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0.1 Introduction

Understanding the behavior of non-Newtonian fluids under various physical and geomet-
rical constraints is crucial in numerous scientific, industrial, and engineering applications.
Among the diverse classes of non-Newtonian fluids, Bingham and Herschel-Bulkley fluids
are particularly notable due to their complex rheological properties, including yield stress
and nonlinear shear-thinning or shear-thickening behavior. Such fluids are prevalent in
many natural and industrial processes, ranging from the flow of drilling muds and ce-
ment slurries in petroleum engineering to the behavior of food products, blood flow, and
geological formations such as lava.

Historically, the Bingham fluid model, introduced by Eugene C. Bingham in 1916,
describes materials that behave as rigid bodies when the applied stress is below a critical
threshold (yield stress) and flow as viscous fluids when this threshold is exceeded. This
foundational model opened new research directions in the study of viscoplastic materials.
Subsequently, the Herschel-Bulkley model generalized the Bingham model by introducing
a nonlinear power-law relationship between the shear rate and stress, providing an even
richer framework for describing real-world non-Newtonian fluids.[15]

Modeling and analyzing Bingham fluid flows have been sources of significant math-
ematical challenges for decades. A major advancement came with the formulation of
variational inequalities by Duvaut and Lions [15], which allowed rigorous mathematical
analysis of these flows. Subsequent works have extensively investigated the existence,
uniqueness, and regularity of solutions for Bingham fluid models[2,19,22,27,29]. More
recently, there has been a surge of interest in the asymptotic analysis of such models,
particularly in thin domain settings, motivated by practical scenarios where one spatial
dimension is significantly smaller than the others. Works such as those by Boukrouche et

al.[4,5,6,7,8] and . Bayada et al[1,10,16,17]. have contributed significantly to this area.



This doctoral thesis is dedicated to studying both the asymptotic behavior of non-
isothermal Bingham and Herschel-Bulkley fluid flows with nonlinear boundary conditions
in thin three-dimensional domains. The primary objective is to analyze the limit behavior
as the domain thickness, represented by a small parameter ¢, tends to zero. By conduct-
ing asymptotic analysis, the original complex three-dimensional problems are reduced to
lower-dimensional problems, which retain the essential physics while being more tractable
mathematically. One of the essential goals of asymptotic analysis, as applied here, is
to derive and describe a two-dimensional problem starting from a three-dimensional one
by taking the limit on the thin domain thickness, eventually leading to a generalized
Reynolds equation.

Chapter 1 introduces the necessary theoretical foundations. We present the con-
stitutive laws governing Bingham and Herschel-Bulkley fluids, focusing on the nonlinear
yield criteria:

S/ <g(6), andif |Z|=g(6), D(w)0.

We also discuss the frictional boundary conditions of Tresca type , which play crucial
roles in the formulation of the coupled mechanical and thermal problems. In addition,
fundamental tools from nonlinear functional analysis, such as Minty’s Lemma and fixed
point theorems, are reviewed.

Chapter 2 focuses on the stationary solution of non-isothermal Bingham flow with
nonlinear boundary conditions in a thin domain. It begins with the introduction and
positioning of the problem, followed by the variational formulation of the governing sys-
tem. The domain is then changed through scaling to fix it onto a reference domain (2,
facilitating the derivation of uniform a priori estimates independent of . Convergence
results are established, leading to the derivation of the limit problem, where a generalized

Reynolds equation emerges naturally. The chapter concludes with proving the uniqueness



of the solutions to the limit problem.

Chapter 3 extends the asymptotic study to Herschel-Bulkley fluids, incorporating
the additional nonlinearity into the model. After setting up the problem and its variational
formulation, the change of domain is performed similarly to Chapter 2. A priori estimates
are obtained, and convergence results are rigorously proven. The limit problem is then
derived, revealing a generalized Reynolds equation adapted for Herschel-Bulkley fluids.
Finally, the uniqueness of the solutions to this new limit problem is addressed.

The problems addressed in this thesis highlight the intricate interplay between non-
linear rheology, thermal effects, and complex boundary conditions. The asymptotic anal-
ysis not only deepens the theoretical understanding of non-Newtonian fluid flows in con-
strained geometries but also provides essential insights for practical applications where
thin geometrical configurations are encountered. This includes applications in lubrica-
tion theory, biological fluid dynamics, thin film technologies, and enhanced oil recovery

processes.



Chapter 1

Formulation of Boundary Problems

and Preliminaries

This chapter establishes the theoretical foundation for the mechanical problems
addressed in this dissertation, with a particular focus on the mathematical modeling and
analysis of non-Newtonian fluid flows. It also provides a brief overview of selected tools
from nonlinear analysis that will be essential for the developments in the subsequent
chapters. The chapter is divided into two main sections.

The first section is devoted to the mechanical formulation of the steady-state thermal
flow of non-Newtonian fluids. Two distinct problems are considered: the first concerns
a Bingham fluid, while the second deals with a Herschel-Bulkley fluid. Both problems
are subject to boundary conditions involving Tresca-type frictional contact. These for-
mulations are motivated by realistic physical interactions observed in systems involving
fluid—structure interaction.

The second section revisits the fundamental results of nonlinear functional analy-
sis, which are essential for the mathematical treatment of the proposed problems. This

includes a discussion on convex function theory, elliptic variational inequalities, multi-



valued operators, and the application of the Kakutani—Glicksberg fixed point theorem.
The chapter concludes with a review of the basic concepts related to Sobolev spaces and
vector-valued function spaces, which provide the appropriate functional framework for the

analysis for the analysis.
1.1 Mathematical formulation of boundary value prob-
lems

In this section of the first chapter, we first present the constitutive behavior of both
Bingham and Herschel-Bulkley fluids. Subsequently, we provide a detailed description
of the Tresca-type frictional contact law. We then revisit fundamental thermodynamic
principles pertinent to fluid mechanics, which form the basis for modeling the thermal
flow behavior of these fluid types. The section concludes with the rigorous mathematical

formulation of the mechanical problems associated with Bingham and Herschel-Bulkley

fluids.

1.1.1 Constitutive Law of the Bingham Fluid

The constitutive laws govern the mechanical behavior of various types of continuous me-
dia. Although these laws are often established empirically through a series of physical
experiments aimed at selecting the most appropriate model, they must also satisfy certain
symmetry properties. In this section, we introduce the constitutive law of a viscoplastic
fluid of Bingham type, drawing upon several previous studies. This model is distin-
guished by the fact that the material remains rigid until the applied stress surpasses a
critical threshold, known as the yield stress. To formulate the model with precision, we
begin by introducing some symbolic definitions.

Let w denote the velocity field and D the strain rate tensor, given by:



D(w) = %(Vw+VTw) (1.1)

We also define the deviatoric part of this tensor:

D(w) = D(w) — — tr(D(w)) § (1.2)

where tr(D(w)) denotes the trace of D(w), and ¢ represents the identity tensor. Let

> denote the Cauchy stress tensor, with its deviatoric part given by:

S=X+p6 (1.3)

where —p = %tr(E) defines the spherical part of the stress, commonly interpreted
as the pressuree.

In addition to D(w) and ¥, we introduce the tensor S, which characterizes the
plastic part of the stress. To model the material’s behavior, we consider a family of
smooth functions t + (D(t),%(t), S(t)), defined on the interval ¢ € [0,7] with T' > 0,
representing the duration of the process.

The Bingham model is defined by the following set of equations:

¥ =S5+ 2AD(w) (1.4)
f(S) =15 -¢*<0 (1.5)
D =2)\S (1.6)

Here, A is the dynamic viscosity and ¢ is the yield shear stress in pure shear. The

10



function A(t) is defined as:

M) =0 if f(S) <0 or (f(S)=0and f(S) < 0)
(1.7)

At) >0 if f(S)=0and f(S)=0
Equation (1.5) expresses the von Mises yield condition, which requires that the
second invariant of S, i.e., S;r = %|S]2, does not exceed %.
From (1.6) and (1.7), it follows that the deviatoric strain rate tensor can evolve only
if S lies on the yield surface f(S) = 0, which implies D(w) = 0 in all other cases. This
condition, referred to as the flow rule, is characterized by the relation |S| = g.

In the Bingham model, it is assumed that the fluid is incompressible:

tr(D(w)) =0 (1.8)

This assumption holds for any process and for all 7' > 0.
We can reformulate the model using only the tensors D(w) and . From (1.4) and

(1.6), we obtain:

¥ = (14+4AN)S (1.9)
1S = (1 +4AN)|9| (1.10)

If |X| > g, then from (1.5) and (1.10) it is deduced that A > 0, and from (1.7) it

follows that |S| = g > 0. Furthermore, (1.10) implies that

1
A‘ﬂ(? 1)

From (1.6) and (1.9), we obtain

11



24 o 1 g <
S =_—"(1—--2L¥%
T aan 2A( <] )

Since tr(D) = 0, it follows from (1.2) that D = D. Consequently,

D(w)=%(1—%>2

Let us now assume that |S| < g.Then, if |S| = g, we obtain A = 0 from (1.10), and

D=

if |S| < g, it also follows from (1.7) that A = 0. Hence, we finally have D = 0. Thus, we
obtain the following Bingham fluid constitutive law::
A(1—L)i if S| > g

D(w) = 1= (1.11)

0 if X[ <g
The constitutive equation (1.11) can also be inverted. If |[D(w)| = 0, then it follows
from (1.11) that |%| < g. Conversely, if |D(w)| # 0, then |3| > g. Moreover, it is
known that |%| = 2A|D(w)| + g. Therefore, by combining this expression with (1.8), the

constitutive law (1.11) can be written as:

| 2AD(w) + g5 i | D(w)| #0
S = Pl (1.12)

Xl <g if [D(w)] =0
Equations (1.11) and (1.12) are equivalent, although (1.12) is generally adopted as
the standard form of the Bingham law.
Finally, experimental studies have shown that the two parameters p and g, which
govern the mechanical behavior of the Bingham fluid (viscosity and yield stress), depend

on temperature, thus accounting for the thermodynamic behavior of Bingham-type fluids.
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1.1.2 Constitutive Law of the Herschel-Bulkley Fluid

Following the previous presentation of the Bingham model, we now introduce the consti-
tutive law governing the behavior of Herschel-Bulkley fluids. This model generalizes the
Bingham model by incorporating a non-linear dependence of the strain rate tensor on the

stress tensor.

The Herschel-Bulkley model is described by the following set of equations:

S=AD["'D+5, (1.13)
f(S) =18 - g* <0, (1.14)
D =2\S, (1.15)

where the symbols A > 0,g > 0,2 and D are defined as previously introduced .

The function A(¢) is given by:

At) =0 if £(S) <0 or (f(S)=0and f(S) < 0)

A(t) >0 if £(S)=0and f/(S) =0

Similarly to the Bingham model, the Herschel-Bulkley fluid satisfies the von Mises

yield criterion, ensuring that the second invariant satisfies

2
Si==|SP < %.

1
2
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Assuming incompressibility, tr(D) = 0, and proceeding analogously, the model can be

reformulated in terms of D and . From the constitutive relations, it follows that:

> = S(1+ (2A|D(w)|"2N)), (1.16)

15| = [S](1 + 2A| D(w)["~1N). (1.17)

If |2| > g, then A > 0, and solving for p yields:

B 1 12| _
= s (5 )

Substituting into the expression for D, we obtain:

_ 1 g _
D=—— (1-Z) 51
IAD(w) ( |z|)' |

Thus, the final form of the constitutive law for the Herschel-Bulkley fluid is:

2A|D(w)[¥~2 3]

L (1_1) S|, i [S] > g,
D=
0, if 2] <g.

