this document does not replace the
course. It closely follows the lectures, with only minor modifications,
it reproduces the course exactly as it was given to all students.
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