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Notations

Symbol Meaning

Q,, Qy Structure and fluid domains of R? (d = 2, 3), respectively.

Qr = (0,7) x Q2 with 7' > 0 a real number.

Iy, T Boundaries of 2, and 2, respectively.

o ry Parts of T's, I'; where Dirichlet conditions are applied.

ry, F}V Parts of I', I'y where Neumann conditions are applied.

P Interface between the two domains 2; and 2.

mes(2) Lebesgue measure of the domain ).

mes(I") Lebesgue surface measure of the boundary I'.

p Density.

sy A Lamé coeflicients.

[y Fluid viscosity.

05,07 Elasticity and fluid stress tensors, respectively.

e, d Elastic and Fluid strain tensors, respectively.

D(Q) Space of infinitely differentiable functions in €2 with compact sup-
port.

D'(Q) Topological dual of D(€2).

2(9) Space of divergence-free functions in D(€2).

2(Q7) Space of divergence-free functions in D(Q7T).

tr(-) Trace of a matrix operator.

LP(2) Lebesgue space for 1 < p < oo.

Wmr(Q), H™(Q) | Sobolev spaces for 1 < p < oo, m € Z.

H4(9) Discrete finite volume space.

7 Finite Volume Admissible mesh.

M A finite sequence of convex subsets of (2.

& The set of control volumes edges.

< The set of centre points of finite volume cells.




NOMENCLATURE

Symbol Meaning

\Y% Gradient operator.

V- or div(-) Divergence operator.

A Laplacian operator.

Ay Discrete Delta operator.

Vi Discrete Gradient operator.
divg Discrete Divergence operator.

O Dirac distribution at point a.

— Continuous embedding.

—e Compact continuous embedding.
A:B Hadamard (element-wise) product of matrices A and B.
a.e. Almost everywhere.

ie. That is.

e.g. For example.




Introduction

The interaction between fluids and solids is a topic that arises naturally in many
areas of science and engineering. One can think of examples as diverse as bridges and tall
buildings subjected to wind, aircraft wings vibrating under aerodynamic forces, or blood
circulating in arteries and deforming their walls. In all of these cases, the underlying
mathematical model consists of coupling the equations of fluid mechanics with those of
elasticity through suitable interface conditions. What makes these problems particularly
challenging is not only the different physical nature of the two systems, but also the
fact that they are linked through a moving boundary where time scales and regularity
properties do not match in a simple way. Classical references such as Temam’s work
on the Navier-Stokes equations [87] and Ciarlet’s treatise on elasticity [30] provide the
mathematical foundation for each subsystem in isolation, but the coupling of both is still
the subject of active research.

Among the different application domains, cardiovascular mechanics has been a major
driving force for the development of fluid-structure interaction (FSI) models. Blood flow
is inherently pulsatile, vessel walls are heterogeneous and anisotropic, and geometries are
highly patient-specific. These features demand accurate but also efficient models, since
simulations are expected to be predictive and robust enough to be used in clinical or
industrial practice. The work of Quarteroni, Formaggia, and collaborators [40, 78, 79|
has played a central role in establishing both the mathematical and computational tools
needed to deal with these situations.

The mathematical aspect of FSI has advanced significantly, focusing on theoretical
foundations. Classical FSI formulations typically impose standard interface conditions,
such as no-slip velocity continuity and stress balance. Rigorous studies have established
the existence of weak solutions for incompressible, viscous flows coupled with deformable
structures [13,72,93], as well as local existence of strong solutions for nonlinear FSI systems
[54,55,69]. These contributions provide a solid theoretical framework that supports both
the existence and uniqueness of solutions for a wide range of FSI configurations [18].

From the computational point of view, the way the fluid and the structure exchange
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information across the interface is critical. The classical approach is to impose continuity
of velocity and balance of stresses as in most of the literature [13,16-18]. While physically
natural, this approach is not always sufficient to guarantee numerical stability, especially
in the case of loosely coupled algorithms. A phenomenon known as the added-mass effect
illustrates this difficulty: the inertia of the surrounding fluid may destabilize the structural
response if not treated carefully. This issue has been extensively studied in the literature,
and it remains a central concern in the design of efficient coupling strategies [25, 38|.

The study of interaction problems between different physical media has its roots in
classical continuum mechanics, where coupling across an interface was originally modeled
by enforcing perfect transmission conditions—namely, continuity of velocity or displace-
ment and balance of normal stresses [13,16-18]. These classical laws were sufficient for
many idealized configurations, but as applications became more complex—particularly in
porous media, multiphysics coupling, and imperfect contact phenomena—it became clear
that more flexible interface descriptions were needed.

A decisive development occurred with the introduction of jump embedded bound-
ary conditions within fictitious domain frameworks by Angot in [3]|, where disconti-
nuities in primary variables were incorporated in a mathematically consistent way for
Stokes/Brinkman coupling problems. This idea was further formalized in [4], where gen-
eralized, matrix-valued interface operators were introduced and the well-posedness of the
coupled system was rigorously established. More recently, the framework was extended
to elasticity systems through a sharp fictitious domain approach by Kara in [50], show-
ing that operator-based jump conditions provide a unified and robust methodology for a
broad class of interaction problems.

Today, these generalized interface laws constitute a powerful alternative to classical
transmission conditions, offering enhanced modeling capabilities together with improved
analytical and numerical stability properties.

On the discretization side, finite element methods have been the tool of choice in most
of the literature. Nevertheless, finite volume methods (FVM) offer important advantages,
especially for problems where local conservation is crucial. Their flux-based formulation
makes them particularly suitable for incompressible flows and for heterogeneous media
where sharp transitions occur. The framework introduced by Eymard, Gallouét, and
Herbin [36] provides a solid mathematical basis for finite volume schemes on admissible
meshes, and this perspective motivates part of the present work.

In summary, the motivation for this thesis arises from the need to combine a rigorous
mathematical analysis of generalized interface conditions within the framework of the ficti-
tious domain approach, together with numerical methods designed to ensure conservation

and stability. By integrating theoretical analysis and numerical discretization in the finite
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volume context, we aim to advance the development of robust and reliable methodologies
for coupled fluid—structure problems. This fictitious domain strategy enables the treat-
ment of both fluid and solid subdomains within a single computational domain, thereby
simplifying the management of complex interface geometries while preserving accuracy
and physical consistency.

The numerical and analytical literature on fluid-structure interaction (FSI) has devel-
oped along several complementary directions, driven both by mathematical questions
(well-posedness, stability, error estimates) and by practical needs in engineering and
biomedical applications. From a modeling and analysis viewpoint, the Navier—Stokes
equations for viscous incompressible fluids and the linear elasticity equations for solids
are classical; however, their coupling at a moving interface creates subtle mathematical
issues that do not occur when the two systems are considered in isolation. In particular,
the incompressibility constraint and the disparity of physical time scales can introduce
strong coupling effects that must be accounted for in both continuous analysis and discrete
schemes [25].

Algorithmically, two broad classes of methods dominate modern FSI practice: mono-
lithic solvers, which discretize and solve the coupled fluid—structure system simultaneously,
and partitioned (or staggered) schemes, which reuse separate fluid and structure solvers
and exchange interface data at each time step. Partitioned schemes offer software mod-
ularity and lower implementation cost, but they can suffer from robustness and stability
problems in the presence of the so-called added-mass effect, especially when a light struc-
ture is coupled with an incompressible fluid. This observation motivated a long stream
of work that analyzes the added-mass phenomenon and proposes remedies—implicit cou-
pling, sub-iterations, optimized transmission conditions (Robin/impedance), and precon-
ditioners tuned to the FSI spectrum [9,10,25].

Another major strand of research focuses on interface modeling itself. Beyond the clas-
sical kinematic continuity (no slip) and equality of tractions, more general interface laws
have been proposed to represent realistic physical layers, imperfect contact, or numerical
stabilization. Impedance or generalized Robin conditions—often motivated by reduced
models or by domain decomposition theory—have proved effective both as a modeling
tool (to represent interfacial stiffness and damping) and as a numerical device (to sta-
bilize partitioned schemes and to accelerate monolithic preconditioners). Foundational
contributions in this direction have shown how suitable choices of Robin parameters can
dramatically improve both stability and accuracy [42,75].

The choice of spatial discretization is also crucial. Finite element methods have long
been the standard in FSI because of their flexibility for complex geometries and high-

order approximations; nevertheless, finite volume (FV) approaches remain attractive in
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many contexts due to their exact local conservation properties and natural flux-balancing
formulations. Recent works have explored both Eulerian fully coupled FV formulations
and hybrid approaches that combine FV for fluids with stiffness solvers for solids, while
comparative studies report trade-offs between conservation, stability, and ease of handling
moving boundaries. The finite volume literature also supplies a rigorous framework of
admissible meshes and discrete operators that is well suited to the conservative treatment
of interface fluxes [16,64,67].

Immersed and unfitted methods (immersed boundary, fictitious domain, immersed
finite element, cut-cell and related techniques) offer a different strategy: they avoid body-
fitted remeshing by embedding the structure in a fixed background mesh and enforcing
interface conditions by penalization, regularized delta forces, or Lagrange multipliers.
These methods simplify mesh management for large structural deformations, but they
raise their own analysis and implementation challenges—consistency of force spreading,
conditioning of the coupled linear systems, and the precise enforcement of interface balance
laws. The diverse families of immersed methods have been reviewed extensively and
remain an active research area [46].

Despite these advances, several persistent challenges remain. On the theoretical side,
proving well-posedness and deriving a priori energy estimates for FSI systems with gen-
eralized interface laws (matrix-valued impedance, spring—dashpot layers, etc.) requires
carefully designed function spaces and coercivity arguments that capture the interplay
between bulk operators and boundary/interface terms. On the numerical side, designing
discretizations that (i) are consistent with the generalized continuous interface model,
(ii) preserve discrete energy balances that mirror continuous stability, and (iii) remain
efficient for large three-dimensional problems is still nontrivial. Moreover, the simultane-
ous demands of local conservation (important for incompressible flow), accurate traction
transfer across nonconforming meshes, and robustness with respect to physical parameters
(density ratios, stiffness contrasts, Reynolds number) create conflicting design objectives
that must be balanced in any practical scheme [77].

From a computational perspective, large-scale FSI simulations confront additional is-
sues: the added-mass effect imposes tight coupling or costly sub-iterations unless impedance-
based stabilization or fully implicit coupling is used; moving and deforming geometries
motivate either expensive mesh updates or the adoption of unfitted /immersed approaches
with attendant numerical subtleties; and flow regimes with high Reynolds numbers or
turbulence demand stabilization techniques that interact nontrivially with structure cou-
pling and interface conditions. These challenges motivate continued research on theory-
informed discretizations, parameter-robust transmission conditions, and solver technology

(block preconditioners, optimized Schwarz/Robin methods) tailored to the coupled spec-
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trum |9, 10, 77].

In this context, there is a clear niche for a thesis that combines rigorous analysis
of generalized interface conditions (including elastic—elastic variants and matrix-valued
Robin laws) with finite volume discretizations designed to respect conservation and dis-
crete energy estimates. The remainder of this work develops this program: we formulate
continuous FSI models with abstract impedance operators, prove existence and energy
stability results under appropriate hypotheses, design cell-centered FV schemes on admis-
sible meshes that approximate the interface terms consistently, and validate the approach
through numerical experiments that probe the penalized limits, interface parameter sen-
sitivity, and robustness across mesh families.

The purpose of this thesis is to advance both the theoretical and numerical under-
standing of problems in which an elastic solid interacts with a viscous incompressible
fluid through generalized interface conditions. The study is motivated by the observa-
tion that classical coupling laws, although physically natural, are not always sufficient to
guarantee stability or to capture the richness of real interface phenomena. Introducing
generalized, matrix-valued conditions offers a more flexible description, but it also raises
new questions concerning analysis and discretization. The thesis is organized around three
main objectives.

The first objective is of theoretical nature. We aim to provide a rigorous functional
framework for elastic—elastic and fluid—structure interaction problems with generalized
interface conditions. This includes the formulation of appropriate weak problems, the
identification of the natural energy spaces, and the derivation of existence and stability
results. In particular, the goal is to understand how the additional interface terms modify
the balance laws and what conditions are needed to ensure well-posedness.

The second objective is numerical. The work develops finite volume schemes that
are consistent with the continuous models while retaining the essential features of local
conservation and discrete stability. The construction of the discrete operators must ac-
count for the presence of the interface, and the schemes are designed on admissible meshes
so that the discrete analogues of the continuous estimates remain valid. An important
point is to show that the penalized or regularized versions of the problem converge to the
original formulation as the penalization parameter vanishes.

The third objective is to validate the theoretical and numerical results through com-
putational experiments. The simulations are used not only to confirm convergence and
stability but also to explore the influence of the interface parameters on the coupled dy-
namics. By comparing the numerical outcomes with the theoretical predictions, we can
assess the robustness of the proposed framework and highlight its potential advantages

over more classical formulations.
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Taken together, these objectives define a program that combines rigorous mathemati-
cal analysis with the construction and testing of practical numerical schemes. The thesis
therefore seeks to make a contribution on two complementary levels: clarifying the role
of generalized interface conditions from the analytical point of view, and providing finite
volume discretizations that make these models accessible to computation.

The methodology adopted in this thesis combines analytical techniques from func-
tional analysis with numerical strategies based on the finite volume method. The guiding
principle is to develop a framework where theoretical results and computational schemes
support and complement each other.

On the analytical side, the work relies on a number of well-established tools. Sobolev
spaces provide the natural functional setting, and compactness arguments such as the
Aubin—Lions lemma are essential to deal with nonlinear terms and time-dependent prob-
lems [87]. Trace theorems and inequalities like those of Poincaré and Korn play a central
role in deriving energy estimates and in handling the coupling across the interface [30].
These techniques allow us to prove existence and stability of weak solutions, even when
generalized interface conditions are introduced into the model.

On the numerical side, the approach is centered on cell-centered finite volume schemes
constructed on admissible meshes. This choice ensures local conservation, which is partic-
ularly important for incompressible flow. The construction of discrete operators—gradient,
divergence, and Laplacian—follows the systematic framework developed by Eymard, Gal-
louét, and Herbin, which provides both consistency and convergence guarantees [36]. Par-
ticular care is devoted to the discretization of the interface terms, since they represent the
novelty of the model and must reflect the continuous balance laws as closely as possible.

A further methodological ingredient is the use of penalization strategies. Instead of
imposing the generalized interface conditions in their exact form from the outset, the
problem is first approximated by penalized formulations. It is then shown that solutions
of these approximate problems converge to those of the original formulation as the pe-
nalization parameter vanishes. This approach simplifies implementation and provides a
natural bridge between theory and computation, a strategy also adopted in earlier works
on interface problems [42,75].

In summary, the methodology rests on a continuous dialogue between analysis and
computation. The analytical framework guides the design of discrete schemes, ensuring
stability and conservation properties at the numerical level. In return, computational
experiments confirm the theoretical predictions and help explore the influence of the
interface parameters on the dynamics of the coupled system. The contributions of this
thesis can be viewed from both the theoretical and the numerical perspective. They are

closely connected: the analytical results motivate the design of the numerical schemes,
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and the computational experiments in turn validate the theoretical findings.

From the theoretical point of view, the work develops a framework for elastic—elastic
and fluid—structure interaction problems in which the coupling is expressed through gen-
eralized interface conditions. Unlike the standard case, where only velocity continuity and
stress balance are enforced, here the interface laws include additional terms that can be
interpreted as impedance, stiffness, or damping effects. These terms are represented by
positive definite operators, and they modify the natural energy balance of the system. The
thesis provides weak formulations for these problems, establishes existence results, and
derives stability estimates that highlight the role of the interface parameters. In this way,
the analysis clarifies under what conditions the generalized coupling is mathematically
well posed and energetically consistent.

On the numerical side, the thesis introduces finite volume schemes tailored to these
generalized models. The discretization is carried out on admissible meshes and follows the
systematic construction of discrete operators described by Eymard, Gallouét, and Herbin
[36]. A particular emphasis is placed on the interface terms, which are approximated
in a conservative way so that the discrete scheme mirrors the energy estimates of the
continuous problem. In addition, penalized formulations are employed as a practical tool
to enforce the generalized interface laws, and convergence of the penalized solutions to
the original model is demonstrated. This approach provides both an effective numerical
technique and a bridge between theory and computation.

Finally, the thesis includes a set of numerical experiments designed to test the proposed
schemes. These simulations illustrate the convergence properties of the finite volume
discretization, confirm the stability predicted by the analysis, and provide insight into the
influence of the interface parameters. In particular, the results show how the choice of
the impedance terms affects the dynamic response of the coupled system, an aspect that
is relevant both from the mathematical and from the physical point of view.

In summary, the thesis makes contributions on three levels: (i) it establishes well-
posedness for elastic-elastic and fluid-structure interaction problems with generalized
interface laws, (ii) it develops finite volume schemes that are consistent, conservative,
and stable for these problems, and (iii) it validates the framework through computational
experiments that connect theory with practice. The manuscript is organized in four main
chapters, each of which builds on the previous one and contributes to the overall objective
of combining rigorous analysis with practical discretization techniques.

The first chapter recalls the mathematical background needed for the work. It intro-
duces the main functional spaces, compactness results, and inequalities that are repeatedly
used in the analysis, together with the basic ingredients of the finite volume method. The

aim of this chapter is not to present new results, but to establish a consistent framework
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and notation that will be employed throughout the thesis.

The second chapter is devoted to the physical models that form the basis of the study.
It reviews the equations of linear elasticity and the incompressible Navier—Stokes system,
with particular attention to their variational formulations and boundary conditions. This
chapter also highlights the mathematical similarities and differences between the two
models, and sets the stage for their coupling.

The third chapter focuses on the interaction between two elastic bodies. It introduces
generalized interface conditions of the spring—dashpot type, establishes well-posedness
results, and analyzes penalized formulations. The finite volume discretization is then
constructed, and numerical tests are presented to illustrate the convergence of the scheme
and the role of the interface parameters.

The fourth and final chapter extends the analysis to the fluid—structure interaction
problem. The model couples the Navier-Stokes equations with elasticity through gen-
eralized interface laws expressed in terms of positive definite operators where a weak
formulation is derived, and existence and uniqueness are discussed.

The thesis concludes with a short summary of the main results and a discussion of
possible extensions. In particular, attention is drawn to future work on more complex

interface laws, nonlinear structures, and large-scale three-dimensional simulations.
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Chapter 1

Functional Analysis and Elementary

Concepts

1.1 Functional Analysis

1.1.1 Functional Spaces

Let Q be an open set of R? (d = 2 or 3 in application) equipped with the Lebesgue
measure. Let us define some essential functional spaces.

Lebesgue spaces constitute a cornerstone in modern mathematical analysis, exert-
ing a profound influence on diverse fields such as functional analysis, measure theory,
integration, and approximation theory. They establish a comprehensive framework for
investigating the integrability and qualitative properties of measurable functions. In par-
ticular, the notions of integration and convergence developed within the setting of LP
spaces admit natural generalizations that play a decisive role in numerous mathematical
contexts.

For any 1 < p < oo, the Lebesgue space LP(€2, i) is defined as the collection of all mea-~
surable functions ¢ : {2 — R for which the p-th power of the absolute value is integrable
with respect to the measure . These spaces provide fundamental tools for analyzing
convergence, continuity, and related properties of functions, and they serve as indispens-
able instruments in harmonic analysis, the theory of partial differential equations, and
probability theory, among many other areas.

Formally, the application
1/p
9 lallzrey = ([ 1wl dr)
Q

11
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defines a semi-norm on the space ZP(€2, 1), since distinct functions may admit the same

value whenever they coincide almost everywhere. More precisely, one has
lgll vy =0 = ¢g=0 ae. onf

Accordingly, for two measurable functions f,g : Q@ — R, we write f ~ g if f(z) = g(zx)
for p-almost every x € Q). It is clear that ~ defines an equivalence relation on the class
of measurable functions. The quotient space of £?(€2, u) with respect to this relation is

precisely the Lebesgue space LP(€2, ).

Definition 1.1 (Lebesgue spaces LP). For any 1 < p < oo the space of functions p-th
power absolutely Lebesgue integrable LP(S2), i.e.:

LP(Q) = {u : 2 — R measurable such that / |u(z)|P dx < oo} . (1.1)
Q
For p = oo the Lebesgue space L*°(Q) of essentially bounded functions is defined by

L>*(Q) = {u : Q — R measurable such that esssup |u(z)| < oo} : (1.2)

e

The spaces LP(Y) and L>®(Q2) are equipped, respectively, with the norms

1/p
|w||r) = </ lu(z) P da:) , for all 1 < p < oo, (1.3)
Q

||U||L°°(Q) = €ss sug lu(x)], for p = o0. (1.4)
e

For 0 < q < 1, the space L1(Q, u) is defined by (1.1), and for f € L1(Q, u), we define

1/q
1l = (/Q\flqdu> .

The mapping || - ||« is called a quasi-norm.
Proposition 1.1.
o For1<p<oo, (LP(Q), | |lzr()) are Banach spaces.

e For p =2, we denote the norm of L*(Q) by |-
equipped with the inner product (u,v)oo = [, u(z)v(x) dx is a Hilbert space.

0.0 := ||"|z2(), and the space LP(£2)

o For 0 < q < 1, LY(Q) is not a normed space, not locally conver and is called a

quasi-Banach space.