Alternatively, the law can also be expressed as:

- 20| D(w)["~2D(w) + grpegy, if D(w) # 0,

> <y, if D(w) = 0.

These relations generalize the Bingham law by allowing a non-linear relationship

between the deviatoric stress and the strain rate.

14



1.1.3 Sliding with Tresca Friction Law

The contact between the fluid and the obstacle occurs with sliding. This property is
mathematically expressed by:

w, =0, (1.18)

meaning that the normal component of the velocity vector vanishes on the contact surface.
The Tresca friction law introduces a friction threshold h(6), which depends on tem-
perature. When the fluid and the obstacle are in contact, the tangential stress cannot

exceed a certain limit:

3] < k(0). (1.19)

As long as the tangential stress does not reach the threshold, the fluid cannot move

tangentially with respect to the obstacle, and sticking occurs:

12, < k() = w, = 0. (1.20)

Once the threshold is reached, the fluid can move tangentially along the obstacle,
resulting in sliding. The tangential stress resists the motion. Consequently, there exists
a positive scalar A such that:

w, = —\Y, . (1.21)

In conclusion, the boundary conditions corresponding to a sliding contact governed

by the Tresca friction law are written as:

(

w, =0, || < k(0)

13| < k(0) = w, =0 on I'; (I.1.14)

5] = k(0) = w, = =A%, A>0

15



where k(0) is the friction threshold.

1.1.4 Energy Conservation Equation and Fourier Boundary Con-
ditions

Temperature variations within a fluid lead to its expansion or contraction, often giving rise
to convective motions, wherein warmer (and thus lighter) fluid tends to ascend while cooler
(denser) fluid descends to replace it. Conversely, mechanical processes such as internal
friction or interactions at boundaries generate heat, thereby altering the temperature
field. These phenomena underscore the strong coupling between the pressure, velocity,
displacement, and temperature fields. To accurately capture this interaction, it becomes
necessary to introduce additional constitutive relations involving the stress tensor, the
heat flux vector, and the velocity and temperature fields

This approach is rooted in the thermodynamics of irreversible processes, specifically
the principle stating that the rate of change of internal energy within an elemental control
volume equals the sum of mechanical work done by external forces and the heat supplied
to the system. In fluid mechanics, this principle is expressed in terms of power, that is,
energy rates, leading to the energy conservation equation.

Assume that an incompressible fluid occupies a bounded domain Q C R3, with
regular boundary 0Q =I' =T'; UT';, U @, where I'; and T are disjoint measurable parts.
Let the fluid density be constant and equal to p = 1. The local form of the energy

conservation equation is then given by:

D
_j =2.D(w) - VQ — ad, (1.22)
where:
° D% is the material derivative;

16



e e represents the specific internal energy of the fluid, that is, the energy per unit

mass,

0 represents the specific internal energy, which coincides with the temperature under

the assumption of constant specific heat;

3..D(w) corresponds to the rate of mechanical energy dissipation resulting from

internal stresses;

Q denotes the heat flux vector;

e af represents a volumetric heat source arising from external effects (such as Joule

heating, radiation, or exothermic chemical reactions), with o > 0.

According to Fourier’s law of heat conduction, the heat flux is given by:

Q=-KVb, (1.23)

where K is the thermal conductivity tensor. In the isotropic case, common for fluids, this

reduces to:

Q = —kVo, (1.24)

with £ denoting the thermal conductivity coefficient.
Assuming the specific heat Cy is constant and equal to 1, the internal energy sim-
plifies to:
e(d) = 0. (1.25)

Substituting into the conservation equation yields:

Z—f —kAO+w-VO=X.D(w)—af in (). (1.26)

17



In the case of a steady-state phenomenon, the time derivative vanishes, and the

equation reduces to:

—kAO+w-VO=X.D(w)—af in Q. (1.27)

1.1.5 Steady-State Thermal Flow of a Bingham Fluid under

Tresca-Type Frictional Contact

We consider the steady-state thermal flow of a Bingham fluid within a bounded and
regular domain 0 C R3. The flow is driven by a body force f and a heat source of intensity
af. The governing system consists of the momentum balance, energy conservation, the
Bingham constitutive law, and appropriate boundary conditions. The boundary 0 is
divided into three measurable, non-intersecting parts: I'y, I'y, and @, with meas(T';) > 0.
The velocity field vanishes on I'y U ', while a Tresca-type friction law is imposed on @.
For the thermal part, we consider a homogeneous Neumann boundary condition on @
and a Dirichlet condition on I'y UT'}.

The problem can be formulated as follows: Find the velocity field w = (w;)1<i<s :
) — R? | the stress tensor ¥ = (Xij)1<ij<s : Q = S, , and the temperature distribution

0 : Q) — R satisfing:

18



if [D(w)] # 0,
= < 9(6), if | D(w)| = 0,
—kAO+w-VO =Y. D(w) —af in
w=0 onlyUIYy,
wn =0 on @,
X <k = w, =0
on w,

IS, =k = 3N > 0,0 = —\%,

f=0 on T, UT,

e}
L on

=0 on @,

This coupled, nonlinear system is governed by a variational inequality for the velocity
field associated with a variational inequality for the thermal equation. The existence of so-
lutions has been established in Chapter 3 [27], using tools such as the Kakutani-Glicksberg

fixed-point theorem, monotonicity arguments, and compactness techniques in L' spaces.

1.1.6 Steady-State Thermal Flow of a Herschel-Bulkley Fluid

under Tresca-Type Frictional Contact

We now extend the study to the case of a Herschel-Bulkley fluid under the same thermal
and mechanical constraints. The setting remains a bounded, regular domain Q C R3,

with boundary decomposition Q2 = I'y UT', U, where I'; and T, are subject to identical

thermal and mechanical conditions.
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The mechanical behavior is governed by a constitutive law that generalizes the Bing-
ham model by incorporating a nonlinear dependence of the shear stress on the magnitude
of the strain rate. The Herschel-Bulkley law combines yield stress and non-Newtonian
viscous effects.

The governing system becomes:

S widt =div(S) + f inQ,

div(w) =0 in Q,

D(w) .
% = 2A(0)|D(w)|"*D(w) + g(0) , i [D(w)| # 0,
| D(w)]
%] < g(0), if |D(w)| =0,
—kAO+w - VO =X.D(w) —af in Q,
w=0 onlyUIy,
wn =0 on I,
X <k = w,=0
on w,

S =k = 3A> 0,0 = A%,

=0 onI'yUTY,

90 _ -
\%—O on w,

As in the Bingham case, the problem is formulated as a nonlinear variational inequal-
ity coupled with a thermal variational inequality. Existence results have been obtained
using fixed-point arguments, monotonicity techniques, and compactness methods adapted
to the non-Newtonian framework of the Herschel-Bulkley model. This system has been

rigorously analyzed in Chapter 2 [29].
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1.2 Review of Mathematical Analysis

1.2.1 Sobolev Spaces and L? Spaces

Definition 1.1. (The L” Spaces)
Let Q C R™ be a measurable set. For 1 < p < oo, the Lebesque space LF(Q) is

defined as:

o If1<p<oo,
1/p
LP(Q2) = < f: Q = R measurable : || f]| o) = (/ |f(x)|pdx) <00 p.
Q
e Ifp= o0,
L®(Q) = {f : Q= R measurable : ||f||r=@) = supyeqlf(z)] < oo}.

Proposition 1.1. (Comparison between LP spaces) Let (E) be a finite measure

space, i.e., m(E) < +o0o. Let p,q € R such that 1 <p < q < +oo. Then:
LY(F) C LP(E).
Moreover, there exists a constant C, depending only on p,q, and m(E), such that:

[flle < Cllfllze for all f € LU(E).

This shows that the injection from L9 into LP is continuous.

Definition 1.2. (Sobolev Spaces)

Let Q) C R™ be an open set. For an integer k > 0 and 1 < p < oo, the Sobolev space

21



WHP(Q) is defined as:
WEP(Q) = {w € LP(Q) : D*w € LP(Q), V|a| <k},

where o 18 a multi-index and D*w denotes the weak derivative of order c.

This space is a Banach space endowed with the norm:
1/p

lolwer@ = | 32 10wl | fori<p<oo.
|| <k

Particular case: When p = 2 and k = 1, the Sobolev space WH2(Q) is denoted by

HY(Q). It is a Hilbert space with inner product:

(wl,wz)Hl(Q) :/w1w2 d:c+/Vw1 - Vwsy dx.
Q

Q

1.2.2 Minty’s Lemma

Let E be a Banach space and E’ its dual.

Definition 1.3. Let A be an operator from E — FE'.

o A is said to be hemicontinuous if and only if for every sequence (\,), converging to

A, we have:

(A(w1 + )\nwg), ’LU3) — (A(U)l + /\U)Q), w3) ‘v’(wl, Wa, w3) € EB.

e A is said to be monotone if and only if:

(A(wl) — A(wg),wl — ’LUQ) >0 ‘v’(wl,wg) € E2.

22



Lemma 1.1. Let E be a Banach space, and let A : E — E’ be a hemicontinuous and

monotone operator; let J : E —] — 00, 4+00] be a lower semicontinuous and proper conver

functional.

Then, for any wy € E and f € E', the following two inequalities are equivalent:

(A(wy — wy), wo) per + J(w2) — J(wy) > (f,wy —w1)per Ywy € E,

<A(w2 — wl),w1>EE/ -+ J(wl) — J(U)Q) > <f, w1 — ’w2>EE/ Ywy € E.

1.2.3 Fundamental Inequalities

Proposition 1.2. If wy,ws € L*(Q), then we have the Cauchy—Schwarz inequality:
[(wr, w2)| < Jwi||wal.
Lemma 1.2. (Young’s Inequality) If a,b € R, and 1 < p < oo, }lo + % =1, then:
a? bl

ab < — + —.
b q

Lemma 1.3. (Hélder Inequality) If wy € LP(R2), wy € L) with 1 < p < o0,

% + % =1, then wywy € LY(Q), and we have:
Jwiwall L@y < llwillzr@)llwsl La)-
Moreover, zf% + 5 + % =1, then:

||w1w2w3||L1(Q) < ||w1||LP(Q)||w2||Lq(ﬂ)||w3||Ln(Q)-

23



Lemma 1.4. (Poincaré Inequality)
Let Q@ C R™ be a bounded domain, and let w € Wol’p(Q), with 1 < p < oo. Then,

there exists a constant C > 0 such that:

[wllzr@) < ClVwllLe@).

This inequality expresses that the LP-norm of a function vanishing on the boundary can be
controlled by the LP-norm of its gradient. It plays a crucial role in the theory of Sobolev

spaces and partial differential equations.

Lemma 1.5. (Korn Inequality) Let Q@ C R"™ be a bounded Lipschitz domain. For
any vector field w € (WHP(Q))", with 1 < p < oo, and satisfying appropriate boundary
conditions (e.g., w =0 on a portion of the boundary), there exists a constant C' > 0 such

that:

IVwl| ey < CllD(w)]| e,

where D(w) = $(Vw+Vw?) is the symmetric part of the gradient. This inequality ensures
that the full gradient of a displacement field can be bounded by its symmetric part, which

15 essential in elasticity and continuum mechanics.
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Chapter 2

Stationary Solutions of
Non-Isothermal Bingham Flow with
Nonlinear Boundary Conditions in a

Thin Domain

2.1 Introduction and Problem Statement

We consider the incompressible, isothermal, and viscous flow of a non-Newtonian fluid
in a thin film Q¢ where 0 < € < 1 is a positive real number that approaches zero. The

boundary of Q¢ will be denoted as T'“ = T UTS U @ ,with
e ['S is the upper boundary of equation s3 = €h(s);
e ['is the lateral boundary;

e is a bounded domain in R? of equation s3 = 0 which constitutes the lower bound of

the domain €2€.
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We assume that h is a function of class C' defined on w such that :
0 < he < h(s) <h'™V(s,0) €w

The domain €2 is given by

Qf = {(s,s3) €R*: (5,0) € @,0 < 53 < eh(s)}

Let w® = (wf)i<i<s the velocity field, we denote by X¢ = (¥f;)1<i <3 the Cauchy

stress tensor and by D = (d;;) the strain rate tensor :

1 [Ows Ow;
d‘ . €y — 1 J 1 <44 <
Zaj(w) 2 (8sj + 651‘)7 _17]_3

It is assumed that the constitutive law follows the power law so the relation ship between
¥, and D(we) is given by
( ~

Egj = Egj — p°0ij,

= ) o

159 < g (6) if D(wr) =0.

