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Key Notations and Abbreviations

(a,b) = a’h=a.b Scalar product of a and b;
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a.e.(I)
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Interior of the set X;;
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Convex hull of X;;

Ball of radius ry centred at z;;

Closed ball of radius rq centred at z;;

The vector space of all linear mappings from R™ to R"™;

The space of k-times continuously differentiable mappings from X; to Y;;
the tangent space at z; € Y;;

The space of absolutely continuous functions from R" to R?;
The collection of all subsets of the set A;

The Jacobian matrix of the function g(.) at the point x;;
projection of Z on the first coordinate (or first factor);
Differential game;

An autonomous differential game;

Abbreviation for "if and only if";

Abbreviation for "respectively";

Holds almost everywhere on the interval I;

Latin abbreviation "exempli gratia", meaning "for example";

Latin abbreviation "id est," meaning "that is".



Introduction

Differential games, a branch of static game theory, provide a framework for analyzing
strategic interactions between two or more players, in which each player’s decisions, in
turn, influence the dynamics of a system. Rufus Isaac’s seminal book Differential Games
[32], published in 1965, laid the foundation for the study of pursuit-evasion games
and offered a comprehensive framework for analyzing differential games involving
multiple players. These works laid the groundwork for addressing a diverse array
of conflict scenarios and inspired researchers to delve further into this field. This
exploration brought numerous criticisms of Isaac’s heuristic approach to the forefront,
including those highlighted in [4, 5, 10, 22, 33, 38, 60]. Ultimately, the research prompted
by Isaac’s missteps has left a lasting legacy, manifesting in improved methodologies,
interdisciplinary collaborations, and a richer understanding of the nuances of the
problem. Also, the divide between theoretical rigor and practical applicability has
prompted researchers to seek a middle ground. Efforts have been made to develop
theoretical frameworks that can accommodate the intricacies of concrete examples
(e.g., [8, 16, 35, 63]). This involved refining existing mathematical methods and, in
some cases, introducing novel approaches that maintain a balance between theoretical
soundness and practical relevance. Since 1982, significant developments have occurred
in the theory of viscosity solutions, initiated by [24], which have provided various
characterizations of the value function as a solution to the Hamilton-Jacobi-Isaac’s
equation. However, the elaboration of the theory of viscosity solutions has not effectively
contributed to the accurate and complete resolution of any concrete problems proposed
in the literature. This prevailing anomaly in the study of differential games is about
to be corrected due to the recent contributions presented in Miricd’s work [54, 55, 56].
The fundamental content of this new dynamic programming approach consists of

sufficient optimality conditions, illustrated by a main theoretical support consisting of
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seven verification theorems. It essentially extends to much more realistic cases. The
elementary verification theorem is from Isaac’s in [32], the only known previous one
(applied, unjustifiably, to problems in which the value function is not differentiable).
The constructive aspect of this approach also encompasses significant extensions and
generalizations of the characteristics’ method for nonsmooth Hamilton-Jacobi equations,
providing a rigorous foundation for the heuristic procedures proposed by Isaac’s 1965
and various other related works. Unlike previous methodologies, optimality is defined
not within the framework of saddle points [5, 26], but rather in the more convenient,
though ostensibly equivalent, class of relatively optimal feedback strategies. As noted
in [55], the only realistic approach to engaging in a differential game (particularly
in the context of an optimal control problem) is to employ feedback strategies that
are calculated in advance. This perspective is, in fact, shared by [32, 35]. One of the
classic problems in differential games is the War of Attrition, a compelling concept with
applications across various fields, including military strategy and resource management.
It is regarded as a well-known example within the domain of differential games. It
models a scenario in which two or more players are engaged in a contest to capture a
valuable resource, such as territory or prey. However, this contest incurs costs. Players
must determine the duration of their involvement in the struggle, carefully weighing

the potential benefits of victory against the cumulative costs of sustained conflict.

The aim of this thesis is to apply in a step-by-step manner the theoretical Dynamic
Programming algorithm, described in chapter 2, and to integrate these results with
numerical procedures in order to achieve a more rigorous and theoretically complete
solution to the War of Attrition game, which was formulated and studied heuristically
in [32] (Section 5.4, page 96). This model may be considered as a two-player zero-
sum game, where the players have completely opposite interests; namely, a player’s
gain is an equivalent loss to the opposing player. Our approach was first used to
address problems of exceptionally high complexity. Among these challenges was the
well-known homicidal chauffeur game in [15]. Furthermore, in the explicit model
illustrated in [13], it was shown that only the maximal value function is admissible and
is associated with certain feedback strategies. Furthermore, within the realm of conflict
problems, the model presented in [14] is particularly relevant as it provides a framework

that can be directly compared with the results in [21]. The primary distinction between
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the two studies lies in the methodological approaches employed to analyze warfare
dynamics: dynamic programming in our case, contrasted with the Lanchester equation
in theirs. The conclusions drawn from this comparison suggest that our approach offers
a broader and more realistic framework for modeling warfare dynamics, particularly
in real-world scenarios where strategies and conditions evolve over time. While the
Lanchester equation is useful, it is constrained by its static nature and limited scope,

making our approach more applicable to complex, dynamic conflicts.

Using the dynamic programming method to solve this problem presents the advan-
tage of allowing us to determine all admissible trajectories associated with the problem.
Moreover, the hypotheses that need to be verified are significantly more natural and
easier to establish, drawing upon elements of Hamilton-Jacobi theory, as well as recent

tindings in Nonsmooth Analysis as referenced in [2, 20, 52, 55].
Our thesis contains three chapters, organized as follows.

Chapter 1 is devoted to the exposition of the fundamental mathematical tools and
theoretical concepts that underpin the developments carried out in the subsequent chap-
ters. These elements establish an essential framework for the rigorous investigation of
differential game problems. We begin by presenting the theory of differential mappings
on differentiable submanifolds, together with the corresponding tangent spaces, which
play a crucial role in describing the local geometry of domains where the dynamics
are defined. Next, Stratified sets and mappings are then introduced, providing an
analytical structure suitable for handling spaces that may contain singularities or exhibit
varying degrees of smoothness. Subsequently, we revisit the monotonicity properties of
real-valued functions, which serve as key tools in analyzing the qualitative behavior of
dynamical systems, particularly in the context of stability and convergence. We also
present the notion of generalized tangent directions to trajectories that proves instru-
mental in examining dynamics across nonsmooth strata. In the end, we provide a more
comprehensive examination of smooth Hamiltonian equations and their corresponding

characteristic flows.

Chapter 2 is dedicated to the synthesis of the new theory of differential games
initiated by Mirica [55, 56]. Including, considerations on the vague and rigorous for-
mulations of a differential game problem as well as the definitions of the concepts of

admissible pairs and optimal feedback strategies using the well-known verification the-
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orems considered as sufficient optimality conditions. This new theory is structured as
an algorithmic framework that can be applied effectively to solving concrete differential
games.

Our original contributions are presented in Chapter 3, which focuses on a detailed
study of the War of Attrition and Attack game, first introduced by Isaacs [32]. Applying
the algorithm of dynamic programming described in Section 2.4, we derive rigorous
and complete solutions to this game. The main directions explored here include the

following.

* Exploring feedback strategies that depend on the current state of the system
and offer improved adaptability in real-time conflict scenarios. These strategies
provide a more robust alternative to the static decision rules typically used in

game theory.

* Employing a refined version of Cauchy’s method of characteristics, adapted to
stratified Hamilton-Jacobi equations, to construct the value function and corre-

sponding optimal strategies.

¢ Showing the optimality of the constructed strategies using the Elementary Ver-
ification Theorem, a straightforward yet powerful result that ensures the value

function meets the necessary conditions for optimality.

¢ Identify a feedback strategy providing a complete optimality solution using one

of the verification theorems.



CHAPTER

Essential Tools and Theoretical Background in

Nonsmooth Analysis

1.1 Introduction

This chapter provides a comprehensive overview of the essential mathematical tools and
theoretical foundations of nonsmooth analysis, with a specific focus on their application
to differential games. In classical analysis, the smoothness of functions is often a
central assumption; however, in real-world modeling particularly, in game theory the
value functions and optimal strategies frequently exhibit nonsmooth behavior due to
various constraints. Nonsmooth analysis offers a rigorous framework to address these
challenges by extending the concepts of derivatives and optimality to broader, less

regular settings.

1.2 Differential mappings on submanifolds

As is well known, the value function in differential games is typically nondifferentiable,
and its domain may not be open. Consequently, it becomes necessary to employ tools
from nonsmooth analysis, which provide an appropriate mathematical framework for
handling such irregularities. In this context, we begin by recalling the notion of Fréchet

differentiability, that may be considered as the first level of differentiability mappings.
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Definition 1.1. A function g : X; C R® — RP? is said to be Fréchet differentiable at

z; € Int (X;) if there exists a linear mapping M € L (R",R?) such that:

1
n=0 [l

as particular cases of the derivatives of the function ¢ (.) are illustrated below.

Proposition 1.2. ([565]) If the function g is defined on X; C R" with values in RP, and if g is
differentiable in the sense of Definition 1.1, then g is continuous at each point x; € Int(X;).
Moreover, there exists M € L (R™,RP) such that, Dg (z;) = M.

* If a coordinate system is chosen for both R™ and RP, then the derivative Dg (x;) €

L (R™,RP) can be represented by the matrix of partial derivatives:

g%(xila"'7xin)ak:m7j:17_n (12)

L

Dg (v;) =

o Ifp =1, the derivative is identified with the gradient of g:

Dg (r;) = Vg (z:) (1.3)

o Ifn =1, the derivative having the standard notation:

J () = lim & (i +0) — g (:)

6—0 ) (14)

A first extension of the classical differential calculus is made in the framework of
differential geometry, by considering functions defined on sets which may not be open,
but which admit certain differentiable structures. Such sets are called differentiable man-
ifolds, and classical differential calculus extends to this framework without significant

difficulty.

Definition 1.3. Let £ > 1 be a given natural number. A nonempty subset X; C R" is
called a differentiable (sub-) manifold of dimension m € {1,2,--- ,n — 1} of class C*
if, for each point z;, € X}, there exist an open neighborhood X;, C R" of z;,, an open
neighborhood U x V' C R™ x R®™™ containing the point (0,0) € R™ x R*™™, and a
diffeomorphism a (.,.) : U x V — X, of class C* such that:

Oé(070) = Ty, (U X {0}) = Xl leo' (15)
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In this case the pair (U x V, a(.,.))(as well as (X1,,a~* (.))) is referred to be as a local

coordinate chart, and the relationship:
xi:a(u,()),u:(ul,u2,---,um)€UCRm, (1.6)
defines a local parametric representation of X; in a neighborhood X; N Xj, of z;,.

To understand smooth structures and the relationships between differentiable mani-

folds, it is necessary to recall some fundamental definitions from differential geometry.

Proposition 1.4. ([55]) Given k € N*, m = 1,n — 1. Let X; CR", Xy C R", and X3 C R™

be differentiable manifolds of class C* of dimension m.

1. Ck-submersion

A differentiable mapping g : X, — R"™™ is called C*-submersion if, for every point
x; € X, the differential of g at x;, denoted by Dg (z;), is surjective, where Dg (z;) €
L (R",R™™).

2. C*-immersion
The mapping g : X3 — X is called C*-immersion if, Vx; € X3, the differential Dg (z;) €
L (R™ R™), is injective.

3. Diffeomorphism

The mapping g : X1 — X is called diffeomorphism if, g is a differentiable mapping of
class C', and it is a bijection, and the inverse mapping g~' : Xo — X, is differentiable

and of class C".

4. Homoemorphism

If g : X1 — X, is a bijective and continuous function, and its inverse g=* : Xo — X is

also continuous, then g is a homeomorphism.

Remark 1.5. Let A C R and z; € A. The point z; is called an isolated point of 4, if there
exists € > 0 such that:

(Iz—€7$1+5)m14:{1’1}

In other words, z; is isolated if there is a neighborhood around it that contains no

other points of A.
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It is also important to note, that the differentiable manifolds described in Definition

1.3 are locally closed subsets of R™ in our case, even locally compact.

Definition 1.6. A subset X; C R” is said to be locally closed, if each point z; € X; has
an open neighborhood X;,, with X, € V (;), such that X; N X, is relatively closed in
Xy

0°*

Many results in classical analysis, typically applied to open subsets, can be extended
to mappings defined on differentiable manifolds, owing to the existence of a well-

defined natural derivative.

Definition 1.7. If X; C R” is a differentiable manifolds of class C*¥, £k > 1, then a

mapping ¢ : X; — RP? is said to be differentiable at x; € X; in any of the following cases:
(i) dim (X;) = 0 (i.e., X; consists of isolated points).