12
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Definition 1.2 (Zero-mean Lebesgue spaces Lj). For 1 < p < oo, we define the subspace

of LP(Q) consisting of functions with zero mean value over §):

Q) = {u € I7(Q) : /Qu(x) d — 0} |

Remark 1.1.
o LH(QY) is a closed subspace of LP(Q).
e The condition fQu(x) dx = 0 wmplies that the average value of u on §) vanishes.

o Forp=2, L3() is a Hilbert subspace of L*(Q) equipped with the same inner product
(u,v)o0 = / u(z)v(z) de.
Q

e This space often arises in problems with Neumann boundary conditions or in Stokes
and Navier-Stokes problem, where solutions (for example the pressure in fluid flows)

are determined up to an additive constant. Restricting to L§(€)) ensures uniqueness.

Definition 1.3 (Sobolev spaces W™P). Let m be a non-negative integer and let 1 < p <
00 ). The space W™P(Q) is the space of LP(2)-functions with derivatives of order less than

or equal to m also in LP(Q), called Sobolev space. i.e.:
WmP(Q) = {u € LP(Q) such that Du € LP(Q), [a] < m} (1.5)

olel

UJhQT@Oé:(Oéh---,Oéd), [a]:a1+...+ad andDa:al—ad_

For p =2, the Sobolev space is denoted by H™(Q) :== W™2(Q)).
Proposition 1.2.
o The spaces W™P(Q) equipped with the usual norm

1/p

lullmpo= | D I1D%ulpa |

[a]<m
are Banach spaces.

e For p =2, the space H™(Q)) equipped with the usual inner product

(u7 U)m,Q = Z (Daua DaU)O,Q )

[a]<m

13
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18 a Hilbert space.

Let D(Q) (or D(Q2)) be the space of C* functions with compact support contained in
Q (or Q). We define the closure of D(Q) in W™P(Q)

Definition 1.4 ( The space Wy""). Let m be a non-negative integer. We denote by
WP(Q) (resp. HY) the closure of D(Q2) in W™P(Q) (resp. H™), i.e.:

D" = W),

Remark 1.2.
1. Ifm=0, and 1 < p < oo then WO (Q) = LP(Q).
2. Generally, WP (Q2) £ W™P(Q).
3. [fQ=RY, then W (RY) = Wm»(RY).

We shall often be concerned with d-dimentional vector functions with components in

one of these spaces. We shall use the notation
X(9) = (X(Q)", (1.6)

where X play the role of L7 (with 1 < p < o), D, W™P or H™, equipped with the
usual product norm or an equivalent norm (except D(€) and D(£2) which are not normed
spaces).

These spaces will later be the natural settings for solutions of partial differential equa-
tions (Stokes, Navier—Stokes, elasticity). The Sobolev embeddings and inequalities ensure
compactness and stability properties needed in variational formulations and numerical

schemes.

1.1.2 Spaces of Banach-valued functions

When we study functional analysis, it is often natural to move beyond real- or complex-
valued functions to functions that take values in a Banach space X. These are called
Banach-valued functions [26], and they arise in areas such as partial differential equations,
numerical analysis, stochastic processes, and control theory.

A typical framework is to consider a measure space (€2, %, 1) where €2 is the underlying

set, Z is a o-algebra and a measure 1, and define spaces of X-valued measurable functions.

14
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The most important families are the Bochner spaces LP(§2; X), where 1 < p < oco. They

consist of measurable functions f : {2 — X such that

1/p
1 los(asx) = ( / Hf(w)||§<du(w)) <00, (1<p<oo),

and for p = oo,

7110 = esssup | F )] x.
we

These spaces generalize classical LP spaces and remain Banach spaces themselves.
Notably:

e If X is a Hilbert space, then L?(£2; X) is also a Hilbert space with inner product
() = [ (7)) dute)
Q

e Many familiar properties of scalar L” spaces extend to the vector-valued setting, such
as Holder’s inequality and duality, although duality requires additional assumptions

(e.g. reflexivity of X).

Another important class is given by Sobolev spaces of Banach-valued functions, denoted
WHkP(Q; X), where derivatives are understood in the weak sense and values lie in X.
These spaces play a central role in the analysis of PDEs with vector- or function-valued
unknowns, for example in fluid-structure interaction models.

Such spaces make it possible to formulate time-dependent PDEs as abstract evolution

equations in Banach spaces, for instance

du
E(t) + Au(t) = f(1), u(t) € X.

This perspective connects functional analysis, operator theory, and applied mathematics

in a powerful way.

1.1.3 General properties

We present a collection of classical inequalities and embedding results. Each of these
results will play a specific role: norm estimates (Young, Hélder), compactness (Rellich,
Kondrachov, Aubin-Lions), PDE estimates (Poincaré, Korn), and stability arguments
(Gronwall).
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Proposition 1.3 (Young’s Inequality [21]). Let n > 2 and let x4,...,x, be the non-

negative real numbers. Then, for all py,...,p, > 0 such that
1 1
S+ = =1, (1.7)
b Pn

the following inequality holds

D1 DPn
xl...xngx—1+...+x". (1.8)
b Pn

Remark 1.3. In Young’s inequality, we note that because of hypothesis (1.7) not all
coefficients p;, i = 1,...,n should be fixred (meaning, one can always be written depending

of all the others).
An immediate result of Young’s inequality is Holder’s inequality

Corollary 1 (Holder’s inequality [21]). Let Q be an open set of R, and let py, ..., p, >0
possibly infinite and let r € [1,00] such that

1 1 1
—=—4...+—. (1.9)
r b1 Pn

Then, for all functions u; € L () (i =1,...,n), we have

Uy X ... X u, € L"(9).

Furthermore,

Jur > X g || @) < lluallzer ) - llunllLon @) (1.10)

Proposition 1.4 (Minkowski’s and reverse Minkowski’s inequalities [21]). Let 0 < ¢ <
1 <r < oo and Q an open bounded set of R:. Then, for any nonnegative measurable

functions f and g, we have

f9el'(Q) = |If + 9l < 1 fller@ + l9ller@)- (1.11)
f9€e L) = [[f +9lrae) = [[fllza@) + |9l zae)- (1.12)

Theorem 1.1 (Lax-Milgram [24,35]). Let V' be a real Hilbert space with norm || -||y. Let
a:V xV =R be a bilinear form and L : V — R a linear functional.

Assume:

1. Continuity of a(-,-): There ezists a constant M > 0 such that
la(u, v)| < Mllullv|lvlly, Vu,veV
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2. Coercivity: There exists a constant o > 0 such that

a(v,v) > aljv|)}, Yo eV

Then, for every L € V', there exists a unique element v € V' such that
a(u,v) = L(v) YveV.
Moreover, the solution satisfies the estimate
1
[ully < =[[L]lv.
Q

Theorem 1.2 (Rellich-Kondrachov Compactness Theorem). Let Q C R? be a bounded
open set with Lipschitz boundary, and let 1 < p < d. Then the Sobolev space W1P(Q) is
compactly embedded into L1(QY) for every q such that

That 1s,
WhP(Q) <. LY(Q), 1<q<p

Equivalently, every bounded sequence in W'P(Q) admits a subsequence that converges
strongly in L1(€).

Theorem 1.3 (Rellich Theorem [74]). Let Q be an open bounded domain in R?, (d = 2,3)

with continuous boundary OS2, then
H™(Q) <, H"1(Q), Vm € N* (1.13)
where <. denotes the compact embedding. In particular,
H™(Q) <. L*(Q), V¥m € N* (1.14)

Corollary 2 ( [27]). If Q is a reqular open bounded set of R, then the injection of H' ()
into L*(Q) is compact. i.e.:

From any bounded sequence of H'(Q), one can always extract a subsequence that converges
in L*(Q).

This result is essential to establish the Poincaré inequality in Hj(£2) and to define the

trace of a function in H}(Q).

17



CHAPTER 1. FUNCTIONAL ANALYSIS AND ELEMENTARY CONCEPTS

Theorem 1.4 (Sobolev Embedding Theorem [74]). Let 2 be an open bounded domain in
R?, (d = 2,3) with lipschitizien boundary 0N, then

d d
H™(Q) — LP(Q),Ym e N such that m — 3 > ——. (1.15)
p

- d
H™(Q) — %(Q), such that m — 5> 0. (1.16)
Theorem 1.5 (Kondrasov compactness theorem [74]). Let Q be an open bounded domain
in RY, (d = 2,3) with lipschitizien boundary 0S), then

d d
H™(Q) <. LP(Q),Ym € N*  such that m — 5> o (1.17)

Theorem 1.6 (Poincaré-Friedrichs Inequality [74]). Let Q be a connected open bounded
domain with lipschitzien boundary. Let V be a closed subspace of H™ () such that

V N ]P)m—l(Q> - {0}7

where Pp,_1(2) = {p Q=R oplx) = Z|a|§mfl aazca} is space of polynomials of total
degree less than or equal to m —1 on ). Then, there exists a positive constant C' > 0 such
that

lul|lma < Clulma, Yu eV, (1.18)

where
il = §:/|Dau(m)\ 200 |
Q

is a semi-norm in H™(2).

Proposition 1.5. The seminorm |-|,, o and the norm || - || are equivalents in H*(€2).
where
1/2
o= [ 30 /Q|Dau(ac)|2 | (1.19)
|a|=m

i.e.: there exists Cy,Cy > 0 such that, for all u € HJ'(2)
Cillullma < ulmgo < Csl[ullma. (1.20)

Lemma 1.1 (Korn’s Inequality [63]). Let Q be an open bounded lipschitzien set of RY.
There exists Cc > 0 (Korn constant) such that, for allu € H}(Q) the following inequality
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holds
[ullo.o < Crklle(u) o0 (1.21)

where e(u) is the strain rate tensor.

Lemma 1.2 ( [23]). Let Q be an open bounded lipschitzien set of RY. For any p and q
such that 1 < q < p < oo, there exists ¢ > 0 such that Yu € W™(Q)

q

[l o) < CHUHIL;?Q)Hu“(lInQa with a =1 — 5 (1.22)
. 1 .
The often used case is forn =2, p=4, ¢q=2 and a = 7" i.e.:
1/2, 1/2
lullae < cllullogllullye: (1.23)

Lemma 1.3 ( [1] p.141). Let Q be an open set of RY. For any v € HY(Q)?, we have

IVollon < V2[le()llogo: (1.24)

where £(v) = = (Vv + (Vo)) is the symmetric part of the strain tensor

1
2
Proof. [1]| page 141 O

Lemma 1.4 (Korn Inequality in H' [1]). Let Q be an open €*—reqular and bounded
domain of R%. There exist a constant C > 0 such that, for every v € H*(Q)4, the
following inequality holds

1/2

[vlie < C (Ivllsa + le()l.q) (1.25)

Let us now present the well used integral identity, divergence theorem (also known as

Gauss’ theorem)

Theorem 1.7 (Divergence Theorem [71], p. 35). Let Q C R? be a bounded domain with

Lipschitz boundary 0S), and let n denote the outward unit normal vector to Of).
For any vector field v € C*(Q)?, we have

/V‘vdx:/ v-ndS. (1.26)
Q G

Theorem 1.8 (Crandall-Liggett [34]). Let X be a Banach space and let A : P(A) C

X — 2% be an m-accretive operator. Then A generates a unique strongly continuous

nonlinear semigroup {S(t) }i>0 of contractions on Z(A) C X.
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Moreover, for every ug € Z(A), the function u(t) = S(t)ug is the unique mild solution

of the evolution problem

d
d—?(t) +Au(t) 30, t>0,
u(0) = uo,

and the semigroup is given by the exponential formula

t —n

S(t)up = lim (I + —A) ug, uniformly for t in bounded intervals.
n—oo n

Theorem 1.9 (Crandall-Liggett for w-m-accretive operators [34]). Let X be a Banach

space and let A : 2(A) C X — 2% be an w-m-accretive operator, that is, A + wl is

m-accretive for some w € R. Then A generates a unique strongly continuous nonlinear

semigroup {S(t) }i>0 on Z(A) C X satisfying

1S(Hu — S| x < e llu—v|x, Yu,ve P(A), Vt>D0.

Moreover, for every ug € Z(A), the function u(t) = S(t)ug is the unique mild solution

of
d
d—?(t) + Au(t) 20, t>0,

u(0) = uyg,

and the semigroup admits the exponential representation

n—oo

t —-n
S(t)ug = lim (I + —A) ug, uniformly for t in bounded intervals.
n
Theorem 1.10 (Gronwall’s Inequality [35,82]). Let y : [0,7] — R be a continuous and

non-negative function. Suppose there exist constants § > 0 and C' > 0, and a non-
negative, integrable function F € L'(0,T), such that for all t € [0,T],

y(t) < C+/OtF(s)ds+6/oty(s)ds.

Then y(t) satisfies the estimate

y(t) < (C+ /0 tF(s) ds) exp(Bt) for allt € [0,T).

Lemma 1.5 (Aubin—Lions Lemma [62]). Let X, B, and Y be three Banach spaces such
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that the embedding
X —>.B—=>Y

18 compact from X into B, and continuous from B into Y .
Let 1 < p,q <oo. Then the set

{u € LP(0,T; X) ‘ % € Lq(O,T;Y)}

is relatively compact in LP(0,T; B) if:
o p <00, Oor
e p=o00 and q > 1.

Proposition 1.6 (Local Lipschitz and hemicontinuity). Let V' be a Banach space and
let L : V. — V' be a locally Lipschitz operator. Then L is hemicontinuous, i.e., for all
u,v,w €V, the mapping

t— (L(u+ tv),w)

15 continuous on R.

Theorem 1.11 (Browder—Minty [24,83]). Let X be a real reflexive Banach space and let
A X — X* be a bounded, hemicontinuous, coercive and monotone operator. Then A is

surjective.

1.1.4 Trace Operator

The functional framework developed in the previous sections provides the continuous
mathematical setting for partial differential equations arising in fluid mechanics and elas-
ticity. In particular, Sobolev spaces allow us to define weak solutions, while inequalities
such as Poincaré and Korn ensure stability and uniqueness. However, for practical com-
putations, one must approximate these continuous operators and function spaces with
discrete counterparts. In this spirit, we now turn to the finite volume method (FVM), a

numerical scheme that preserves the integral conservation laws at the discrete level.

Theorem 1.12 (Trace operator [27,61,63,86]). Let Q be a regqular open bounded set of
R? with boundary T' = 02. The trace map o defined as

v : HYQ) —  L*I),

(v = YU = U,

(1.27)
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18 linear and continuous, i.e.:
3C > 0 such that Yu € Hy (), |oullrzm < Cllullm g (1.28)

Remark 1.4.

e Althought a function of H'(Q) is not neccesarily continuous, one can always define

its trace on I'.
o Hi(Q) = ker(v).
o Iim() = (' () = HVA(D).
e H'Y2(T) in dense in L*(T).
The space H'/2(T') can be equipped with the norm carried from H'(T') by .

Theorem 1.13 (Extension of trace operator). Let Q be a reqular open bounded set of RY
and T' = 0 its boundary. For all functions w € L*(T"), there is an extension u € H'(Q)

to w such that you = ur = w.

Theorem 1.14 ( [44]). Let Q be an open €1 —regular, connected and bounded set of RZ.
Let L be a linear continuous form of HE(Q)?. Then, L vanish in V if and only if there
exists a function p € L*(Q) such that

L(v) = /QpV ~vdr Yve Hy(Q)% (1.29)

Furthermore, p is unique up to an additive constant.

Proof. see [44] O

1.2 Finite volume method

The finite volume method (FVM) is a numerical technique for the approximation of partial
differential equations, particularly those expressing conservation laws. Its fundamental
principle is to integrate the governing equations over a family of control volumes covering
the computational domain, and then apply the divergence theorem in order to transform
volume integrals into surface integrals. In this way, the fluxes across the boundaries of the
control volumes become the essential quantities that are approximated numerically. As
a consequence, the FVM ensures that conservation properties, which are crucial in fluid

mechanics and elasticity problems, are preserved at the discrete level.
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The discrete finite volume space Hy(§2) can be regarded as a discrete analogue of
the Sobolev and Hilbert spaces introduced earlier. Likewise, the discrete divergence,
gradient, and Laplacian operators mimic their continuous counterparts, while preserving
essential conservation properties. This parallel ensures that the finite volume framework
is consistent with the functional analytic setting established in Section 1.1 and provides
a rigorous bridge between the continuous theory and its numerical approximation.

In what follows, we introduce the basic notions of finite volume discretization. We
begin by defining admissible meshes and associated notations, before presenting the dis-

crete operators and the main properties that will be used throughout this work.

1.2.1 Admissible meshes

Let Q be an open bounded polytopal subset of R? (d = 2 or 3). We consider the admissible
mesh 9 = (M, &, ) in the sense of [36], that is:

e () is partitioned into a finite sequence of convex subsets .#Z of R? (polygons for
d = 2 or polyhedrons for d = 3). The elements of K € .# are called control
volumes of nonzero measure my. Let M be the numbert of control volumes in .#,
ie. M = Card(A).

e Each control volume K € .# has the set & of edges (segments for d = 2 and
polygons for d = 3) o of size m, and each edge o of K has a unit normal vector n,
outward to K. The set of all edges is denoted & = |Jxc 4 Ex = Eint U Eear, Where
&;n include the interior edges (edges that does not coincide with I' = 9€2) and &4
contains the exterior edges (o € &(\T).

o We refer with & to the set of points (xx ) ke satisfying the orthogonality condition.

The Euclidean distance d(xx, 0k ) is denoted dg .

e For any K € .# and L € N (A the neighboring control volumes of K), we
denote by K|L € &k |J &L the common edge between K and L we then abbreviate

Ngr = Xg,k|L, We also set dx|; = dg k| + dr k| the Euclidean distance d(xx,Xr,)

1.2.2 Discrete spaces and operators

In finite volume method, the functions are approximated by a piecewise functions which
are constant on each control volume K € .#, the space containing these functions is

denoted by Hy(2). For any function ¢, the term ¢4 is the piecewise interpolation of ¢
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in Hy(Q2) and ¢ is the constant value of ¢4 in the control volume K € .Z.

In order to determine the discrete form of the usual operators (A, V, V-) we integrate
the continuous operator over a control volume K € .# and then using the finite difference
techniques to approximate the value of the continuous operator in K by a constant value.
For example, we give the discrete operators of some usual continuous operators discretized

by the finite volume method.

Laplacian operator

Integrating Awu over a control volume K and applying the fact that Au = V - (Vu) as

well as the divergence theorem, we get

/K Au(z)de = /K V- (Vu(z))de

(1.30)
= | Vu() - ng(z)dy(z),
oK
and for each face o = K|L of the cell K, the flux is approximated as
ur, —u
/ Bu(®) - g o )y () ~ o L8 (1.31)
o K|L

Summing the normal components of the flux across the faces of the control volume K
gives Agug the discretization of Laplacian Awu over the control volume K, that yields the
following identities based on the placement of the control volume (internal cells, Dirichlet

boundary cells or Neumann boundary cells)

1. Internal Cells:

The discrete Laplace operator for the control volume K is obtained by summing the

contributions from all faces ¢ C 0K by:

Agug = L ( Z 107 (up —ug) + Z ;na (0 — u}()) . (1.32)

m d
K \rpek K|L CEENEmy T

/K Au(x)dx = Z Vu(x) - ng.dy(x). (1.33)

oESK o

Now applying the finite difference approximation we get the discrete Laplacian operator
(corresponding to the homogeneous Dirichlet boundary conditions) defined for all K € .#
by
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AKUQ = mLK ( Z IcrllK|L (UL — UK> + Z ;l'lg (0 — UK)> . (134)

LGJVK KlL aeo@Kﬂé”ext K’U
Following the continuous framework, we define the following inner product of two

elements v, w of the space Hy(2) :

puls = [ w@ase)e =~ [ v@)asue)de

:%Z mK|L(UL—UK)(wL—wK)+Z Z ;nJUKwK-

d
Ke Levy KL Kel 0€6xnés B0

The corresponding norm of w € Hy(£2), denoted by

lwllo = (fw, w]s)""?.

Theorem 1.15 (Discrete Hy () Poincaré inequality [36]). Let 2 be a bounded set of R?,
and let 9 = (M, &, P) be an admissible mesh in the sense defined above. Then

|wllo.e < diam(Q)||w]| 2, Yw € Hg(S2). (1.35)

Similarly, for u = (u(i))i:1 LY = (v(i))i:1 W= (w(i))izlwd € Hy(Q)) =
Hy(Q)?, we define:

; d 1/2
[mw—zwwmeﬂf<ZWMm%'

=1
Divergence operator and stabilization

Next, we aim to introduce a discrete divergence operator that approximates the con-
tinuous divergence term V - (Zw), where Z is a scalar function from © to R (density
viscosity,concentration, temperature, etc...) and u is a vector function, from Q to R?
(typically a velocity).

Integrating once again over K and using the divergence theorem, we get

/K div(z@) — /@ s n doe)
=) /Z’U'nK,adV(fB)-

TESK g

(1.36)

Assuming the homogeneous Dirichlet boundary condition for m, the centred finite
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volume approximation of div(za) is therefore divy,(z,u) € Hy(Q), such that div,(z, u) =
(divi(z, u))KE% and for all K € .,

2K + 2g,

. 1 m
divi(z,u) = Z K‘LnKL : (dL,K|LUK + dK,K\LuL)

m d 2
K oy UKL

(1.37)
where z € Hy(2) and w € H4(2) are the desired approximations of z and u.

We highlight here that in the well-known Stokes and Navier-Stokes equations, there
are two unknowns to be determined pressure p and velocity vector u, and because of
the choice of collocating the approximations of velocity and pressure fields (meaning the
approximations p and u are made both in the center of each control volume K), defining
a modified discrete divergence operator is inevitable. This operator involves a family of
stabilization parameters, denoted by A, and the pressure field p. Hence, for a velocity
field u € H4(Q2), for a pressure field p € Hy(Q2), for a scalar field z € Hy (), we define
the discrete divergence operator divy(z,u, A\, p) € Hy (), such that divy(z,u,\,p) =
(div(}{(z, u, )\,p))Ke/// and is given for all K € .# by

. 1 Zi + 2
leK(ZJ u, )‘7p) = ?K Z q)KL(’u’u Aap)%a
LeNk
with
m
(DKL(U, )\7]?) — K (HKL : (dL,K|LUK + dK,K|LUL) - )\K\L (pL - pK)) VL € N,

dgrL
(1.38)

where A = (\,)

s, 18 a given family of nonnegative real numbers.