+ 20 (69) D(w*) if D(we) £ 0,

where

e A€ is the viscosity of the fluid;
e p° is its pressure;

e (¢ is its temperature..
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We assume that the fluid flow is governed by the following equations :

e The low of conservation of momentum

wVw —divE® = fin Q. (2.1)

Where f€ = (ff)1<i<3 denotes the body forces.

e The equation of the heat energy

33,- S;

wvpe— 2 <K6696> = 2N (69) dij (w)diy (w) +v/2g° (6 | D(w)| —a* (6°) in QF, (2.2)

where K€ > 0 is the thermal conductivity and the term —a“0¢ represents the exter-

nal heat source with a¢ > 0.
e the fluid is assumed to be incompressible

div (w®) = 0 in Q. (2.3)

The boundary conditions for velocity and temperature is described as follows:

For the vitesse we assume:

w =0 on I},
(2.4)
wn =0, onI'TU.

where n = (ny, ng, n3) denotes the unit vector normal to 'S outside Q°.
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We also assume the existence of friction on w, this friction is modeled by the non-

linear law of Tresca

|S¢] < k€ = wt =0,
(2.5)
IS¢ = k= 3A > 0w = — AL

Here |.| is the Euclidean norm in R? we consider the following usual symbols

€ __ € — € € __ € €
w, =W n=w;n;, W = w; — W,N,

i

€ __ € _ € € __ € €
¥, = (X n)n = Xmng, X = YN5n; — X,

respectively, the normal velocity, the tangential velocity, the normal component and

the tangential component of the tensor

For the temperature ¢ we assume the following conditions :

0c°=0 on 'y UTY, (homogeneous Dirichlet condition) (2.6)

(2.7)

00°
o = 0 on . (homogeneous Neumann condition)
n
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The complete problem consists in finding the velocity field w* , the pressure p¢ and

the temperature 0¢, which satisfy the following equations and boundary conditions:

;

wVwe — div (X°) = f€ in QF,
D(w")

Y6 = v/2g° (0°) —=——— + 2A° () D(we) — pdy;,

J g ( >|Dll<w6)| ( ) ( ) P 0ij
div(w®) = 0 in QF,
WV — V. (KVO) = A (6) | D(w) | + v2¢° (6°) | D(we)| — a6 in Q,
w* =0 on F1UFL,
wn =0 on w,

X <k = weE=0

on w,

X = k¢ = IA>0,ws = =€

<=0 OnF1UFL,

?z() on w.
\'fl

2.2 Variational Problem and Existence Results

in this section, we define the variational problem and establish an existence result using

Kakutan Glicksberg fixed point theorem.

Lemma 2.1. The Tresca condition is equivalent to the following relation

wiXS + Ews| =0 on.
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Proof. Assume that weX¢ + k¢|ws| = 0.

o If 3| = k¢, then

s = |5 jutl,

which implies the existence of 5 > 0 such that

ws = —F35.

o If |X¢| < k¢, then

w4 Kfwr| = 0> —wr] - [55] + A wr| > Jwi] - (=25 + &),

Since —|X¢| + k€ > 0, it follows that wS = 0.

Conversely, assume that w€ satisfies the Tresca boundary condition:

o If |X¢| < k¢, then wt = 0, and

W + K w| = 0,

o If |X¢| = k¢, then there exists § > 0 such that w¢ = —(3¢, and

weXS + kwl] = —BINff + SIS =0. O
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2.2.1 Functional Framework and Variational Formulation

To establish a weak formulation of problem (2.1)-(2.7), we consider the functional frame-

work on 2°
VIQ)={peH Q) :9p=00onT%,¢-n=0on uT},
Vi () = {p € V() - div(p) = 0},
LE(QF) = {q € L*(Q): / qdsdss = 0} ,

and

we also introduce the following notations

a6, ) = 2 / A (0) D(w)D () dsdss,

€

B(w®, we, ¢) :/ w*Vwpdsdss,

€

(p, divp) = / p° div pdsdss,

(0%, 0) = / kgl ds V2 [ g°(69)|D ()| dsdss,
w Qe

3
(f0) = [ edsdss = Z fipidsdss,
Qe 1 Jae

€

E (w,0°, @) :/ OV Ow dsds;

C6,®) = | KVOVDdsdss,
Qe

F (w6 ®) = 2/ A€ (6°) | D(w)|? q)dsdsg—i—Q/ g (0°) | D(we)] @dsds;:,—l—/

€ € €
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Problem 1

Find w* € Vj, (), p° € L(QF) and 6° € eriUFEL (Q2°) such that

B (w67 we’ Y — w€)+a(065 wev QD—er)—(pe ) div (10) +](665 90)_] (067 we) Z (fea (IQ—U)G)’ VQD € Ve (Qe> )
(2.8)
—E (0", 0°,®) + C (6,9) = F (w6, ®), Y& € Hpepe (2°) (2.9)

Proof. Multiplying equation (2.1) by ¢ — w®, where ¢ € V¢, and using Green’s formula,

we obtain:

0
/ wVw (p — we) dsd83—|—/ ijg (o —we) dsd83—/ Ying (@ —w)ds = | f (o —w)dsds
e Qe J e Qe
(2.10)

From the boundary conditions, we find:

/ X5 (pi — wi) ds :/ in (i — wj) ds
Te w

On the other hand, X§n; = X¢ + X n; and (¢; — ws) n; = 0 sur’, then

(/] (2

[ =imi - wiyds = [ S50 - uds
FC

w

So from (2.10), we obtain

/ wVwe (p —w®) dsdss + / iji (p — we) dsdss
€ (913 883
- / Ye(p—w)ds= | [ (p—w)dsdss
w Qe

By adding and subtracting the term [_ k¢ (¢ — |we|) ds — [_ X< - (¢ — we)ds,
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we have

0
/ wYVw* (Qp — wﬁ) dsdss + / Efj% ((p — wf) dsdss — / k€ (|90| |wa|)
€ Qe ] w

—/ Ei-(gp—we)ds—/ kS (lp] — [w])ds = [ [ (p —we)dsdss
w Qe

w

Let 8= [_%2- (o —w)ds+ [_k (|| — |w])ds

using Lemma 2.1, we show that we prove that

ﬁ:/&&«@+wwmw
or
X2 () > |85 - || = —E|p| on

so 3 is positive. we deduce that

/ wVwe (p —w) dsdss + / —w°) dsdss
Q

| +/w (el = |w) ds /f( — w) dsdss

Replacing 33§, ij with its value, we obtain

B (w,w, o —w) 4+ a0, we, ¢ —w) — (p°, div p)

€ € D<w6)
) ) D)

+/kww—mmwz £ — w) dsdss
w Qe

dij (p — w°) dsdss

According to the Cauchy-Schwarz inequality, we deduce :

dij (w) dij() < | D (w)||D()]
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Substituting the inequality (2.12) into (2.11), we obtain (2.8)
To obtain (2.9) , multiplying equation (2.2) by ® € Hl;urfL (Q) and using Green’s

formula, we obtain

0°VOwdsdss + KVOVddsdss
Qe Qe

- 2/ A€ (0°) | D(w)|* ®dsdss

Lo / g (6 | D(u)| ddsdss + / o (6°) Bidsdss.

€

]

Theorem 2.1. Suppose that f€ € L*(Q)3 and k¢ € L>() such that k¢ > 0. There exists a

unique solution w® € V5, (Q°), p¢ € L3(Q°) and 6° € HliUFEL (Q°) to problem (2.8) — (2.9).

Proof. The proof of the theorem is based on the application of Kakutan Glicksberg fixed

point theorem, see for more details [27]. O

We suppose that there exist A,, A*, g*, K., K* a,,a" in R such that
O0<A <A KA, 0< ¢y <yg" (2.13)

and

0<K,<K'<K*" 0<a*<a* (2.14)
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2.3 Domain Transformation and A Priori Estimates

2.3.1 Change of Reference Domain

We follow the approach in [1], where the original problem, initially defined in the domain
¢, is reformulated into an equivalent problem in a fixed domain €2 that is independent of
e. To achieve this asymptotic analysis, we introduce the scaling transformation x = 22,

where

Q={(s,r) ER*: (5,0) €,0 <k < h(s)}.

We denote by I' = I'; U ', U™ its boundary, then we define the following functions

in

(s, k) = wi(s, 53), i = 1,2, @5(s, k) = € w(s, 55) and §(s,5) = p(s,55).  (2.15)

Let us assume that

K(s, k) = K(s,53), 0 = €eg°, A =A°, ées,/ﬁ =0%s, s
(s, K) (s,83), 9 g (s, ) (s, 83) (2.16)

f(s, k) = E2f(s,83), a(s, k) = €2a(s,s3), k= ek
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2.3.2 Variational Formulation on {2

Now we introduce the functional framework on €2. For this, we write

HlllurL () = { cﬁeHl(Q); d =0 on F1UFL},

ov; .
Vi = {66 (LQ(Q))z' ! cL*(Q):0=0 onFL},
and V, is the Banach space with the norm

(%Z-
Ok

1
2 2
L%ﬂ))) '

By multiplying inequality (2.8)-(2.9) by e and transforming to the fixed domain

2
2
e = (3 (Wt +|

i=1

while injecting the new data and unknown factors in (2.8)—(2.9) , we demonstrate that

the problem is equivalent to the problem

~ ~
~ A€ ~ ~

By (wf, wf, ¢ — W) +ao( 05, w, ¢ — w) —(p°,div @) + jo( 0 @) (2.17)

—do (0 0%) 2 (f, p— @), V@ EV(Q),

~

_E, ( 0, 6, ci>) e ( 3 <i>> — Ry (0, o, ci>>, VoeHL p (Q),  (218)

VS

where
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Ne ~e n ne ~ [ ows  ows a(ﬁ_wﬁ)
aol0°, i, p — i) = /[A f ( A I
0 ) Ja € ( ) Ds; + Bs, Ds; dsdr
A (005,005 9@ — )
+ A JaE 7 2 3 7 i
1/Q ( )(85 te 831-) Ok dsdr

" / (QAA <é6) ¢ 3%) oo 1) dsdr+
Q

Ok

N oA owe oS a( B — 'LDE)
+ 27 (b¢ 2 3 J 3 3
/Qe < > (e Ds, + 6/@) Ds; dsdk,

i0e) =2 [ 3 (#) [D (@)

dsdn+ [Eelds,

LE)
S

|
s

2
Sy TR N
Jj=1 Q
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Co (0 ) / (QE)V@EV@deﬁ—Z / gi gfdsder /Q K(6°) gi g—idsdm

K

. ) 2 . 0P - 0D
Eo(w¢, 6°, &) = /Q EQQEVQ)desd/ﬁ:; /Q 62068—&@%5(1&—1— /Q 0"~ (ets)dsdr,