(ii) dim (X;) = n (X; C R™is open) and g is Fréchet differentiable (in the sense of
Definition 1.1).

(iii) dim (X;) = m € {1,2,--- ,n — 1} and there exists a local chart (U x V,« (.,.)) at

z; € X1, where the local representative of ¢ (relative to this chart) defined by:

o (W) =g (a(u,0)), ue U CR™ (x; =a(0,0)), (1.7)

is differentiable at u = 0 € R™, in this case the derivative Dg (z;) € L (T,,X1,R?) of g

at z; is defined by:
0 if dim(X;) =0, we T, X; = {0},
Dg(r;) w=<{ Dg(x;).w if dim(X;)=n,we T, X, =R, (1.8)
Dg, (0).v if m#0,nw= Da(0,0)v,
where, in the latter case, (U x V,«(.,.)) is a local chart at z;, g, (.) is the corre-

sponding local representative in (1.7) and v € R™ is the unique vector satisfying

w= Dy (0,0)vifw e T, X;.
T,, X, represent the tangent space of X, at z;, which be defined below.

Now, we proceed to present a formal definition of the well-established notion of

the tangent space in differentiale geometry. The tangent space at the point z; on a
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differentiable manifold X, denoted T, X;, is a vector space that represents all possible
directions in which one can move through z; within the manifold X;. More rigorously,
it is defined as the vector space of partial derivative operators at z;, associated with
local coordinate charts of the manifold.

In particular, for a point z; = a (u,0) € X; N X;,, defined in (1.6), the tangent space

is given by:
T, X1 = Da(u,0) (R™ x {0}) = Dy (u,0) (R™) if z; = o (u, 0), (1.9)

where, D, denotes the derivative of o with respect to its first m—dimensional argument.
Importantly, this definition can be shown to be independent of the choice of the local
coordinate chart.

Furthermore, if X; C R", is an open set, then X, is called n-dimensional (sub-
)manifold. if X, consists only of isolated points, It is called a 0-dimensional (sub-)
maniflod. That is, for any z; € X; there exists a neighborhood X;, C R" of z; such that
X1 N Xy, ={z;}.

In both cases, The set of tangent vectors at z; € X;, defined by the space T}, X; as
follows:

T, X, = R™ if dim (X;) = n, (1.10)
{0} if dim(X;)=0.

It is well established (see [36]) that the definition of the tangent space in (1.9) remains
invariant under changes in local coordinates.

Moreover, the tangent space (1.10) can be equivalently defined in a unified manner

as:
T, X1 ={veR" |3c()eC((—ee€),X), c(0)=u;, (0)=v}. (1.11)

We note that, in certain special cases, it may be necessary to adopt more effective
alternative characterizations, such as the immersion and submersion characterization
presented in Proposition 1.4, which relies on the well-known theorem in differential

geometry called the Implicit Function Theorem. In this sense, some equivalent forms of

the tangent space are illustrated by the following result.

Lemma 1.8 ([55]). If k > 1, m = {1,2,--- ,n — 1} are natural numbers and X, C R" isa

nonempty subset then the following statements are equivalent:

1. X is a differentiable manifold of dimension m and of class C*.
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2. For each x;, € X there exist Xy, € V (,,), and C*—submersion G (.) : X;, — R*™,
with X1 N X,, = {z; € Xi,, G (2;) = Ogn-m }, in this case, the space of the tangents at

x; is given by :
T, X ={veR", DG(z;) w=0€R" ™}, z; € X1 N Xy, (1.12)
and X is said to be “Implicitly” defined by G (x;) = 0 around w;,.

3. For each z;, € X, there exist X1, € V (x;,), U € V(0) in R™ and a C*—immersion

v(.): U — X1 N Xy, that it is also a homeomorphism, such that:
leXlOZ{’Y(u)’u:(uhaum)EUng} (113)
Furthermore, the tangent space at x; is:

T, X1 ={Dy(u)ueR", ueR"},ife; =~ (u) € X1NXy,, (1.14)

and X is said to be "Parametrically” defined by x; = vy (u) , uw € U, around x;,.

1.3 Stratified sets and mappings

Many aspects of modern mathematics particularly those involving the solution of
problems derived from mathematical models of real-world phenomena highlight the
need to extend classical differential calculus. However, experience has shown that this
extension alone is not sufficient. A further step involves extending classical differential
calculus to applications defined on stratified sets, which are essentially unions of disjoint
differentiable manifolds.

In recent years, various results have emerged that support such extensions to func-
tions defined on arbitrary sets. Among the pioneers in this area is [72] and later
extensively developed by Thom (1969) in [69], Mather (1971) [42]. Further, the concept
of stratification is employed to model the evolution of game states and strategies. The
game space is divided into distinct strata, each with its own dynamics that influence
player behavior. A stratificatin describes how strategies drive transitions across these

regions, reflecting the game’s progression through different phases.

Definition 1.9. A countable partition of X; is a family of disjoint subsets { X, }j ., that
satisfy:
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1. le C Xl,\V/j eJ,
2. X1, N Xy, = 0 foralli # j (disjoint subsets),
3. Ujes X1, = Xi (the union of all subsets covers the entire set X}),

4. The index set J is countable.

Definition 1.10. Consider a set X; C R", which is called a weakly C*—stratified set of
sizem (with k € N*and m € {0,1,--- ,n}) iff there exists a countable partition { X;, }
of X, such that:

jeJ

* Each X, , for j € J, is a differentiable submanifold of class C* with dimension

strictly less than m (i.e., the strata have dimension strictly less than m).

e There exists at least one stratum X 1, with dimension m (i.e., there is a stratum of

dimension m).

This means that X; can be decomposed into a collection of smooth submanifolds,
with the strata having smaller dimensions, and at least one stratum having the maximum

dimension m.

Definition 1.11. Let X; C R" be a C¥—stratified set of size m, and let z; € X;. The
tangent space of X, in z; (in the stratified sense) relative to the stratification Sx, =

{X1,},, is defined as the vector space:
T, X1 = Tp X1, @ € Xy, € S, (1.15)

where, the tangent space 7T, X, on the right-hand side is understood in the classical

sense of differential geometry ([37], [41], [42] and [59]).

The weakly C"-stratified structure of a set with dimension n is closely related to the
selected stratification Sx,. Therefore, the tangent space of the stratified set depends

directly on the specific stratification used.

Remark 1.12. The term “weak stratification” is used because this concept is much more
general than "Whitney stratification”, where the stratification Sx, must satisfy more

restrictive assumptions.
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Definition 1.13. A function g : X; C R" — R™ is said to be weakly CF-stratified with
respect to stratification Sy, = {X 1,,J €J } of the set X if, for every stratum X, € Sx,,
the restriction g; : X;, — R™ belongs to the class C¥, understood in the context of

differentiable mapping (in the sense of Definition 1.7) on differentiable manifolds.

Definition 1.14. Let g : X; C R” — R™ be a weakly C"-stratified function with respect
to stratification Sx,, and let x; € X;. The stratified derivative of ¢ (.) at z; is defined by

the following formula:
Dg (l’,) = ng (JIZ) €L (Tszl,Rn) , if x; € le S SXl‘ (116)

Remark 1.15. If a stratum X, € Sy, has dimension n (the maximum dimension), then
X1, € R"is an open set, and the derivative defined in (1.16) coincides with the classical

Fréchet derivative.

Example 1.16. Consider the functions g, (z;) = |z;| and g, (z;) = z?, defined on X; = R.
Both functions are C*> (analytic) stratified functions with respect to the finite stratifica-

tion Sx, = {X1,, X1,, X1, }, where:
Xll = (—O0,0) 7X12 = <07 +OO) 7X13 = {0}7

thus, each stratum corresponds to a segment of the domain in which functions are

characterized as differentiable in the sense of geometry.

The following result allows us to classify the transition points that occur when a
trajectory moves from one stratum to another. Such a classification greatly simplifies

both computation and analysis.

Definition 1.17. ( [55]) The mapping z; (.) : [a,b] — X, is defined to be absolutely

continuous when the following condition holds:

1. Continuity in strata: z; (.) is continuous within each stratum and lies in a finite

sequence of strata.

2. Locally absolutely continuous in each stratum: For each subinterval [a;, b;] C [a, b]
where z; (.) lies entirely within a stratum X, , there exists an integrable vector

field v € L ([a;, b;], Ty, X 1ji) such that:

i (ti) = v (t:) a.e [a;, b, (1.17)

7
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and

x; (t;) = x; (a;) + /1 v (s)ds, Vt; € [a;, b;] . (1.18)

3. Strata transitions: At the points where z; (.) transitions between strata, continuity
of x; (.) is required, but neither the existence nor the continuity of its derivative is

necessary.

Definition 1.18. A function u (.) : I C R — R™ is defined as a regulated function when,

the left and right limits exist at every point of its domain /. Thus, for every ¢t € I :

where, u (t;+), u (t;—) represent the right-hand and left-hand limits of u at ¢; respectively.

Equivalently, a regulated function is the uniform limit of a sequence of step functions.
In this case, the set of discontinuities of w is at most countable, and all discontinuities
are of the first kind, meaning the function value changes by a finite jump at these points

(see for instance, [12, 25]).

Definition 1.19. A function z;(.) : I € R — R™ is called regular if there exists a

regulated function « (.) and a countable set J,, C I such that:

where 7 (t;) denotes the derivative of z; at ¢;. The set J,, represents the points where

the derivative 2 (¢;) may not be well-defined or continuous.

Additionally, if z; (.) is regular, the set J,, of discontinuities of its derivative is at

most countable, meaning it contains a finite or countable number of points (see, [12, 20]).

Lemma 1.20. Let X; C R"™ be a C'-stratified by Sx,. Assume that, z;(.) : [a,b] — X is
absolutely continuous (AC') mapping. Define the subsets J%, J2, J,, C [a,b] as follows:

Jit = {t; € a,b], t; is isolated in x;' (S') if z; (t;) € S' C Sx, },
J¢ ={t; € [a,b], 2} (t;), (x}(t;) does not exist)} , (1.19)
Jo = iU JE

where, z;7' (S") = {7 € [a,b], x; (1) € S'}. Then, the following properties hold:

* JI is at most countable.
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* J,, is a null subset in [a,b] (i.e., it has zero Lebesgue measure).
e Forallt; € [a,b]\J,,, the derivative x (t;) exists and satisfies:

Additionally, if x; (.) is regular in the sense of Definition 1.18 then, J,,, is at most countable.

We now recall the well-known concept of bilateral Dini derivatives, as introduced
in [3], which are provide a fundamental analytical tool that will prove essential in our
approach to studying the monotonicity properties of real-valued functions. The bilateral

Dini derivatives are defined as follow:

k(ti +8&) — k(L) k(ti+&) — k(&)

Dk (t;) = %I_If(l) sup ¢ , Dk (t;) = %1_1)% inf ¢ : (1.21)
for a composite function of the form:

Lemma 1.21. ( Chain rule lemma, [55]) If K (.) : X; C R™ — R is stratified by Sk in the
sense of Definition 1.13, x; (.) : [a,b] — X is absolutely continuous (AC) and if J,,, J%,

J¢ C [a,b] are the subsets defined in (1.19) with the properties (1.20) then, the bilateral Dini
derivatives in (1.21) of the composite function k (.) (1.22) satisfy the relations:

Dk (t;) > DK (z; (t;)) .} (t;) > Dk (t;), Vt; € I\J,,,, (1.23)
In particular, if J2 C I is the subset of non-differentiability points
JE={t. el K (t)}, (1.24)
then, the function k(.) is derived as follows
K (t;) = DK (z; (t;)) .} (t;), Vt; € I\(J,,, U JL). (1.25)

The auxiliary results provided in Lemma 1.20 and Lemma 1.21 will play a central
role below, where they form the basis for establishing a verification theorem concerning
stratified value functions. Additionally, the notion of stratified mapping defined above,
will be employed in the following sections to formally define stratified Hamiltonian

systems and stratified Hamiltonian flows.
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1.3.1 Monotonicity of real functions

The concept of monotonicity in real-valued functions can be rigorously characterized
using Dini’s derivatives, particularly in contexts where classical differentiability fails.
The bilateral Dini derivatives defined as upper and lower limits of difference quo-
tients from both sides provide generalized notions of directional behavior at points
of non-differentiability. These derivatives are especially valuable in the analysis of
value functions in dynamic programming, where continuity is often preserved, but
smoothness is not guaranteed. In this setting, Dini derivatives enable the formulation
of sufficient conditions for monotonicity, which in turn support the construction of
comparison principles and verification theorems. This generalized framework proves
essential for studying optimality conditions in stratified or nonsmooth domains, where

standard derivative-based methods are inapplicable.