However, the choice of stabilization is not unique or optimal. One can apply a global
stabilization where every two touching volumes has a stabilization parameter. Another
approach is to use a local stabilization (clusters), for more details see [19,20,28,52]| and

references therein.

Convection-Advection operator

As it is known, the Navier-Stokes equations has the nonlinear term (Convection-Advection

term) (u - V)u, and as our framework include only incompressible flows, which yields the
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continuity equation (incompressibility equation)
V-u=0. (1.39)
For incompressible flows, we get

V- (u@v)=(v-Vu+(V-u (1.40)

For all v € Hy(2), the approximation divg (v, u, A, p) of div(v®@w) (in incompressible
flows) is obtained by replacing in (1.38) the scalars zx and z; by the vectors vx and vy,
that is:

vg +v
divg(v,u, A\, p) = — Z Prr(u u- (1.41)
LE/VK

Gradient operator

Finally, let us define a discrete gradient operator. It is fimiliar that the gradient operator
is the adjoint of the non stabilized divergence operator, this implies that for any discrete
field p € Hy(Q), Vgp € Hy(N2) and satisfies

/QV@p(a:) cv(x)de = — /Qp(a:) divy, (1, v)(z)dx, Vv € Hy(Q)%.

This implies the following definition for Vgp = (Vgp), for all K € A :

1 dr k|L
Vip = e Z p | my kL (PL = Pk) - (1.42)
K ey UKL

Defining p, as

di K|L dr K|L — KIL
gy — e P e o = KL (1.43)

Pk 70-6606331;05[(

and using the fact that (geometric property of polytopals)

Z MsNEKs = 0. (144)

oESK

One notices that Vgp may also be rewritten as

va i MePeNEK o- (145)



Chapter 2

Fundamentals of Elasticity and Fluid

Mechanics

Introduction

In the analysis of physical systems governed by partial differential equations, two
paradigmatic physical media are most often encountered: elastic solids and incompressible
fluids. Both types of media are captured under the scope of continuum mechanics, which
assumes materials are continuously distributed within the domain of interest and ignores
the distinct atomic structure of materials.

Understanding elastic solids and fluid dynamics separately is necessary before allowing
for their interaction (cases that frequently occurs in real-world phenomena). For example,
in many biological systems (blood vessels behave as elastic solids), the deformation of the
blood vessel wall interacts dynamically with other inertial forces acting on the blood
flow regarded as an incompressible fluid, see for example [12,65,68,94|. Likewise, in
civil engineering, soil-structure interaction [89,90] typically results in coupled behavior
between deformable solids and pore fluids. When studying this type of problem, the
proper modeling of the solid domain and the fluid domain, along with their interaction,
essential for ensuring accuracy and stability of numerical simulations.

This chapter is devoted to summarizing the essential concepts and governing equations
associated with linear elasticity and the flows of incompressible fluids. The goal is to
develop a common mathematical framework for each medium so we can refer back to
it when discussing the coupled problems in later chapters. In particular, our interest is
with the linear elastic model for solids and incompressible viscous flows governed by the
Navier—Stokes or Stokes equations.

We begin by formulating linear elasticity, paying special attention to the definition
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of stress and strain tensors, the constitutive equations, and the related boundary value
problems. Next, we present the governing equations of fluid mechanics, with consideration
of momentum balance, the incompressibility condition, as well as the form of the stress
tensor for Newtonian fluids. Finally, we note how these two media differ both mathemat-
ically and physically, in preparation for the subsequent formulation of coupled interaction

problems with solids and fluids.

2.1 Linear Elasticity

Elasticity theory describes how solid materials deform and recover under external forces.
In this framework, the body is modeled as a continuous medium, where each point under-
goes a small displacement in response to the applied loads. The linear elasticity model is
valid under the assumption of small deformations and linear stress-strain behavior. This
assumption is suitable for a wide range of engineering and physical applications. For
readers interested in a more detailed treatment of elasticity, see e.g. [30-32, 56, 66] for

detailed treatments.

2.1.1 Kinematics of Deformation

In continuum mechanics, a deformable solid body is described through its motion over
time. Let Qy C RY (with d = 2 or 3) be the reference configuration of the body, repre-
senting its shape at an initial time ¢ = 0. A material point originally located at X € €

moves to a new position € Q, C R? at time ¢ > 0, given by the mapping:
z = x(X,1),

where
e X € () is the material (Lagrangian) coordinate,
o x € (), is the spatial (Eulerian) coordinate in the current (deformed) configuration,
e x : Qo x [0,7] = R?is a smooth and invertible function called the motion.

The displacement field is defined as the difference between the current and reference
positions:

u(X,t) =x(X,t) — X. (2.1)

This vector field describes the local deformation of the body. The displacement may

vary in both space and time.
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Deformation Gradient Tensor

To quantify local changes in length, area, and volume, we define the deformation gradient
tensor F' as:
Ix

F(X 1) = 5% =T+ Vxu(X.1) (2.2)

where:
o F ¢ R¥™4 measures the local linear transformation of vectors under the motion x,
e Vxu is the gradient of the displacement with respect to the reference coordinates,
e [ is the identity tensor.

The deformation gradient satisfies det(F') > 0 if the motion is locally invertible and
orientation-preserving. In general, F' = I corresponds to a rigid body with no deforma-

tion.

Remark

The deformation gradient F' is a fundamental quantity in nonlinear elasticity. However,
in the context of small deformations, we will introduce a linearized strain tensor in the

next subsection.

2.1.2 Strain Tensors and the Small Deformation Assumption

To characterize the internal deformation of a solid body, strain tensors are introduced.
These tensors measure the relative displacement of nearby material points. In general
(i.e., for large deformations), the appropriate strain measure is the Green—Lagrange strain
tensor, defined by: .
E=; (F'F-1), (2.3)
where F' is the deformation gradient, and I is the identity tensor.
However, in many practical problems such as those involving small displacements and

small strains, we can assume that:
Vu <1 (ie., the components of Vu are much less than 1),

which justifies neglecting higher-order terms in the expansion of F'' F. Under this small

deformation assumption, the Green-Lagrange tensor reduces to its linearized form:

(Vu+ (Vu)'),

e(u) = %
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known as the infinitesimal strain tensor or linearized strain tensor.

Properties of the Infinitesimal Strain Tensor
e c(u) is symmetric: e(u) = e(u)’.
e It vanishes for rigid body motions (translations and rotations).

e It measures local extension and shear.

This linearized strain tensor will be used throughout the rest of this work when for-
mulating the equations of linear elasticity, as well as in numerical approximations where

small deformations are assumed.

2.1.3 Stress Tensor and Hooke’s Law

While strain tensors measure deformation, the internal mechanical response of a solid
body is described by the stress tensor. Specifically, the Cauchy stress tensor o € R4
represents the force per unit area acting on an infinitesimal surface inside the body. For
any oriented surface with unit normal vector n, the force acting on the surface is given
by:

t=o0-n, (2.4)

where ¢ is the traction vector.
To relate stress to strain, a constitutive law is required. In the context of small
deformations and isotropic, homogeneous materials, the most common model is the linear

Hooke’s law, which states:
o(u) =2use(u) + Astr(e(u)) I, (2.5)

where:

e ;>0 and Ay > 0 are the Lamé coefficients characterizing the elastic properties

of the material,
e tr(-) denotes the trace of a tensor,
e [ is the identity tensor.

These coefficients are related to the more physically intuitive parameters:

Ev FE

M=) M T )

(2.6)
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where:
e F is the Young’s modulus, measuring stiffness,

e v is the Poisson’s ratio, describing the lateral contraction under axial loading.

Properties of the Linear Elastic Law

e The stress-strain relation is linear.
e The model is valid only for small deformations.
e The tensor o(u) is symmetric if no body couples or moments are present.

e [sotropy implies material response is direction-independent.

The linear elastic constitutive law, combined with the infinitesimal strain tensor, forms
the core of the linear elasticity model, which is widely used in engineering and solid

mechanics due to its simplicity and effectiveness in modeling small deformations.

2.1.4 Balance of Linear Momentum

The fundamental physical principle governing the motion or equilibrium of a solid body
is the balance of linear momentum. In the context of linear elasticity, and under the
small deformation assumption, this principle leads to the following differential equation
for the displacement field.

Let u : Q, — R? denote the displacement field in the solid domain Q, C R?. Then
the momentum balance equation reads:

*u
Ps BIE

—V-o(u)=f inQ,, (2.7)
where:

e p, is the density of the solid material,

e f a given body-force density (e.g., gravity).

e o(u) is the Cauchy stress tensor defined by Hooke’s law.

In the quasi-static (or static) case, inertia is neglected, and the equation simplifies
to:
—V-o(u)=f in Q.. (2.8)
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Boundary Conditions

To close the problem, suitable boundary conditions must be imposed on the boundary

0€). It is common to partition the boundary into two disjoint parts:
N, =THury, I'pny =0,

where:

e On the Dirichlet part I'},, the displacement is prescribed:

u=wup onl7, (2.9)

e On the Neumann part I'§;, the traction (surface force) is prescribed:
o(u) - n=ty only, (2.10)

with n the outward unit normal to the boundary, and £ the applied traction vector.

This boundary value problem defines the linear elasticity model in either static or

dynamic cases.

2.1.5 Time-discretization

For any time-step dt > 0 and any n € N we set t" = ndt and denote by u™(x) (or simply
u") the approximation of u(t", x).
2
u
We approximate the second time derivative —— by finite differences in time. Two

ot?

common choices are:

1. Centered (three-point) difference (second-order accurate).

82u un+l _2,uln_|_,u,nfl

This formula is derived from a symmetric Taylor expansion and has a local trun-
cation error O(§t?). Because it is time-centred and symmetric, it preserves the
time-reversal symmetry of the continuous wave operator and, for undamped linear
systems, is associated with favorable discrete energy behavior (subject to spatial

discretization and mass-lumping).
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2. Backward (one-sided) multi-step difference (second-order accurate).

02u(t z) ~ 2u” —5u t+4unr 2 —un 3
oz T 512

(2.12)

This is a consistent approximation with truncation error O(dt?). It is one-sided in
time and therefore useful when future values cannot be accessed. However, unlike
the centred scheme (2.11), it is not symmetric and does not inherit the discrete
energy conservation properties of the centred scheme. In practice, when embedded
in elastodynamics discretizations, one-sided multi-step formulas can produce spuri-
ous high-frequency responses or unphysical stress peaks unless additional numerical

damping or filtering is introduced.

Remarks. The centred formula (2.11) is the standard choice in undamped transient
elastodynamics when one desires second-order accuracy and favourable energy behaviour
(subject to the spatial discretization and mass treatment). Its main drawback is con-
ditional stability: an explicit implementation requires a timestep satisfying a CFL-type
bound.

One-sided formulas such as (2.12) are sometimes used for their causal character or for
multi-step implicit algorithms, but they break the time symmetry and may degrade the
discrete energy balance; consequently they tend to amplify or misrepresent high-frequency
modes unless combined with controlled numerical dissipation (e.g. filtering, upwinding in

time, or algorithmic damping such as the generalized-a method).

Finite volume perspective (Jasak and Weller [49]). In the finite volume formu-

lation for linear elasticity, the time derivative is treated in a manner consistent with the

spatial flux discretization by integrating the momentum balance over each control vol-

ume. Jasak and Weller observed that the bounded backward approximation (2.13) while

formally only first-order accurate in the sense of their implementation, provided enhanced

robustness and boundedness on unstructured meshes and in strongly coupled problems.
Pu  u"—2u"t+un?

o~ e : (2.13)

They observed that certain formally higher-order, time-symmetric schemes can produce
unphysical stress peaks or instabilities on complex meshes; consequently they favored
the more dissipative but bounded approximation (2.13) in their solver to ensure smooth
convergence for large-scale transient elasticity simulations. The choice between (2.11) and

(2.13) therefore depends on whether one prioritizes discrete energy fidelity (choose (2.11))
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or robustness on highly unstructured/parallel computations (choose (2.13)).

2.1.6 Space-discretization

Let 9 = (M ,&,27) denote an admissible mesh in the sense defined in Section 1.2 of
Chapter 1. For each control volume K € .#, the space-discretized elasticity equation can

be expressed in compact form as

2
paa% — divg (o(u)) = fx, (2.14)

where p is the material density, ux denotes the discrete displacement field, and fy repre-
sents the external body force acting on the control volume K. The operator divg refers to
the discrete divergence operator, which is defined consistently with the discrete gradient

V ik within the finite volume framework (see Section 1.2).

For a linear, homogeneous, and isotropic elastic material, the constitutive law (Hooke’s

law) relates the Cauchy stress tensor o (u) to the displacement field w through
o(u) =A(divg u) I+ 2uex(u), (2.15)

where A and p are the Lamé coefficients, I is the identity tensor, and €x(u) denotes the

discrete strain tensor defined by
1 T
ex(u) = §<VKu + (Vku) ) (2.16)

To express the stress divergence explicitly, we substitute (2.15) into divg (o (u)), yielding

divi (o(u)) = A divg ((divK ) I) + o divg (VKu + (VKu)T>. (2.17)
Using the compatibility between the discrete gradient and divergence operators, the first

term can be rewritten as Vg (divg u). Consequently, the discrete divergence of the stress

tensor becomes

divic (o (w)) = o divie (Vicw + (Tocw)” ) + A Vil divie w). (2.18)

Substituting (2.18) into (2.14) gives the local discrete momentum equation

aQUK . T .
p — d1VK<VK'u,+ (Viu) ) —AVi(divg u) = fx. (2.19)

ot?
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The complete stress-divergence operator involves both the symmetric gradient and vol-
umetric strain terms. To ensure stability and matrix symmetry, Jasak and Weller [49]
proposed splitting the stress divergence into an implicit Laplacian term and an explicit

correction:
Vo (u"™) ~ 2u+A)Viu™ '+ [VK-(M(VKu")T—I—/\I(VKfu,”)—(pqL)\)VKu”)], (2.20)

where the first term is treated implicitly, while the remainder is evaluated explicitly at the
previous time level. This decomposition preserves diagonal dominance and significantly

enhances the convergence of the iterative solver. The resulting discretized momentum

equation forms a sparse, symmetric, and diagonally dominant linear system, well suited
for iterative solvers such as the Incomplete Cholesky Conjugate Gradient (ICCG) method.
The implicit-explicit splitting described in (2.20) yields robust convergence characteristics
without the need for multigrid acceleration, as demonstrated by Jasak and Weller [49].
This finite volume formulation is therefore an efficient and accurate alternative to the clas-

sical finite element approach for large-scale structural analyses on unstructured meshes.

2.1.7 Numerical Simulation

In order to evaluate the computational performance and efficiency of the numerical FV
scheme described and analyzed previously, we pick several test problems using known
analytical solutions allows to calculate the convergence rates.

All computations and figure production were carried out using a selfmade Matlab program
on an Intel(R) Core(TM) i5 Laptop @ 1.70GHz and 8GB of RAM.

To investigate the convergence rate, we define the relative error vector e;f) = (e?)
1,..,M

ER]

and its norm ||ey||s of approximate displacement ugy = <u(@1)7u((;)) with respect to the

exact solution u = (u”,u®) given for i = 1,2 by:
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Figure 2.1: Test 1: Displacement graph : (a) Exact solution (b) Approximate solution for
M =900, p =6FE+5 and A\ =8E + 5.

Test 1 For the first test case, a steady elasticity problem is solved in the computational
domain Q = (0,1) x (0, 1),

—V-o(u)=f inQ=(0,1) x (0,1),
u =0 on 0.

The analytical solution of the problem is

u(z,y)\ _ (yly — 1)sin(rz)
(m(m,y)) B (q:(a: - 1) sin(wy)) '
along side a constructed source function f.

Since the domain work is squared, we choose a rectangular grid which gives M =
Mz x My rectangular (possibly squared) control volumes.

Figures 2.1 and 2.2 illustrate, respectively, the 3D surface plot of the first displacement
component and the 2D quiver plot representing the displacement vector field. As observed,
the approximate solution exhibits a high level of smoothness and aligns closely with the
exact solution.

To better elucidate the difference, table 2.1 present relative error norm for various

step sizes. As the table shows, the relative error norm is decreasing as the step size is

augmented, the convergence rate is close to 2, confirming second-order accuracy.
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Figure 2.2: Test 1: Displacement vector field :

@w=6E4+5and A\ =8E+5.
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(b) Approximate displacement

b T T T T T

10 30 50 70 90
||e;11H 1.4009F -2 1.5569F—3 b5.6042FE—4 2.8592F—4 1.7296F —4
conv. rate — 1.9998 2.0002 2.0001 2.0001

(a) Exact (b) Approximate for M = 400,

Table 2.1: Test 1: Relative error norms and convergence rates for v = 0.1 and A = 0.01 using

prediction-correction approach.
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; | T T T T
10 30 50 70 90

3 5.9266E—2 6.6101E—3 2.3800E—3 1.2139E—3 7.3378E—4

conv. rate  — 1.9966 1.9997 2.0008 2.0032

Table 2.2: Test 2: Relative error norms and convergence rates at T' = 1/5 for different h values
with 6t = 1/50, p = 7.6923F + 10 and A = 6.5934F + 10.

Test 2 The following test case is on an unsteady elasticity problem in the same compu-
tational domain © = (0,1) x (0, 1), with 6t = 55 and T’ = 1.
92
a—;;—v-cr(u) —f in (0,T) x Q
u=0 on (0,7) x 00

Ujt=0 = Up, U|t=1/50 — U1, ON Q

the analytical solution of the problem is

Uy . _ y(?/ - 1) (y - %1) Sin(ﬂ'x) (1 _ e—t))
(UQ> (2, y,1) (ZE(SB —1) (ZL‘ — %) sin(my) (1 — eft) .

along side the initial condition

uo(x,y) = <0> wi (2, y) = <y(y — 1) (y — 1/4) sin(7z)(1 — 61/50)>
; 0/)’ ’ z(r — 1)(x — 1/4) sin(7y) (1 — e /%) |

and a constructed source function f. The same domain and mesh configuration as in
test 1 are adopted. We use the equation (2.19) instead of the usual elasticity equation,
the semi-discretization in time is done using centered difference scheme to discretize the
problem in time, and the a finite volume discretization in space

Figure 2.3 displays the 3D surface of the first displacement component, and Figure
2.4 depicts the 2D quiver plot of the displacement vector field at the final time step. The
obtained results confirm the accuracy and robustness of the proposed numerical method,
showing that the displacement evolves smoothly and consistently with the analytical so-
lution throughout the simulation.

Similarly, Table 2.2 displays the computed relative error norms for different mesh
refinements. It can be observed that as the mesh becomes finer, the error systematically
decreases, and the estimated convergence rate remains near 2, which confirms the expected

second-order precision of the proposed scheme.
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Figure 2.3: Test 2: Displacement graph : (a) Exact solution (b) Approximate solution at
T =1/5 for M = 2500, 6t = 1/50, p = 7.6923E + 10 and A = 6.5934E + 10.
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Figure 2.4: Test 2: Displacement vector field : (a) Exact (b) Approximate at 7" = 1/5 for
M =225, 6t = 1/50, p = 7.6923F + 10 and A = 6.5934F + 10.
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2.2 Incompressible Fluid Flow

2.2.1 Kinematics of Fluids

In fluid mechanics, the motion of a fluid is described using the Fulerian description, where
the focus is on specific locations in space through which fluid flows over time. Let Q; C R?
(with d = 2 or 3) denote the spatial domain occupied by the fluid.

The fundamental unknowns in incompressible fluid flow are:

e The velocity field v = v(z,t) € RY which describes the velocity of the fluid
particle at point & € Q and time ¢ € (0, 7).

e The pressure field p = p(x,t) € R, which corresponds to the scalar pressure

exerted by the fluid at point  and time t.

In this framework, the behavior of the fluid is observed as it evolves through space
and time. Unlike in solid mechanics, where the motion is typically described using ma-
terial (Lagrangian) coordinates, fluid motion is best captured using spatial (Eulerian)
coordinates due to its continuous deformation and transport properties.

We will assume that the fluid is:

e Incompressible, meaning its density remains constant and the volume of any fluid

particle does not change with time.
e Newtonian, implying a linear relationship between the stress and the rate of strain.
e Isothermal, so that temperature effects are neglected.
e Single-phase, without mixtures or multiphase interactions.

These assumptions lead to a simplified and widely applicable model, suitable for de-
scribing many viscous fluid phenomena and forming the basis for fluid-structure interac-

tion (F'SI) problems considered in later chapters.

2.2.2 Governing Equations

The motion of an incompressible viscous fluid is governed by two fundamental physical

principles:

1. Conservation of mass, which for incompressible fluids reduces to the condition

of volume preservation:

V-v=0 in(0,T) x Q. (2.21)
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2. Conservation of linear momentum, which yields the Navier—Stokes equations:

Py (g—:: + (v - V)v) —V.-os(v,p)=fr in (0,7) x Qy, (2.22)

where:

e ps > 0 1is the (constant) density of the fluid,
e f; is the body force per unit volume (e.g., gravity),

e o/(v,p) is the Cauchy stress tensor of the fluid.

Together, these equations describe the dynamics of an incompressible Newtonian fluid.