D(ar)

bdsdr — /Q & (e) bdsds,

N

2 A 2 2 ~ ~ 2 ~ 2
e oW 8w§ 1 ows 4, 0ws 5 [ OWs
- [12 (as] a) +§;(%+E a) te (a)
2.3.3 A Priori Estimates for Velocity and Pressure

Theorem 2.2. Let the assumptions of theorem 2.1 and (2.13)-(2.14) hold, then there

exists a constant C' > 0 independent of € such that

2 2 2 2

one || owe e 2 e
> w; w; 1 Wy +€4Z ows <C. (2.19)
i1 &S‘j L2(Q) i1 Ok L2(Q) ok 12(Q) — asi £2(Q)
@i 2y < C fori=1,2 (2.20)
lews |70y < C, (2.21)
aAe
’ £ <C fori=1,2 (2.22)
Osill 1)
aAe
P <. (2.23)
O 1)
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Proof. Choosing ¢ = 0 in inequality (2.8), we find

B (w, we, w) + a6, w, w) +/ kS lwe| ds +vV2 [ g (0°)|D (w)| dsdss < (f€,we),
Qe

(2.24)
as B (w¢,w, w®) = 0, we obtain
a(0°, we, w) + / k€ Jwe| ds+v2 [ g° (69 |D (w)| dsdss < (f€,we). (2.25)
w Qe
By Cauchy-Schwarz and Young’s inequalities, we obtain
(fSwe) < eh™ ||w| 2oy 1M 200
< (W CH IV gz [ o 1] (2.26)
= k L2(Q€) (A*C’k)% L2(Qe) | - .
then
e o NGy €2 (eh)? "
(fw) < 5 Vw72 g0 + 2(ACh) 1N 22 0e) - (2.27)

Then from Korn’s inequality, there exist a constant C} independent of €, such that

ACr IV |20 < a6, we, w) (2.28)

From (2.27)(2.28),we deduce

ACy, ||Vw5||ig(95) +/ ke lwe| ds + V2 [ g° (69 |D (we)| dsdss

(h)? (2.29)

AN Cy, 2
< o~ N izqe -
s M e

€2
Vw720 +
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A.Cy, HVwEHiz(Qe) + / ke |lwe| ds + V2 96(9€)|D(w5)| dx

) (2.30)
< A Ty +
—= 2 L2(Qe) 2A* L2 Qe .
Multiplying (2.29) by €, and as &2 ||f5||2Lz(Qs) = 5_1Hf|]%2(9), we have
€12 €|, e € (pe ~e
A Cre [ Vur|72qq +/ k€ |f] ds+v2 [ ¢c(0°) | D (w)| dsdr
= . (2.31)

2

A~

A*Ck

(h)?
€I Vw720 + TGy

L)

So, from (2.30) we deduce (2.19), (2.20) and (2.21), with C' = <2A o > ||f||

To obtain the pressure estimates (2.22) — (2.23), we choose ¢ = w* + 1,1 € H'()

in (2.8) we get

By (0, 0°,1) 4 ao( 6, 0, ) — (5, divy) +\/'/ ‘D (we + )| dsdr
—V2 [ §(6°)|D (w) > (f0),
/Q ( H (2.32)
then
(¢, divp) < By (0°, 0, 0) + ag( 0°, 0°,v) +f/ 96 ‘D w€+w)’dsdn

(2.33)

-2 [ (i) [D (F,0),

As V2| D (i + )| < 2| D ()| +| D ()] we obtain
(5, div) < By (0, 0, ) + ag( 0°, 0<,)) +2/Qg (9) ‘D(w)‘dsd/ﬁ .

dsdrk — ( f€72/})7

+(2-v2) /Qg (6) | (i)
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Using the Cauchy-Schwarz inequality, we get

(0%, divep) < A D(@°) || 2o l|¢ 1 ) + 1071720y 1]l 210

(2.35)
+9" V2|02 [[¢ ]| 10y + (2 — V2)g* || D) || 2@ + 1 Fll 2o 19 a1 -

In the same manner, we choose ¢ = w¢ — 1,9 € H*(Q) in (2.8) then we find

e 1 . _ N . 1
—(p°, divep) < A D(@°)[| 2 ¥ |11 () + 16° 12 @ 1l 1 () + V21902 1] 11

+(2 = V2)g" | D(@) || 2y + |1 Fll 2o ¥ 1] -
(2.36)

We combine now (2.34) and (2.35) we obtain .

e 1 « - - . 1
(5, divh)| < A*(|D(@) | 2@ |19 i (@) + 1071720y |¥ 1) + 97 V2IQ02 ¢l 110

+(2 = V2)g" | D) |20 + 1 12 1411 .
(2.37)

When i = 1,2, we take ¥ = (11, 0,0) then ¢) = (0,12, 0) in the inequality (2.36) we
have

p°
/Q 95, Wdsdrk

< (Cr+C+g VoL + 2= V)G C + 1 fille) Wl (2:39)

where C; = A*C' Then (2.22) follows for i = 1,2 . For getting (2.23),we take in the
inequality (2.37),1) = (0,0, v3) we find :

1

£

op°
o 0s;

dsdr| < <01 +C? 4+ g"V2IQ2 + (2 - V2)g'C + Hfs\lm(ﬂ)) 15l ey (2:39)

This ends the proof of Theorem 2.2
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2.3.4 A Priori Estimates for Temperature

Theorem 2.3. Assume that the assumptions of Theorem 2.2 are satisfied, assume also

there exist three positive constants K*, K,,Cy , such that

0<(Cy< K, < K< K™, where Cy are determined in the proof . (2.40)

Then, there exists a positive constant C independent of €, such that

2 €
Z 06 <Oy, (2.41)
i=1 12(9)
o6¢ |’
< .
o <Gy, (2.42)
12(9)
Proof. choosing ® = 6 in (2.9), we obtain
/ 2K (09)VOV i dsdr = 2 [\(é) D(s)| <dsdr
Q Q

V2 X (9) ‘D(wf)

Odsdr — / & (9) ddsdr + / 0°V D dsdr
Q Q
then

4
/ ERVOVOdsdi = 1. (2.43)
Q

=1

Where

I, = QfQA <é€> ‘15 (w ) dsdk, I, = \/_ng <9€> ‘D Qedsd/f

I3 = fQ Qa <é€> éedsd/{, Iy = fQ 20°V O wdsdr.

42



From (2.39), we have

< 2 < 2
A ~ 112 00° 00°
/ ER (6)VIVIdsdr > K.é Hvee > K, K|S (2.44)
Q L2(Q) 0s; Ok
L2() L2(Q)
For I; by the cauchy-schwarz inequality, we give
2 2 lons Ouc)? 2 || e owe ||? owe || R
ull < AF Z 6_ Wi J + w; 2 w3 + 2¢2 w3 ‘ e

Using Young’s inequality and the compact injection H; () in L*(Q), there exists a

constant C(2) independent of €, such that

2

] 3 RS v -
|[1| < 2A*Cl(Q) 3,j=1 0s; H(Q) i=11| Ok HY(Q) ‘ e
v allom|l® e |fou| £2(@)’
=l o i) o @
also, from (2.19), we get: |[1| < 2A*Cl(Q)C‘é€ ‘) Similarly, applying the
L
Cauchy-Schwarz inequality we obtain,
|I,| < \/§/g (9) ‘5(@6) G°dsdr,
Q
L| < v2¢" | D (i l1é| | <vagc i 2.45
1< Ve B @), 1], < V200 (2.45)
1] < a*h H| b (2.46)
12(@)
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The analog of the last inequality gives

2 || pe NE he
|]4| < e |0 L4(9) ||w ||L4(Q) Hve L2(Q) ’
A [ W T PN P P
S € 2‘ Ham)‘ £2(92 >”w e 10 “L2<Q> H )’
5 = 1
ST WO S P T L (e

By Young’s inquality and from (2.19) we find

+1
)4

+ —6203 ”V@e
4 L2(Q

1| < Zcze Hveﬁ

2 o2
HV HL?(Q) | HLQ(Q)a

Zcze Hveﬁ

gl
2(Q) )

~€el12
HL2(Q) | HLz(Q)v

g <Z_LCZ + 10302)62

L2(Q)
So,
o6 ||” o6 "
|| < Cyé? Be. + Cy B : (2.47)
"2 L2(Q)

where 04 = %CQ + }10302.

By injecting (2.44) — (2.45) and (2.46) in (2.42), and using (2.39), it becomes

N 2 ~ 2
96¢ ¢ s
(K. = Cu)e | 5= + (K. —Cy) < (2A°CL(Q)C + V2*C + a*h) ‘ Il
"l 2o 12(0) P
As: ‘ée Sﬁ’%é; , we find
12(9) 12(9)
o6 ||” o6 ||” o6¢
K, — Cy)é K,-C < 2.48
( 1)€ 7, + ( 1) e 51195 , (2.48)
L2(Q) L2(Q) L2(Q)
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where Cs = (2A*Cy(Q)C + v/2g*C + a*h)h.

90°

o < C5<K* — 04)_1.

12(9)
By injecting this last estimate in (2.47), we deduce (2.40) and (2.41).

According to (2.47) we deduce that :‘

O

Theorem 2.4. Under the same assumptions as in Theorem 2.2 and Theorem 2.3, there

ezist w* = (wf,wy) € Vi, , p* € LE(Q) and 6* € V,, such that:

¢

w = wr, 1=1,2 weakly in V,,
e
P AN 0, 4,7 = 1,2 weakly in L*(Q)
8Sj
(2.49)
a NE
€ ;;3 — 0, weakly in L*(Q)
€ — 0, ¢ =1,2 weakly in L*(Q)
\ 882‘
ews — 0, weakly in L*(Q), (2.50)
p° — p*, weakly in L*(Y), p* depend only of s, (2.51)
(
0c — 0% weakly in V,,
9 (2.52)

g_z: — 0, i =1,2 weakly in L* ().

\

Proof. From the inequality (2.19) — (2.20) we find directly the convergence of (2.48), to
prove (2.49) we use (2.19) and (2.21) Since div(w) = 0, from (2.22) and (2.23) by choosing

a particular test function, we get (2.50).
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By inequality (2.41), we have

Bl

o <
Ok
L2(Q

<h
L2(Q)

So, 6 is bounded in V.., which implies the existence of an element 6 in V., such that f¢

converges weakly to 6% in V.

o6¢
0s;

Moreover, inequality (2.40) shows that €

( ) < O, therefore e%—if
Q k3

and since 6° converge to 6* in V.., we have that e - converges to zero in V.

converge to 90"

Os;

2.4 Study of the Limit Problem

Theorem 2.5. With the same assumptions of Theorem 2.4, the solution (w*, p*,0*) sat-

isfying the following relations

2 e O (W) 0 (9 — wy) /* Ipr . 0P
Z/QA(G) o o dsd Qp() 3o T Ben dsdk

=1

+/Qg(9*)<% _‘%)dsdwr/ (1] = ")) d3>2/f1 Gi — w?) dsdr, ¥ € TI(V)
(2.53)
_ai <K59*> Zi: ( ) V25 aw a7, in LAQ). (254
Moreover if
/Q ((@1 (s, k) g—z (s) + ¢2 (s, n)) 2—;112 (s)> dsdk =0, YU € Cj() (2.55)
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Then

S [ A aw 2% ")dsdm—l—g}/ (‘8—@ Ou )dsdn
i1 Q 8/{ Q (‘9/{ 8/{
, (2.56)
+ [ llel = s > 3 (£ - )
w j=1

Where II(V) = {¢ = (¢1,¢2) € H'(Q)? : Ip3 such that ¢ = (¢1, P2, ¢3) € V).