Theorem 1.22 (Elementary monotonicity theorem, [55]). If w (.) : I — R is differentiable
(at each point) and its direvative, w’' (.) is Riemann integrable (i.e., bounded and a.e continuous)

then, it is increasing (non-decreasing) in the sense that:
w(ts) < wl(ty) Vi, <ty te,ty €1, (1.26)

if and only if verifies
w' (t;) >0, Vt; € 1. (1.27)

1.4 Generalized tangent directions to trajectories

In this section, we examine the notion of generalized tangent directions, a concept
that facilitates the characterization of admissible trajectories for solutions to differen-
tial inclusions. These directions serve as a foundational tool for understanding how
trajectories evolve within constrained dynamical systems, especially when classical
smoothness assumptions are violated. The overarching goal is to establish constructive
criteria for verifying value functions that may lack differentiability or fail to be locally
Lipschitz continuous. By formulating the problem as a differential inclusion, we aim to
capture the set of feasible solutions that respect the imposed constraints, thus providing
a rigorous mathematical structure for the analysis of viable dynamics. This investiga-

tion extends the seminal work of Mirica [48] and is closely related to the contributions
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of notable researchers who have made significant advances in this area. We start by

introducing the concept of a differential inclusion.

Definition 1.23. We consider the following constrained differential inclusion:

here, F'(.) : X; C R" — P (R") is a given orientor field, and Y; C X is the constraint
set. The function z; (¢;) € Y; forall t; € Iy, (z; (.)) = dom (z; (.)) C R. Forany y; € Y},
Sry; (y;) represent the set of all locally absolutely continuous functions z; (¢;) that satisfy
the constrained differential inclusion given in (1.28).

According to the terminology introduced in [3], these solutions are referred to as
viable trajectories. Specifically, if ¥; = X, the set Sgy, (v;) is denoted by S (y;) for
any y; € X;. Furthermore, in this context, the subset X; C R" is assumed to coincide
with the effective domain of the multifunction F'(.), and it is implicitly assumed that

F (z;) # 0 for all z; € X;.

While, if y; € Y; and Sgy; (y;) is the set of solutions of the constrained differential

inclusion (1.28), then we associate the following set of bilateral tangent directions:

Try, (yi) = {2;(0), = (.) € Sky; (y:)} - (1.29)

The subset Try, (y;) as defined in above, encapsulates the bilateral tangent directions
associated with the admissible trajectories originating from y; € Y;. This set plays a
crucial role in the local analysis of the dynamics governed by the differential inclusion
(1.28). Specifically, it characterizes the instantaneous directions in which the system can
evolve while remaining viable within the constraint set Y;. As such Ty, (y;), provides es-
sential geometric information that supports the verification of stratified value functions,
especially when traditional differentiability assumptions are relaxed. Furthermore, this
concept lays the groundwork for the development of tangential conditions and viability

theorems in subsequent sections.

1.5 Smooth Hamiltonian and Characteristic flows

In this section, we will present some notions and results regarding the characteris-

tics Hamiltonian flow. These results are used to obtain generalized solutions of the
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Hamilton-Jacobi equations associated with classes of optimal control problems and
autonomous differential games.

The following results are motivated by the fact that the value functions of au-
tonomous problems in the calculus of variations and optimal control theory are shown
to be generalized (sometimes even classical) solutions of the autonomous Hamilton-

Jacobi equation of the form:

defined by the Hamiltonian H (.) : Z C R® x R* — R, and by the terminal func-
tion g (.) : Yy — R. Moreover, compared the so-called viscosity solutions (Bardi si
Capuzzo-Dolcetta (1997), Grandall si Lions (1983), Elliot (1987),...,etc.), the Cauchy of
characteristic, wherever it can be applied, provides not only the value function but also
descriptions (characterizations) of the optimal trajectories needed in the solution of an
optimal control problem.

A natural extension of the characteristic method is obtained in the case where the
domain Z C R" x R" of the Hamiltonian H (-) is a differentiable manifold, and the
classical Hamiltonian field is replaced by the orientor Hamiltonian field, defined for

z = (z;,pi) € Z by:
dEH (2) = {7 € T.Z, <z,7s > — < p,,T; >= DH () Z, Vz € T, Z}, (1.31)

where T, Z is the tangent space and DH (z) is the derivative of the Hamiltonian in the
sense of Differential Geometry.
A first extension of the method of characteristics is obtained under the following

hypothesis:

Hypothesis 1. The subset Z C R™ x R™ is of class C* submaniflod, H (.,.) : Z — R is of class
C? and there exists h (.,.) : Z — R" x R", of class C?, a selection of the multifunction d. H (., .)
in (1.31) satisfying:

h(z) = (h(2),hy(2) €dEH (2), z € Z, (1.32)

or, equivalently, a smooth mapping satisfying the following condition:

< hi(2),pi>— <hy(2),7; >= DH (2) %, (1.33)
VZz € T.Z,h(z)eT.ZVz € Z.
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Remark 1.24. As can be easily seen, if z € Z and dim (Z) = 2n (so, Z C R" x R is an
open set and the restriction H (-,-) := H (-,-) |z is differentiable (Fréchet)) then, the

orientor Hamiltonian field in (1.31) coincides with the classical Hamiltonian field:

OH OH
diH () = {(api (2), ~ o (z)) } ,zeZ=1Int(2), (1.34)
this holds since, in this case, the following relation is satisfied:
OH H
DH (2) .z =< o, (2),pi >+ < O (2),7; >, VZ € R" x R"™. (1.35)

Next, if Z C R™ x R" is no more of maximal dimension (2n), standard arguments
show that at each point z = (z;,p;) € Z, the value d H (z) C T.Z is either an empty
set or an affine manifold parallel to the linear subspace d Hy (z) C R" x R", which is

defined in a similar way using the null Hamiltonian:

Hy(z) = 0,Vz€Z, (1.36)

dEH (2) = {fe€T.Z, <z,pi>—<p,Ti>=0,VzeT.Z},
in this context, the expression for df H (z) is as follows:
dEH (2) = {0} + dt Hy (2) V2 € dEH (2). (1.37)

However, restrictive Hypothesis 1 may seem, it is nevertheless a significant general-
ization of the case of Hamilton-Jacobi equations on symplectic manifolds (e.g. Mirica
[55]) (in particular, of classical equations defined on open subsets of R" x R"). This
was ascertained by analyzing some significant examples (e.g., Mirica [52, 55]), on the
other hand, this approach suggests possibilities for significant generalizations of these
classical cases.

As is known, in the classical case (i.e., Z = Int(Z) C R™ x R") the essential tool of

Cauchy’s Method of Characteristics is the associated characteristic system:

# = 9 (z), 2,(0) = € € priZ

Pi=—50(2), pi(0) =q€Z (&) ={g € R"(&,q) € Z} (1.38)
v =<py, g—g(z) >, v(0) =1y €R,

which, due to the particular form of the characteristic field:

oH oH oH
C(Z,U) = (ap (2)7_81’ (Z)7<p17%(2) >) ) (Z,U) €Z XR:
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is evidently reduced to the smooth Hamoltonian system:

!/ _ OH —
Ty = a_p;HZ) , 2 (0) =8 €priZ (1.39)
Pi=—5.(2), pi(0)=q€ Z(),
which under Hypothesis 1, is replaced by the generalized Hamiltonian system:
Z=h(z), (:(0),pi(0) =20 = (59 €7 (1.40)

defined by the smooth selection 4 (.) in (1.32).
For the sake of completeness, we present the fundamental properties of smooth
Hamiltonian flows, which can be regarded as the main technical foundation of Cauchy’s

method of characteristics. In the following, we assume that the Hypothesis is holds.

Hypothesis 2. The Hamiltonian H (.,.) : Z C R" x R” — R and the Hamiltonian vector
field h(.,.): Z CR"xR" — R" x R" satisfy Hypothesis 1, the boundary set Y; C C(Y;)
is a differentiable manifold, the terminal function g (.) : Yy — R is a differentiable

function and the set of terminal data Z; C Z, defined by:
Zy ={z€Z €Yy, H(z) =0, <q,>=Dg(£)E VEeTYs}  (141)
is a non-empty subset of Z7 C R" x R".

Lemma 1.25. (Properties of smooth Hamiltonian flows) If Hypothesis 2 is satisfied and
the Hamiltonian vector field h (., .) defined in (1.32) is of class C* on the differential manifold
Z C R™ x R", then there exists a unique relatively open submanifold D, C R x Z and a
unique C'mapping X;: (.,.) = (X; (.,.), P, (.,.)) : Dy — Z (smooth Hamiltonian flow) with
the following properties:

» Forany zy = (£, q) € Z the partial mapping X;: (., 20) : In (20) € R — Z is the unique
maximal solution of problem (1.39) in the sense that its derivatives, DX} (t;, z0) =

(X! (t;,20), P! (t;, 20)) satisfies the identity:
D1X;: (tz, Zo) =h ((X,L (t“ Z()) ,Pi (tz, ZQ))) ,X; (O, Zo> = 29- (14:2)

* The partial derivatives of the mapping X} (., .) satisfy the commutativity relation:

D]_DZX;: (ti, Zo) = DngXZ (ti, ZQ) , A (ti, Zo) € Dh. (143)
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® The Hamiltonian H (.,.) is a first integral of h (., .), in the sense that:

H (X (15, %)) = H (X3 (0, 20)) = H (=), ¥ (£, %) € D (1.44)

* The partial derivatives of the components X, (.,.), P; (.,.) of X} (., .) satisfy:

a%)[(Pi (s,20), X! (s,20))].Z2 = %(Pi (s,20), DX (5, 20) .Z)+ (1.45)
+DH (2) .z, Y (s,20) € Dy, Z = (T4,p;) € Ty Z CR™ x R™.
As in the classical theory of Hamilton-Jacobi equations, the Hamiltonian flow

X7 (.,.) described in Lemma 1.25 is extended to the characteristic flow Cj (.,.) =

(X5 (), VP (.,.), where V)? (., .) is defined as follows:

t;
VF? (tm ZO) = / < ‘PZ (Sv ZO) 7Xz, (Sa ZO) > dS, (tm ZO) € Dh' (146)
0
The role of the smooth characteristic flow is ullusrates in the following result.
Theorem 1.26. (Basic properties of the smooth characteristic flow, [55]) If Hypothesis 1

is satisfied and X} (.,.) = (X; (.,.), P; (., .)) represents the Hamiltonian flow defined in Lemma
1.25, then the function V) (.,.), defined in (1.46) is of class C'and its derivative is given by:

DV]? (ti72’0) . (5,2) =< P, (tu ZQ) ,DX; (t“ Zo) . (f,?) >—<q,T; >+
+tzDH (ZO) .E, IfZO = (€7q) € Z/E = (fwn) € TZOZ'

(1.47)

Expanding upon the findings of the preceding section, we develop both classical
and generalized characteristic solutions to autonomous Hamilton-Jacobi equations as
specified in (1.30), emphasizing their applications in optimal control. Our methodology
enhances the classical Cauchy method of characteristics (see to Benton (1977), Hart-
man (1964), Mirica (1987), Subbotin (1994), Van et al. (2000), among others) in two
principal aspects the Hamiltonian domain in (1.30) is not necessitated to be an open
set and the first component of the Hamiltonian flow is not assumed to be invertible.
These generalizations enhance the method’s applicability to more complex and realistic
systems.

First, suppose that the data H (.,.) and ¢ (.) related to problem (1.30) satisfy the
conditions given in Hypothesis 2. Under this assumption, the characteristic flow defined
in (1.42), (1.46) represents the classical characteristic flow corresponding to problem

(1.30), as described below.
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Definition 1.27. The classical characteristic flow associated with the problem (1.30) is
the pair
C*(L,)=(X] (), V(,)),

where:

Xz* (ti;ZO) = X;: (ti72’0) = (Xz (tz, Zo) 7Pi (ti,Zo)), (tz‘7Zo) - B C ]R X le

(1.48)
V (ti,20) = g (&) + V2 (ti, 20) if 20 = (§,q) € Z5, (ti,20) € B,
and the domain B is defined as

The fact that the Hamiltonian is equal to zero along all admissible trajectories, and
can thus be regarded as a first integral of the Hamiltonian system in (3.39), is illustrated

below.