Nonlinear Advection Term and Reynolds Number

The term (v - V)v in the momentum equation represents the convective acceleration, de-
scribing how the velocity of a fluid particle changes as it moves through a spatially varying
velocity field. This term introduces nonlinearity into the Navier—Stokes equations and is
responsible for a variety of complex behaviors such as turbulence and flow instabilities.
A key dimensionless parameter that governs the balance between inertial (convective)

and viscous forces in a fluid is the Reynolds number, denoted Re. It is defined as:

UL
Re =222 (2.23)
iy

where:
e p; is the fluid density,
e [U is a characteristic velocity of the flow,
e [ is a characteristic length scale (e.g., the diameter of a pipe or channel),

® 1y is the dynamic viscosity of the fluid.

Interpretation:

e If Re < 1, viscous forces dominate, and the flow is typically smooth and laminar;
in this case, the convective term can often be neglected, leading to the linearized

Stokes equations.

e If Re > 1, inertial forces dominate, and the flow may become unstable or turbulent.
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The Reynolds number plays a central role in determining the qualitative behavior of
the flow and the choice of mathematical and numerical models. For a detailed derivation of
the dimensionless form of the Navier—Stokes equations and the appearance of the Reynolds
number (and other important numbers such as the Strouhal and Prandtl numbers...), see
for example Chapter 3 of |[71] or Chapter 7 of [59].

System Summary

We summarize the incompressible Navier—Stokes system as:

Jv :
Pf (E—F(U-V)v) —V.-os(v,p)=fr in(0,7)x Qy,
V-v=0 iH(O,T)XQf.

These equations are supplemented with initial and boundary conditions, which will be

specified in the next subsections.

2.2.3 Newtonian Stress Tensor

In order to close the system of equations governing fluid motion, a constitutive law is
needed to relate the stress tensor to the flow variables. For a Newtonian fluid, the Cauchy
stress tensor o is assumed to depend linearly on the rate of strain. Specifically, the

constitutive relation is given by:
os(v,p) = —pI +2ps€(v), (2.24)

where:
e p is the scalar pressure field,
e 1y > 0 is the dynamic viscosity of the fluid,
e [ is the identity tensor,

e £(v) is the rate-of-strain tensor, defined by:
1 T
e(v) = 3 (Vo + (Vv)').

Interpretation

The stress tensor consists of two parts:
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e A hydrostatic (isotropic) part, —pI, which accounts for the pressure acting

equally in all directions,

e A viscous (deviatoric) part, 2use(v), which represents the internal friction due

to velocity gradients.

Remarks

e The fluid is assumed to be Newtonian and incompressible. More complex fluids

(e.g., non-Newtonian, compressible) require different stress models.
e The rate-of-strain tensor e(v) is symmetric and vanishes for rigid-body motions.
e The pressure p appears as a Lagrange multiplier associated with the incompressibil-

ity constraint V - v = 0.

2.2.4 Boundary and Initial Conditions

To fully specify the fluid flow problem, the incompressible Navier—-Stokes equations must
be supplemented with appropriate boundary and initial conditions. These conditions
depend on the physical configuration of the domain and the type of interaction with its

surroundings.

Boundary Conditions

Let the boundary of the fluid domain I'y be partitioned into two disjoint parts:
ry=rhury, TLNT4 =0,

where:

° F,’; corresponds to portions of the boundary where the fluid velocity is prescribed
(Dirichlet condition),

e '}, corresponds to portions where the traction (stress vector) is prescribed (Neu-

mann condition).

The boundary conditions take the form:

v=wvp onli, (2.25)

o;(v,p)-m=ty onl%, (2.26)
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where:
e n is the outward unit normal to I'y,
e vp is a prescribed velocity (e.g., zero for no-slip or specified inflow),

e ty is the prescribed traction vector (e.g., pressure outflow or shear stress).

Initial Condition

The evolution problem is initialized by specifying the velocity field at time t = 0:
v(z,0) = vo(z) for a.e. z in Qy, (2.27)
where vy is a given solenoidal (divergence-free) velocity field satisfying:
V-vy=0 1in Qy. (2.28)

Remarks

e The choice of boundary conditions should reflect the physical reality: no-slip on

solid walls, inflow /outflow profiles on open boundaries, etc.

e The well-posedness of the Navier—Stokes problem depends critically on the compat-

ibility of the boundary and initial conditions with the incompressibility constraint.

e In coupled problems (e.g., fluid—structure interaction), boundary conditions on the
interface are replaced by transmission conditions, which will be discussed in chapter
3.5.2.

2.2.5 Special Case: Stokes Equations

In many situations involving slow, highly viscous, or small-scale flows, the inertial effects
in the Navier-Stokes equations become negligible in comparison to viscous forces. Math-
ematically, this corresponds to taking the limit of vanishing Reynolds number Re < 1,
such as in microfluidics or lubrication theory.

Under this assumption, the nonlinear convective term (v-V)v and the time derivative

Ov /0t may be neglected, leading to the steady Stokes equations:

~V.os(v,p) = f; inQy,
V.v=0 in Q,

(2.29)
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or, equivalently (using the Newtonian constitutive law):

—prAv +Vp = f; in Qy,

(2.30)
V-v=0 in Qf.
The more generalized Stokes problem is defined by
nv—vAv+Vp = finQy, (2.31)
Vv = 0inQy, (2.32)
v = gonly, (2.33)

where v > 0 is the kinematic viscosity, f € H~1(Q;) and g € H'/%([';) are given vector

functions such that g satisfies the compatibility condition

/ g-ndly=0. (2.34)
Ly

The equation (2.31) is obtained after semi-descritization of the unsteady Stokes problem,
equation (2.32) is the continuity (incompressibility) equation or the mass conservation
equation. (2.33) is the Dirichlet condition on the boundary I'; of Q.

Due to the fact that the pressure gradient Vp, and not the pressure itself, appears in the
Stokes equations, the pressure is specified up to an additive constant (i.e. p is a solution
equivalent to p + ¢ is a solution for all constant ¢), which signifies the non-uniqueness of
pressure. To ensure uniqueness, one often set the mean value of pressure to zero which

eliminate the arbitrary constant.

/ pdSly = 0. (2.35)
Qy

The existence and uniqueness of solution for (2.31)-(2.33) is established as stated in the

following theorem.

Theorem 2.1 (Existence and uniqueness of solution [43] p. 51). Let 2 be a connected
open bounded domain of R® with Lipschitz continuous boundary I'. Then for any function
f € H Q) and any function g € H'?(T') satisfying the compatibility condition (2.34),
there exists a unique couple (v,p) € H'(Q) x L(Q) satisfies the problem (2.31)-(2.33).

With additional regularity assumptions, further results on the smoothness of the so-

lution can be obtained.

Theorem 2.2 (Regularity of solution [43] p.54).
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1. Let us suppose that hypotheses of Theorem 2.1. If I' was C?*-reqular, g = 0 and
f e L' () forl <r < 2. Then the Stokes problem (2.31)-(2.33) has a unique
solution (v,p) in W2 (Q) x (Whr(Q) N Li()).

Furthermore, there ezists a positive constant C, = C.(2) such that:
[vll2r + [Pllre < Collfllne- (2.36)
2. If T is only Lipschitz continuous, this result stay valid provided €2 being convex and
d=2.

We emphasize that the Stokes problem can also be articulated as a saddle-point prob-

lem, We urge the interested readers to see [4,39,43| and references therein for more details.

Interpretation and Applications

e The Stokes equations describe creeping flows, in which viscous forces dominate

completely.

e They are linear and easier to analyze both analytically and numerically than the

full Navier—Stokes system.
e Stokes flows arise in various engineering and biomedical applications, such as:

— Flow in porous media,

Motion of microorganisms in fluids,
— Blood flow in small capillaries,

— Viscous damping in micro-mechanical systems.

The Stokes model is also widely used as a linear approximation in fluid-structure
interaction (FSI) studies, particularly when deriving theoretical results or performing

preliminary numerical validation.

2.2.6 Remarks on Coupling and Well-Posedness

The incompressible Navier—Stokes and Stokes equations introduced above form the basis
for modeling viscous fluid flow. In the context of this thesis, these models will later be

coupled with elasticity equations to study fluid—structure interaction (FSI) problems.
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Coupling with Elasticity

In fluid-structure interaction (FSI) problems, a portion of the fluid boundary coincides
with that of an elastic solid. Across this interface, appropriate transmission conditions
must be imposed to ensure the physical and mathematical consistency of the coupled

problem.

Classical Interface Conditions. The most common coupling conditions are:

e Kinematic condition (continuity of velocity):

Ju .
v = — on the interface,

ot

ensuring that the fluid and solid share the same velocity at their common boundary,

with no slip or separation.

e Dynamic condition (balance of normal stress):
Of Ny =0s"MNg O the interface,

expressing Newton’s third law: the fluid exerts a force on the solid, and the solid

reacts with an equal and opposite force.

Generalized Interface Conditions. In this thesis, we adopt more general coupling
conditions that account for interface effects such as damping, stiffness, and relaxation.

These may involve:
e Weighted combinations of fluid and solid stresses on the interface,

e Discrete or distributed spring-like models with parameters such as mass and stiffness

matrices,
e Averaged velocities and jump terms across the interface.

A typical generalized dynamic condition used in this work takes the form:
[o-n])=Sv—g, o -n=M|[v] —h on the interface,

where:

e [] denotes the jump across the interface,
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e (-) denotes the average between the fluid and solid sides,
e M and S are positive definite matrix-valued functions defined on the interface,
e g and h are known source terms.

These generalized interface conditions are essential to accurately model certain physi-
cal effects, and to ensure stability or convergence in the numerical schemes proposed later
in this work. A detailed derivation and motivation of these conditions will be presented

in the corresponding chapters on the coupled problems.

Well-Posedness of the Fluid Problem

For the Navier—Stokes system, the existence and uniqueness of solutions depend on the

spatial dimension, the regularity of the data, and the Reynolds number:

e In 2D, the problem admits a unique weak solution globally in time for reasonable
data;

e In 3D, global existence of weak solutions is known (Leray), but uniqueness and

regularity remain open problems;

e For the Stokes problem, the equations are linear and admit unique solutions under

standard assumptions on data and boundary conditions.

In all cases, the incompressibility constraint V - v = 0 introduces mathematical com-
plexity, particularly in defining appropriate function spaces and ensuring the inf-sup (La-

dyzhenskaya—Babuska—Brezzi) condition for well-posedness of the variational formulation.

Transition to Coupled Problems

The interface and transmission conditions described above will be treated rigorously in
later chapters, where we develop the mathematical modeling, analysis, and numerical

schemes for F'SI problems involving incompressible viscous fluids and linearly elastic solids.

2.2.7 Discretization of Stokes Problem

Throught this section, we set d = 2 and u = (v, u®). We recall that the essential
notions, spaces and discrete operators to establish the discrete collocated finite volume

scheme of the generalized Stokes equations (2.29) or (2.30) are presented in section 1.2.
Let 9 = (M ,&,P) be an admissible mesh. For each control volume K of .#, the
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discrete generalized Stokes problem (with homogeneous Dirichlet condition) is described

as follows
A v —
77’.01( vAgvk + Vigpr = [k (2.37)
leK(lavKa )\7pK) =0
1
where fx = — [ x f(x)dx and supplemented by the descrete form of the pressure
Mg

unicity condition (2.35)

> mxpx =0 (2.38)
Ke#n

Although the discrete linear system stays the same, the solving method of the system
can affect the error and convergence rate. Let us consider the block square matrix P and

the column vectors b and S

1

nl —vA 0 BT F V(@)

P = 0 nl—vA BI b= |F® S = Vg)
B1 B2 )\D 0 p@

where for j = 1,2, vg) = <U§§)> s Py = (PK.) i1 FU) = (Fi(j)> with F,L-(j) =
i) i=1,M ' i=1,M
—L [ fU(x)de, I is the identity matrix, A is the discrete Delta matrix, B = (B1 B2)
mKi 7

is the divergence matrix, B is the gradient matrix and D is the matrix of stabilization
terms. We note that A, By, B, D and I are all square matrices of same size M, and

FO F@ V;), Vg) and pg, are all column vectors of same size M.

1. The direct approach is solving the system
PS=b (2.39)

using the either iterative solvers (or Krylov subspace methods) such as GMRES
(Generalized Minimal Residual), BICGSTAB (Biconjugate Gradient Stabilized),etc....
Or by direct methods specifically LU factorization, these methods have shown to be

efficient in all numerical test cases.

2. Another procedure is to use a prediction-correction splitting method, such as the one
described by Angot and al [4] which is based on the augmanted Lagrangian approach
and Uzawa iterations. The continuity equation is considered as a optimization

constraint and it is used only in the correction step. For p%, = 0 and the parameters
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() E)
(22 w2 )
’)

Vij)J—V(]f)qLuS)j for j = 1,2 and pkH—pJ—i-/\k(B Vi_;—i-BgV

A, and rj, the method reads

41)

(2.42)

2.2.8 Discretization of Navier-Stokes Problem

The discretization of the Navier—Stokes problem constitutes a crucial step in obtaining
reliable and efficient numerical approximations of incompressible fluid flows. In this sub-
section, we describe the spatial and temporal discretization strategies adopted for the
governing equations introduced earlier. The objective is to transform the continuous
problem into a discrete system that preserves the main physical and mathematical prop-
erties of the original equations, such as mass and momentum conservation, while ensuring
stability and accuracy. The finite volume framework is employed for the spatial discretiza-
tion, providing a natural formulation based on local flux balances. Time integration is
then performed using an appropriate scheme that allows for consistent coupling between

the velocity and pressure fields.

2.2.8.1 Time-stepping schemes

For any time step size 0t > 0, we approximate v(t",z) by v"(z) (v for abbreviation)
where t" = ndt.

For the Navier-Stokes equations, many approaches can be chosen:

backward Euler method (BE): which is the most stable (but not the most accurate)

n+1’ anrl)

scheme for ODE systems which reads, given (v™, p") we seek (v solution to

% (v"“ _ ,Un) 4 p(o™ - V)t — pAwtt 4 Vpttl = L Q) o)
V-v"" =0 inQ

Linearized semi-implicit approach (LSE): A semi-implicit treatment consists in

linearizing the convective term around the known velocity at time level n and applying
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it to the unknown velocity at time level n + 1. Given (v™, p") we seek (v™, p™*1) such
that

ﬁ(v”“ —v") +p(v" - V)o"! — pAv™ T 4 VpH = L in Q,
ot (2.44)
Vo™ =0 inQ.

This choice yields a linear problem for (v p™*1) at each time step, since the ad-

vective coefficient v" is known. Rearranging (2.44) gives

1
v" 4 L (2.45)

1
(pal +p(v" V) — ,uA) " 4 vpntt

The scheme is still first-order in time (same as backward Euler) unless paired with a

higher-order time discretization. The linearization does not increase the temporal order.

Algorithm 1 Linearized Semi-Implicit Scheme (LSE)

Physical parameters p, u; time step 6t > 0; final time T = N dt; initial fields (v°,pY)
satisfying V - v? = 0. Velocity and pressure fields (v, p"*) forn =0,..., N — 1.
Initialization: Set v° = v, p° = py on Q.

n=0N —11. Compute the right-hand side:

1
RHS = peo” + f"'.

2. Form the linear operator:
1
Mn(,vn-&-l) — pavn—i—l 4 ,0(’0” . v),vn—H _ /JA’U”+1.
3. Solve the linearized system:

o/ "(v™) + Vprtl — REHS, in ),
Vvt =0, in Q,

with suitable boundary conditions on 0f2.
4. Update the solution: Set v"*! and p™*! as the current velocity and pressure fields.

Trapezoidal rule (TR): [58] also known as the one-leg trapezoidal rule , an A-stable

scheme with second order accuracy in time which reads, given (v™, p*) we seek (v™ 1, p*t1)
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solution to

£ ntl  om Un+1+vn ' vn+1+vn A vn+1+vn
AR A K 2 v 2 a 2

Ry (pn+1 + pn) _ i g (246)
2

V-v"" =0 inQ

For proof of stability for this method, see [58].
A variant to (2.46) is the two-leg trapezoidal scheme where the change is made replac-

ing the nonlinear term as follows

o™t + " v pntl + " . (,UnJrl . V),UnJrl N (,Un . v>,vn
2 2 2 2

of cours the one-leg and two-leg trapezoidal schemes obligate solving a nonlinear system
each time-step. A way to reduce the calculation cost is to replace the nonlinear term in
(2.46) with the linearized form (v™ - V)v™*!, this lower the calculation cost by significant
amount, however this generate a prominent drawback that is the loss of second order
accuracy (only first order accuracy is reached).

A proven strategy to address this disadvantage is the use of linear extrapolation (LE),

for example the linear extrapolation of v(t"1/2)
n+1/2 3 n 1 n—1 2
v(E"E) = Ju(t") — (") + O(6t)

Noting

3 1
E™,v" 1] = §v(t”) - 5’0(15"_1)

the nonlinear term in trapezoidal scheme (2.46) can be replaced by

() 7| () o ()

Note that after this extrapolation technique, the nonlinearity is no longer a concern.
The outcome method trapezoidal rule with linear extrapolation (TRLE) is unconditionally

stable and second order accurate (in time), as you can verifie in [8,11,48, 85].
Projection method: due to their efficiency and simplicity in handling the incompress-

ibility constraint of fluid flow, these methods are popular in CFD. They involve predicting

an intermediate velocity field without considering the incompressibility constraint, and
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then projecting this field onto a divergence-free space to enforce the incompressibility
condition. A collection of recent papers from Angot and al [2,4,6,7] and many references
therein described and analysed a new vector penalty-projection method (VPP) for differ-
ent cases, here we present the one from [7] for incompressible flow with variable density
and viscosity (constant case included), for a penalty parameter 0 < ¢ << 1 and given

P, v™ and p” in €

g—z (5L — ") + p" (0" - V)T — 2uV - (d(T7HD)) + V" = £ in Q
(2.47)
’5&“ =0 on T’
(2.48)
ed" -V (V- ") =V (V0" inQ
(2.49)
'ﬁ&“ =0 on I’
(2.50)
Correction of velocity "™ + " = p"H! in Q
(2.51)
V ("t —p") = —%'f)”“ in Q
(2.52)
% (Pt =p") + 0"Vt =0 in Q
(2.53)

This method is proven to be second order accurate in time, the readers can reinspect
within [2,4,6,7]. The algorithm of the VPP method is given by:
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Algorithm 2 Procedure for the VPP solver
Input: v", p", p", dt, p, &, f"

Output: ,Un—i-l, pn—‘rl’ pn—i-l
Initialization: Set the initial fields v°, p°, p°.
n=0toN—1

Step 1: Intermediate velocity Solve for o™

% (" =) +p" (V" - V)BT = 2uV - (d(9"T)) + Vp" = f"

Step 2: Divergence correction Solve for ¢

" -V (V-9 =V (V-0

Step 3: Velocity correction

’Un+1 — ,En—i-l _‘_,ﬁn—ﬁ-l
Step 4: Pressure update Solve for p™ti:

\V4 n+l _ o n\ _ —p—'f) n+1
(» P =—%
Step 5: Density update

%(pn—kl_pn)_i_vn—i-l'vpn:()

Output: Display or store vt pntl pntl

2.2.8.2 Space discretization

We keep the same notation and mesh ¥ = (A, &, &) introduced in Section 1.2 and in
the previous subsection for the Stokes problem. Let 0t > 0 be the time step and denote
by t" = ndt the discrete times. For a cell K € .# the cell average (or cell unknown) at
time ¢" is denoted by v} for the velocity and p}. for the pressure.

We use the first-order (LSE) linearized semi-implicit scheme (the same discrete oper-
ators are used for the projection method) that treats the convective term explicitly (from
time level n) and the viscous and pressure terms implicitly (at time level n + 1). The

discrete momentum balance (4.3a) for cell K reads

n
Vg — Vg

A7 + divg (v, v" TN P — v Agu T + Vigpptt = Rt (2.54)

p

where Ag, Vi and divg are the discrete Laplace, gradient and divergence (or convection

in this part) operators defined in Section 1.2, and fi*" is the cell average of the forcing
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at "+,
The discrete incompressibility condition is enforced at t"*! as in the Stokes discretiza-
tion:
divg (L, v\ pth) =0, for all K € ., (2.55)

together with the discrete pressure uniqueness condition (same as for Stokes).
Coupling (2.55) and the momentum relation (2.44) yields a linear saddle-point system
of the same block form as in the Stokes discretization (see equation (2.37)): at each time

step we solve a linear system for (v, p2*).

2.2.9 Numerical Simulation

In order to evaluate the computational performance and efficiency of the numerical FV
scheme described and analyzed previously, we pick several test problems using known
analytical solutions allows to calculate the convergence rates.

All computations and figure production were carried out using a selfmade Matlab program

on an Intel(R) Core(TM) i5 Laptop @ 1.70GHz and 8GB of RAM.

For ('v(i),p) being the vector of exact solution values on & € & with i = 1,2, the

relative errors of velocity and pressure are defined by:

, @) _ @)
e =" Y7 ;19 e =

P(CBK) — Pk
'v(l) )

p(CEK)

and the following associated norms are used to investigate the convergence rate

2
leslle = | 3= [6).¢7] leollos =
=1

The first two test cases are for Stokes problem, while the last test if for Navier-Stokes

equations.

Analytical Test 1: For the first test case, the computational domain is 2 = (0,1) X

(0,1), and the trigonometrical analytical solution of Stokes problem is

(Ul) = ( msin”(mz) sin(2my) ) : p = mwsin(27rx) sin(27y).