Proof. We apply the lir% on the variational inequality (2.17) and using the convergence
€E—

results of the Theorem (2.4), we deduce
2
- ow; ow; ow 810 op
A(6%) “dsd —|dsd k d dsd
E/H i gt [ st s s> Z/ T
S03alsd;<;

dsdn / ds—i—Z/fz G —w! dsdm+2/ . %dsdn+/ *aa
w Q

(2.57)

~

+9

as fQ p*%dsdﬁ = 0, because p* independent of k, we find (2.52) and if ¢ verifies the

conition (2.54) we deduce directly the relation (2.52).

The same for (2.53) we apply the lir% on (2.18), we get
€E—>

96" 0d N N A [ 0w
/Kaﬁ—ﬁdsdﬁ;—zl/QA(@)<aﬁ>dsder\/ig/Q’%

dsdrk — / & (0%) dsdk,
Q

(2.58)
by Green’s formula, we obtain
9 (00" 2 dw; )’ dw
_ Y _ A (O i - _ARFY 2
aﬁ(Kaﬁ) ;A(G)(aﬁ) +V2§ & (0%), in L*(Q) (2.59)
[
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Theorem 2.6. The variational inequality (2.55) is equivalent to the following system

* 2 * R R

/ A0 |22 dsan + / 307 | 2| dsdn + / e |w*| ds = / futdsdr,  (2.60)

Q K Q w Q
and

o Owt 00 00 A

* ~ * _ > Z
/QA(Q) o /Qg(e) o dsdm—i—/k ds /fCI)dsd/i Vo e X (V),
(2.61)

where

A

S (V) = {<I> e TI(V) : ¢ satisfy (2.54)}.

Proof. By replacing the function ¢ with ¢ = 2w* and then with ¢ = 0 in (2.55), we

obtain:
Z / GES a,i wi (s, h(s)) ds
e A , (2.62)
+a/ dsd/<;+/ klw*| ds > Z/ (fi,w")dsdr, Yo e (V)
Q K w j=1
Z/ (g7) 20 0 dsd/f—l—Z/ wi (s, h(s))w (s, h(s)) ds
i,j=1 i=1 Y%
- A ) A (2.63)
+@/ deFL—l—/ klw*| ds < Z/ (fi,w*)dsdr, Yuw* e X(V)
ol Ok @ =1 /e
From (2.61) and (2.62), we deduce (2.59).
For (2.60), we choose ® = ¢ — w* for all ® € X (V). O
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Theorem 2.7. Let us set

ow*

Y =% — Vp* and F = A (6*) 5 T, (2.64)
K
then
ow*
9 A (6%) our 4§01 25| = f—Vpr, in L2(Q)? (2.65)
Ok Ok ow* ’ ' '
Ok
Where m € L (Q)? and 7]l g0 < 1.
Proof. 1If %u/; — 0, from (2.63) we find |2*| < §(6*). For all ® € X (K), choosing & = &,

then ® = —® in (2.60), we obtain

.. 0d s o
< 5(0F) | ==
G(kcb, 3/{) _/wk P ds+/ﬂg(6’) o dsdr,
where
R L Qw0 .
k®, — | = | A6 —dsdk — ddsdk. 2.
G( ’8&) /Q (0)858%;5% /Qf sdk (2.66)

Now, by the Hanh-Banach theorem, then, 3(y,7) € L*®()* L™ (Q)*, with Xl o <

1 [|7flq <1, such that
. 0d . 0o
G|k, — ) =—- kdds — g (0") —dsdk. 2.67
(7%) [ s = [ o 07) G s (2.6)
In particular, from (2.59) and (2.60) we find

//%\w*\ds+/g(9*) w
w Q

Ok

dsdmz/x/%w*ds—i—/ﬂg (07) dsdk. (2.68)
w Q oK
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Moreover, from (2.65) and (2.66), we have

/ A (67) Ow” 0% )+ / Yk®ds + / T (9*)8—(I)dsdm— / fodsdk = 0.  (2.69)
0 3 3 o Q alﬁ Q

K Ok
Next using (2.67), we have

7 * * A (% ow*
Lrawr—wass [ a0 (|5

As Xl o €1, [[7]lge < 1, we deduce

ow*

_Wa;{

) dsdr = 0.

ow*
0K

=T

ow*
Ok

and |w*| — yw™.

ow*
K

So, if

# 0, by (2.63), we get

~ A ow* .. Ow*/Ok
9 G Janl

ow*

~

=A(")

i*

In this case, +g(0%) > g(0%),

therefore, we can write

C ow 0, if (i*‘gg
MOV S-=9 o ... 0w /ok
by —Q(H)W,

(2.70)

~

if ‘i* > g,

Besides, from (2.68), there exist p* € L2 (Q)? such that

. * 0 . b . .
/ A0 292 a4 / Ykdds + / 73 (07 22 dsdr — / fodsdr = — / Vp*ddsdk.
Q 3/4 3/4 - Q a/ﬁ: Q 9
(2.71)
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Using (2.69) and (2.70) becomes

. 0P . o .
/Z*a—dsd/i—l—/ qu)ds:/fq)dsd/i—/v,o*édsdm, (2.72)
o Ok w Q Q

from which (2.64) follows if we take ® € H} (Q)* in (2.71). O

Theorem 2.8. Under the assumptions of preceding theorems, w* and p* satisfy the fol-

lowing equality

/LQW +F+// (0" (s, ¢)) 221 Sfdgdy+ //‘gwfgé £)dédy

h . ow* (s,€) " ow* 3 ]
_ 2| A =
s [ A .on P e [0 (s eyie] o 5y as =0
(2.73)
for all ¢ € H' () where
. h h
F(s)=|[ F dy — =F (s, h), ,0)dtd
= [ Fna-gren. o= [ [ Feoae
Proof. Integrating (2.64) from 0 to k, we obtain:
R ow* o B ~ * Ko
AT G o)~ VB R 6 4 vaa T = [T ods - kv
(2.74)
with 7%(s) = 22(s,0) and ¢*(s) = 6*(s,0).
Integrating again from 0 to , we find:
r ow Ow* /I
— [ A(O €)d d
| e G- vaa [ 2ol s

R (C () (o V2T = / / (s, dudg — S5
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Substituting x with h, we get:

h *
/OAw*(sg))a (5,6 ds+f/ 0w/ e

o€ 9w /3¢ -
A (@) 7 (@) //fsydydé“——vp
Integrating (2.74) from 0 to h, we obtain:
v our /o€
9*
[ ety vaa [ [ 5 /3§| -
h? h2 '
FA(C (@) () + V3a / I / f(s.t)drdedy — v,
From (2.75), we deduce:
* h/\
AP @nvaaTon= [T () G0
(2.78)
" ow*)o¢ horss h?_
wvaa [ g e [ [ o dus =

From (2.76) and (2.77), we obtain:

12Vp +F+// 5,& 6§ dfd +\/_//’gw;g§‘ ¢) dedy

—5/0 A f))awa(g e R e
(2.79)

Thus, for all ¢ € H'(), we have:

/LQW +F+// (0 (s, ¢)) 2 Sgdgd + //ygw;g; £)dedy

h . ow* (s,€) " ow/0g _
e R e R Or
(2.80)
This completes the proof. n
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For the uniqueness of the limit velocity and temperature, we let:

W, = {w €V, 2w e L?(Q)},
B. = {wewom, |22, <c}.
= {w € W, W, : w satisfies condition (2.54)}.

Theorem 2.9. Under the assumptions (2.13) — (2.14) and if K. is sufficiently large such

that

K, > [1+ (h)?] Ca.

Then, the solution (w*, p*, 0%) of the limit problem (2.53) and (2.59)—(2.60) is unique

(VV,.i N BC> W.., For all

1
1 2

0<c<c= (2CA54) 2 [ [1 + (71)2] 0 C@]

Where 3> 0,C; > 0,C4 > 0.

Proof. We use the same techniques as in [4] to prove this theorem, Let (w*!, p*! 6*!)

and (w*?, p*2 0*?) be two solutions of (2.53) and (2.59) — (2.60)

90%1 0d w7 L )
K a—dsdﬁ—z A (071 —Z bdsdr+ V25 [ |29 ddsdr + G (0*1) ddsdr
/{ Q 3/1 Q
(2.81)
00*2 9 wi?\ ow?| . .
K——Z—dsdk = 2 (i) 24 Lo v (0%2) ddsdr
/ oo dsdn = Z / (0" ( ) dsdr + V2§ /Q o | Pdsdr + /Q & (0%%) ddsdrk
(2.82)
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By subtraction and choosing ® = (#*! — 6*2) € H} r, € Q, we get

2(0*,1 . 9*,2)

/QK Ok

2 4
dsdi = " N;. (2.83)
i=1

Where

2

. . 9, . w2y 0 0 2\ (g "

Ny =) N{ N{= /QA (071) 5 (Wi +wi?) o= (wih = wi®) (671 = 0°2) dsd,
j=1

S A o w2\

o 7 7 1) *,2 i 1 %2
NQ—;NQ,NZ—/Q[A(@ )~ A (0] (—85) (0" — 0°2) dsdz,
No= [ (@ o)~ (0)) (07 - %) s

Q

dw M\ Ow -\
_ ~ 7 o [ 1 p*2 !
N4—\/§g/9<< 8/@) (85))(0 0 )dmdz.

The increases of N;,i = 1,2,3 are given by [10] as follows

2

Ny =DM <2vRN B f|wpt — w16 =0 (2.84)
j=1

N < Bt — o2 |l], [jw3lly,, (2.85)

N3] < C; [|omt — 072, (2.86)

where Cy > 0 deducted from the assumption & is Cs-Lipschitz continuous function

on R. Utilising the Cauchy-Schwartz inequality, we get:

|N4’ < 29* 9*,1 - 0*72 >'k,1 - w;"Q (287)

2
Vi \AZS
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Injecting (2.83) — (2.86) in (2.82), we find:

271—1 *,1 *,2 * N2 *2 *,1 *,2
K. [T+ (h)?] 7 |0! —072]];, <2V2A°8 w2, |07 =672,
+ O]\ﬁ402 0*,1 . 6)*,2 v + 07‘— 8*’1 o 0*,2 v + 2 * 0*,1 o 9*,2 ?/ﬁ w*,2 o w*,l Vv
S0,
* * 71 -1 -1 * * * *
ot =02, < K1+ ()7 =200 8¢ - Ca] [2VEN Be 4 297 (| — w0l
We assumed that:
0<c<eo=(2038") 7 [K. [1+ (0?7 =]
Thus
* * \ * -1 *, *,
gt — g*2 v S [2\/5/\ B2 +2g } (63—02) |w 2wt Vv (2.88)
We have also the two inequalities
A w0 w op|  |ow*!
Z/Ae*l wi” 9 (& Z)dsdnJrﬁ/( ‘p—’w )dsdm
—~ Jo oK oK o \| Ok oK
) (2.89)
+ [l ds = Y (£ - ).
w j=1
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2 * 2 2 ~
A w0 (pi — 0 ow*?
Z/AH*Q w? 0 (6w )dsd/erg/( ‘p—’w )dsd/{
—~ Ja Ok 0K Ok Ok
A . (2.90)
+/k ds>Z(f,¢—w*’2).
w j=1
We can take ¢ = w*™? in (2.88) and ¢ = w*! in (2.89). Hence, we obtain
aw* ) ( w 1) . w0 (951 — wfk’Q)
A (6°1) c A (672 ! : dsdrk =0
Z/ ( Ok + ( ) Ok Ok San ’
then
2 2
Z/ A | == (i —wh)| dsdr
Q
(2.91)
2 .1 *,1 *,2
w0 (w — w)?)
0*1 9*2 7 1 1 d d )
Z/ >] Ok Ok sar
As: A > A, > 0 and by Poincaré’s inequality, we find
2 —
Z/ (0°1) | 5= (Wi —wPh)| dsdk = A, [+ (h)Q]_1 |w*? — |, - (2.92)
Now, the analogous results of [28], is given by
* *, aw?l a (w?l - w:’z) * * *
A1) = A(0)) = - dsdr| < V23°Cie |07 — 07|, [lw™* -

Where, 3 > 0,C; > 0 and ¢ > 0 are respectively deduced from, the embedding of V,,

in L*(), the assumption A is C;-Lipschitz continuous function on R, and w*' € B..
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Therefore

Hw*,Z _ U}*’l ‘VKVN < \/562CAA:1 [1 + (B)2] c 0*,1 o 0*,2 . (293)
And from (2.87), we deduce
(1 . (zﬁm?c + 29*) (2 — )"V [1+ ()] c) o=t — 672, <o.