Proposition 1.28. Let C* (.,.) = (X[ (.,.),V (., .)) be the classical characteristic flow defined
in Definition 1.27. If Hypothesis 2 is satisfied, then the following properties hold:

H (Xz (t“ Zo) , P; (tz, Zo)) =0, v (tl, Zo) € B =dom (C* (., )) . (150)

Moreover, the function V (., .) defined in (1.48) is differentiable and its derivative (tangent)
is given by:

DV (tz, ZQ) . (E, 2) =< P, (t“ Zo) ,Xz/ (tz, ZO) . (t_z, 5) >, A (E, E) S T(ti,ZU)B' (151)

Remark 1.29. The classical characteristic flow allows for the construction and charac-
terization of characteristic solutions to the boundary value problem (BVP) in (1.30) by
using appropriate subset

BO = {(ti,Zo) € B, tz # O} . (152)

Theorem 1.30 ([55]). Let Hypothesis 2 be satisfied, C* (.,.) = (X; (.,.),V (.,.)) be the associ-
ated characteristic flow in Definition 1.27 and By C Bybea submanifold of dimension n of R"
such that Y, = X; (E) C R™ is open and the restrection X (L) =Xi(.,.): By = Y, CY,
is invertible with the differential inverse EO (.): }73 = Int (ﬁ) — E), satisfying:

X (EO (yz)> =1, Vy; € ?57 Eo (X (i, 20)) = (tiy20),V (ti, 20) € E)- (1.53)
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Then, the real function W () defined by:

—~ {g(yi)/ifyier (1.54)

W (y:) = ~ ) ~
V(Bo(y)) ifys € Vo C Y,
is a solution of problem (1.30) on the subset Y = Y, U Y.

This chapter presented the fundamental tools and theoretical background in nons-
mooth analysis, which form the basis for the study of more complex dynamic systems.
In the following chapter, these concepts will be applied to the analysis of autonomous
differential games, highlighting their role in modeling strategic interactions within

continuous-time frameworks.



CHAPTER

Autonomous Differential Games

Differential game theory represents a vast and significant domain within applied math-
ematics, offering powerful tools for modeling and analyzing dynamic interactions
between multiple decision-makers with conflicting objectives. In this chapter, we focus
on autonomous differential games in which the dynamic and cost function are inde-
pendent of time, within the framework of dynamic programming. The main objective
is to present a rigorous and robust version of the dynamic programming algorithm
specifically adapted to this class of games, as developed by Miricd in [55, 56]. Such
approach not only extends and generalizes existing methodologies but also enhances
mathematical precision in the characterization of optimal strategies and value functions.
One of the key contributions of Miricd’s formulation is its capacity to establish the
optimality of admissible control pairs through a refined version of one of the seven
verification theorems, presented in [54]. Which play a pivotal role in linking the theoret-
ical properties of the value functions with practical conditions for optimality, thereby
providing a bridge between abstract mathematical constructs and their implementation

in real-world decision problems.

2.1 Formulation of Differential game

An autonomous differential game denoted by (DG ) is a type of differential game (DG)

in which the system dynamic and cost function do not explicitly depend on time. More
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formally, such a game is defined as follows:

Problem 1. (DG y) is formally defined as:
DGA = (sz,nyg() 7f0 ('a '7')af('7'>')7Ua‘/auaavaaQa) )
where each component has the following interpretation:

* Y, C R” denotes the set of initial states, while Y; C CI(Y;) the set of terminal

states.
* g(.) : Yy = Ris the terminal payoff function.
* fol(.,.,.): DxUxV — Rrepresents the running payoff function.
e f(.,.,.): DxUxV — R"defines the parametrized vector field.

¢ U and V are compact control spaces for the two players and the admissible control
pairs belong to the product space P, = U, x V, where, U, and V,, represent the

class of admissible control functions.
* O, € {Q, 0, Q,} is the class of admissible trajectories.
* t;=ts(z;(.)) > 0is the terminal time.
e L'(]0,tf]; R) represents the space of Lebesgue integrable functions.

The problem (DG 4) consists in optimizing the cost functional defined by:

inf = sup C(yi;u(.),v(.), Yy € Y5, (2.1)
u()ElUay( ) eV,
where .
f
Clyi;u(.),v(.) = g(zi(ty)) + /fo(mi(ti),u(ti),v(ti))dti,‘v’yi €Y, (2.2)
0
Subject to:

1. State equation:
zi(t;) = f(zi(t;), u(t;),v(t;)) a.e.(0,tf), 2;(0) = y;. (2.3)
2. Control constraints:

u(t;) € U, v(t;) € V a.e.(0,ty), (u(.),v(.)) € P,. (2.4)
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3. Trajectory properties:

zi () € AC([0,4;];R™), fo (i (), u(),v () € L' ([0,¢5]:R). (2.5)

4. Boundary conditions:

:El(t) ey, Vt; € [O,tf), :L“i(tf) € Yf, Y. N Yf = 0. (2.6)

Remark 2.1. The class of admissible control pairs is taken as P, = U, x V, where, the

class U, = {U.,U,, U} and V,, = {V.,V,, V1 } are defined by

U.-={u(.): I = U; u(.) is continuous} ,
U § U ={u(): 1 —U; u(.) isregulated},
Uy ={u(.): I = U; u(.) is measurable},

analogous, definitions apply to the sets V., V, and V; corresponding to the second player.
The associated class of admissible trajectories is denoted by €2, = {4, Qu, 2, }, where

each subset is given by:

0 = {x;(.) € AC; Ii(.) e L'},

Qo = {z:(.) € AC; 3zl(.) piecewise continuous},

Q, = {x;(.) € AC; 3z)(.) regulated} .
Remark 2.2. From [55, 56|, we take ; = AC ([0,¢;];R") as the largest class of (AC)
trajectories. The corresponding class P; = U; x V) refers to the measurable admissible

controls (u(.),v(.)).

2.2 Admissible Feedback Strategies and Relative Opti-
mality

In the study of differential games, feedback strategies constitute a central concept for
guiding decision-making in dynamic environments. These strategies U and V are
defined so that the controls u(.) and v(.) applied at each instant depend explicitly on the
current state of the system. This feature provides flexibility and robustness, allowing
players to adjust their actions as the game evolves over time. Admissible feedback

strategies are restricted to satisfy well-defined measurability and regularity conditions,
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ensuring their mathematical consistency. Such admissibility guarantees that strategies
remain implementable across a wide range of trajectories. The concept of optimality is
essential in practice, since absolute optimality is rarely achievable in complex interactive
settings. Classical contributions have emphasized this direction, most notably the works
of Krasovskii and Subbotin [35], Mirica [56] and Subbotin [64], which established the

theoretical foundations of admissible feedback strategies in differential games.

Hypothesis 3. The data of Problem 1 satisfy the following assumptions:

(i) The control sets U, V' are compact and the functions fy(., .,.), f(.,.,.) are continuous

on the open domain D C R".

(i) The vector field f(.,.,.) : D x U x V — R" satisfies a uniform local Lipschitz
condition with respect to its first argument. Specifically, for every compact subset

Dy C D, there exists a constant L > 0 such that:

Hf(xh?u’ ’U) o f (miwuav)H <L Hxll - xm” ) v‘%.il? Ty € DOa u € U7 velV. (27)

Remark 2.3. .

(i) Under Hypothesis 3 then for any admissible control pair (u (.),v(.)) € P, and
any initial state y; € Y, the initial value problem (IVP) in (2.3) has a unique
Carathéodory (AC) solution

i () =z, () (0,7) = R" (2.8)

(77) For the trajectory z; (.) to be admissible, it must satisfy the control constraints in
(2.4), as well as the state and terminal constraints in (2.6). Specifically, there exists
t; € (0,7) such that for all ¢; € [0, ¢f), the trajectory remains within the initial state

set, i.e., x; (t;) € Y, and at time ¢y, it reaches the terminal state set, i.e., z; (t;) € Y.

From the vague formulation of Problem (1) it is understood that there are two
players U and V, select admissible controls « (.) and v (.), respectively, which together
generate an admissible trajectory z; (.). Player U aims to minimize the functional in (2.1)
while, player V seeks to maximize it. However, such a formulation is unrealistic since
each player must know the control chosen by the other. Accordingly, the pursuit of a

realistic information structure necessitates distinct formulations of the playing rules and
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their corresponding value functions. (e.g., Bardi and Capuzzo-Dolcetta [4], Berkovitz
[9], Clarke et al. [23], Elliot [26], Subbotin [64],..., etc.). From [56], we use the following

notation to simplify later formulations, for any y; € Y :

Qo (yi) = {zi () €y T (), v () €EParay() = Ty ()}
Po(yi) = {(u (), v () € Py Fi () =2 () € Qa (wi) ],

where 7" (.) defined in (2.8) is a solution of (2.3 — 2.6). While, the set:

(2.9)

Qo (yi, u,v) = {x" ()}

represents the admissible trajectories corresponding to (u (.),v (.)) € P, and it is either
an empty set or a singleton.
In view of Problem 1, we introduce additional notations for the sets of relatively

admissible control pairs corresponding to y; € Y :

uoz (:%) = {U’ () € uoz; IZ;U () € Qa (%)} , U € VCU

(2.10)
Vo (i) ={V () € Va; 22" () € Q (i)}, u € U

Definition 2.4. Let 2 (.,.,.) : £ C R x R"xR™ — R" be a parametrized vector field
and H (.) : Y; C R* — P (R™) be a multifunction. Then we define the parametrized

differential inclusion:
Z‘; e F (tzuxz) =h (tiaxia H (ZEZ))7 e (tO) = Zo, (tia‘ro) S prlE X )/ia (211)

amapping z; (.) € AC ([to,ts] ,R") is called a classical solution of problem (2.11) if there

exists a measurable function & (.) € M ([to, ;] ,R™) such that:

Next, we will provide a comprehensive review of relatively optimal feedback strate-
gies, focusing on their definition, key characteristics and their role in achieving a
relatively optimal balance, as well as their connection to the associated value function
introduced in [53]. We begin by defining feedback strategies in alignment with the
frameworks presented in [54] and [56]. Due to the concepts in Definition 2.4, we for-
malize the rules of the game, if player U (resp. player V) chooses a feedback strategy
U():Y, = P(U) (resp. V() : Y, — P (V), where P (V) denotes the family of subsets

of V) as follows:
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Definition 2.5. (The Rule Of The Game, [54]) A feedback strategy of player U is a

multifunction U (.) c U (.) (i.e., satisfying: U (z;) C U (z;) Vz; € Y;) that defines the

parametrized differential inclusions:
z e f <x U (z:) (t,)) 2 (0) =ui, v () €V, (2.13)

whose admissible trajectories in the sense of Definition 2.4, that satisfy (2.3 — 2.6), are

defined by:

Qv (yz) = {Iyi,v () ’ Elﬂv () S uv (yz) : f;;i,v (tz) = f (Eyi,v (tz) 7ﬂv (tz) y U (tz)) )

N o (2.14)
Uy (t) € U (Ty, (), v (t) €V (Ty,0 (1) ace. (0,5)},

while, the corresponding sets U, (y;), of admissible controls that satisfy the conditions

in (2.14) are denoted by:

Uy, (yi) = {1, (1) €Uy (yi), TTy, ., (t;) satisfying (2.14)}, v (.) € V, (2.15)

and the associated upper value function W (.) (the best for player V') is given by:

Wi (yi) = sup Cu,(),v()), v €Y (2.16)

v(-) €V, () U (yi)
Symetrically, a feedback strategy of player V is a multifunction V()cV() (e, sat-
isfying: 1% () C V (x;), Va; € Y;) that defines the parametrized differential inclusions:

w € f (20U (@), V (@), 2 (0) = s, u() €U (2.17)

whose admissible trajectories satisfy (2.3 — 2.6), are defined by:

Qu (i) = ATy ()5 F0u () €V i)+ Ty (8) = f Ty () s u (8) 0 (1))

. o (2.18)
Ty (t) €V (Tyu (82)), u(ti) €V (Ty,u (1)) ace. (0,%5)}

while, the sets V, (y;) of admissible controls that satisfy the conditions in (2.18) are

denoted by:
Vo (yi) = {0u (\) € Vi (i) ; Ty, (t;) satisfying (2.18)}, v (.) € V, (2.19)
and the associated lower value function W (.) (the best for player U ) having as formula:

W (4:) = inf - C(u(),0u()), yi €Y (2.20)
() Uo7V (3:)
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Finally, a pair of feedback strategies is a multifunction <(7 ),V ()> cUL),V())
that defines the differential inclusion:
(.)€ f (m U(z;),V (:cz-)) , 2 (0) = yi, (2.21)
whose admissible trajectories satisfy (2.3 — 2.6) are defined by:

ﬁ(%) = {xyi () ) 3 (uyi () ) Uy, ()) € Pa (yl) ) Uy, (tl) € [7 (xyi (tl)) )
vy, (t:) € V (zy, (1)) ae. (0,tf (xy,(.))), wi € Yo},

and also, the sets of pairs Py v (v:), yi € Ys of corresponding admissible controls that

(2.22)

satisfy the conditions in (2.22) are denoted by:

P v (i) = {(uy, (), vy, () : 3y, () € Q(y;) satisfying (2.22)}, (2.23)

where, the associated lower value functions W (.) (resp, upper value functions W (.))
are defined by:
wﬁ,f/ (yl) = inf(uyi(.),vyi(.))epﬁyv(y‘) ¢ (uyi () » Uy, ()) )

W o (4:) =SP4, () 0,,0))ePy o © (W (505 ()

(2.24)

The fundamental concepts introduced by Miricd in [53] are formally defined as

follows.