Vg —7 sin(27x) sin?(7y)
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(a) LU factorization (b) Prediction-Correction

Figure 2.5: Test 1: Approximate velocity '0(9}) for M =900 and e = A = 0.1
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(a) LU factorization (b) Prediction-Correction

Figure 2.6: Test 1: Approximate pressure py for M = 900 and e = A = 0.1

Since the domain work is squared, we choose a rectangular grid which gives M =
Mz x My rectangular (possibly squared) control volumes.

The following figures 2.5 and 2.6 shows the velocity first component and pressure 3D
graphs, the graphs indicates the visual similarity between the LU and the prediction-
correction solutions as far as the human eye can see.

The numerical results reported in Table 2.3 provide a direct comparison between the
LU factorization and the prediction—correction approaches. For both methods, the dis-
placement error ||eg|| clearly exhibits a second-order convergence rate as the mesh is
refined, which represents the highest accuracy typically attainable with current finite vol-
ume discretizations (see [19,28,52] and many others). The pressure error ||€y|| converges

with a rate ranging from approximately 1.0 to 1.4, depending on the solver used. While
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the LU factorization approach yields slightly higher convergence rates for the strain vari-
able, both methods demonstrate stable and consistent performance across all mesh sizes.
These observations confirm the robustness, efficiency, and accuracy of the proposed finite

volume formulation for the parameters v = 0.1 and A = 0.01.

b LU Factorization Prediction—Correction
llesl| rate €| rate el rate lles|| rate
% 3.358E—-2 — 2.844E—-1 - 3.358E—2 - 2.844FE—-1 —
@ 3.712E-3 2.0049 6.461E—2 1.3489 | 3.742E—-3 2.0038 8.2898E—2 1.0496
@ 1.335E—3 2.0023 3.208E—2 1.3709 | 1.3446E—-3 2.0034 4.8671E—2 1.0425
@ 6.807TE—4 2.0008 2.011E—2 1.3878 | 6.8552E—4 2.0022 3.4503E—-2 1.0224
%0 4.118E—4 2.0003 1.409E—2 1.4124 | 4.1447TE—4 2.0023 2.6731E—2 1.0155
% 2.756E—4 2.0000 1.0567TE—2 1.4337 | 2.7729E—4 2.0028 2.1816E—2 1.0126

Table 2.3: Test 1: Comparison of relative error norms and convergence rates for v = 0.1 and
A = 0.01 using LU factorization and prediction—correction approaches.

Analytical Test 2: For the second test case, one can choose a polynomial analytical

solution for the same computational domain 2 = (0,1) x (0,1).

(U1> _ <—2000($ — )% (y —y*)(1 - 29)) : p =100 (IQ Ly? 2) .
) 2000(y — y*)?(z — 2?)(1 — 22) 3

The convergence rate is the same as in the first test case, so it will not be mentionned
in this case.

In this test case, the results are illustrated through the velocity vector field (Figure 2.7)
and the pressure contour plot (Figure 2.8), which allow for a clear visual comparison
between the computed and exact solutions. The numerical approximations show a strong

qualitative agreement with the analytical solution, indicating that the proposed scheme

accurately reproduces the flow structure and pressure distribution.

Analytical Test 3: All computations and figure production of this test were carried out
using a selfmade Matlab program on an AMD Ryzen™ 7 7735HS @ 5.0 GHz Processor
and 16GB of RAM.

For the last test case, the computational domain is Q = (0,1) x (0, 1), and the trigono-
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Figure 2.7: Test 2: Approximate velocity vector field vy for M = 225 and e = A = 0.1
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Figure 2.8: Test 2: Contour of approximate pressure py for M = 900 and e = A = 0.1
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(a) Direct Solver (b) VPP Solver

Figure 2.9: Test 3: Approximate velocity 0(91) at t = 0.2 for M = 900, dt = 0.01 and € = 1073

metrical analytical solution of Navier-Stokes equations is

(m) _ ( 7 sin®(mx) sin(27my)e ) , p = msin(2mz) sin(2ry) (1 — ") .

Vo —7sin(27z) sin?(ry)e !

Since the domain work is squared, we choose a rectangular grid which gives M =
Mz x My rectangular (possibly squared) control volumes.

Figure 2.9 presents the first component of the velocity field. The plot highlights the
close visual agreement between the solutions obtained using the direct LU decomposition

solver and the prediction-correction (VPP) method.

Direct LU solver VPP solver with e = 1072 and r = 107°
lles|| cv. rate  Exec. time (s) les|| cv. rate  Exec. time (s)
3.4205E—-2 — 1.2136E—1 3.5057E—-2 — 8.7285E—-2

3.8457E—-3  1.9892 3.968E+-0 3.8855E—-3  2.0023 3.5955E+0
1.4306E—3  1.9358 4.17E+1 1.4404E—-3  1.9427 3.7979E+1
7.6733E—4 1.8514 2.5125E+2 7.8945E—-4  1.7871 2.1107E+2
4.9521E—-4  1.7426 1.274E+3 5.4346E—4  1.4857 9.8785E+2

Table 2.4: Test 3: Comparison of relative error norms, convergence rates, and execution times
at t = 0.2 for v = 1 and 6¢ = 0.01 using direct LU factorization and prediction—correction (VPP)
approaches.

Table 2.4 presents a comparative analysis between the direct LU solver and the
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prediction-correction (VPP) solver with time step size t = 1072 and parameters ¢ = 1073
and r = 107° for different space step sizes h. Both methods produce almost identical rel-
ative error norms, confirming the accuracy and consistency of the VPP scheme compared
to the direct LU approach. The convergence rates start close to the second-order accu-
racy and then slightly decrease as the mesh is further refined. This behavior is commonly
attributed to the accumulation of round-off errors and the increasing conditioning of the
discrete system on finer grids. In terms of computational performance, the LU solver
exhibits a rapid growth in execution time with mesh refinement, whereas the VPP solver
achieves similar accuracy with noticeably reduced computational cost. This highlights
the efficiency and scalability of the VPP approach for large-scale or high-resolution sim-

ulations where direct solvers become computationally demanding.

h 1/10 1/30 1/50 1/70 1/90
lez|| | 1.8275E—2 2.1302E—3 7.7645E—4 39804E—4 24118E—4
cv. rate - 1.9564 1.9757 1.9859 1.9935

Table 2.5: Test 3: Relative error norms and convergence rates at ¢t = 0.0002 for 6t = 107>, and
parameters € = 1073, » = 107> using the VPP solver.

When the time step size is reduced to 6t = 10~ while keeping the same parameters
e = 1072 and r = 1075, the overall accuracy of the numerical solution improves noticeably.
The relative error norms are significantly smaller compared to the case with 6t = 1072,
and the convergence rate remains consistently close to the theoretical second-order value
across all mesh sizes, from h = 1/10 to h = 1/90. Unlike the previous configuration, no
deterioration in the convergence rate is observed as the mesh is refined. This behavior
indicates that temporal discretization errors were dominant in the previous test, and
that reducing the time step allows the spatial accuracy of the scheme to reach its full

second-order potential.

61



Chapter 3

Elastic—Elastic Interactions

Introduction

Elastic interactions between materials play a central role in many physical and engineering
systems, including biomechanics, geomechanics, and composite structures. In many such
systems, distinct elastic subdomains interact across interfaces where discontinuities in
displacement or stress naturally arise. Accurately capturing these discontinuities poses
substantial mathematical and numerical challenges.

The well-posedness of mathematical models for the Stokes / Brinkman problem with
J.E.B.C. at fluid-porous interfaces has been rigorously analyzed in [3,4], including the
Whitaker—Ochoa-Tapia and Beavers—Joseph interface conditions. These works focus on
fluid—porous interaction problems and provide a unified variational framework for var-
ious physically relevant interface conditions. In contrast, the treatment of linear elas-
ticity problems involving an elastic medium coupled with an extended domain through
J.E.B.C. has been addressed using fictitious domain approaches in [50, 80, 81], extending
the methodology to elasticity interfaces.

In this chapter, we investigate the well-posedness of an elastic—elastic interaction prob-
lem governed by jump-embedded boundary conditions. We then study the asymptotic
convergence of the model toward an elastic—elastic transmission problem with spring-type
interface conditions. We begin by formulating the variational problem and establishing
its well-posedness using classical tools from functional analysis. The analysis is then ex-
tended to special cases, such as the spring-law interface and its penalized approximation,
for which we demonstrate strong convergence and derive a priori error estimates.

To address the computational aspects of our framework, we develop a finite volume
method (FVM) specifically tailored to this class of problems, drawing on established
techniques [19,28,36]. Our FVM implementation offers three key advantages: first, strict
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enforcement of local conservation laws; second, robust handling of complex interface ge-
ometries; and third, a unified approach to various transmission conditions.

We validate our approach through extensive numerical experiments examining vertical,
L-shaped, and rectangular interface configurations, which collectively demonstrate the
method’s accuracy and convergence properties under systematic grid refinement.

The novelty of this work is that, to the best of our knowledge, it is the first to rigorously
establish the well-posedness and convergence analysis of elastic—elastic interaction models
governed by J.E.B.C., combined with a finite volume discretization specifically designed to
ensure local conservation and accurately handle complex interface geometries. This new
framework generalizes existing fictitious domain approaches beyond fluid—porous systems

to purely elastic coupled problems with discontinuous interface conditions.

3.1 A well-posed elastic—elastic problem with jump em-

bedded boundary conditions

We work on the composite region
Q=0 UXUQ,,

where ; and (2, are two subdomains joined along the interface 3. For each ¢ € {1, 2},
let

be the portion of 9€2; not lying on >. We denote by v the normal outward unit vector on
012, and by n the normal outward unit vector on the interface ¥, oriented from 2; into
Q.

For i = 1,2, let o;(u;) = C; : €(u;) denote the Cauchy stress tensor in the linear
elasticity domain €;, where wu; is the displacement field, e(u;) = %(Vul + Vu, ) is the
infinitesimal strain tensor, and C; is the fourth-order elasticity tensor, assumed to be
symmetric and uniformly elliptic. The elastic—elastic transmission problem with jump-

embedded boundary conditions, based on a fictitious domain approach, is posed on the
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interface X and reads:

—V.oi(u)=f1 in €y, (3.1)
—V -o9(u) = fo in Qy, (3.2)
u=0 onI;UTy, (3.3)

[o(u) -n]s = Muly —g on X, (3.4)
o(u)-nlg = S[uls —h on 3, (3.5)

with f; € L*(€,;)? and u|g, = u; for i = 1,2.

The jump and the arithmetic mean over ¥ are defined as follows:

[uls = wols — wils, [o(uw) - n]s = 02(u2) - n — o1 (1) - m,

uly = (ug|s +wilx)/2, o(u)-nlg = (o1(uy) - n+ oa(uz) - n) /2.

The functions g, h € H'/?(X)? represent interface force terms and M (z), S(x) € R4
are L°° measurable functions with symmetric matrix values. These, together with C;
and C,, are assumed to satisfy the following ellipticity conditions: for ¢ = 1,2, let

aq, ao, My, Sy > 0 be constants such that

C; € L>(Q)™4 and Ci(2)€: &> aufé?, ae. in Q;, VE€ R (A1)
M(x)€ - & > Molé]?,  S(x)€-€> Soléf*, ae on ¥, VEER? (A2)
where | - | denotes the Frobenius norm.

Remark 3.1. Throughout this chapter, we denote by u the global displacement field de-
fined in the union domain Q2 = Q1 Uy, such that

ulg, = u, ulg, = us.

For notational convenience, we write u without subscripts and interpret it piecewise on
each subdomain. Similarly, all expressions involving u, such as Vu, €(u), and the bilinear
form a(u,w), are to be understood as acting separately on €y and Qo, with appropriate

traces defined on the interface 3.

Weak Formulation: The functional space required for the weak formulation is intro-

duced below

W= {w S Lz(Q)d : w|91 S Hé,Fl (Ql)d7 w|92 S HOI,FQ(Q2)d}7
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with the norm:

lwllfy = IVwll0, + Vw5 ,-

Hence, the variational formulation becomes: Find u € W such that for all w € W,

a(u,w) = L(w), (3.6)
with
a(u, w) = /Q Cie(u) : e(w) dx —{—/Q Coe(u) : e(w) dx
+ /2 MU|E . w|2 ds + /E S[[U]]Z . [[’w:l]z ds,
and

E(w):/Qf-wdx—k/zg-mgds—k/zh-[[w]]gds,

where [ f-wde = [, fi-wdr+ [ forwd.
Before we proceed with the solvability theorem, we state the following result, which

will be used in its proof.

Proposition 3.1. Let u € HY(Q)¢, and define

(Vu+ (Vu)')

e(u) = %

as the symmetric gradient of u. Then the following estimate holds:
le(u)llzz@) < [[Vullrz)- (3.7)
Proof. For each = € (), we write:
Vu =e(u) +w(u), with w(u) = (Vu— Vu')/2,

so that e(u) is symmetric and w(u) is skew-symmetric. The Frobenius inner product of

these two matrices vanishes:
(e(u),w(u)) =0,
and therefore, by the Pythagorean identity for matrices,
[Vul? = [e(u)® + |w(w)* = le(u)]*.
Integrating over () taking square roots yields the desired inequality. O]

Now, we present the following global solvability theorem.
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Theorem 3.1 (Global Solvability of the Elastic/Elastic Model with J.E.B.C.). Let the
volume forces f; € L?(S,)? fori = 1,2, and let the interface forces g,h € H'/?(X)4. IfCy,
Cy, M, and S satisfy the assumptions (A1)—(A2), then the problem (3.1)—(3.5) admits a
unique weak solution u € W that satisfies the variational formulation (3.6).

In addition, there exists a constant C' > 0, depending only on the structural parameters
(but not on the data), for which the following bound holds:

lullw < C (Iflloge + [[hll2s + l9ll125) -

Proof. Coercivity of a(-,-): Let w € W. The bilinear form gives:

a(u,u) = i Cie(u) : e(u) dx + g Coe(u) : e(u) dx

+/Mﬂ|2'ﬂ|2ds+/S[[U]]E'[[u]]gds.
by by

From the uniform ellipticity assumption (A1) and by applying Korn’s inequality on

each subdomain €);, we obtain, for i = 1, 2,

/(xwwsmemewm%i
Q;

a.
2 C—ZQIIVUII?),QN

where C; > 0 is the Korn constant in Hjp (Q;)* C H'(Q;)?, and a; > 0 is the ellipticity
constant of C;.

For the interface terms, the coercivity assumption (A2) on M and S gives:

[ Mals-alsds = Molfaisls, [ Shals - Tulsds = Solals
b P

Combining all contributions, we obtain:
(05} 2 (0%)] 2
a(u,u) > C_lgHquO,Ql + @HVUHO,QQ

+ Mol[als ][5 s + Soll[ul =5 5

> collulliy,

ap Qo2
C? C3
This establishes the coercivity of a(-,-) on W.

where ¢g := min { > 0.

Continuity of a(-,-): To establish continuity of the bilinear form a(u,w) on W x W, we
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demonstrate the existence of a constant ¢; > 0 such that

a(u, w)| < erflullw|lw|lw  for all u,w € W.

The bilinear form consists of volume and interface terms. For the volume contributions,
we use the boundedness of the elasticity tensors C; and C,, together with inequality (3.7),

to write:

e(wllo.slle(w) o,

/ Cie(u) : e(w) dz| < ||Cil|co.;
Q;

< Ai||Vullo,o,

VwHO,QiJ

for some constants A; > 0 with i =1, 2.
The interface terms are handled using the trace inequality. Since the functions v € W
satisfy ulq, € H&Fi(Qi)d, and since X C 0€); is Lipschitz for ¢ = 1,2, the trace inequality,

combined with the Poincaré inequality, implies that

[l

ITuls

1
0.8 =§HU1|2 + uglslloe < a1 ([Vurllogo, + [[Vuzlloq,) < ¢ llullw, (3.8)

oz = lluals —uilzllos < 2 ([Vurllog, + [Vuzllog,) < clluflw.

As a result, the interface terms in the bilinear form satisfy

/Mﬂ|z W ds| < || M| sl|tlsllox]@]s]los < Cumllullw||wllw,
>

and
< |[[Slloosllulslloswlsllos < Csllullwllwllw-

[ Stuts - fuls ds

Combining the volume and interface estimates, we conclude that all contributions of the
bilinear form are bounded by a constant times ||u||w|w|/w, and thus a(-,-) is continuous
on W x W.

Continuity of /(-): We now prove that the linear form

((w) ::/Qf'wd:c—i—/zh-[[w]]gds—i—/Eg«w|gds,

is continuous on W.
Using the Cauchy—-Schwarz inequality and the trace regularity of functions in W, we

estimate:

()| < [ Flloellw

0.0 + [[hlli2sllwlsllijes + lgll2sllwlsllzs.
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Therefore, by applying the Poincaré inequality to the volume term and using inequality

(3.8) for the interface terms, there exists a constant ¢, > 0 such that:

)l < 2 ([ flloe + [1Bll25 + gll2s) llwllw,

which proves the continuity of ¢ on W.
The existence and uniqueness of the solution are guaranteed by the Lax—Milgram

theorem.

A priori estimate. Let u € W be the unique solution to the variational problem:
a(u,w) = L(w) for all w € W.

By coercivity of the bilinear form a(-,-) and continuity of £(-), there exists ¢g > 0, c2 >0
such that

collulliy < c2 (I flloe + Illijes + llgllyzs) llullw-

Assuming that ||ul|lw # 0, there exists a constant C' > 0, independent of the data,
such that
lullw < C (Iflog + Ihlly2s + lglhy2z) -

3.2 The elastic/elastic problem with interface jump con-
ditions of Spring-Law type

We now consider the problem consisting of equations (3.1)—(3.3), along with interface

jump conditions inspired by spring-law-type interface models:
[o(u) -n]s = Auls —g and [u]ls =0 on X, (3.9)
which gives the following problem denoted by (P):

'—V~01(u) = f1 in (),
—V-o3(u) = fo iny,
u=0 onI;UTl,, (P)
[o(u) - n]s = Auls —g on X,
[uls =0 on X,
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where A satisfies the same assumption as those on M above, and g € H'/?(X)? is a given

interface force.

Remark 3.2. In the case where [u]s = q on ¥ with ¢ € HY?(X)?, we can apply a change

of variable

Uy :=up  in Sy, Uy = Uy — v in o,

where v € H*(Q,)? is the lifting (inverse of the trace mapping) of q.
Hence, it follows that

[a]s =0 and [o(a)-n]s=Auls—g onX,

where § = g+ o2(v) - n — (1/2)Aq.
The proofs in the remainder of this chapter are made for the zero-jump condition

across the interface.

The corresponding weak formulation of problem (F)) reads:
Find u in the subspace V' of W, such that:

/ Cie(u) @ e(w) dx+/ Cae(u) : e(w) dx—l—/Au]g-w|gds
o = . (3.10)
:/f-wdx—i—/g-wds, Yw eV,
Q >

where V={weW: [w]s=0 onX}.

Corollary 3 (Well-posedness for S-L.I.C. model). Let f; € L?(;)? fori = 1,2, and let
g € H'?(X)4. If C; and C, satisfy assumption (A1), and A satisfies assumption (A2),
then there ezists a unique solution w € V' to the weak form (3.10).

Furthermore, for some constant C' > 0 the following estimate holds:

lullw < C(IIflloe + llgll/2x) -

The proof of this corollary will not be presented here, as it is straightforward and

follows directly from the Lax-Milgram theorem.

3.3 Penalized problem of elastic—elastic model with J.E.B.C.

Let us consider the penalized problem, denoted by (P,), given by (3.1)-(3.5) with h = 0,
1

M = A and S = —I. The weak form of the penalized problem (P,) reads, for all r > 0:
r
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Find u, € W such that:

Cie(uy) re(w)de + [ Coe(u,) : e(w) dx + / M|y, - w|x ds
2

Ql QQ

(3.11)
+%/[[ur]]z'[[w]]2d52/Qf'UdeJr/g'U)dSa Vw e W.

Equivalently, the solution of (3.10) arises as the limit of the penalized problem (3.11)
as the penalty parameter r tends to zero. The theorem below makes this convergence

precise.

Theorem 3.2 (Convergence to the elastic/elastic model with S-L.I1.C.). Let f; € L?(£;)¢
fori=1,2, let g € HY2(X)?, and for each r > 0, let u, € W be the unique weak solution
of the penalized problem (P,) (i.e., the solution of (3.11)).

Then, as r — 0, the sequence (u,) converges strongly in W to the unique solution u
of the weak form (3.10), with [u]sx = 0 satisfied automatically.

Moreover, there exist two constants C > 0 and C'(f1, f2,9) > 0, independent of ,
such that:

lu, —ullw < CVr, and |[|[u]sllox < C'r.

Proof. We aim to show that the family (u,),~o C W, consisting of solutions to the penal-
ized problem (P,), converges strongly in W to the unique solution u € V' of the limit prob-
lem, with Ju]s, = 0. Before starting, let us assume that ||u,||w # 0 and ||Ju, —u]s|lox # 0;
the cases where these quantities vanish are trivial and require no special handling.
Uniform estimate: Choosing w = u, in the weak form (3.11) and applying Korn’s

inequality and the coercivity of C; and Cs,, we get for ¢ = 1,2

/ Cie(u) : e(u) dx > ai/ le(u)|? do > %/ |Vul? dr,

where «; > 0 and C; > 0 are the coercivity constant of C; and Korn’s constant respectively,
for i = 1,2. That yields

1
cg/ |VU|2dZE—|—/Mﬂr|E'U7~|Z ds+—/[[ur]]g-[[ur]]gds
Q1UQ; by rJy

(3.12)
< C(Ifllos + lglly2z) lluwllw,
S e )
here ¢ = —, = and C > 0.
where ¢, = min{ e an
Using the coercivity of a(-, -), we obtain:
2 41 m<C 3.13
i+ TNTwlsBs < € (1flloa + lalhs) llhw- (3.13)
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Dropping the interface term in the left-hand side and divide both sides by c||u,||w to

obtain, for a constant ¢ > 0:

lurllw < ¢ (Ifllog + llgllijzz) - (3.14)

Again dropping a term in the left-hand side of (3.13), but this time we drop ¢||u, ||w, then
by using inequality (3.14) to the bound ||u,|w in the right-hand side of (3.13) we obtain:

1w ]sllos < C'Vr. (3.15)

where C" = C'(f1, f2,9) > 0 is a constant depending of the data.
Convergence as r — 0: From the uniform bound (3.14), the family (u,),~o C W
is bounded in the Hilbert space W. Therefore, by the Banach—Alaoglu theorem, there

exists a function u € W and a subsequence (still denoted u,) such that

u, —u weakly in W asr — 0.