Assuming that
(1 — (2\/§A*62c + 29*) (2 — )" W2p2C A [1+ (h)Q] c) > 0.
We have

9*,1 o 9*,2 0.

‘VK -

Then 6*! = 0*? a.e in V,. From (2.92), we conclure w*? = w*! a.e on V,V,, of

uniqueness (w*, %) implies that of p*.
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Chapter 3

Asymptotic Behavior of Solutions for
a Non-Isothermal Coupled Problem
With Nonlinear Boundary

Conditions in a Thin Domain

3.1 Basic Equations

Consider a fixed region w in the plane defined by s = (s1, s2) € R%. We assume that @ has
a Lipschitz-continuous boundary and represents the base of a fluid domain. The upper
surface I'{ is described by s3 = €h(s), where € is a small positive parameter (0 < € < 1)
approaching zero. The function h is smooth, bounded, and satisfies 0 < h, < h(s) < h*

for all (s,0) € w. We denote the fluid domain by Q¢, which is defined as follows:

Qf = {(s,s3) € R?: (5,0) € w,0 < s3 < eh(s)}
Let T be the boundary of Q¢, where I'* = [{UT'¢ Uco, and T'¢ is the lateral boundary.
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We denoteby w® = (wf)i<i<z the velocity field, ¥ = (X;)1<; j<3 the Cauchy stress

tensor given by the power law:

(

R

Zze'j = Ei’j — po

55 = VA (8) s + A () D) D(w) if D) 20,

157 < g7 (6) i D) =0.

where p¢ the pressure , and D(w®) = (d; ;(w°))1<i j<3 the strain rate tensor with

oL (our | Ous
dig(w) =3 (asj * asi>

Problem 1. Find a velocity field w¢ : Q¢ — R?, the pressure p¢ and a temperature:

g¢ : Q¢ — R such that

wVw — div (X9 = f°in QF, (3.1)

div(w) =0 in QF, (3.2)

WV — V. (KVO) = A (6°) | D(w)|” + V29 (6°) | D(we)| — a6 in QF, (3.3)
w*=0onI'{UTY, (3.4)

wn =0 on w, (3.5)

IS¢ < k¢ = wE =0

on w, (3.6)
IX¢] = k¢ = TN >0,ws = —\X¢
f°=0 on Fl U FL, (37)
00°
o 0 on w. (3.8)
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The flow is described by equation (3.1), assuming a density value of one, Equation (3.2)
outlines the condition of incompressibility. In equation (3.3), the principle of energy
conservation is depicted, where the specific heat is set to one, K¢ > 0 denotes thermal
conductivity, and the term —af° accounts for the external heat source, with a¢ > 0. .
Equation (3.4) specifies the velocity on I'{ UTY . Given the absence of flux across w,
equation (3.5) applies. Meanwhile, condition (3.6) describes a Tresca thermal friction
law on w where k¢ is the coefficient for frictional yield. Let n = (nq,n2,n3) oundary QF
represent the unit outward normal vector on the boundary I'

The normal and tangential components of velocity on the boundary 2¢ are defined
as w;, = wn and wt = w* — w.n respectively. Additionally, 3¢ represents a regular
stress tensor field, where the normal and tangential components of ¥ on the boundary

w are expressed as X6 = (Xn) .n, 3¢ = Xn — Xf.n. respectively

3.2 Weak formulation

We consider the following functional framework on )¢

Ve={peW"™(Q) : ¢p=00onT{UTLy, p.n=0o0nw},
Vi = {p € V©  div(p) = 0},

LY (QF) = {(p e LV (Q) : / ¢ dsdsg = 0} ,
Qe

and

Writip. () = {® € WH(Q)?: d=0o0onT{UT}.
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Problem 2 Find (w<, p¢, 6) € V5, LY (Q°) () WlllqurL (€29), (1 < ¢ < 2) such that

B (we’ we’ 2 we) + a(0€7 wev "2 w6> - (pe ) div (90 - we)) + j(ee’ SO) (3 9)
—J (05 w) = (f, ¢ —w), Vo € V(LX)

C (05, @) — E (w0, ®) = F (w0, ®), Y& € Wiy, (), (3.10)
where

€

a6, p) = 2 / A (6% [D(w)|"~2 D(w)D (p) dsdss,

B(w*,w, ) :/ wVwpdsdss,

€

(p°, div ) = / p° div pdsdss,
Qe

500) = [ Klel ds+vE [ g (091D (o)l dsdsa

3
(f0) = | fopdsdss=> | fipdsdss,
i=1 79

Qe

E(6°,®,w°) :/ OV ow dsdss

€

C(65,0) = | KVOIVDdsds,

Qe

F (0,0, @) = 2/ A€ (6°) | D(w)|? <I>dsd33+2/ g° (0°) | D(we)] <I>dsd33+/ af (0°) Pdsdss.
Qe

€ €

This variational problem is known to have a unique solution; see [29] for further details.
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Proof. Multiplying equation (3.1) by ¢ — w®, where ¢ € V¢, and using Green’s formula,

we obtain:

/ wVw* (90 — wé) dsd53+/ fy 86 ( wa) dsdss
Qe

/ ¥img (p —w)ds = e (@ —w®) dsdss
re

Qe

(3.11)

From the boundary conditions, we find:

[ =in (i wyds = [ Sim, (i - wi)ds
Ie w

On the other hand, Xn; = X2 + X5 n; and (¢; — ws)' n; = 0 sur’, then

ij'vg 7

[ st -y ds = [ =0 - w)ds
Ie w

So from (3.11), we obtain

/ wVwe (p —w®) dsdss + / Efji (p — w®) dsdss
€ Qe 88]
- / Yo(p—w)ds= [ f°(p—w)dsdss
w Qe

By adding and subtracting the term [_k° (|¢| — [w®|)ds — [_ X< - (¢ — we) ds, we

have

0
/ w YV we <¢_w€)d5d83+/ ija (QD w )d8d83—/ kE(|S0| |w5|)
- [se-was- | kf(\sol—!we\)ds:/ £ (p — ) dsds,
w w Qe

Let 8= [ X5 (p—w)ds + [ k= (l¢l — [w) ds
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using Lemma 2.1, we show that we prove that

5:/ (52 - () + K] ds

or

X7 (p) = X7] - ] = —k%fe] sur

so 3 is positive. we deduce that

/ wVwe (p —w®) dsdss + / Zfi (p — w®) dsdss
Qe Qe J 38]

4 / B (o] + [ie) ds > / £ (p — w) dsdss
w Qe

Replacing 35 ij with its value, we obtain

B (wev wea Y — we) + a(967 wga ¥ — ’LUE) - (pe 5 div Y — ’LU€)

+ g° (6°) /QE %dij (p —w®) dsdss (3.12)

T / K (gl + [0y ds > | f7 (o — ) dsdss
w Qe

According to the Cauchy-Schwarz inequality, we deduce :
dij (w®) dij(¢) < [D (w?)|[D(p)]| (3.13)

Substituting the inequality (3.13) into (3.12), we obtain (3.9)
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To obtain (3.10) , multiplying equation (3.3) by ® € Wl}qu,FL (Q°) and using Green’s

formula, we obtain

/ 0°VPw dsdss + KVOVodsdss

Qe

—9 / A€ (6°) | D(w®)|* ddsdss

Lo / ¢ (6 | D(w)| Ddsdss + / o (6°) Bisdss.

€

]
We suppose the existence of K¢, K}, vg, v:A., A*, g* in R such that
1
5§K§§K6§K:, 0<vi<v <v. (3.14)
and
0<A <A <A, 0< g <g*, feeWh (Q9)?, (3.15)
Based on previous results that will be valuable in the next sections
(a+b)" < (2" " (a? + ), VY(a,b) €RY, Vp> 1. (3.16)
(a+b) < (a?+V), V(a,b) R}, 0<p<l1. (3.17)

3.3 Change of the domain and study of convergence

Here, we will apply the technique of scaling in 2 on the coordinate sz, by introducing

the change of the variables k = 5 we get
€
Q={(s, k) €ER®: (5,0) €, 0<k<h(s}.

The boundary is defined as I' = I'; U T, U7, Additionally, we have.
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UA};(S7 ’i) = w'L‘E(S7 83)71. = 17 27 12);(87 K) = e_lwg(s, 83) and /36(87 ’%) = Eype(s7 S3>‘ (318)

Suppose that

, (3.19)

with
_32-v)
b= 3—v
Let
:{ Wl” 3 9o =0onTyUTly; @.nzOonw},
lev = ( ): leSO_O}

= {gp € L” : Y dsdss = 0}
Qe
b .

_{ (L’"(Q))Q,ai eL’(Q):¢=0 onfluFL},

V., ={¢p eV,: ¢satisfy (D)},

Hn:{ e (1) 2 ¢ mm},

where the condition (D') is given by

\\J \\J
/ (@12 + gpggs ) dsdr = 0, for all (p1, @) € (L” (Q))2 and ¥ € C5° (). (D)
S1

w
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By injecting the new data and unknown variables into equations (3,9)-(3.10),, we
demonstrate that (u?e, 0°, é6> € Vaw (Q) LSI(Q)WI};‘&L () form a solution to the following

problem

Co (9 <i>> —E, (we <i>) ~F <w9 <i>> L Vb e WL (), (3.21)

where

A 2 S AN | v-2 (1 (O O A(p; — )
€ NE S anE) 2A € D (1€ - % J Pi 7
ag(0°, 0, ¢ — W) Z;/Q[e (6)‘ () (2(88j + 851-))} 7, dsdk
[ a2 (1O 005\ O —
€ ~ € - 7 2 3 i wz)
+;/QA(0> D (w°) (2(8/@ +e 8S¢)> B dsdk
AN [ A |72 0ws O(p3 — W)
A € D € 2 3 3
—i—/ﬂ ( (9 ) (W) € I ) 5 dsdrk+
2 SN A |2 (1 G005 005\ O(ps — )
+ /€2A o) |D (w° (— (62 54 J)) 3 32 dsdk,
; Q ( ) () 2 0s,; oK 0s;
2 W
By (i€, 0, @ — i) = > / 4 o (9 — i) dsds
ij=1 Q S;
2 ow 2 ows
4 ~e€ 3 /2 ~€ 2 ~e RPN ~€
+;/Qewzas (@—w)dsdﬂa—i—;/g 3%(g0i—wi)dsd/-@
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P= )

2
(f€7 @ — QI)G) — Z/ fz(@z — UA)ZE)deI{ —+ / 6f3(193 — wg)deli,
j=1 Q Q

- i o0¢ 0P 90c 0P
€ 2 €
bo (9 ) / V. 0 \V ddsdr = E / 35, 0, dsdk + /K —deH

Eq <w9<1>> = / v diwcdsdr

- 00¢ 0P 90c 0
€ 2 € _ 2 -
Cy (9 ) / V. 0 V. ddsdr = E / K@si ag@dsdm /K(?/i o dsdk,