Definition 2.6. Let ((N] ),V ()) .Y, C Y, = P (U) x P (V) be a multifunction, where
U (;) C U (), 1% (x;) C V (x;),Va; € Y,. These multifunctions represent an admissible
pair of feedback strategies for the restriction of the differential game DG 4 }75 to the

subset Y, C Y, as described in (2.2 — 2.6) if the following conditions are satisfied:

(i) For each y; € Y, the set Q(y;) of absolutely continuous (AC) solutions ,, (.) :
[O,Zf] — Y, of the parametrized differential inclusion in (2.21) that satisfy the
constraints:

zy, (t) € Vs, Yt € [0,5), z,, (£7) € Y7, (2.25)
is non empty.

(i1) Let P, (y;) = {(uy, () yvy, ()}, ui € Y, be the set of control pairs corresponding to
(2.23). Then the cost function satisfies the consistency condition:

? Y

(2.26)
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(iii) The associated value function W (.) is well-defined as:

—~ g(yi),ifyiefff,

Wiy) =19 — . ~ ~
WO <y1> = C (uyi () 7Uy7i ()) 7 lf (uyi () 7in ()) € Pa (yz) y Yi S Y;
(2.27)
(iv) The subset Y; C Y}, defined as:
?f = {a:yi (’{f) s 2y (1) € Q (i), yi € }7;} C Yy, (2.28)

represents the set of terminal points of all trajectories in Q (%i), yi € Y,.

Furthermore, in different formulations of differential games, the existence of exact
optimal strategies cannot be guaranteed, or their analytical or computational derivation
may prove impractical. In such cases, it becomes essential to consider alternative
solution concepts that are both theoretically justified and practically implementable.
One such concept is that of relatively optimal strategies, which offer an approximate
yet effective means of characterizing near-optimal behavior within admissible classes of

controls.

Definition 2.7. (Relatively Optimal Strategies) The multifunction ([7 (),V ()) Y, C
Y = P (U) x P (V) is said to define a relatively optimal pair of feedback strategies
for the restriction DG4 |Y, to the subset Y, C Y, of the game described in (2.2 — 2.6), if

the following conditions are satisfied:

1. The multifunction is admissible in the sense of Definition 2.6.

2. The associated value function W (.) in (2.27) satisfies the following properties:

(i) If player V chooses the feedback strategy V (.), then U (.) is the optimal re-
sponse for player U in the sense that:

WO (i) = Wy (i) = igf _ C(u(.),v()Vy: € 375 (2.29)
u(.)EUa () Vu()EVu(.)

(i7) Similarly, if player U chooses the feedback strategy U (.), then V (.) is the

optimal response for player V in the sense that:

Wo (1) = W (y;) = sup  C(@(.),v(.) Yy € Y.. (2.30)
V() EVa(.),Tw () EUL(.)
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Remark 2.8. We note that:

1. Based on Definition 2.5 and Definition 2.7, a relatively optimal pair of feed-
back strategies ((7 (), V ()) for the restriction DG4 |Y, of the game described
in (2.2 — 2.6), can be characterized as a saddle point satisfying the following

inequality:

Wiy (W) S Wo(yi) = Wi (yi) = Wy (vi) < Wy 5 (i), Vyi € Y., (2.31)

for any other pair of feedback strategies U; (.), V4 (.).

2. Furthermore, it can be shown that the upper and lower value functions, denoted
as W (.) € {W (.),W (.)}, satisfy the equation:

inf sup Wy, v, (y) = sup inf W, v, (3:) Vi € Vi, (2.32)
Ur() v () vi() Ur()

in the class of all pairs of feedback strategies (U; (.), V1 (.)).

2.3 Verification Theorems for Admissible Feedback Strate-
gies

To deriving some weaker optimality conditions in terms of regularity for a pair of
admissible feedback strategies (17 (),V ()) becomes necessary, since applying the
saddle point condition (see for instance in, [5]) in (2.31) is particularly challenging,
especially when the value function is defined implicitly. We note here that the concept
of the value function was first introduced in control theory by W.H. Fleming and R.W.
Rishel in 1975, but it had already been rigorously formulated by R. Isaacs [32] in game
theory since 1950. Unfortunately, it has often been misapplied to problems whose value
functions are not even differentiable. This anomaly was addressed by Mirica [54], who
introduced a broad class of verification theorems with regularity conditions ranging
from differentiability to semicontinuity. In total, seven such theorems were obtained,
which may be regarded as weak sufficiency conditions for optimality when compared

with other approximation approaches.
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2.3.1 Abstract Verification Theorem

Given a pair of admissible feedback strategies ([7 ),V ()) as defined in Definition
2.6, the objective is to establish criteria for their relative optimality with respect to
properties (i) and (i7) stated in Definition 2.7. To address this problem, one may draw
upon techniques from Optimal Control Theory, since the associated value function
in (2.27) aligns with the value functions of two symmetric Bolza-type optimal control
problems. As described in [55], the first one, PB;, cosists in the minimization of the

functional:

min Cy (yi, % (.))
where, C (yi,7: () = g (2 (t7)) + [i7 fo (2i (), 2} () dt;, y; € Y, (2.33)
J (s, 2)) = fo (zi,u,0) if @) = f (2, u,0), ueU(x;), veV (x)
subject to:
v € Fy () = f (g; U(z:),V (xi)) L 2:(0) =y, (2.34)
with, the state space and end-point constraints are defined as in (2.6). On the other

hand, PB,, consisting in the maximization of the functional:

mc]z/m Cy (yi, z: (1))

where, Cy (y;, i (\) = g (; (7)) + [y 13 (i (t:) , 2} (t:)) dti, y; € Vi, (2.35)
fg (zi, 25) = fo (zi,u,v) if ) = f(25,u,v), u e U(xi)a veVi(y),

subject to (2.3 — 2.6) with the differential inclusion:
7 € Fy (@) = f (2,0 (2:), V (@:)) 24 (0) = i, (2.36)

and also, the state space and end-point constraints are defined as in (2.6).
Thus, using the well-known fact that the value function W (.) has certain monotonic-
ity properties along admissible trajectories (e.g., [20], Lupulescu and Mirica [48, 49]),

we obtain the following basic result.

Theorem 2.9 (Abstract Verification Theorem, [54]). A pair <[7 (), V (.)) of admissible
feedback strategies in the sense of Definition 2.6 is optimal in the sense of Definition 2.7 iff the

associated value function W (.) in (2.27) has the following monotonicity properties:
(My) Forany y; € Yy, u(.) € U, T, (.) € Vy, (y:), the real function w, (.) defined by:

W, (t;) =W (T, (t;)) + /0 l fo(@u (s),u(s),v,(s))ds, t; € [0,tf], (2.37)
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is increasing on the interval [0, ;] .

(My) Forany y; € Yy, v(.) € V, 0, () € U, (y;), the real function w, (.) defined by:

w, (t;) = W (T () + /o i fo (T (s), 1, (s),v(s))ds, t; €[0,tf], (2.38)

is decreasing on the interval [0, t].

Remark 2.10. The necessary monotonicity conditions presented in [49], formulated in
terms of the Dini derivatives of the real functions w, (¢;), w, (¢;) in (2.37) and (2.38),
respectively, and interpreted in the context of (1.21 — 1.22), together with the appropri-
ate chain rules for composite functions W (77 (.)) (see Lemma 1.21), can lead to certain
necessary optimality conditions of the Dynamic Programming type. However, in this

work, we focus exclusively on sufficient optimality conditions of the same type.

2.3.2 Practical Verification Theorems

As in Optimal Control Theory (e.g., [20], [40], [48], [51],..., etc.), starting from the Abstract
verification theorem described in Theorem 2.9, more practical verification theorems can
be developed by making specific assumptions about the value function W () in (2.27).
These theorems rely on monotonicity results for real-valued functions from Theorem
1.22 and the chain rules for composite functions, such as W (7, (.)) and W (7, (.)), as
provided in Lemma 1.21, for (2.37) and (2.38).

Since, it is often difficult to verify the generalized differential inequalities needed to
ensure the monotonicity properties (1/;) and (M,) in Theorem 2.9, a practical approach
is to use the weakest possible type of inequalities that match the regularity properties
of the value function W (.) in (2.27). However, simple examples show that the value
function may have weaker regularity on the terminal set Y; in (2.28). In such cases,
the differential inequalities may only need to involve the restricted value function
Wo () =W ()|V..

From this perspective, the simplest case is when the proper value function Wo (1) in
(2.27) is differentiable on its open domain Y, = Int ()Z) C Y. This scenario aligns with
the well-known Elementary verification theorem, described below, which is introduced

in [32] then in, [64] and further, elaborated in [53, 54].



2.3 Verification Theorems for Admissible Feedback Strategies 39

Theorem 2.11 (Elementary Verification Theorem, [54]). Let <(7 ),V ()> be a pair of
admissible feedback strategies in the sense of Definition 2.6 and assume that the associated value

function W (.) in (2.27) has the following properties:
1. W (.) is continuous at the terminal points in )7f defined in (2.28).

2. The subset Y, C Y, is open, the restriction Wo()=W ()Y, is differential and satisfies

the basic differential inequalities :

inf [DWO (25) . f (2i,0,7) + fo (a:i,u,U)] >0 (2.39)

u€l(z;), 5V (2;)

sup [ DWo (i) .f (21,7, 0) + fo (w5, ,0)| <0 (2.40)

€U (z;), veV ()

3. Either the admissible controls are requlated (i.e., U, X Vo = U, X V,), or WO (.) is locally

Lipschitz (in particular, of class C*).

Then ([7 (), V ()) are optimal in the sense of Definition 2.7.
Remark 2.12. .

1. One may note that the differential inequalities in (2.39 — 2.40) are equivalent with

Isaacs” basic equation (see, [32]):

i DW 1) - 79 Wy + 79 Wy i|7
uggwggj o (2) . f (@i, u,0) + fo (2, u, )

= ma min DW Zi) . J (Ti,u,v) + wiyuav:|7
VeV (mr) uEU(xi)[ o () f( )+ fo( )

= DW, () .f (2:,0,0) + fo (z:,0,0) =0V (w,0) € U (z;) x V (x;).

2. Theorem 2.9 can be viewed as a variant of Isaac’s Elementary Verification Theorem
4.4.1in [32]. However, Isaac’s Theorem is often applied informally to problems
where the value function does not fully meet its assumptions. For the examples in
[32], where the domain Y, in (2.27) of the proper value function W, (.) is not open
or the restriction W () |Y; is not differentiable, rigorous solutions can be achieved.
Achieving these solutions requires refinements and extensions of Theorem 2.11,
which can be developed using concepts and results from Nonsmooth Analysis, as

described in [55].
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A natural and significant extension of Theorem 2.11 arises when the proper value

function W, ()= W ()Y, is differentiably stratified in the sense of Definition 1.13. In

this case, we adopt the following notations:

Ur (xz;,v) = {u eUl(xy); f(zu,v) € Txffs} eV (xy), (2.41)
Vi (25,0) = {v eV (:); f(xi,u,0) € T?} welU(z), o ey, (242)

where T}, denotes the stratified tangent space as defined in Definition 1.11.
Using the properties of stratified sets and mappings described in Section 1.2, we

derive the Verification theorem for stratified value functions, as stated in [54].

Theorem 2.13 (Verification Theorem for Stratified Value Functions, [54]). Let ((7 (), V ())
be a pair of admissible feedback strategies in the sense of Definition 2.6 and assume that the

associated value function W (.) in (2.27) has the following properties:

—~

(i) W (.) is continuous at the terminal points in )~/f defined in (2.28).

(17) The restriction W, ()= W () |Y, is differentiably stratified in the sense of Definition 1.13

and its stratified derivatives in Definition 1.14 satisfy the following pair of differential

inequalities:
inf [DWO () . f (x5, u,0) + fo (s, u,ﬁ)] > 0 (2.43)
ueUp (a:ij), EEV(xi)
sup DWy () .f (24,3, v) + fo (2,7, U)] <0 (2.44)

€U (z;), v€Vr (x4,4)

(1ii) Either Wo (.) is continuous and the admissible controls are regulated (i.e., P, = P,) or

Wo () is locally Lipschitz.

Then ([7 (), V ()) are optimal in the sense of Definition 2.7.

Another significant extension of Theorem 2.9 can be obtained when the proper value
function W, (.) is contingent differentiable. This leads to the verification theorem for
contingent differentiable value functions. Similarly, in the case of locally Lipschitz
value functions, applying the first part of Hypothesis (ii) from the previous theorem
results in the verification theorem for locally Lipschitz value functions. Furthermore,
additional cases align with the verification theorems for value functions that are lower

semicontinuous or upper semicontinuous.