Moreover, by the compact embedding W < L?(2)4, this convergence is strong in L*(2)%.

1
In addition, from the uniform bound (3.15), the rescaled family (7[[%]]2) is
r r>0
bounded in the Hilbert space L?(X)?%. Thus, by the Banach—Alaoglu theorem, there exists

a function ¢ € L?(¥)? and a subsequence (still indexed by 7) such that

— ) weakly in L*(X)? asr — 0.

1
W[[ur]]z

Moreover, we have [u,]s, — 0 as 7 — 0. Since the trace operator is continuous from
W to L*(2)?, and [u,]s converges strongly to zero in L*(3)?, it follows that

[[u]]z =0.

Therefore, u belongs to V- C W.
Taking the limit » — 0 in the weak formulation (3.11) with w € V' and noting that
U|y, = u|y, we recover the limit problem:

/Ql(Cla(u):a(w)da:—l— (Cga(u):e(w)d:c—i-/zMu‘wds:/Qf-wd$+/zg-wds,

Qo

which admits a unique solution in V' as stated in corollary 3.

Error estimate: Let u, and u be the solutions satisfying their respective variational
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formulations, we subtract them to obtain:

/ C1|£(ur—u)|2dx+/ <C2|€(ur—u)|2dx+/M|ﬂr2—u|2ds
951 Qo b))
1
2l = lsls = [ 0 [ = ulsds.

Using the coercivity of C;,Cy and M and Cauchy-Scwharz inequality, we get

ao/ le(ur — )| da + Mol[s: — ull
U0, (3.16)
1
+;||[[Ur —ulslfs < llosllur — ulslos,

where o = min{ay, as}.
Dropping some positive terms in the left-hand side and multiplying by r/||[u, —u]x|lo.x
we get:
1[ur = ulsllos < 7ll¥flos- (3.17)
Since [u]ly = 0, we have
1[ur = ulsllox = [[[ur]s = [ulsllos = Iurlslos,
and thus the error estimate becomes
I[urlsllos < 7Y los-
Applying Young’s inequality ab < a?/2r+0b%r/2 to the right-hand side of (3.16), we obtain
2 - 2 1 2
aolle(ur = u)llo.q + Mol — ullos + —lllur — ulsllos
1 r
< ool = ulsliss + 5140165
Now subtract 3| [u, — u]||§ s, from both sides:
2 — 2 1 2 r 2
aolle(ur = u)llo.o + Mollwr —ullos + o -[llur = ulllos < Sl1Yllos-

Applying Korn’s inequality to the first term and dropping the other terms on the left-hand
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side, we obtain

(%)) T
s = Wl < Sl
where Cy = max{C7,Cs} > 0 with C} and Cy are Korn’s constants in €; and {2y respec-

tively. That leads to the final estimate

Jur — ullw < CV/r,

where C(¢0) > 0.
Thus, the proof is complete. m

3.4 Finite Volume discretization

We introduce a finite volume-based treatment of the linear elastic/elastic problem with
J.E.B.C. over the domain 2 = ; U X U 5. Each subdomain is divided into a uniform
Cartesian grid of non-overlapping rectangular control volumes K, with cell center denoted
by xg, and neighboring cells L with center z, enabling second-order accurate approxi-
mations using simple stencil-based schemes. This approach is widely applied in previous
research in fluid dynamics [19,28,36] or in elasticity [49]. In Chapter 1, we introduced the
general notion of an admissible mesh for finite volume discretizations (section 1.2). For
the purposes of Chapter 3, we now restrict ourselves to a specific redefinition of admissible

meshes adapted to the problem under consideration.

3.4.1 Admissible meshes

Let = Q, UX U, C RY be a bounded open set (square for d = 2 or cube for d = 3).
Let = (M, &, P) denotes an admissible mesh (with .# = .4, U #5) as defined in [36],
that is, for i =1, 2:

Q); is partitioned into a finite sequance of convex subsets .#; of R? (squares for d = 2
or cubes for d = 3). The elements K € .#; are called control volumes of nonzero measure
M-

Each control volume K € .; has the set & of edges (segments for d = 2 and squares
for d = 3) e of size m. and each edge ex of K has a unit normal vector n. x outward to
K. All edges in the mesh are collected in the set & = UKE//,lU//L,2 Ex = By U Sy U &,
where &,; include the interior edges (edges that does not coincide with I'y, T's and ),

&+ contains the exterior edges (edges that coincide with I'; or I'y), and &% is consists of
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the edges of which overlap with X.
We refer with & to the set of points (Xx)xe.4 satisfying the orthogonality condition.
The Euclidean distance d(xk, ex) is denoted dg .. For any K € .#; and L € N (N
the neighboring control volumes of K'), we denote by ek, € x U &7 the common edge
between K and L we then abbreviate ngy, := ng x|z, we also set dg;, = di x|z + dp k|1

the Euclidean distance d(xx,xy).

3.4.2 Treatement of Internal cells

In our model, the stress tensor is given by the classical isotropic elasticity law o(u) =
AV eu) I+ 2ue(u), with e = % (Vu+ (Vu)"). For a face e € &, shared by cells K and
L both in ., (or both in .#5), with unit normal n. x from K to L, we approximate the
gradient of v in the direction of n. x by

Urp — Ui

Vu|e ~ ®ne,K7

dKL

where dg, is the distance between the centers of K and L and we denote by ux and uy,
the cell-centered finite volume approximations of the displacement field u in the cells K
and L, respectively. This gives a directional approximation of the displacement gradient.

From this, the symmetric strain tensor is approximated by

1

e(u)le =~ [(ur, — ug) @ Ne g + ne g @ (up — ug)],

and the divergence of u is approximated by

(UL - UK) *Ne K

dKL

(V-u) ~

Substituting into the stress tensor, we obtain the following discrete approximation of

the normal stress on face e with respect to cell K:

Nerc + dL [(up —uk) + ((ur — uk) - Ne k) Ne k] -
KL

OK *Nek R <)\(UL —uK)- ne’K>

dKL

An analogous formula holds for oy, - n. x (i.e., stress evaluated from cell L, but still
projected in the direction of n. ).

At the outer boundary of the domain, Dirichlet conditions are enforced by prescribing
the value of the unknown wug at boundary control volumes adjacent to the Dirichlet

boundary. However, at the interface >, where jump and average transmission conditions
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are imposed, we do not use the above flux expressions directly. Instead, we derive the
interface fluxes by enforcing the transmission conditions (3.4)—(3.5), and combine them

with the cell-centered unknowns ug and uy, as shown in the next subsection.

3.4.3 Treatment of the Interface Conditions on X

Let e € & be the common face between the control volumes K € .#; and L € .#,. We
denote by n. x the unit normal on e that points outward from K and by n. = —n. x the
outward normal from L. Define the normal stresses with respect to the same geometric
normal n. g by

TK ‘= OK Ne K, TL ‘= 0L Ne K,

where o = 01(uk) and o, := o9(uy).

The continuous interface conditions read

[o(u) - n]s = Mﬂ\z—g,
o(u) -n|y, =S [uls — h.

Because the finite-volume method stores unknowns at cell centres, the natural first-order
approximations on e are

_ N“«K"’“L

[u]s ~ up — ug, u‘z’\“ 5

Using the same normal n. x for both sides, the jump and average of the normal stress

become
TL, + TK

2
Substituting these discrete counterparts of the jump and average into (3.4)—(3.5) yields

[o(w) -n]s =12 — 7k, O(U)'"’z:

the linear system

M
TL_TK:7(UK+UL)_97
L (3.18)
%:S(UL—UK>—]'L

Solving (3.18) for 7 and 77, and recalling the definitions of 7x and 7, and the fact
that both are expressed with respect to the single normal n. g, we arrive at the discrete
interface flux condition

1 1 1
Tk Mo = (S = SMYup — (S + 200k — g+ b

1

1 1 (3.19)
o1 Mg = (S + gM)ug — (8 — {M)uxc —g — h
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Case N° Interface conditions Parameters on
1 no-slip and stress continuity conditions h=g=0,M=0,5= %]
2 slip and stress continuity conditions h=0,9g= %q, M=rlS= ;I
3 no-slip and stress discontinuity conditions h #0,9=0, M =7rl, S = %I
4 slip and stress discontinuity conditions h # 0,9 = %q, M=rlS= %]
5 Separate Fourier conditions S = iM = %[

Table 3.1: Interface condition cases

Widely encountered cases in the literature related to classical elastic-elastic interaction
problems can be derived from these conditions, and are special cases of the more compre-
hensive framework presented. By appropriately choosing the parameters in the interface
conditions, we recover several well-known scenarios, which provide important insights and
applications in various physical contexts. For that, let » > 0 be a real penalty parameter
and let I be the identity matrix, different cases based on the choice of S, M, g and h are

summerized in table 3.1.

3.4.4 Linear algebraic system

The final algebraic system is assembled for each displacement component resulting in:

(5 2) (@) ()
= (3.20)
B Ay) \U, F,

where U, and U, are the descrete unknowns, and Fj, F, are the descretization of source
term using the mid-point rule, consistent with the FVM framework (we note that both
vectors U, and U, both contain unknowns from 2; and 2, classified in a specific order
based on our programming, and the vectors F, and Fj also contain both source terms f;
and f> and some lines also contain the interface contributions g and h). The linear system
is solved iteratively using Preconditioned Conjugate Gradient, GMRES or Incomplete

Cholesky preconditioned solvers.

3.5 Numerical Tests

In this section, we present numerical experiments to validate the accuracy and efficiency

of the proposed model. The tests are performed on both homogeneous and heterogeneous
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isotropic media, with comparisons to analytical solutions where available. The discrete

relative error in the L?-norm and the associated convergence rate are computed as:

log (Ehk+1) —log (Eh,)
log (hy41) — log (hy)

B |Ue — Uh||L2(Qh)

b, = and cv.rate =

(3.21)
||Uex||L2(Qh)
where U,, is the vector of exact solution of the limit problem computed in the centers of

CVs, and Uy, is the vector of numerical solution.

-
In what follows, u; is originally composed of two components u; = (ugl), “1(2)> , but

for simplicity we suppose the components are equal (i.e. ugl) = u§2) for i = 1,2). We
choose Young’s modulus F =~ 1.5429 x 10°M Pa and Poisson’s ratio v ~ 0.2857, the
Lame’s coefficients corresponding to these values are A = 8 x 10°MPa and u = 6 x
10°M Pa or typical engineering materials such as titanium alloys, high-strength steels, or
advanced ceramics. To better understand the geometric configurations addressed in the

following test cases, we illustrate in Figure 3.1 three typical interface layouts between two

subdomains.
Qy |y —>T {2 I
2 n ‘Lﬁ Qy
Fl Ql — Fl Ql Fl Q1

(a) Vertical Interface (b) L-shaped Interface (c) Rectangular Interface

Figure 3.1: Illustration of different interface configurations between two subdomains.

3.5.1 From Penalized Interface to Continuity Condition

In the first set of numerical experiments, we investigate the convergence of the proposed
penalized interface formulation toward the classical continuity condition. This test is de-
signed to validate the effectiveness of the penalization approach in approximating strong
coupling conditions as the penalization parameter tends to zero. To this end, we consider
two distinct interface geometries: the L-shaped interface, where the interface exhibits a
corner structure connecting horizontal and vertical segments, and the rectangular em-
bedded interface, where the interface surrounds a fully enclosed subdomain. These two
configurations, illustrated in Figure 3.1, represent challenging geometries for interface
problems and allow us to assess the method’s accuracy in both standard and complex
interface topologies. The convergence behavior is quantified by computing the difference
between the solutions obtained with the penalized interface and those satisfying the exact

continuity condition.
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Test Case 1: L-Shaped Interface

We first validate the finite volume scheme on a unit square domain Q = [0, 1.5]? which
is devided in two non-overlapping subregions ; = Q, U Q, and Qs = [1,1.5]%, with
Q={(r,y) €eN]|0<zr<land 0<y<15}and Q, ={(z,y) €Q]|]0<y<land0<
xr < 1.5}. Q is meshed with uniform square cells of grid steps h ranging from 1/9 to 1/60.

We consider the following interaction problem

(—V oi(u) = fi inQ,
—V - o3(u) = f

in QQ,

u=0 onljUTly, (Pp)

[o(uw) - nls =g onX

R 1
o(u)-nlg = Q—T[[u]]g on X.

\

where 01 (u) = oa(u) = A(V-u)I 4+ 2pe(u). As stated in theorem 3.2, the solution of (Py)
tends to the solution of problem (F;) with continuity condition ([u]s = 0). The analytical
solution of the problem (F)) is

u(z,y) = 10zy(z — 1)(y — 1)(z — 1.5)(y — 1.5),
up(v,y) = 10(z — 1)(y — 1)(z — 1.5)(y — 1.5),

where u; is the exact solution in €2; for ¢ = 1, 2. The source terms f; and f5 are constructed

to satisfy the equations in Problem (Pp), and ¢ is defined by

52u+ Ny —1)* (y—3)
Suly — 1) (y — 3)

Spx(z — 1) (z — 3)

5Mz — 1) (v — 3)

, ife=1, 1<y <15

g(z,y) =
: ify=1 1<z <15

The problem (Pp) is solved with different step-sizes h and a penalty parameter r =

h/(2p + A). Table 3.2 summarizes the relative L?-norm errors for varying grid steps h.

Table 3.2: Relative errors for solutions of test case 1.

h 1/9 1/18 1/30 1/60

—“Uﬁg,;lﬁh“ 5.5850 x 1072 1.8189 x 1072 9.9357 x 103 4.8002 x 1073

In addition to the results presented in Table 3.2, Figure 3.2 shows a comparison be-
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(a) Analytical solution (b) Numerical solution

Figure 3.2: Analytical and numerical solutions of test case 1.

tween the analytical solution of Problem (F;) and the numerical solution of Problem (Pp).
As can be seen, the two solutions are almost identical, demonstrating the high accuracy
and robustness of the discretization method, as well as the effective convergence of the nu-
merical solution of Problem (P;) toward the analytical solution of the no-slip interaction
problem (F;). In Figure 3.3, the subfigure (a) depicts the projection of both analytical
and numerical solutions on y = x, while subfigure (b) demonstrates a convergence rate
between 1 and 2 (i.e. 1 < cv. rate < 2) of the penalized problem (Pp), which validate the

convergence results in Table 3.2 and Figure 3.2.

w(z, z)

— lo—o0—o0 cv. rate

— — slope=1

—— — slope=2

04 T T T T T T T T T T 10 T T
0 02 04 06 08 1 12 14 16 18 2 22 5010 2 10!

log(h)

(a) Projection of solutions in the segment y = z (b) Convergence rate

Figure 3.3: Projection of solutions on y = x and convergence rate of test case 1.
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Test Case 2: Rectangular Interface

For this case the interface ¥ will take an rectangular shape. For that, let Q = [0, 1] be a
rectangular domain subdevided in Q, = [1/3,2/3]* and Q; = Q\,.
We reconsider the problem (P;) is the new domain configuration, which will be denoted

by (Pr). The analytical solution of the corresponding limit problem (F,) is chosen as

wleg) =100y~ 01 (2= ) (v-3) (+-3) (1-3).
o= (=6 (-D0-)

where u; is the exact solution in €2; for ¢+ = 1,2. The source terms f;, fo and the stress
jump ¢ are constructed to satisfy the equations in Problem (Pg), The problem (Pg) is
solved with different step-sizes h and a penalty parameter r = h%*/(2u + ). Table 3.3

summarizes the relative L?-norm errors for diverse grid steps h and r dependent of h.

Table 3.3: Relative errors for solutions of test case 2.

h 1/9 1/18 1/30 1/60

—”Uﬁ;ﬁh“ 5.5850 x 1072 1.8188 x 1072 9.9356 x 103 4.8002 x 1073

In Figure 3.4, the subfigure (a) illustrate the projection of both analytical and nu-
merical solution on the segment y = x for h = 1/45, which shows a good accuracy and
robustness, while subfigure (b) demonstrates a convergence rate close to 1 of the penalized
problem (Pg) for different step sizes 1/9 < h < 1/45 and for a fixed r = min(h)?/(2u+\),
which validate the results in Table 3.3.

0.0016

0.0014

0.0012

0.001

0.0008 4 ¢

= 0.0006

2|
0.0004 4 ¢ 5.0x10 -

log(||u_{ex} - u_hl| / [lu_{ex}|l)

0.0002

¢
0

-0.0002

T T T T T
20x10 % 40x10 72 6.0x10 2 soxio? 107 12xt0”!
log(h)

0 0.‘1 D.‘Z 0.‘3 0‘4 0‘5 0‘6 0.‘7 0.‘8 0.‘9 1‘ 1.‘1 1.‘2 1 '3 1.4
(a) Projection of solutions on y = «. (b) Convergence rate for r = min(h)?/(2u+ ).

Figure 3.4: Projection of solutions on y = x and convergence rate of test case 2.
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3.5.2 From Penalized Interface to Discontinuity Condition

In the second set of numerical experiments, we examine the convergence of the penalized
interface formulation toward the classical discontinuity interface condition ([u]s # 0).
To evaluate this behavior, we consider a simplified geometry involving a wertical inter-
face between two subdomains. This configuration, shown in Figure 3.1, facilitates the
assessment of the method’s ability to recover the expected discontinuous behavior. This
test shows the numerical penalized solution approximates the exact solution satisfying

the discontinuity condition as the penalization parameter tends to zero.

Test Case 3: Vertical Interface

Let © = [0,1.5] x [0,1] be a rectangular domain subdevided in ; = [0,1] x [0,1] and
Qy = [1,1.5] x [0, 1], and let the interface ¥ = {x = 1} x [0, 1].

The same previous problem, now denoted by (Py), is reconsidered in the new con-
figuration. The analytical solution of the respective limit problem (P)) with [u]y =

$sin(my) —y(y — 1) is given by

i (2,y) = 2 <x _ g) sin(ry),

us(z,y) = y(y — 1) cos(mz).

The source terms f; and f, are constructed to satisfy the equations in problem (P} ), and

the stress jump ¢ is defined, for every y € [0, 1], by

o) = <@ sin(my) + A [—% cos(my) + (2y — 1>]> '
p [ cos(my) + 2y = 1) + sinmy)]

In Figure 3.5, We examine how the convergence rate varies as the penalization param-
eter is decreased, setting r» = min(h)/(K (2u + X)) for different grid step sizes h ranging
from 1.5/9 to 1.5/60 and for K values in {1, 10, 25,50, 100}. The results in the figure indi-
cate that the convergence rate generally lies between slopes of 1 and 2 for K = {5, 10, 50},
while for K = 100 and the finest mesh h = 1.5/60, the performance deteriorates, yielding

lower convergence rates.
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Figure 3.5: Effect of penalization to the cv.rate in test case 3.
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Chapter 4

Fluid—Structure Interactions

Introduction

Fluid-Structure Interaction (FSI) problems describe the coupled behavior of a fluid and
an elastic structure interacting through a shared interface, where forces and deformations
are transmitted. Such interactions are critical in diverse engineering and physical systems,
including blood flow in arteries [14, 60, 72,76, 96|, the aerodynamic response of aircraft
wings [29,92,95], wind turbine dynamics [15], and the design of offshore structures [45].
Modeling and understanding F'SI systems are fundamental for enhancing structural safety
and fluid dynamic efficiency.

The mathematical and computational study of FSI addressing both theoretical foun-
dations and numerical methods has been well developed in the literature. Classical FSI
formulations impose standard interface conditions, such as no-slip velocity continuity and
stress balance. Rigorous developments of these models incorporated advanced techniques,
such as proving existence of local strong solution [69], or weak solution using semigroup
theory [13], Galerkin approximation [18|, or hybrid approximation schemes [93]. Stud-
ies of moving boundary FSI problems have also expanded, with notable contributions
in [53,70,72,73]. In addition, recent works have studied stochastic moving boundary
problems in compressible fluid-structure interactions [53|. Efficient numerical techniques
for simulating fluid-structure systems were also introduced in [17,37,41,84,91], with ap-
plications in aerospace and bioengineering fields. These contributions have widened the
applicability of FSI models, offering more general formulations and techniques that go
beyond classical assumptions of no-slip and stress continuity. However, these traditional
approaches typically assume idealized coupling conditions, which limit their application
in more complex scenarios.

This chapter develops a generalized framework for FSI that incorporates parame-
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ny |
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%
1
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D N
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Figure 4.1: An example of an elastic domain €2, embedded in a fluid domain

terized, fictitious domain-type interface conditions. By embedding the solid structure
within an extended fluid domain, the coupling terms are reformulated to handle a wider
spectrum of physical phenomena. This flexible approach captures partial slip and stress
discontinuities, offering a unified model that extends beyond classical conditions. The
weak formulation integrates these generalized conditions, and theoretical results on exis-
tence and uniqueness of solution are established using semigroup theory and functional
analysis.