D(w

F, <w0(I>> - / A (9) ‘D(w
Q

/ dée(i)dsd/i,
Q

67



3.3.1 A priori estimates on the velocity and the pressure

Theorem 3.1. For all 1 < v < 2 and under assumptions (3.14) — (3.15) and (3.19), there

exists a constant C > 0 independent of € such that

2 v 2 ~e |V ~e |1V ~e |1V
8@Zﬁ H w§ 8 g ows
‘ + ||€ <C. (322
= 88] L ; ( 8/<a (@ (93Z Lo )> Ok L)
a"E
‘ i <C fori=1,2 (3.23)
ds; w-1v'(Q)
H 9 < ¢C. (3.24)
a:‘i W,I’y/(Q)
Proof. Choosing ¢ = 0 in inequality (3.9), we find
B (w, we, w) + a(6°, w, w) + / kS |we| ds
@ (3.25)

V2 [ g (6D (w)] dsdss < (£,u),
Qe

as B (w, w, w) = 0, we obtain

a(0°, w, w) + / kS |we| ds +V2 [ gc(0°)|D (w)| dsdss < (f€, we).
w Qe

By Poincare inequality and Young inequality, we have

a0, wf, ) + / B ] ds+v3 [ g (691D ()] dsdsy < S MGk [[Vur s g
w Qe

(eh*)u’ (326)

N7 e
( A I/Ck)

eV , we have

Multiplying (3.26) by €L, and as € || f¢||7.s o,
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ev—la(wf,w€)+/ A|w€|ds+\/§/§<ée> \b(we)
w Q

1
dsdr < §A*Ck€l/_1 va€”zu(ge)

(S

* ) (1 = W )
v (QA*VCk>

According to Korn’s inequality, a constant C}, exists, independent of €, such that.

) B* v/ o
dsd/i+/ k|wf| ds < #,

v (%A*UC’R)V7

~

f

(3.27)

L (@)

1 _ €V ~ (D ) (€
SAC V0 +V2 [ 3 (8) [D )
Q

By

So, from (3.27) we deduce (3.22), with C' = (3A.Cy) ™ ;
v (%A*Vck)

(@)

v
v

For (3.23) and (3.24), we prove as in [19].

3.3.2 A priori estimates on the temperature

Theorem 3.2. suppose that the hypotheses of Theorem 3.1 are verified. Then a positive

constant C that is independent of € exists, such that

06¢
< :
Ep <y (3.28)
wha(Q)
2 ~
00¢
< :
2|55, < (3.29)
=1 wWla(Q)

Proof. Choosing ® = 9 (6) in (3.21) as ¢ is given by

9

| o4 1
9(0) = Csign (9)/O aqape -~ sion ) [1 AR
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we obtain

V@E
o ‘ B

o1 S Ae - 2/ |D (0°) ["dsdr + €#2/2¢g* /|D ) |dsdk

06
+€ﬁ+v 2<— /

Using Young inequality with for ¢ < % < p, we obtain

1+

(3.30)
Ve

C+1 wedsdrk

. . . . q
0 |Vo° 1 o |Vo°
6'8+V_2/ —leedsd/ig €6+V_2—/

N >C+1

1
dsdﬁ+€5+”_2—/ (w)’ dsdk
1+ b Ja

(3.31)

On the other hand

2

v v

8@2}?

7

8sj

NE
o OWs

NE
ows
€

&si

Ok

+ ||€

/ |D () |Vdsdr < C (v)
Q

Y 2
L”(Q)>

as C'(v) > 0 depends just on v. Since v > 1 and 0 < € < 1 it follows that ¢/~! < 1,

2 8 €
“LZ(H o

Lv( =1

ij=1 L”(Q 124(9)

Applying this inequality along with (3.22), we conclude that

. / ‘vm

(A*c (v)C + \fzg*c) b2

<+1 =
N N q
0c | Vo (3.32)
+ A2 1 dsdk
()
+ 2o | (0P dsdk
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Applying Young’s inequality with exponents 3 and Q—Eq, for ¢ < %, we get

R N q 12
i [ve v
€ﬁ+uf2 < 2—
N ¢+1 ) ~ ¢+1
(1 + |6 ) (1 + |6e )
o (3.33)
n 24 (grr-27 (6°)2e
-5 € C+1y 2
2 N ( 2 )27q
(1 + |6 )
20 ey 22
AS 6(5"‘7/_2)2?(1 S 6(6_2) and % S ]_7 we deduce
(1+[o)

1 ‘Vﬁe 2-¢q . 1
K, — = — < (ACWC 20°C' + =——=(Q + =(CC ) #2 (3.34
C( 2)/Q<1+é€>c+1< 1O+ V2O 2 Y )E (334

Applying Holder’s inequality with exponents % and 2%1, for ¢ < %, we find

/ ‘veée
Q

" dsdr < /ﬂ 2(/(1+
N Q( ée>c+1 Q

2—q

(C+1)q ) 2
)
)

ée

1+

using (3.34), we get

/ IV 6 dsdr <
Q

(SIS
™)
|
(=]

~

06

([

1 , 02790 L) AT
(C(K*—é) (AC’(V)C+\/§QC+ o g9+p<c>e ) ) ) :
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where ¢* = 2L > (C;:l)q. by (3.16) and (3.17) , we obtain

N

. 14 2—q 1 _ «_1)2-4q
dsdk < | —/———~ A*CI/C—I—\/§*C—|——Q+—C>6ﬂ2 ACH A
<<<K*—g)< T

<|Q|qu + (/Q q)) .

Now applying the Poincaré inequality, we get

(

ée

(3.35)

ge|” dsd/i)q <c'|v.é

La(Q)

N|=

< (;1) <A*C (v) C +V2g"C + %qm + écc)) €219l D5

C (K. =3
q*> 2_> | (3.36)

ée

c’ (|Q|22_qq + (/
Q

Moreover, for all z > 0, y > 0, z > 0 and 0 < n < m, it follows that:

1

If 2 <y + 22" then x < max {1, (y + z)m*"} . (3.37)

Thus, from (3.36) — (3.37) and the fact that 252 < 1, we deduce

J

b" dsdr < €., (3.38)

where
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and

- (L_ :
a*  2q

- 1 * * 2_q 1 (q**l)Qg;qq / 22;qq
v = <—C(K )<AC(u)C+\/§gC’+—2q ¢Q+pg0)> 2 C(|Q| +1)

_1
*T 2

N|=

- ~6

_ 1 . or 27901 @05 o (1o
_ (C(K (AC(V)O+\/§gO+ 7 gQ+ng)> 2 c(|Q| +1)

N

—1
As §=324, then 3(2 — q) (§ —1) < 0. Thus for e < g2 2(Z-D] " We find
&= 763@71)(27'1) > 1.

From (3.35) and (3.38), we obtain

e’ / ‘Vgée
Q

<|Q‘2%q €39 4 753(§—1)(2—‘1)+§q> :

(SIS

a * * 2_q 1

2(!1*—1)2%‘1

as3(§—1)(2—q)+§q:0and§q>0,weget

el / ’VEée
Q

! dsdr < Cf,

where

1 2_(] 1 ‘ *_1)2=¢ 2—q
= ——(A* 24" I o B 2 =)= (10| 7= .
e (g(K*_%)< C(v) O+ V290 4 =5 ¢ +p<c)> (117" + 1)

Where C} is a constant independent of €. Thus, we obtain (3.28) and (3.29)
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3.3.3 Theorem of Convergence

Theorem 3.3. According to the same hypotheses in Theorem 3.1 and (3.2), there exist

w* = (wh,w}) € Vi , p* € LY (Q) and 6* € 11, such that:

w; —=wf, 1=1,2 weakly in V., (3.39)
ows . .
€ =0, i,j = 1,2 weakly in L"(2) (3.40)
8Sj
o .
€ — 0, weakly in L"(2) (3.41)
oK
Qawg . . v
o 0, i =1,2 weakly in L"(Q) (3.42)
S5
ews — 0, weakly in L"(2), (3.43)
p° — p*, weakly in L"/(Q), p* depend only of s, (3.44)

;

g — g weakly in 11,

(3.45)

90° .0, §=1,2 weakly in L9 (Q).

L 0s;

Proof. From (3.22), there exists a constant C' independent of € such that

<C (1<i<?).
L (@)

ows
Ok

Using this estimate and the Poincaré inequality, we deduce that the sequence (wf, wS).
is bounded in V. Since this space is reflexive, we obtain the weak convergence result (3.39)

in V,.
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We now show that w* € V.. Indeed, since div(w¢) = 0 in Q, for all ¢ € C3°():

ow;  ows  ows / ow; — ouws
/Qq(s) (881 * 059 * 0K ) dsdr QQ(S) 0s1 - 059 sak =0,

because - n =0 on . Since w§ — w; (for i = 1,2) in Vj,, w* satisfies condition (D’):

owy  Ows B -
/Qq(s) ((951 + 355 ) dsdk =0, Vq e C3().

The convergences (3.40) — (3.42) follow directly from (3.22). To prove (3.43), we
first use the Poincaré inequality, which guarantees the existence of a constant C' > 0

independent of € such that

TE
ows

oK ¢

L7 ()

E||7“Z]§HLT(Q) S 6hmax

Since L"(2) is reflexive, there exists a function [ € L"(£2) such that
ew; — [ weakly in  L"(2).

We first show that this limit [ depends only on s, and then prove that [ = 0.

From div(w®) = 0 in Q, we have

~

2
ows 0w B
;/szq<8) D5, dsdrk + /Qq(s) o dsdk =0, Vqe D(Q).

Applying Green’s formula yields

2
2 94 0
;/QEU% aSidsm + /Q ewgﬁdsdm =0, Vge D).
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Passing to the limit as € — 0 and using (3.39), we deduce that

/l@dsdnzo, Vg € D(Q),
q 0

R

which implies
ol

— =0 a.e. in £.

Ok

Following [1], for example, we choose U(s, k) = kU(s) — v, where ¥ € C§°() and

v = |Q]_1//<9\Pdsd/£.
0

Using the fact that div(w¢) = 0 in €2, we obtain

2 i s
Z/n\p idsdm+/mp 3 dsdk = 0.
1 JQ (98@- Q 0K

Applying Green’s formula again gives

2
v
> / mz;;a dsdr + / W Wdsdr = 0.
X 0 0s; 0
=1
Since w{ — w} (for i =1,2) in V,; and ew — 0 (for i = 1,2) in L"(Q), it follows that
/ Oldsdr = / IhUds =0, YU eCi().
Q w

By the density of Cg°() in L"(), we conclude that [ = 0 almost everywhere in €.
The proof of (3.44) is straightforward. Indeed, from (3.23) — (3.24), there exists a
constant C’ > 0 such that

HVP6HW*LT'(Q) <"
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Since p¢ € Lj (2), there exists a constant C” > 0 such that
1ol @) < C IV -1 -

Thus,

0% Lm0y < C'C”,

and consequently, (3.44) follows. ]

3.4 Study of the Limit Problem

3.4.1 Limit Problem and the Generalized Reynolds Equation

This section introduces the equations that are verified by w* and p* within the domain
() along with the inequalities governing the trace of the velocity the stress % (s,0) and

w* (s,0) on the boundary w

Lemma 3.1. Under the same hypotheses as Theorem 3.3, the limit solutions w*, p* satisfy

the following relations:

w; — w; strongly in'V,, for 1=1,2, V1I<r<2, (3.46)
p*(s,k) = p*(s) almost everywhere in €, (3.47)
owy  ow;
* dsdk =0 3.48
/Qp <881 + 882) Sak ( )

Proof. We choose ¢ in (3.20) such that b = ws for i = 1,2, and o w§ £ ¢ with

© € Wy (). Thus,

7



~AE 890 _ * 21 1~ A€ r_2aUA1§ agp
<p,@ﬁ>—A<e>/Q(e (a0 92
dp
2 Ae r 2 2
—e ]D Z ( ) ag@) dsdk
e(fs, ) — Z/ Ae deK,—i-Z/ AE @) dsdk

= A(0") Alp) — e(f3, ),

where

r—2 a’(j)g 890

Adlp) = A(G*)/Q (52\15(@6” R

2
1oym s Qs | ,0u5\ dp
—e“|D(w)|" E — dsd
+2€| ()] izl(am e ds; ) Os; S

We have lim,._,q E(fg, ) = 0. Now, we must show that lim.o A.(¢) = 0.