2.4 The general algorithm of Dynamic Programming Method 41

2.4 The general algorithm of Dynamic Programming Method

To facilitate the practical application of the comprehensive results developed in the
preceding sections to the autonomous differential game (DG 4) formulated in Section
2.1, we summarize these findings in the form of a theoretical dynamic programming
algorithm, as proposed in [55] and [56] as follows:

Step.1. Preliminary operations

1.1. Statement of the problem and identification of the data:

In this step, the problem is formulated in its standard form as defined in Problem 1,
using the data and framework outlined in Section 2.1.

1.2. Compute the auxiliary Hamiltonians and the sets of extremal points:

H(z,u,v) = (pi, f(zi,u,v)) + folzi,u,v),

H(z,u) = sup H(ws,pi,u,v),

veV(z;)
_ _inf
H™(z,v) uelél(xi)H(z,u,v),
H*(z)= inf H"(z,u), (2.45)
weU(z;)

H (z) = sup H (z,v),

veV (x;)

Ut(z)={ueU(x) | H'(z,@) = H*(2)},
Vi) ={veV(w) |H (0 =H ()}, zeY,xR"
where, the domain Z of Isaac’s Hamiltonian is specified as follows:

Z= {zeYyxR" H"(z)=H (2),

~ - (2.46)
Ut (2) #0, V™ (2) # 0},
Isaac’s condition is described as follows:
H((z)=H"(2)=H (2),z€ Z,
(2) (2) (2),2 (2.47)

U(x)=0"(2), V(z)=V"(2),
as well as, the Hamiltonian should be continued at the terminal points in the following
way:
7 = {ZO €Y; xR", 3H (z(o)) = ZalirEZOH (z)} ) (2.48)
Remark 2.14. Depending on the problem data, several cases may arise concerning the

initial set Y;:
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e If the set Y; is not open, In this case, the state constraints in (2.6) become active.
Consequently, the admissible control sets U (z;) and V' (z;), must be restricted by
removing directions f (x;,u, v) in (2.3) that, would lead to trajectories exiting the

set Y.

e If the set Y is stratified, in the sense of Definition 1.10. Here, the sets U (z;) , and
V (x;) must be replaced with the restricted sets defined in (2.41 — 2.42). Substi-
tuting these into the expressions in (2.45 — 2.47) leads to the construction of a

geometric Isaac’s Hamiltonian Hr (., .).

* As can be observed from optimal control theory (e.g., [55]), when state constraints
in (2.6) are active, the use of the constrained Hamiltonian Hr (., .) typically leads

to a more accurate and effective characterization of the solution.

In the subsequent analysis, one may utilize either Isaac’s Hamiltonian H (.,.) in
(2.46 — 2.47) which is preferable when Y, = Int (Y;) C R", or the restricted Hamiltonian
Hr(.,.) as introduced in Remark 2.14, which is applicable when Y; is not open. To
simplify the notation, however, we shall consider only the first case in the following
discussion.

Step.2. Construction of the generalized Hamiltonian and the characteristic flow

2.1. The set of terminal transversality points:

If the terminal function ¢ (.) : Yy — R is stratified in the sense of Definition 1.13,
specifically, if Y7 is a differentiable manifold and ¢ (.) is differentiable function, then the

set of terminal transversality points is defined as:
Zi ={2=(&q) € Z, €Yy, H(2%)=0,<q&>=Dg(§) & VE€ Y} (249)

2.2. The Hamiltonian orientor field:
If Isaacs Hamiltonian H(.,.) : Z — R is stratified then, the Hamiltonian orientor

field d% H (., .) defined as:

dZH (2) = {2 € T.Z, :Bgef(zi,ﬁ z ,\7 z),

§H(z) =A{ (2),V (2) 2.50)
<ahp;>—<p,T >=DH (2)zZ,VzZeT,Z}.

Furthermore, in the open strata S € Sy (i.e., dim(s) = 2n), the Hamiltonian orientor

field described in (2.50) coincides with the classical Hamiltonian vector field given by:

JEH (2) = {(gg (2), —Zf (z)> } WaeSe S (2.51)
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2.3. Construction of a generalized Hamiltonian flows:
Given a Hamiltonian field d# H (z) = d% H (z) and the corresponding set of terminal
points Z; = Z;, the Hamiltonian differential inclusion integrated backward in time

(t; <0), is expressed as follows:
Zed?H (2), 2(0) = (£,q) = 2 € Z7. (2.52)

For each terminal point z, = (§, ¢) € Z;, we determine the set of maximal solutions

X/ (.,.) such that:
X: () =X (), P(,.) I (20) = (t; (20),0] = R" x R™. (2.53)

If for the same terminal point z, € Z] there exists more than one solution, the set of
solutions X* (., .) should be parameterized in the following manner:
X7 (va) = (X (sa), P (@) s 1 (a) = (t (a) 0] = Z.
a=(z0,\) € A= Graph(\), zy € Zf, A € A(2),

the solutions X} (.,a) = (X; (.,a), P, (., a)) of differential inclusion (2.52) associated to

Problem 1, satisfy the following conditions:

X:(0,a) = (6,q)=z2€Z5ifa=(20,)) €A NEA (), (2.54)
Xi(ta) € YoVt e Iy(a) = (& (a),0), (2.55)
H(X:(t,a), P (ti,a) = 0,V € I(a)=(t (a),0], (2.56)
X! (tna) = f(X(t0),ua(t) 00 (), e (Io(a)), (2.57)

Ua (t;) € U (X (t,a)),va (t:) € V(X7 (ti,a)), Y € Iy (a) . (2.58)

2.4. The generalized characteristic flow:

Characterize the following function V (., a), defined as:

V(ti,a) =g (&) + /Oti < P;(s,a),X|(s,a) > ds (2.59)

where, a = (£,¢,A), X (.,a) is the derivative of the mapping X; (., a) as well as, the
mapping C* (.,.) = (X; (.,.),V (.,.)) is the generalized characteristic flow associated to
Problem 1. Note also that if the subset By C (—o0,0) x A is defined as:

BOZ{(ti7CL>; aGA, tiEIO (CL)},
A={a=(z,N), z€Zf, xe A(2)}.

(2.60)
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Then, it follows from the definitions above that for any (¢;,a) € B, the mapping

Ut,a (S) = Uq (tz + S) y Uta (5) = Vg (tz + 5) ) (261)

Tra(s) = X(ti+s,a), se|0,—t],

are admissible controls and respectively trajectories with respect to the initial point
y; = X, (t;,a) € Yy and moreover, the corresponding value of the payoff functional in

(2.1) is given by the formula:
C (Yisuta (), 00 (.) =V (ti,a) if y; = X, (¢, a) € By. (2.62)

Step.3. Admissible Value Functions and Strategies
3.1. Admissible extreme proper value functions:

Compute the marginal characteristic value functions

W(;n (yl) = inf V (tia a) ) Wéw (yZ) = sup (ti’ CL) )

Xi(ti,a)=y; Xi(ti,a)=y;
B (y’L = {(t“a) € BO7 X’L (t’ha) = Yi, V(twa’) = W(;n (yl)}7
E yz {(tza (l) € B07 (tw a Yi, (tiu CL) = W({w (yl)} ) (263)

)

(4:) = )=
"= {n € Xi(B). B (w) 0},
V= {v € Xi (B, Bur () # 0}

Let us consider, W, (yi) € {W§ (vi), W' (yi)} with By (y;) € {Em (vi), Bu (yl)},
Yy, € Y, € {Y™, YMY, W, () is admissible in the sense that the set By (.) is defined by:

By (yi) = {(ti,a) € By (.), w0 (5) € i,

- (2.64)
(ti +s,a) € By (24,4 (s)) Vs € [0, —t;)},

having as proprieties:
By (y;) # 0, Yy € Y, € {Y[", YM}. (2.65)

3.2. Admissible intermediate proper value functions:
If the marginale proper value functions W™ (.) and W (.) are not admissible in the
sense of (2.65), then an “intermediate” proper value fuction can be introduced. may be

taken as:

Wo () € [Wg" (u) . W' ()] Vs € Yo C YUY,
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Furthermore, the corresponding multifunction B, (.), defined in (2.63) is expressed

as:

~

Bo () = { (ti,) € Bo, V (t:,0) = Wo ()} 0. (2.66)
where, By (.) defines in (2.64), which is admissible in the sense of (2.65).

Remark 2.15. Note that if X; (.,.) is invertible at (¢;,a) € By with the inverse:

~ ~

Bo (y:) = X ()™ () = B (1) = Bar ().
then,
W () = W (i) =V (Bo () (2.67)
Moreover, it follows from (2.60) that, if the function W, () =Wr()=wHM()is
differentiable at the point y; € Int (}78) , then its derivative is given by:
DWo (i) = Pi (i) = Pi (Bo () (2.68)
and verifies the equation:
where
Uw) =0 (3 i) V) = V (9 P ()

are the corresponding candidates for optimal feedback strategies. From (2.45), it follows

that, the value function W, (.) verifies Isaac’s basic equation :
min max [DWO (yi) . f (i, u, ) + fo (2, u, v)] =
u€U (y:)veV (y:)

= max min |DW, ) f (2, u,v) + Ii,u,v}zo,
veV (yi)uel (i) [ o) -f( )+ fo( )

(2.70)

Due to these relations, the computations and the arguments to follow may be
significantly simplified if the characteristic flow may be split into a finite collection of
smooth invertible characteristic flows, C7 (.,.), j = 1, k, so, that the marginal proper

value functions in (2.63) may be represented by:

m () = min W7 (v,
We" (y:) = min W (y:)

| _ (2.71)
Wo" (yi) = max Wy (), Vi € ¥,

where, W{ (.) are differentiable functions of the form in (2.65) satisfying relations of the

forms in (2.66) — (2.68).
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3.3. Selections of admissibles controls and trajectories
For each propre value function Wo (.) identified in Steps (3.1 — 3.2) which is admis-

sible in the sense of (2.66), identify the set of terminal points:

?f = {xti7a <_tl) = f c Yf7 (ti,a) € EO (yz) , a = (f,q,)\) c A} s (272)

the corresponging selections of admissible controls and trajectories are given as:

7~5a — {(uti,a (), v (), (ti,a) € By (%)}’ (2.73)
Qa —

{@0a (), (t0) € Boy) }
where uy, , (.) , vy,.4 (-) and zy, , (.) are the mapping in (2.61). In addition, the correspond-

ing value function is defined as:

— { gy) ify ey, (2.74)

Wiy) =9 ~— ~
Wo (i) ifyi €Y,
and, together with a suitable pair of feedback strategies, should satisfy the admissibility
conditions in (2.21) and (2.25).

3.4. Admissible feedback strategies:

As stated in [56], feedback strategies play an important role in analyzing and solving
differential games and optimal control problems. These strategies help balance theo-
retical solutions with practical applications and are essential for identifying optimal
or acceptable solutions from the perspective of all players. However, retrieving and
defining suitable feedback strategies remains a mathematical challenge that has not
been fully resolved in general contexts. In some cases, this may require relying on
specific arguments and computations. Based on these findings, systematic approaches
can be developed to determine optimal strategies using theoretical foundations and
practical experience in solving differential problems.

For each a = (£,¢,\) € Aidentify the sets U (a) and V (a) of the controls u, (.) and
v, (.) respectively, that satisfy the conditions in (2.57 — 2.58). Additionally, compute the

corresponding multifunctions:

U (ti;a) = {ua (t:) , ua (t:) € U ()},

_ (2.75)
V (ti,a) ={vg (), va (t;) € V(a)}.

Finally, for each proper value function W (.) identified in Steps (3.1 — 3.2), that is

admissible, use the corresponding multifunction By (.) in (2.66) and the multifunctions
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in (2.75) to define the corresponding pairs of feedback strategies:

Uly) =0 (Eo (%‘)) Vi) =V (EO (:%)) , yi €Y, (2.76)
that, obviously, are admissible in the sense of Defintion 2.6, since one may take §~2a (vs),
y; € Y, in (2.73) as the (multi-)selection of admissible (possibly optimal) trajectories that
satisfy the conditions in (2.3 — 2.27).

Note that at some points y; € }75, these feedback strategies can be expressed in a

simpler form:

R

(yi) = U (yué (%)) 5
(y:) =V (y P (yz-)) , (2.77)
(yi) = Pi (B\o (%)) ;

where, U (.,.) and V (_,.) are the marginal multifunctions in (2.46 — 2.47) and of the

BRI

component P (., .) of the Hamiltonian flow in (2.54 — 2.58).