The chapter is organized as follows. Section 4.1 introduces the governing equations,
initial and boundary conditions, and the functional framework. The weak formulation is
developed in section 4.2. Proof of existence along with uniqueness for d = 2 are detailed

in section 4.3.

4.1 Fluid-Structure Interaction Model

We consider a fluid-structure interaction (FSI) problem, where a deformable structure is
immersed in a fluid domain. The fluid domain is denoted by ; C R? (typically d = 2 or
d = 3), and the structure domain is denoted by Q, C R?. The interaction between the
fluid and the structure occurs along the interface ¥ C R?~!. The outer boundary of the
fluid domain is denoted by I'y = F? uTI'¥, where FJI? represents the Dirichlet part and chv

represents the Neumann part of the boundary.

4.1.1 Governing equations, initial and boundary conditions

The fluid flow is described by the incompressible Navier-Stokes equations. Let v/ and p
denote the velocity field and pressure of the fluid, respectively. The governing equations

are:
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e the momentum equation (Newton’s second law):

v’

WWL(’Uf'V)Uf—V'Uf(Uf,P):ff, in (0,T) x €,

e the continuity equation (mass conservation):
V-v' =0, in(0,7) x Qy,
where the fluid stress tensor o;(v/, p) is given by

(Vol + (Vo/)T)

DN | —

ap(v!,p) = —pI +2pse(v?), with  e(v’) =

being the rate-of-strain tensor (i.e., the symmetric part of the velocity gradient), ys the
dynamic viscosity of the fluid, and f/ a volume force acting on the fluid.

The structure is governed by the linear elastodynamics equation. Let u® denote the
displacement field of the structure. Then,

2,,8
TU G o) = £, in (0,T) x O, (4.1)

where the stress tensor is defined by

os(u®) = 2ud(u®) + X tr(d(u®))I, with d(u®) = = (Vu* + Vu'')

N

and pug and A\ are the Lamé coefficients related to the Young’s modulus £ and Poisson’s

ratio v, by
E E
Hs = ) As = -
2(1+v) (1+v)(1—2v)

Boundary conditions are specified for the fluid velocity and stress as follows:

v/ =0, on (0,T)xI?,

Uf(vf7p) ) n{\/’ = g{\/? on (07T) X FN7

where g]{, c HY Q(chv ) is a prescribed traction vector, and n{v is the unit outward normal

to Fﬁcv with respect to the fluid domain 2.
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Initial conditions for both the fluid and the structure are given by:

v']_g = vg, in Qy,
ou’®

s 5 :
u |t:0 = Uy, E =V, m Qs-
t=0

In order to unify the fluid—structure interaction problem from a physical standpoint,
S

u
we reformulate the structural equations using the velocity v* = as the primary
unknown in the solid domain. Applying this transformation to equation (4.1), we obtain

the following velocity-based form of the structure’s dynamics:

ov’
ot

—V.os(u®)=f° in (0,T) x §,

where the stress tensor o4(u®) can equivalently be expressed in terms of the velocity as
o, ( Sl v (0) de).

To simplify the notation in the remainder of this chapter, we redefine the structural
force term by incorporating the initial stress contribution V - o4(w) into the right-hand

side. That is, we set
7=+ V-o(u).

This allows us to express the structural dynamics entirely in terms of the velocity v?*,

while still implicitly retaining the displacement through its integral over time.

4.1.2 Interface conditions

The interface conditions on (0,7") x 3 couple the fluid and the structure through the

balance of stresses and velocities across the interface. They are given by:

l[o-nls=0;-n—0,-n=M7vDx—h, on(0,T)x%,

g ny=-(0fnto,-n)=8[v]y—g, on(0,T)xX,

5 (

where . p p
5, o _ . f u’

o=g (k) Bl=vh G

n = n, denotes the unit outward normal to X with respect to the structure domain 2.

]

The functions g, h € L* (0, T; H~'/?(X)¢) represent interface force terms. The operators

S, M € L*(¥)¥™? are measurable, bounded matrix-valued functions that satisfy the
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following ellipticity assumption:
VEERY ¢"M(x)E>0, £'S(x)é>0, forae xcX. (4.2)

Remark 4.1. For brevity, we omit the subscript ¥ in the notation for both the jump and

the mean value across the interface. That is,
[v]=[v]s, ©=vs, [o-n]=[c-n]s, 7 -n=07 ns.

We now summarize the full continuous model governing the fluid-structure interaction
(FSI) problem which is given by (4.3) below:

f
aa% + (v - V)v! =V op(vf pl) = f/ in (0,7) x Q, (4.3a)
Vvl =0 in (0,7) x €y, (4.3b)
881; —V.-o4(u’) = f° in (0,7) x Q, (4.3¢)
vl = on (0,7) x I'?, (4.3d)
os(v’.p)) n =gl on (0,7) x I'}, (4.3e)
[o-n]=Muv-—h, on (0,7) x 3, (4.3f)
og-n=S[v]—g, on (0,7) x 3, (4.3g)
v/ (0,x) = v, in Qy, (4.3h)
u’(0,x) =ug, v°(0,x)=wu, in Q. (4.31)

To gain more insight into the stress distribution at the fluid—structure interface, we express
the normal stresses oy - n and o, - n in terms of the fluid and structure velocities vf
and v®. By rearranging the interface conditions (4.3f)—(4.3g), we decompose the stress
contributions into terms depending on v/, v*, and the interface data g and h. The

resulting expressions for the normal stresses are given by:

1 1 1
O'S-n:(S—ZM)vf—(S—l—Z—lM)vs—g—i—ih, on (0,7) x %,
1 1 1 (44)
af.n:(S—l—ZM)vf—(S—Z—lM)vs—g—ih, on (0,7) x .

Having established the generalized interface conditions (4.3f)—(4.3g), we now turn our
attention to specific, simplified cases that can be derived as limiting forms of this general

framework. These classical models are widely encountered in the literature on fluid—
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structure interaction and serve as special cases obtained through particular choices of the
interface parameters. By appropriately selecting the coefficients M, S, g, h, we recover
several well-known configurations that offer important insight into physical applications.

Let € > 0 be a real penalty parameter, and let I denote the identity matrix.

e Case 1 (No-slip with traction continuity):

1
Assume h =g =0, M =¢cI, and S = —I. The interface conditions become
€

{[[cr-n]] =cv,

co-n = [v].

In the limit as ¢ — 0, we obtain the classical interface conditions:
[v] =0,
[o-n]=0.

e Case 2 (Velocity jump with traction continuity):

1 1
Assume h =0, g = —q, M = eI, and S = —I. In the limit ¢ — 0, the interface
€ €

conditions reduce to:
[v] = q,
[o-n] =0.

e Case 3 (No-slip with traction jump):

1
Assume h #£0,g =0, M = eI, and S = —I. Then, as € — 0, the limiting interface
€

conditions become:
[v] =0,
[o-n] =h.

e Case 4 (Velocity and traction jump):

1 1
This case combines the previous two. Let g = —q, h #0, M =¢I, and S = —1I.
€

{ [v] = q,
[o-n] =h.

Then, as ¢ — 0, we obtain:

All cases are summarized in Table 4.1.

88



CHAPTER 4. FLUID-STRUCTURE INTERACTIONS

Case # || Interface Conditions Parameters on X
1 No-slip and stress continuity h=g=0  M=cI, S= %I
2 Slip and stress continuity h=0, g= éq, M=cI, S-= é
3 No-slip and stress discontinuity | h #0, g=0, M =¢clI, S = éI
4 Slip and stress discontinuity h+#0 g= 1q7 M=cI, S-= éI

Table 4.1: Variants of interface conditions for fluid-structure interaction problems, based on
the limiting behavior as € — 0.

4.1.3 Functional Spaces, Inner Products and Norms

We consider the following functional spaces for the fluid and structure problems. The

fluid velocity v/ is sought in the Sobolev space
V= {of € [H'(Q)))":V -0/ =0in Q;, v/ =00nTP},

while the fluid pressure p belongs to the space L3(£2y).

The structure displacement u® (or equivalently, its velocity v®) is sought in
Ve = [HY(Q,)]%

For any v,w € V%, the space V; is equipped with the inner product and associated

norm:

(v, w)10, E/Q e() re(w)dz, oo, = (e(v),e(v))1g,,

1
where ¢(v) = §(Vv + Vo) is the symmetric part of the gradient.
For any v, w € [L*(Q,)]? with w € {f, s}, the standard L? inner product and norm

are given by:

(v, w)ow = / v-wde, ||'v||(2)7w = (v,0)00-
Qo

For the structural space Vj, the inner product and associated norm are defined, for all

u,v € Vg, by:

(u,v)1,s = /su-vdaﬂr/so's(u) L e(v) de,

a2, = a2, + / ou(u) : e(u) de,

s

we also denote by (-, -)s = (-, ) g-1/2 g1/2 the duality pairing between the Sobolev space
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H=Y2(X) and HY?(X).
We define the fluid and structure energy spaces by

H, = [L2(QS)]d7

and
Hp = {v/ € [L*(Q))*; V-o/ =0in Z'(Qy), v/ -m=0o0n F?} .
Equivalently, H is the closure of V in [L%(Qf)]%:
—[Lz(Qf)]d_

Hy =V

Equipped with the usual L*-inner products, the spaces H; and Hj are Hilbert spaces,

and we have the continuous and dense embeddings

Vi— Hy = Vi, Vs Hy — V..

Finally, we define the product space:
V={v=(w v)eV;xV,:[o-n]=Mv—h, o n==S[v]-g}, (4.5)

where the jump and average conditions are imposed on the interface >, and the vector

field v consists of the fluid velocity v/ € V; and the structure velocity v* € V.

For any w,v € L*(Q) x L*(Q,) = {u = (u/,u®) 1w/ € L?(Qy), u® € L*(Q)}, we
define the standard scalar product and norm:

(w,v) = (!, 0l)o s+ (W, 0%)os,  |ull® = lu! [ + w5 (4.6)
For any u,v € V, we define the corresponding H!-based scalar product and norm by:
(w,v); = (u/, 7)1 p+ (W, 0., ull} = W7, + [}, (4.7)

Remark 4.2 (Trace Regularity at the Interface). To ensure that the interface terms in
the weak formulation are well-defined, we recall the trace regularity properties of Sobolev
spaces. Since vy € Vy C [H(Qy)]? and vy € Vi C [HY(Q4)]¢, their traces on the interface
Y are well-defined in [HY/?(X)]?. That is,

vrls,  vsls € [H2(E))
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Moreover, the normal components of the stress tensors o¢(vs,ps) - n and os(us) - n belong
to the dual space [H='/?(X)]?. Thus, all interface terms such as

<Mﬁ7¢>27 <S[[U]]7 [[90]]>27 <h7¢>27 <g7 [[90]]>E7

are rigorously defined through the duality pairing between H~/2(X)¢ and H'/?(X)4.

4.2 Weak Formulation

We now establish the weak formulation of the fluid-structure interaction problem.

Let ¢/ € Vy, ¢/ € L*(Qy), and ¢° € V, be test functions corresponding to equations
(4.3a), (4.3b), and (4.3c), respectively.

Multiplying the fluid momentum equation (4.3a) by ¢/ and integrating over Q;, we

obtain:
ov! f f f Fooly . oaf Foaf
—+ (v - V)v' ) -l da — V.o, p') ¢ de= fl - de.
Qy ot Qy Qp

Applying Green’s formula to the second term on the left-hand side and incorporating
the boundary contributions on chv and the fluid—structure interface ¥, we obtain the weak

form of the fluid momentum equation:

ov’
<_ 80f> + ((’Uf . V)'Uf7 (Pf)O,f + (O'f(vapf)u vsof)o,f B <Uf(vf7pf) "Ny, Lpf>2

= (ff’gof)(lf—i_ <g]<f790f>1"§}’7 vcpf S Vf
(4.8)

The incompressibility constraint (4.3b) is enforced in weak form as:
/ ¢ V-vlide =0, vq¢ e L*Qy). (4.9)
S

For the structure, multiplying (4.3c) by ¢*® € V; and integrating over {2, we obtain:

ov®
o, Ot

-cpsdaz—/ V.oi(u’) - ¢°de :/ f7-’de.
Qs Qs
Using Green’s formula, the weak form becomes:

<@ S> + (os(u’), Ve©)y, — (05 1, %) = (f°, %), - (4.10)
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Adding equations (4.8) and (4.10), and substituting oy = —p/I + 2ure(v’), we get

the combined weak formulation:

vl N ov® + (0 V)l @)+ (e(vf), ()
at % /., ot ¥ "# o EVP o s
Vf’Vf V;:VS

4.11
(0w, (@), — (07 s 95 — (o0 M) D
= (ff7 Sof)oj + (fs> 908)075 + <g]{fa 90f>1"§}’a VSOf € Vf7V90S € Vts
Now, applying the identity from [3,50]
(W, v s = (u™,v7)s = ([u], )= + @, [v])s, (4.12)

and using the fact that n, = —ny, the interface terms in (4.11) become:

—(or g, @)y — (0.1, %) = ([o-n],@)s + (T 7, [¢])s
= <M67¢>2 - <h’7¢>2 + <S[[’U]], [[QO]DE - <ga [[QO]DE

Definition 4.1 (Weak Solution of the FSI Problem). Let (vg,vg,ug) e VyxVyx Vg,
ov

ot

S

ovf
and let T > 0. A pair (v/,v®) € L>°(0,T;V; x V), with % e L*0,T; Vi) and €

L?(0,T;V!) is called a weak solution of problem (4.3) if:

e [nitial conditions are satisfied:

e For almost every t € (0,T) and for all test functions (g7, @*) € Vy x Vi,

vl v°
<aa_t’ (Pf>V’ V. + <88_t, (PS>V’ V. + (<vf . V)’Uf7 (pf)o’f
+e(w),e(@)) g s + (0:(u*),2(0%)),, (4.13)
+(M75,3)s + (S[v], [¢])s
= (F1.07) g, + (£5.9°),, + (g # ey + (. @)s + (g, [¢])x,

where (-, )y denotes the duality pairing between V' and V.
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4.3 Existence of Solution

4.3.1 Auxiliary Problem and Abstract Nonlinear Evolution

To establish the existence of a solution to the fluid-structure interaction problem, we
follow the same approach as in [13] where nonlinear semigroup theory is used. To that

end, we define the operators

(Bu,v) = ((uf : V)uf,'vf)o’f,
(Apu,v) = (e(uf), g(vf))o’f + (O'S(US),&“(’US))O’S + (Mw,7)s + (S[u], [v])s + (Bu,v),
(F,’U) = (f>”)0 + <gN7/Uf>F}V + <h76>2 + <97 [[v]]>27

and we analyzing the abstract nonlinear evolution equation derived from (4.13):

d
d—"; + Ap(v) = F, v(0) = (v],v) € V; x V,, (4.14)

where the domain of Ap is
P(Ap) = {v eV | o) € [LA(Q)]*, [o-n]s = MB—h, 77, = S[[v]]—g}. (4.15)

Let L : V — V' be a nonlinear operator assumed to satisfy the same conditions as in [13]:
it is locally Lipschitz, with L(0) = 0, and for every n > 0, there exists a constant C;, > 0
such that for all u,v € V4,

(L — Lo, u — 0)o ] < nllu— vl + Cyllu— vl . (4.16)

To facilitate the analysis, we consider an auxiliary problem in which the nonlinear con-
vective operator B is replaced by the operator L (accordingly Ag is replaced by Ap),
that leads to the auxilary problem for almost every ¢ € (0,7) and for all test functions
(¢!, ¢°) €V x V,,

ovf ov®
<W’¢f>vz V. - <E7¢ >V!V * (L’U,<p> + (E(vf)’g(wf))oaf
Vf s:Vs

+(os(u?),e(9)y, + (M, D) + (S[v], [¢])=
= (ff7 Sof)()’f + (f57 SOS)O,S + <QL, (pf>1“}v + <h’7¢>2 + <gv IISO]DE’

(4.17)

The first step is to prove that the operator A; generates a Cp-semigroup on V. This

is the aim of the following lemma.
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Lemma 4.1. Let L be a nonlinear operator satisfying property (4.16). Then, the operator
Ap, with domain P(AyL) as defined in (4.15), generates a strongly continuous (nonlinear)

semaigroup on V.

Proof. The proof is established once we show that A, is w-m-accretive (from Cran-
dall-Liggett theorem 1.9).

w-accretivity: Assume u = u; — uy € Z(Ayp), then:

(AL'U,,’U,) = (AL’U,l — AL'U,Q, ’U,)
= ()., + (o), eu))y, + (M @) + (STul. [ul)s
+ (Lu{ — Lug,u{ — u£>
0.f

> [|luf|} ; — nllu!

2 2
Lf Cn||uf||o,f-
We now consider the operator wI + Ay, instead of A;. Then we have:

(@I + Ap)u,w) > wlwl |3, + [u'[] ; — nlla]

%,f - CfiHung,f
=1 =nllu!|}; + w—Cpllu’ 5.

By choosing n > 0 and w > 0 such that 1 —n > 0 and w — C;, > 0, it follows that:
(Aru, u) +wlulg =0, (4.18)

which shows that Aj, is w-accretive.
Maximality: From the accretivity estimate proved previously, there exists w > 0 such
that Ay is w-accretive. Let o > w.

We consider the operator al + Ay. For any u,v € V, we have
((al + Ap)u — (ol + Ap)v,u —v) > (o —w)||u — ||},

which shows that al + Ay is strongly monotone.

Moreover, all linear terms in A; are continuous, and the nonlinear operator L is
locally Lipschitz; hence ol + Ay is hemicontinuous. Finally, the coercivity follows from
the presence of the term alul|?.

Therefore, all assumptions of the Browder-Minty theorem 1.11 are satisfied, and o/ +
Ay is surjective from V onto V’. This proves that Aj is w-m-accretive.

Since Ay is w-m-accretive, it generates a strongly continuous nonlinear semigroup on

V. ]
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Corollary 4. For every data (v],v) € D(AL), and for i € Vi, the semigroup solution
(v, v*) satisfies, for all t € (0,T), the variational formulation (4.17) with L instead of
B.

The proof is straightforward; the reader may refer to Corollary 3.1 of [13] for a detailed

argument.

Theorem 4.1. Let ('vg7 v3) € VixV,, uy € Vi, and let (v, v%) be the corresponding semi-
group solutions given by Lemma 4.1. Then the solutions (v!,v®) satisfy the variational
formulation (4.17).

The key point of this theorem is to show that even when the initial data lie in the
larger space V; x V; (instead of Z(AL)), the semigroup solution still satisfies the variational

formulation.

Proof. The proof relies on the density of Z(AL) in V =V x V.
Since Ay is w-m-accretive on V, its resolvent (I +AAp)~! is well defined, single-valued,

and nonexpansive on V. Moreover, it satisfies the strong convergence property

lim (I + ML) 'ly=y inV,

A—0t

for all y € V' (see |22, Chapter I1,]).
Let (v],v) € V; x V, be arbitrary. For a > 0, define

o S, 1 71
(fvg’ ,uy%) = (I—I— EAL> ('vg,fvf)).
Then (v, v5%) € 2(A.) and
fa S, 1 fa S, f s
(v, vy )JFEAL('UO ,v7) = (v, vp).

Letting o — o0 yields

(0], v5") — (v],v))  strongly in V,
which proves that Z(Ay) is dense in V.
For each a > 0, let (v/*, v%®) be the semigroup solution with initial data (v)®, v5®).
By the previous corollary, each of these solutions satisfies the variational formulation (4.17).
Using the contraction property of the semigroup and passing to the limit o — oo, we con-

clude that the semigroup solution corresponding to (v],vg) also satisfies (4.17). O
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Now, we return to the original operator B but with a more general form:
B(u,v) = (u- V),
B(u) = B(u,u), (4.19)
b(u,v,w) = ((u- V)v,w).

Let us also consider a truncation of the nonlinear operator B, and let it be B, : V; —
Vi defined by

B.() B(v), vl < n, @20)
(V) = B 4.20
n? (”2), o]l > n.
|v]|7

The nonlinear operator B, verifies property (4.16) and the same properties as L (see
Lemma 3.5 of [13] for a detailed proof), meaning that the existence of a semigroup solution
corresponding to the operator A, = Ap, is guaranteed. It satisfies the following weak

formulation:

Jvfn ovs"
f s fin f s,n s
( ot P )O’f ( ot P )078 (5(’0 )>€<¢ >)0,f (Us(u ),€<QC ))0,3

+ (Ba(0"),97)  , + (MY, @) + (S[0"], [])s
= (F1.07) o + (£, 0" )0 + (ks )ry + (R P)s + (g, [])s.

(4.21)

What remains is to prove that, by passing to the limit as n — oo, the result remains
valid. This is the goal of the next theorem.
Before that, we state the following lemma from [13] regarding the properties of the

trilinear form b(-,-, ).

Lemma 4.2 ( [13,33,88]). The trilinear form b(-,-,-), given in (4.19), satisfies the fol-
lowing properties for all u € Vy, v,w € [H ()¢, where d = dim(€2):

1. For py,p2,p3 > 0 such that

d d
p1+p2+ps > =, ifpi# = forallie {1,2,3},

:

1+ P2 +ps > 3 if pi = 3 for some i € {1,2,3},
then there exists a constant C > 0 such that

|((w- V)v, w)] < Cllullp s [0llpars l[wllps,s-
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2. If d = 2, then there exist constants Cy,Cy > 0 such that
[b(w, v, w)| < Cillullyz fllvllvsllwllyes + Collullierllvllsasllwllsay

3. If d = 3, then there exist constants C3,Cy > 0 such that

b(w, v, w)| < Csl|ullyyz,rllvlsllwl,y,
b(u, v, w)| < Cyllulls/a,rllvl1sllwl]sas-

4. The trilinear form satisfies the skew-symmetry property:

b(u,v,w) = —=b(u,w,v), in particular, b(u,u,u) = 0.