Indeed, we have

Using Holder’s inequality, we obtain:
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ad

o (o) ({2 o)
8<KJDWWV@mQT?§i([;3wT

i1 882'

dsdﬁ;) " (3.49)

On the other hand, from the discrete Holder inequality, we know that for any

(i ’M) <n"! (Zn: |ai!’”> Vi<r<2.
=1 i=1

Thus, there exists a constant C'(r) > 0, depending only on r, such that:

(ai)lgign e R",

2

. ows|"™ | ows|"
D" < ) 3
D@ < ) (Z Sl |5
2 r ~e T
o o OW§
+;<%. é&)) (3.50)
From (3.22), :
i ous ||” s
= 83] L7 (9) Ok || pr (o)
(o)
8/@ LT(Q 831 )

Using (3.49)-(3.50), we deduce that:
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| |0 2o .
A(0)] < (CO) [ 2l ey ] Vo € Wi (),
L7(Q) i=1 tlLr ()
hence:
lim Ac(¢) =0,

and consequently:

From (3.44), we deduce (3.47).
By (3.47), p* belongs to L™ (). Therefore, there exists a sequence (¥,,) in C5°() such

that W, — p* in L" (). Using (D*) with ¢ = ¥,,,, we obtain (3.48) as m — 4o0. O

Theorem 3.4. Under the same assumptions of Theorem 3.3,the solution (w*, p*, 0%)satisfies

the following inequalities.

> [ (3)

v—2

2 2 2 N
duw; O(w;) O(pi — wy)
(; ( oK ) ) oK Ok dsdr

[SIN

« 01 0Py e [10P ow*
/Qp (s) (381 + 832> delﬁ—i—/Qg(@ ) < o 5 dsdk
2
+/ k(@] — |w*]) ds > Z/ fi(@s — wi)dsdr, Y$ € Wr,ur, , (3.51)
w i=1 79
0 00*
- A 0* — . q
5 (K 8%) +ab* =0 in LT(Q), (3.52)
0* =0 in F1UFL, (353)
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00*
on

(3.54)

=0 mw

where

WF1UFL = {fﬂ = (@17@2) c Wl’y (Q)2 ,@ =0onIU FL} s
The demonstration of this theorem relies on the application of Minty’s Lemma:

Proof. According to Minty’s lemma and since div@w® = 0, the problem (3.20) is equivalent

to the following problem:

2
By (1, ¢, ¢ — ) + a(0% ¢, ¢ — ) — (5%, div(e)) + j($) — j () > Y (fir ps — i)

=1

+ €(f37 @3 - UA);) V(ﬁ S WI‘lu[‘L. (355)

According to (3.28)-(3.29), there exists a subsequence 0 that converges almost ev-
erywhere to *. Consequently, A(Oe) converges almost everywhere to A(Q*) since A is
continuous. Taking the limit in (3.55) while considering the convergence results from

Theorem 3.3 and the fact that j is weakly lower semicontinuous, we obtain:

r—2

2

2 A 2 2
N 1 8902 8%02 6 ~ *
Z/QA(Q ) (5 Zzl (8/{) ) Ok 8/<L( ~ wi)dsds

=1

O 0 = N v
=0 ) = (0 ) +5(6) — ZZfz, pi—wi), V€ Wrur,. (3.56)

As in Lemma 3.1, we have:

. [(Ow)  Ow;
/Qp (831 —i—aQ)dsdn—O (3.57)
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therefore:

r—2

2 2 AN\ 2 2 o
;/QA(Q ) (52 (8/@) ) 5 &(Lpz w;)dsdk

2

* 0 ~ *
—Z(P a£(¢i—wz))+3

=1

2
(@) —J(w*) > (fi @i —w)), V¢ €Wror,. (3.58)
i=1

Applying Minty’s lemma again, we conclude that inequality (3.58) yields (3.51).

On the other hand, by passing to the limit in (3.21), we obtain:

. 00" 09 et . »
/QK((M%dsdﬁ—i—/ﬂgH bdsdr =0 vde W ().

In particular, this equality remains valid for all P e VVO1 ’ql(Q). Using Green’s for-

mula, it follows that:

o [ 00" T, g
—&<Kam)—l—99 =0 in W Q).

Since K € C'(R) with (K)' € L™(R), we deduce that %2:; € L(€). Hence:

o ([ ..00°
—_— ag* = 1 q
o <K8K>+ge 0 in L%Q).

Theorem 3.5. The variational inequality (3.51) is equivalent to the following system

[ )

ow*
Ok

ow*
0K

dsdn+/§(6’*) dsdm—i—/ l%|w*|ds:/fw*dsdfi (3.59)
Q w Q
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and

. ow* "~ dw* 0 . |09

QA(H ) <§) 0K Ok Ok /ng ) £ dsdr

+ / k > / fhdsdr, Y € £ (V), (3.60)
w Q

where

S (V) = {<i> - (@1,@2) e W (Q)2: ¢ satisfy (D')}.

Proof. taking ¢ = 2w* and ¢ = 0 in (3.51), respectively. we find (5.59).

For (5.60), we take ¢ = ® + w* for all € £ (V). O

Theorem 3.6. Let us set

* sk * Yk 1 % A * ow* v ow* ~ *
Yr=3Y"—Vp* and X —<§> A(67) o o +g(6")m, (3.61)
then
2 2\ Y20 ow
o |1 " 1 8wl* ow* ~ /% OK _ 7 s . -1/ 2
a 2“9)(2;(@5)) M 07) 05| = e W (@)
Ok
(3.62)

with = € L™ (Q)* and 17| ooz < 1.
In the next theorem, we prove that our problem converges to the Reynolds equation:

Theorem 3.7. Under the same assumptions as Theorem 3.6
/ th L FHA@0 //AA*sQaw dgdy+a// Ow'/Ok e
|ow* /0k| /8/<c|

_hA ow* hg [ ow*/0
.05 s eyie -1 [ Dl

72 5 dg} VI (s)ds=0 (3.63)
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for all ¥ € W' (w) where

F(s):/OhF(s y)dy—gF(sh / /fs&dtd§
A5, = (%22: (5 (s,5>)2> o

Proof. By integrating (3.62) twice between 0 and z, we obtain:

? ow* " ow* Ok K
— | AO")A*(s,&)——(s,£)dE—g —————dE+Ar*(s)k+ /ﬁ— Vp—//fsydydé
| 8o ae oo [ Gt acnr (el
(3.64)
In particular, for Kk = h, we have:
h ow* h aw*/aﬁ p* h2 h  p&
_ [ A7) A% (s, Ode—g | ZELIE et ar h+A—h+—V*:// ) dyd:
| aea o5 e 0 [ G den ohealone w0 = [ e
(3.65)
Integrating (3.64) between 0 and h, we obtain:
A% ow* /8/4;
T ‘// 1460 G ot [ [ Towr o]
2 *
+A(9*)r*(s)§ / / / f (s, t)dtdédy (3.66)
From (3.65), we deduce that:
hA(6) (" ow* hg (" Ow* /0K
. A de — [ CUIOR
Ao G eaa - [ S
h2 o* h2 B3 S
+AO)r*(s)— + g —+—V*——//fs,ydyd§ 3.67
()()29|p*|24p200() (3.67)
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From (3.65)-(3.66), we obtain

h—Vp FF+A( 9*//A* o) 2! Sfdfdera// O[Ok
|0w/8/<c\

hA (6%) . hg M ow ok
- /0 (.6 G (s, = [ S de—o (3.68)

Hence, for all ¥ € W' (@), we have

[oow eronn [ [rieo™ s [ [ 10

_hA ow* " ow* / 0K

) o — (s, df} Vi (s)ds=0 (3.69)

This completes the proof. O

3.4.2 Uniqueness of Solutions to the Limit Problem

Theorem 3.8. The solution (w*, p*,0*) of the limiting variational inequality (3.51) and
(8.63) is unique in Vi, LY () W=19(Q).

Proof. Let (w*!, 0%, p*1) and (w*?, 6*2, p*?) be two solutions of (3.51)—(3.54) and (3.63);
then 0! and 6*? solve (3.52) — (3.54), so § = 6*! — 0*? satisfies the problem

0 0
—3 (Ka—> =—g0, 0=0inT"yUT, a—:Oonw,

0K Ok Ok

so 0 = 0, thus %! = 0*2. Taking ¥ = w*? and ¥ = w*! respectively, as test function in
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(3.51) we get

Observe that for every s,y € R”

(sl s =yl 2y s —y) > (v = 1) (Is| +ly)" s —yl*, V1< v <2
we obtain
Ow™! Ow*2 v—2 Ow*! Ow*2 2
— dsdk = 0
/Q{ 0K +‘8/€] Ok Ok s =5

o i1 o v Owl w2 v—2 Ow* ! w2
- b ’ < - _
/Q {8/{ (w w )} dsdk < C (/Q H Bp + ‘ B B 92
2—v

8w*,2

0z

aw*,l

Ok

] dsdﬁ) 2

i

(L

From (3.70) and (3.71), we obtain

0
|2 @ -w)| <o
" Lr(9)
using Poincare’s inequality, we deduce
*,1 *,2 _
Hw w|y, = 0.

(3.70)

1
2 [ ow™? 2
= > . , 7 = 1,2. Using Holder’s inequality, we deduce

v

2 2
dsdn)

(3.71)



Finally, to prove the uniqueness of the pressure, we use equation (3.63) with the two

pressures p*! and p*?, we find

/h—gv( o1 p*2) Vidds = 0
DR '

Taking ¥ = p*! — p*?, and by Poincare’s inequality, we deduce

*1

o p*?| L™ (w) = 0. So p*t = p*2. u
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Abstract

This thesis investigates the asymptotic behavior of non-isothermal flows of viscoplastic flu-
ids (Bingham and Herschel-Bulkley) in thin domains with Tresca-type friction conditions.
An effective limit model is derived, combining a Reynolds-type variational inequality with
a simplified heat equation. The analysis rigorously proves the existence, uniqueness, and
convergence of solutions. These results establish a robust mathematical framework for
simulating confined flows, with significant applications in lubrication engineering and pro-

cess design.

Keywords: Asymptotic approach, Bingham fluid,Herschel-Bulkley fluid, Temperature,

Reynolds equation.



Résumé

Cette these étudie le comportement asymptotique des écoulements non isothermes de
fluides viscoplastiques (Bingham et Herschel-Bulkley) dans des domaines minces avec
conditions de frottement de Tresca. Un modele limite effectif est dérivé, combinant une
inégalité variationnelle de type Reynolds et une équation de chaleur simplifiée. L’analyse
démontre 'existence, I'unicité et la convergence des solutions. Ces résultats offrent un
cadre mathématique rigoureux pour la simulation d’écoulements confinés, avec applica-

tions en ingénierie et génie des procédés.

Mots Clée : Approche asymptotique, Fluide de Bingham, Fluide de Herschel-Bulkley,

Température, Equation de Reynolds.