Step.4.. Proof of Relative Optimality

Select one of the admissible value functions W (.) from equation (2.74), giving pref-
erence to the one with the best regularity properties. Then, identify the corresponding
admissible feedback strategies U(.)and V (.) from equation (2.76), potentially consider-
ing suitable sub-multifunctions. Utilize one of the verification theorems from Section
2.3 (or another relevant theorem from [54]) to demonstrate the relative optimality of the

Y..

solution, as defined in Definition 2.7, for the restricted problem DG 4

It should be noted that the value function satisfying the "optimality" conditions of
Definition 2.7 (if it exists) is uniquely determined under certain assumptions. However,
the associated pair of optimal feedback strategies, ([7 (),V ()), is not necessarily
unique. As highlighted in step 3.4, the original feedback strategies described in (2.77)
may be reduced to multifunctions that satisfy the relevant differential inequalities
required by the verification theorems. Nonetheless, it is prudent to identify the largest
multifunctions satisfying these properties, as recommended in [51].

The complex task of computing (or at least estimating) the generalized derivatives
of the value function W (.) in equation (2.74), as well as verifying the differential

inequalities, can be significantly simplified by employing the following techniques:

¢ Applying the fundamental differential property, which involves smooth partial

characteristic flows.
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 Utilizing appropriate chain rules to compute the generalized derivatives of the

marginal functions W (.) and W@ (.), as given in equation (2.63).

* Representing the value function using one of the forms in equation (2.71), ex-
pressed through smooth partial value functions W (.), where j = 1,--- , k. Each

of these functions satisfies specific conditions given in equations (2.67 — 2.70).

4.1. End-point regularity propreties:
Check whether the value function is continuous at the end-point in (2.72) in this
sense that:

3 Lim Wo()=W(€) =g(&) Ve €Y. (2.78)

)73 Sy —E&

4.2. Stratified proper value functions

Check the following hypothesis:

1. The value function W (.) in(3.48) is continuous at the terminal points in Y; as
defined in (2.78). Moreover, its restriction Wo () = W () |Y; is both continuous

and stratified, in the sense of Definition1.13.

2. Compute the stratified derivatives of Wo (.) according to Definition1.13. Identify
the multifunctions Uy (.) and V7 (.), which are defined in (2.41) — (2.42). Verify
that the multifunctions U (.) and V (), as given in equation (3.50), satisfy the
differential inequalities stated in (2.43) and (2.44).

Next, apply Theroem 2.13 from Section 2.3 to conclude that U(.),V()are relatively
optimal within the restricted class (2, of regular trajectories, which are generated
by the control class P, = U, x V.. Furthermore, if WO (.) is also locally Lipschitz,
then U (.), V (.) remain relatively optimal in the broader class €2, of absolutely

continuous (AC) trajectories.

Chapter 3 will focus on the study and analysis of the War of Attrition and Attack Differ-
ential Game, a problem originally introduced in Isaacs’s seminal work Differential Games
[32]. The main objective is to apply the dynamic programming approach discussed in

the current chapter to characterize all optimal trajectories associated with this game.



CHAPTER

On Isaac’s War Game of Attrition and Attack

using dynamic programming approach

3.1 Introduction

In this chapter, we study a well-known differential game called the War of Attrition and
Attack, first introduced by Isaac in 1965. We use the dynamic programming method
developed by Mirica in 2004 to find optimal strategies for this game. This modern
approach helps use extend the classical model and gives a complete and solid solution
within the framework of differential games.

One of the main goals of this work is to find and study feedback strategies. These are
special types of strategies that change based on the current state of the system. Unlike
fixed strategies, feedback strategies are more flexible and better suited for real-time
decision-making, especially in conflict situations like war. They represent an important
improvement compared to other types of strategies used in game theory.

To build these strategies and the related value function, we use a refined version of
Cauchy’s Method of Characteristics, which is adapted to work with stratified Hamilton-
Jacobi equations. Then, we prove that the strategies are truly optimal using a simple
but effective result called the Elementary Verification Theorem. This result helps use
confirm that the value function satisfies the conditions needed for optimality.

Overall, this chapter provides a new contribution to the study of differential games

by offering a clear and practical way to solve a classic problem using feedback strategies.



50 On Isaac’s War Game of Attrition and Attack

It also shows the benefits of using dynamic programming and feedback control in
modeling strategic situations like war.

The set of results obtained in this chapter has been the subject of an article published

in “Journal of Games, MDPI ” [6].

3.2 Formulation of the problem

In [32], it has been considered a warfare game model between two nations U and V,

engaged in a protracted war, that consists in optimizing the cost functional given by:

Clu(),v()) = /O vt (1) — (U u (1), (1)) ds (3.1)
and defined by the warfare dynamic system:

= (my — c1v (&) Ty, ma — cou (t;) iy, —1), 2; (0) = x4,
(u(t;),v(t;)) € 10,1] x [0,1], t € [0, ¢] (3.2)

T, ERi, c1 > co >0,

the involved functions have the following significance:

* x; (t;), z, (t;) : represent the force of the nations U and V respectively at ¢; € [0,#¢];

my, my : the weapon production rate of the nations U and V respectively;

* ¢y, ¢y : are the measure of weapon effectiveness of V versus U and U versus V

respectively;

u (t;) and v (t;) : represent the strategies of the two nations (or players) involved
in the game. Specifically, u (¢;) is the strategy chosen by nation U (the attacker),
which determines the intensity or allocation of its military efforts over time ¢;. The
value of u (¢;) is constrained within the interval [0, 1], where u(¢;) = 0 represents
no attack, and u(t;) = 1 represents the maximum possible attack effort. In relation
to v (t;) it is the strategy chosen by nation V (the defender), representing how
much effort it allocates to defending itself at any time ¢;. Similar to u(t;), v(t;) lies
within [0, 1], with v(¢;) = 0 indicating no defense effort and v(¢;) = 1 representing

the maximum defense effort.
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* The first and second equation of system (3.2) represent, the rate of change of

nation U’s military forces over time (respectively, the rate of change of nation V’s

military forces). While, The third equation models the time evolution within the

game. It implies that time is decreasing uniformly, as the conflict proceeds, from

t; to 0. This negative time progression is a standard feature in differential games

to reflect the countdown toward the end of the game.

From the intuitive formulation of the problem in (3.1) and (3.2), it understood that,

there are two nations (players), U and respectivel, V they can choose, an optimal strategy

u (.) respectively, v (.) for which the dynamic system in (3.2) generate a trajectory

Z; (.) = x4, (.) and such that, the player U tries to minimize the cost functional C (., v (.)),

while the player V tries to maximize the cost functional C (u (.),.).

3.2.1 Dynamic Programming Formulation

In order to use the Dynamic Programming approach in [55, 56] , we reformulate the

problem (3.1) and (3.2) using standard notations in game theory and embedding this

problem in a set of problems associated to each initial point in the phase-space as in

[13, 14, 15]. We obtain the following standard Lagrangian autonomous differential game

problem which, in a rather vague formulation, may be stated as:

Problem 2. Given my, mo > 0, ¢; > ¢ > 0. Find:

inf sup Clyiul.),v(.), Yy; € Y5,
ul. ’U()

subject to:
Clys;u(.),v(.)) = glai(ty)) + fy" folwi(ts), ults), v(t:))dts, y; € Y,
zi(ti) = f(@i(t), u(ts), v(t:)) ae. (0,t5), 5(0) = y;,
u(t;) € Uxi(t;)), v(t;) € V(zi(t;)) a.e. (0,t),
1) €, (u(),0()) € P, folwi()ul)v()) € L (0,1, R),
zi(t;) € Yy, Vi, € [0,ty), z;(ty) € Yy,
defined by the following data:
f(zi,u,v) = (my — crox;,, my — couzy,, —1)
fo(zi,u,v) = (1 —v)zy, — (1 —w)wy,
Ulz;) =U=1[0,1], V(z;) =V =10,1], g(§) =0, V{ € Y;
Y, =RT xR* x [0,t7), Yy = R* x RT x {0}.

(3.3)

(3.4)

(3.5)
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where P = U x V is the (largest) class of measurable admissible control functions
(u(.),v(.)) and Q is the corresponding class of absolutely continuous admissible trajecto-

ries.

3.2.2 The Hamiltonian and the set of transversely terminal points

The pseudo-Hamiltonian #(xz;, p;, u,v) = (p;, f(xi, u,v)) + fo(x;, u,v) is given in our case

by:
H<xi7pi> u, U) =Py + Piy T2 — Pig + Tiy — Tjy + LE'“<1 - 62p’i2)u - x12(]‘ + Clph)vv (36)

where, p; represents Lagrange multipliers, using the fact that:

. 0 if p, <L
min,ey [(1 — copsy)u| = . 2 C12
1-— CoPiy if Diy > 2

maxyey [—(1 4 e1py, )v] = )
~(1+eapy) if p, < -2

hence, the corresponding extrem value of the control parameters is given by the formu-

las:
( (0} if p, <L
Uzi,pi) = U(pi) = {1} if py, > =
| U=10.1) if pi = 1 7
{0} if pi, >—
V(i pi) = Vip) = {1} if pi, <—5
| V= [0,1] if p;, = —é.

The Isaac’s Hamiltonian:

Hi)i: I iy Piy Wy = 1 iy Piy Wy ) iy P Z =d H')' )
(s, pi) = minmax#(z;, pi, u, v) = maxmin H(z;, pi, u, v), (zi, pi) € om (H(.,.))

as well as its domain Z are stratified by the stratification Sy = {Z+*, Z++F 70+ 70,
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70} defined by:
zrt ={(xip) € Zipiy > — 5,0 > o)
z+= ={(wi,pi) € Z:piy > — o pin < )
24 = {(wp) € Zipy > L, py = 1)
27 = {(wp) € Zipy <~ p > L)
Z77 ={(wi,pi) € Z :piy, < _é’ Piz < é} &
Z70 ={(zip) € Z 1 pi < —1pi = ;)
2% ={@p) € Zipy = 5 pu < )
Z% ={(zipi) € Z : piy = _é’ Piz = é}

If we denote by H**(.,.) = H(.,.) |pes, H*F(,.) = H(.,.) |pes, H(,.) =
H(.,.) |geo, HO®(, ) = H(.,.) | gos, HOO(, ) = H(.,.) | oo we get:

H™ % (i, pi) = piyma + pip (M2 — caiy) — pi + T,

H™ 7 (4, pi) = piyma + PiyMa — Pig + Ty — T4y

H*(i,pi) = piyma + T2 = Dig + Tiy — Ty

H= % (@i, pi) = piy (M1 — a1iy) + pin (Ma — caxi,) — piy

H™" (@i, pi) = piy (m1 — c123,) + pi;ma — piy — Ty (3.9)
H=(i,pi) = piy (M1 — 1) + T2 — Dig — Ty

H%*(z;,p;) = — + pin (M2 — caiy) — P + Tiy

HO (zi,pi) = =% + piyma — iy + Tiy — Ty

00( . ) — M1 | m2 _ . L.
H (25, pi) = =" + 122 — piy + Ty, — Ty -

Next, we need to compute the set of terminal transversality values defined in the

general case by:

Zi _={(q) €Yy xR*: H(q) =0, (q,€) = Dg(§)&, V€ € TeYy}

e s (3.10)
Dg(€) = 2()E.
Lemma 3.1. the set of terminal transversality values Z* in our case is given by:
Z* ={((s1,52,0),(0,0,55 = 51)); 81, 55 >0} C Z"". (3.11)

proof of Lemma 3.1. Since, g (£) = 0 and the tangent space T¢Y; = R x R x {0} then, it
follows from (3.10) that, &, + g€, + q3€3 = 0, V€, €, € R, &, = 0 and therefore:
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@1 =q=0gcR

Starting from the fact that, for £ = (s1,52,0) € Y3, ¢=(0,0,¢3), g3 e R. If 2 = (£,q) €
Z*+* U Z=% then, we obtain the following contradictions, ¢, = Oé, ¢ =0-— é, and if
2= (6,9 € ZF0UZ% U Z* we get s = - # 0and ¢ = —- # 0. Therefore, the only
admissible trajectories are the ones which have segments on the stratum Z*~ because,
¢ =0> —é, p=0< é Besides, using the fact that, H"~(£,q) = —gz + 52 — 51, = 0

hence, g3 = s9 — 1. O

3.3 Generalized Hamiltonian and characteristic flow

The first main computational operation consists in the backward integration for ¢; <0,

of the Hamiltonian inclusion:

defined by the generalized Hamiltonian orientor field d%H{(., .) :

~

d?gH(xi;Pz') = {(fﬁz;pz) € T(xi,pi)Z; T € f(Im ﬁ<xiapi)7 V(xhpi))a
(75, 5) — (Dir Ts) = DH (4, 0:) (T3, 01), ¥ (T3, p5) € T(:Ei,pi)Z} ;