Before stating the theorem and its proof, we present the following result, which will

be needed in the energy estimates.

Proposition 4.1. Let u® € H'(0,T; H'(Q,)) and set v* = du’. Let o4(u) = C : e(u) be
the linear elasticity stress tensor, where C is symmetric and positive definite. Then the

following properties hold:

1. For all u®,v* € H'(Qy),
(05(u®),e(v*))o,s = (£(v°), 05(u”))o,s = (£(u), 05(0°))o,s-

2. For a.e. t € (0,T), the following identity holds:

1d s s _ s s
573 @s(@ (@), e(u(t))os = (os(u(t)), £(v*()))o.s.

Proof. (i) Since C is symmetric and ¢(u) and £(v) are symmetric tensors. The symmetry

of the scalar product is trivial
(05(u),e(v))o,s = (e(v), 05(w))o,s-
(ii) Let u® € HY(0,T; H'(S,)) and set v® = J;u®. The mapping

t = (os(u®(t)), e(u®(t)))o.s
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is absolutely continuous. Using the chain rule in Hilbert spaces, we obtain

d s s _ s s s s
5 (Os(u),e(w?)) = (05(0u), e(u”)) + (o5 (u”), e(Feu)).
By part (i),
(05(0w®), e(u)) = (o5(u”), (D).
Hence, p
o), () = 200 (), 2(00).
Therefore,
1d

573 Ts(@ (1)), e(u(t))os = (os(u(t)), £(v*(1)))o.s,
for almost every ¢t € (0,T).

O

Theorem 4.2. For every initial condition (v}, vs,us) € Vi x Vi x V,, there exists a

solution

(v!,v®) € C([0,T); Hf x H,) N L*(0,T;V; x V3),

with
Ow* € L'(0,T;V]), 0Ow' € L'(0,T;V}), B(v/) e L'(0,T;V}),

and
u® € H'(0,T;V,), o’ = v°,

such that for all (¢!, %) € Vi x V; and for a.e. t € (0,T),

vf v°
+(05(u®), £(9%))g , + (B(v), @ )v1 v, (4.22)
+HMwv,p)s + (S[v], [¢])s

= (F1. "), + (F*. 0o + (ks @7 )rw + (R P)s + (g, [])5-

Proof. From Theorem 4.1, one can conclude the existence of semigroup solutions (v*", v/") €
Vs x Vy. The desired result should be achieved once we take n — oo in the weak formu-

lation (4.21). For that, some a priori bounds are needed.
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Step 1: A priori bounds Let us consider the weak form (4.21) with the test functions

@/ =v!" p* = v*". Using the property b(v/", v/ v/") = 0, we obtain:

S5 (I @2 + 1 OIE,) + (o (@), e @)y, + [ D)2,
(M o(D), v ( )2+ (ST OL " O (4 9
= (10,07 (8) , + (F (0, 0" (1), + (g4 (1), 07" () ry

)
(1), v (1)s + (g(t), [v" (O] s

Applying the ellipticity assumption (4.2) on M ans S, and integrating over the time
interval (0,t), for almost every ¢t € (0,7, yields:

5 (I, + o ol2,) + / e ()]s, ds + / (0u(u"(s)), £(v°"(5))),,, ds
My [ oGl psds+ 8o [ I (61 nds
< [ W0 0),, dst [0y dst [ a0 )y ds

+ [t o s s+ [ tglo) s+ g (ol + il
(4.24)

Using ii. from proposition 4.1 in inequality (4.24) we get

5 (7@l + 1 0I8,) + [ eI ds+ 5 (ouw O,
Mo [ 1o s+ o [ 111 s

< [0, s+ [ (600 ds [ a0 e ds

b [ 5 as + [ o) s as

]_ f 2 s|112 s K]
—i—§ HUO Hof + H'UQH(LS + (Us<u0>75(u0))0,s :
(4.25)
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Applying Cauchy-Schwarz inequality to the right-hand side terms in (4.25) gives:

2 t 2 1
5 (0l + 1o 01) + [ @ @) ds+ 5 (0w 0). (w0,
H%AHW@%M%+%£HW%W%y%
SAHFGMWWMMMJ@+AHF®%JWWMmd8

t t
+ [ IRy [, a5+ [ Mg IOl ds
0 >

1/

1 2
" f )2 s s
172,78 H’Uf (5)“1/2,1‘?7 ds + 3 (Hvo Ho,f + H'UOHQS + (os(ug), E(u0>>0,s>

+ [ ok
(4.26)

From the coercivity of the elasticity tensor together with Korn’s inequality (see [30]),

we know that
(oa(u™ (1), e(u™™ 1))y, > ¢ llu"@)|7, and (e[5> cllo™™@)|F ;. (4.27)

Applying (4.27) to inequality (4.26) yields

1 n 2 s,n ! n 2 1 Ss,n s,n
§(Mﬁ@mw+mw@w&)+%AHﬁwﬁmjw+gwxu%mxw’@m%
Cs s,n 2 e 2 ! n 2
2w O+ My [ G s s+ S [ 110" ds
t t
< LU 05l s+ [ 15 o)l ds
t t
[0 [7B] a5t [ 196 o 10" Nl s ds
0 1/2,5 0

n 1
[0y s+ 5 ([of

Ch)

+ [ ek

2
! Lol + (o) et )
(4.28)

N
1/2,0
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1 c
By applying Young’s inequality ab < 2—a2 + §b2, we obtain:
c

1 t
3 (@, + 1o OI.) +eo [ o7, ds

1

7 (@ (1), @ () + T (0)]3,

t t
M, / an<s>||%/2,zds+so / 1™ ()1 s
_267 (Il a5+ [ ool s

o / £ 6 ds+ 5 [ o)1, as (1.29)

1 ! 2 Cg [
+2_09/0 ”h<8)H1/2’2 st vn(s) 1/2,% ds
1 /t 2 010/
+ g(s ds +
200 /. g1/, ITo™ ()3 jn.5; ds
1 t 2 c
- f ‘1 fn
Jr2011 0 gN(S)Hl/Q,FN / H Hl/QFN §

1 2 ;
- (Hv{fHof - (as(ug),g(ug»%)
Using the following trace and a Poincaré-type inequalities:
o7 1oy < callo?™ g and [[05"los < cxslfo"™ o, (130

we get after summing the known terms in one term denoted by F = F(f7, f*, gk, h, g)

and for a constant C' = C(c7, cs, g, €10, ¢11) > 0

3 (1@ + 1o 0IR.) + o [ () ds+ 5 w00,

c s,n b ! n
L O+ My [ s+ So [ 110" Uz ds
t t
< (+) / Il s+ [l IR, s
C9 t—
vn(s) d ‘l‘_ ||[[ ]]”1/22
i1 (Hva‘H I+ (ot el ) +C [ PP g hg)(0)ds

(4.31)
We now absorb terms from the right-hand side into the left-hand side by comparing the
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coefficients of the common integrals.

1. Absorbing the fluid dissipation term. We absorb the term

C7C13 + C11C12 ! fn 9
(o) [ ds

into the left-hand side term

t
co [0 (s) I s
0

which is possible if we choose the constants ¢; and ¢;; from Young’s inequality to satisfy

the inequality

C7C13 + C11C12

Cg 5

2. Absorbing the interface mean and jump terms. We absorb

t t
C9 7 C10 n
o [ ds and 5 [ 0G5 ds
0 0

repectively into

t t
M, / [0 a5 ds and So / 1™ ()] . ds,

provided that ¢y and ¢y are chosen to verify

M0>% and SQ>C¥.

3. Remaining terms. The remaining term

t
Cg s
5/ |v ’”(s)||3’sds
0

cannot be absorbed and will be handled later using Gronwall’s inequality.

102



CHAPTER 4. FLUID-STRUCTURE INTERACTIONS

We obtain the following absorbed inequality:

(" @5 + o™ (®)ll5.) + 4|| w1+ ;1(Os(us’”(t)),€(us”(t)))os

b [ o, ds 40 [ oG s+ 0, [ I s + 00 [N s

1 S S S CS s,n
< 5 (Il ol + (o). cosion) + 5 [ o )13, s

N | —

t
+qAFvﬂfykmm@ma

(4.32)
where:
CrC13 + c11C C c
0, ::c6—%, 0y == M, —59, 05 := S —%0.
We define the energy functional for every n > 0:
E"(t) = " ()15, + o> (O)lfF s + 1" (D117 s + (os(u™" (), e(u™" (1)) )o.s
Lro , (4.33)
[ [0+ [T s + " (5] .
0
This directly yields the inequality
lv*" ()5, < E™(t). (4.34)
which gives
t t
/ Hvs’"(t)H%,S ds < / E"(t)ds. (4.35)
0 0

Using inequality (4.32) and (4.34), and noting that all terms on the left-hand side are

non-negative, we obtain:

¢ ¢
E™(t) < Cy +%8/ E"(s)ds +/ F(s)ds,
0 0
where:

Co = [og 16 5 + 105115« + (o(ud), () o.s,
F(s):=C-F(f', f*,g% . h.g)(s).

We now apply Gronwall’s inequality (theorem 1.10 Chap 1) to get:

E(t) < <co + /0 t F(s) ds> exp (%t) .
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Therefore, the velocities and displacement satisfy the a priori bound:

[0 (13 5 + ™" (Ol + 1™ O)1F s + (5w (1)), (™" (£)))o.s

t
+ / 107 () 2 + [0 o + [0 (3 ] .

t
S S S 8
< (nvz{ 125+ 03112, + (o), (i) os + / F(s) ds) et
0

Let us now use the notation

(4.36)

t
M(t) 12/0 F(s)ds, and Cy:= [lvgllf ; + 0315, + ((w}), e(uf))os + M(T).

We can deduce from inequality (4.36) some a priori bounds:
A priori bounds for v/™:

[/ ()12 ; < Coe2T,

T
/ va’"(t)Haf ds < CyTe> 7.
0
t o
[ Il ds < et
0
A priori bounds for »*" and v*™:

lus (@), < Coe 2™

[o*" (1|2, < Coe2 T

T
| 1ol ds < core .
0
A priori bound on the elastic potential energy:

(o5 (w* (1)), e (w*™(£)))o.s < CoTe=T.

The a priori estimates derived above yield the following regularity properties:

vl e L0, T; L*(Qf)) N L*(0,T; V),
v e L0, T; L* (),
u®" € L*=(0,T;V?),

o7, [v"] € L¥(0,T; H/*(%)),
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Step 2: Passing to the limit in the linear terms From (4.41-4.42), v®" is uni-

formly bounded in L?(0,T;V;). Hence, we can extract a subsequence (still denoted v*")
such that
v —~v* in L*(0,T;V,).

To justify strong convergence results that are needed later, we invoke classical compactness

results. First, the Rellich-Kondrachov theorem ensures that the embedding
HY(Q) — L*(Q)

is compact for bounded Lipschitz domains. This implies that sequences bounded in
L*(0,T; H'(Q)) may have subsequences that converge strongly in L?(0,T; L*(9)).

In addition, the Aubin-Lions lemma states that if a sequence w, is bounded in
L*0,T; HY(Q)) and dyu, is bounded in L?(0,T; H~'(Q2)), then (up to a subsequence)
u, — u strongly in L?(0,T; L?(Q2)). These compactness results justify the strong con-
vergence of vs, — vs and vy, — vy in L?(0,T; L?), which is crucial for handling the
nonlinear and interface terms in the limit.

This convergence implies the weak convergence of the time derivative:

d d

%(,US,TL’ 905)0,5 — E(’Usv 908)0,8 in H_l(ov T)’

for all ¢® € V, independent of time.

Moreover, we have

(O-s(us’n)vg«o))&s - (Us(us)vg(QO»O,s a.e. in L,

for all ¢ € V.
On the other hand, from the uniform bound of v/ in L?(0,T; V), we can extract a

subsequence v/ — v/ weakly in L%(0, T} V), which gives

(e(0") e(@))os = (e(v)),e(@”))os ae. int,

for all ¢/ € V.

Step 3: Passing to the limit in the nonlinear term. Asin [13], it remains to show

that for all time-independent ¢/ € V¢, we have

/t (Ba(w™") = B(v?), "), dt = 0. (4.45)

to
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Let D, = {t € (0,T); |[v/"(t)|l,; = n}, and denote by m(D,,) its Lebesgue measure.
We recall that there exists a constant C' = C’('U{;, s, f1, f°, g]{,, h,g,T) > 0 such that

[ ool s <. (1.46
Dy,
which implies

€= [ o) pds = m(D,) o, (4.47

Dy,
hence,
C
m(Da) < . (4.48)

Step 4: Passing to the limit in the interface terms. We now verify the conver-

gence of the interface terms. Since vy, — vy weakly in L0, T; V) and vy, — v, weakly
in L2(0,T; V), and the trace operator H!(2) — H'2(X) is continuous, it follows that

/Uf,nlE - 'Uf’Ea Us,n’E - Us’E in L2(07T>H1/2(E)d)

Hence, the jumps and averages also converge weakly in L2(0,T; H'/?(X)?). Since the
matrices M (x), S(z) are bounded and measurable with uniformly positive eigenvalues

(see ellipticity condition (1.2)), the bilinear forms

(M, @), (S[oal, [¢])s

are continuous in the weak topology of L?(0, T'; H'/?(£)?). Therefore, for any test function

v €V, we have

(Mun, )5 = (Mo, ), (S[oa], [¢])s = (STl [#])s-

The source interface terms (h, ¢)s. and (g, [¢])s do not depend on n, and hence converge
trivially. Thus, all interface contributions pass to the limit in the variational formulation.
With that established, the remainder of the proof follows exactly as in [13]. This

completes the proof of the global existence of weak solutions. O

Theorem 4.3 (Uniqueness of solution for n=2). Let Q, Qs C R2. The weak solution to

the interaction problem (4.3a)—(4.31) is unique.

Proof. Given (u§, v, v]) € Vi, x Vi x V.

Let (v],0v$) and (v],v3) be two weak solutions of (P) with the same initial data.
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We assume the existence of two solutions (v$,v!), (v5,v]) € V, x V} of the weak form

(4.22). Then (v*,v') = (v§ — v§, v — v]) satisfy, for all ¢/ € V, ¢* € V;, the following

(%"f, cpf)()’f + (aa"f : <p8)0’s + (e(@f).e(@h) ; + (00 (W) £(9)y

+0 (’v27/vgasof> —b (’U{,’U{,(pf) + < Mﬁ7$ >n + < S[[’U]], [[¢]] >n= 0

(4.49)

By using the identity 'v2 = 'vl + v/ and the bilinearity of b in its first two arguments, we

manipulate the term b(v], v], ) to get

bv! + ol vl + 7 o)
b(vlvvl —|—’U » P )_l_b(va f+vf790f)
b(vlvvlv ) + b(’l}{,’l)f, ¥ ) + b( anQOf)'

b(vf, ], pf)

Subtracting the new expression of b(v], vJ, /) into (4.49), we obtain:

ov’ ov®
Y | s f Iooaf I oot Af
(at,cp)o’f—i—(at,cp)o’sjt(e('v ), e(p )) —l—b(vl, ,Lp>+b<v,v2,<p>

+ (05 (u°) ,e(¢°))g . + < MT,$ >5 + < S[v], [¢] >x=0
(4.50)
Taking @/ = v/ and ¢* = v* and noting that b(v!, v/, v/) = 0 (because V - v = 0) and

dropping some positive terms due to the coercivity of M and S yields

1d s s
SN2+ 52 (0T), 2)) o+ (o () (), < b (o, 00
(4.51)
Now using properties of the trilinear form b in dimension d = 2 (see lemma 4.2), we bound
the term b (’uf, vg, vf> as
b (v!, 0], 0") | < el a0 0 o + callo’ e sllof H3/4fHUfH3/4f s
3/4 5/4 3/4 1/4 ’
< crllollo.sllo” 1 sl g + eallo” 157 107 177 10 77 104 1oy
Applying Young’s inequality gives
1
b (vf,0f 07| < 4o + 50713 + 47 o o] /7
(4.53)

Setting y(t) = [Jvf (t)||3 ; +[[v*(t)[5 ., K1 = 4c} and K, = 43/5¢3/* and using the estimates
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above, the inequality (4.51) becomes

1d

1
Sl 013 + 50 < 1o/ @R Mo @I (K + Kl @IF) - (459)

We drop the term [[v/(t)||§ ; and integrate in time

y(t) <y / o/ ()1 I0d ()1 ; (K1 + Kallod ()13} ) ds
. (4.55)
< y(0) + / Y1 (Ko + Kallwd ()37 ds

Finally, we apply Gronwall’s inequality and use the boundedness of any weak solution
v) e LX(0,T; VYU L>(0,T; H):

0(0) < 00) exp [ (K + Kallo (2 ) [ PAGNRS] (050
However, the initial condition y(0) = [Jv/(0,-)|[5 ; + [[v*(0,-)|[§ , is identically null, and

the right hand side of inequality (4.56) is finite. Hence, y(t) = 0 a.e. t, thus (v/,v*) =0

meaning that v{ = vg and v] = v3, and uniqueness is acquired. ]
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Conclusion

This doctoral research has focused on the analysis, modeling, and numerical simulation
of coupled elastic—fluid systems under generalized interface conditions, with an emphasis
on finite-volume discretization. Starting from a rigorous functional framework, we es-
tablished existence and stability results for elastic—elastic and fluid—structure interaction
problems where the classical continuity of velocity and stress is replaced or complemented
by matrix—valued impedance (Robin-type) interface laws. These results clarify the mathe-
matical conditions that ensure well-posedness and energy balance when additional stiffness
or damping effects are present at the interface.

On the computational side, we developed finite volume schemes that preserve local
conservation, handle interface jump conditions, and reproduce the continuous energy esti-
mates at the discrete level. Penalized formulations were introduced to simplify implemen-
tation and to prove convergence toward the exact coupled model. A series of numerical
experiments confirmed the theoretical predictions, demonstrated the stability and accu-
racy of the proposed schemes, and illustrated how the choice of interface parameters
influences the dynamic response of the coupled system.

Beyond their immediate mathematical interest, these contributions provide practical
tools for simulating complex fluid—structure interactions where thin interfacial layers,
imperfect contact, or stabilization requirements must be represented. The framework is
versatile enough to accommodate a wide range of applications, from biomedical flows to
engineering structures.

Several perspectives for future work naturally emerge:

e Extension to nonlinear structural models and three-dimensional large-scale simula-

tions;
e Incorporation of turbulent or high-Reynolds flows and adaptive mesh refinement;

e Optimization of Robin parameters and development of efficient preconditioners for

large coupled systems;

e Application of the methodology to patient-specific hemodynamic problems or to in-
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CONCLUSION

dustrial FSI scenarios.

In conclusion, the thesis achieves its dual objective of advancing the theoretical under-
standing of generalized fluid—structure coupling and providing robust numerical tools for
their simulation. It lays a foundation for further interdisciplinary research at the interface

of applied mathematics, computational mechanics, and engineering practice.
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Abstract

This thesis investigates elastic—elastic and fluid—structure interaction (FSI) problems un-
der generalized interface conditions that extend beyond classical continuity and balance
laws. The work develops a rigorous functional framework, establishing weak formulations,
existence, and stability results for systems where coupling laws incorporate impedance,
stiffness, or damping effects through positive definite operators. These additional terms
modify the natural energy balance and lead to new conditions for well-posedness. On
the computational side, finite volume schemes are designed on admissible meshes, with
particular attention to conservative and stable treatment of interface terms. Penaliza-
tion techniques are introduced to enforce generalized interface laws, and convergence to
the original model is demonstrated. Theoretical findings are validated through a set of
numerical experiments, which confirm convergence, illustrate the influence of interface
parameters, and highlight the role of generalized coupling in dynamic responses. Over-
all, the thesis bridges rigorous mathematical analysis with efficient numerical strategies,
offering a unified framework for analyzing and simulating complex coupled systems.

Keywords: Fluid Mechanics, Fluid-Structure Interaction, FVM (Finite Volume

Method), Continuum Mechanics, Interaction Problems.



Résumé

Cette these étudie les problémes d’interaction élastique—élastique et fluide—structure (FSI)
dans le cadre de conditions d’interface généralisées qui vont au-dela des lois classiques de
continuité et d’équilibre. Un cadre fonctionnel rigoureux est développé, permettant d’éta-
blir des formulations faibles, ainsi que des résultats d’existence et de stabilité pour des
systémes ot les lois de couplage intégrent des effets d'impédance, de raideur ou d’amortis-
sement via des opérateurs définis positifs. Ces termes supplémentaires modifient I’équilibre
énergétique naturel et conduisent a de nouvelles conditions de bien-posé. Sur le plan nu-
mérique, des schémas volumes finis sont congus sur des maillages admissibles, en accordant
une attention particuliére au traitement conservatif et stable des conditions d’interface.
Des techniques de pénalisation sont introduites pour imposer les lois d’interface généra-
lisées, et la convergence vers le modéle original est démontrée. Les résultats théoriques
sont validés a travers une série d’expériences numériques, qui confirment la convergence,
illustrent I'influence des paramétres d’interface et mettent en évidence le role du couplage
généralisé dans la réponse dynamique. Globalement, cette thése établit un lien entre ana-
lyse mathématique rigoureuse et méthodes numeériques efficaces, et propose un cadre unifié
pour 'analyse et la simulation de systémes couplés complexes.

Mots Clée : Interaction fluide-structure (FSI), Interaction élastique—¢lastique, Formu-

lation faible, Méthode des volumes finis, Estimations d’énergie.
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