(3.13)

where, DH (z;,p;) (Z;, p;) denotes the directional derivative of Hamiltonian function
H (.,.) at the point (z;,p;) € Z in the direction (7;,p;) € 1, »,)Z and is described as

follows:
o0H oH

DH (z;, pi) (T3, pi) = Dz (@i, p:) Ti + op (@i, pi) Pi

As it is specified in the Algorithm described in [55, 56], for each terminal point
zo = (£,q) € Z* one should identify the maximal solutions X*(.) = (X;(.), P(.)) :
I(z9) = (t; (20),0] = Z, of the Hamiltonian inclusion in (3.12) that satisfy the following

conditions:
Xi(t:) € Y Vt; € Io(20) = (t; (20),0),

X;(t:) = f(X;(t:), u(t:), v(t;)) a.e. Io(zo), (3.14)

u(t;) € U(XF (1)), v(t;) € V(X (t:)), ae. Io(z).
If there are several solutions for the same terminal point zy = (£,q) € Z*, it is
necessary to parameterize all these solutions by A € A (z) in order to obtain the gener-

alized Hamiltonian flow X} (.,.) = (X;(.,.), B(.,.)) : B={(t;,a),t; € [ (a) a € A} — Z;
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A = graph (A (), a = (z0,\). We recall also the fact that, for each (t;,a) € By =
{(t;,a) € B,t; # 0} the Hamiltonian flow X/(.,.) defines the controls and respectively

the trajectories:

Ut;,a (S) = Uq (tl + S) y Uta (S> = Uq (tl + S) , 8§ € [07 _tz]
Tiy, . (8) = Xi (ti + s,a),

(3.15)

which are admissible with respect to the initial point y; = X; (¢;, a) € Y;, and for which,
the value of the cost functional in (3.4) is given by the function V' (., .) defined by:

t;

V(ti,a) =g(&) + /(B (0,a),X, (0,a))do, a = (z0,\), (3.16)

0
and which, together with the Hamiltonian flow X/ (.,.) = (X (.,.), P; (.,.)) defines the
generalized characteristic flow C* (.,.) = (X7 (.,.),V (.,.)), using the definition of the
Hamiltonian H (.,.) and the second condition in (3.14) one has < P, (0,a), X; (0,a) >
= —fo(Xi(0,a),u (X} (0,a)),v(X} (0,a))),it follows from (3.3) that, the function V'(., .)

having as formula:
V(ti,a) Z/Oi((l —u (X7 (0,a))) Xi, (0,0) = (1 =V (X] (0,0))) X, (0, a)) do,  (3.17)

therefore, it follows from (3.8) and (3.9) that, the Hamiltonian orientor field dgH (.,.)1s

given by the formulas:

dgHi’i(%,pz‘)
dgHi;(%,pz‘)

if (vi,pi) € 257
if (i, pi)

dsH (ziypi) = { dLHEO(ws,ps) i (24, p5) € 250 (3.18)
if (
if (

i, Pi) € ZEF

dgHo’i(%’api)

A% HOO (24, ;) i, pi) € Z°°.

xmpz) € ZOV:‘:
)

\
Since the manifolds Z** Z+% C Z are open subsets, the Hamiltonian orientor
fields d% H+=(.,.) and d H*¥(.,.) in (3.13) coincide with classical Hamiltonian vector

fields:

+,+ +,+
dﬁSHi’i(%,pi) = {(wépi (24, D), —agxi (%>Pi)}>
=+, =+,
d5HSF (24, pi) = {(agpi(%?pi% —8gmf(xi7pz‘)}y

which are easy to calculate and will be described and studied later. While, on the

(3.19)

singular stratum Z € {Z*0, 70 709} the corresponding Hamiltonian field ¢4 H(.,.) €
{d%]—[ivo(., ), dEHOE(), dLHOO(, )} is characterized by the following result.
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Lemma 3.2. For any (z;, p;) € Z one has:
d%H (25, p;) = 0. (3.20)

proof of Lemma 3.2. If (z;,p;) € Z*°, in order to compute the generalized Hamiltonian
field d%, H=9(., ), we note first that, according to some classical results as in [55], the

tangent space to the 5-dimensional manifolds Z*? is given by:
Tw,py 27" = {(i, ;) € R*xR?; pi, = 0}, (3.21)

and DH™(z;, p;) (%, p;) = —T;, + Ty, + mips, — Pi,- Therefore, the condition (74, p;) —
(i, ;) = DH(;, p;) (&, pi) is fully characterized by the expression:

(P;1 — 1)@y, + (1 + pi,) T4, +P;3fz‘3 + (my — $;1)Z5z'1 - $;2]5i2 - (x;g + 1)pi, = 0,

(3.22)
Vi, b, €ERj=1, 2, 3.
It follows that, at each point (z;,p;) € Z*° one has:
I‘;l = ma, ZE;2 = 0, I‘;S = —17 p;l = 17 p;Q = —17 p;g = 07 (323)

since (2}, p}) € T(u; pZ 0 then, p), = 0, this contradicts the fact that p;, = —1.
Symmetrically, on the stratum Z—° working as in the previous case we obtain:

/

L =0, 2, =-1,p, =1, p, =cp,, p, =0, (3.24)

/
T, =My — CliﬂiQ, .Z'Z

i1
since (2}, p}) € T(z, p 2 then, pi, = 0. While, from (3.24) it follows that, p;, = 0 that
contradicts the fact that (z;, p;) € Z. Concerning the strata Z"*, the proof is done in
the same way as in the previous cases.
Next, on the stratum Z%°, using the same type of computations and arguments as in
above, we get:
T(:vz',pi)ZO’O = {(Tz‘aﬁ) € R? x ]RQS (@17]_71‘2) = (070)}7
DH® (z;, p;) (T3, i) = —Ti, + Tiy — Dj-

(3.25)

While, the condition (z},p;) — (p}, T;) = DH"° (2, p;) (%7, Pi) is characterized by the
expression:
(Ph, = 1) @iy + (03, +1) Tiy — (2, + 1) Py + P} Ti, =0, VT, Py, €R, j=1,2,3
from here we deduce that, at each point (z;,p;) € Z°° one has:

(xgl,x;2) € R?, xQS =1, pél =1, p;2 =1, p;3 =0

the fact that, (2}, p}) € T(s, ) 2"° gives p; = 0 # 1 and p), = 0 # —1, which leads to a

contradiction. ]
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3.3.1 The Hamiltonian system on the open stratum Z*

On the open stratum Z** for which, p;, > —Z and p;, > é the differential inclusion in

(3.19) coincides with the smooth Hamiltonian system:

x; = (mq, mg — cox;y, —1)

, (3.26)
p;, = (pi2627 _17 O)

Standard results from differential equations theory show that the general solution of

system (3.26) is described by the formulas:

£C+’+(ti) = (mlti -+ kl, —%t? + (m2 — Cgkl)ti + kQ, —ti + kg), ti <0

(3.27)
p+’+(t,-) = (—%Qt? + k4CQtZ’ + ]{35, —t; + k4, kﬁ), /{Zj S R, j = 1, ceey 6.

3.3.2 The Hamiltonian system on the open stratum Z*~

On the open stratum Z*~ for which p;, > —é and p;, < é the differential inclusion in

(3.19) coincides with the Hamiltonian system:

T = (mq,ma, —1)

k (3.28)
p; = (17 _17 0)7

its general solution is described by:

. (3.29)

2 (t) = (mat; + ki, mot; + ky, —t; + k), £; < 0
P (t) = (ti + kg, —ti + ks, k), kj €R, j=1,..,6.

3.3.3 The Hamiltonian system on the open stratum 7+

On the stratum Z~* for which p;, < —_- and p;, > - differential inclusion (3.19)

coincides with Hamiltonian system:

/
z; = (—c1xi, + My, —Comy + Mo, —1)

, (3.30)
b; = (02pi27 C1Piy 0)7
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which has as a general solution:

;

2y (1) = ke VOBl 4 fpevEret 4 2 g, < ()

$;+(tl) = ]{1\/%6*\/@% — ko %6mti +

i, () = —ti + ks, 631
pi () = kyem VARl 4 fgevercats

Py () = —k’4\/g6_mti + ks [ SVt

P () =ke, kj €R, j=1,...,6.

3.3.4 The Hamiltonian system on the open stratum 2~

On the open stratum Z~~ for which p;, < —_- and p;, < - the differential inclusion in

(3.19) coincides with the smooth Hamiltonian system:

x; = (mq — 124y, Mg, —1) (3.32)
p; = (1,c1pi,,0),

which, in turn has the general solution:

z; (t) = (—%clmgt% + (m1 — ciky)t; + ko, mot; + ki, —t; + k3), t; < 0 (3.33)
pi (L) = (L + ka, %Clt? + c1kat; + ks, ks), kj €R, j=1,...,6. |

3.4 Construction of Hamiltonian flows

3.4.1 The Hamiltonian flow ending on the stratum 7"~

In this section, we describe the partial Hamiltonian flow which his trajectories have
terminal segments on the stratum Z*~. Consider the general solution in (3.29) an
admissible trajectory X (., z) = (X;"7(,2), P77 (., 2)), 2 € Z* of system (3.28). This
trajectory should satisfy the terminal conditions from the set of transversality terminal
points Z* and X/, (t,2) € Z©7, Vt; < 0. From the terminal condition in (3.11) it
follows that, k; = s1, ko = s9, ks = ks = ks = 0 and kg = so — s;. Therefore, we obtain
the solution of the differential system in (3.28) in the form of maximal flow, with its

components are given by the formulas:
X;r’i(ti, S1, 82) = (mlti + s1, mot; + S92, —ti), t; < 0

(3.34)
-Pi+7_(ti7817 82) - (t27 _tia So — Sl); S1, S2 Z 0
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From the Dynamic Programming algorithm in [55, 56], it follows that we must retain
only the trajectories X} (., s1,2), 51, s2 > 0 that satisfy the conditions in (3.14). We
note that the second condition in (3.14) is automatically satisfied since H™~(.,.) defined

in (3.9) is a first integral of the differential system in (3.28) , hence:

+,— 1 +,— 1
Pr(t) > =, By (L) <

21

H+7_<Xi>:_,_(ti7 51, 52)) = 0, th < 0.

(3.35)

The admissible trajectories X (., 51,52), s1, s2 > 0 must satisfy also the conditions:

X;:ﬁf (tza S1, 82) - (X:_7_(ti7 S1, 82)’ ‘Pi—h_ (tla S1, 82)) S Z+’7

(3.36)
X7;~_7_(ti,51,32) € YS = R+ X R+ X (O7tf)’

on the maximal intervals 7~ (s, s2) = (777 (s1, $2),0), 51, 52 > 0, hence, the extremity

757(.,.) is defined by:

77 (81, 82) = maX{Tf“_(Sh 32)77';7_}
77 (s1,82) = inf{7 < 0; X;"7 (t;,51,82) € Y, Vt; € (7,0)}, (3.37)
7'2+’7 = inf{7r < 0; P:i(tz) > _é7 Pz;ri@z) < é’ vti € (1,0)}.

Trying to obtain an explicit formula for the extremity 7+~ (., .). To this end, it follows
from (3.34) as well as from the fact that, ¢; > ¢, then, P (t;) = t; > —é > —é and

therefore:

1
= (3.38)

C1 ’
From here together with (3.34) and (3.37) , we deduce that, the extremity 77~ (.,.) may

be characterized as follows:
4 S1 S92 1
(51, 8) = maxd ——1, — 2 2 g s >0, (339)

which, in turn can be expressed as follows:

+-_ _1 3 my my
T =g if s> ok, Sy > T
+,— _ :
T (s1,82) = § -2 if s <M sy > (3.40)
-2 if S1 > stl, 5o < 2,
ma m2 Cc1

Geometrically, the trajectories X, (.,.) are the curves in Figures 1 and cover the
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domain Y~ =Y,m~ U YfJ“* defined by:

X, (£8).X,(t.S)

Figure 3.1: Admissible trajectories X, (.,.) for 7+ (s, 80) = 75~ = —+

Yt = X (BYT) = (X (ts); (ts) € BV
YT = (0, 400) x (0,+00) x {0}

Bt~ = {(ti,81,82); t; € (—%70)7 51 < T—f, S9 > %81}7

{(ti751752>; ti - (—778722,0)’ S1 > %82, So < 7701_12} )

10 1

5 e

50

1
C1



61

3.4 Construction of Hamiltonian flows

(s (sn'x

-200

50

-100 -50

-150

-300 -250

-350

"<t <0

Tau

_ 81
mi
x10°

Figure 3.2: Admissible trajectories X;" (.,.) for 7+ (s1, s3) =

(SN (sN'x

50

-50

-150 -100
T<t <0

+

-200

Tau

352
m2

Figure 3.3: Admissible trajectories X;" (.,.) for 7+~
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3.4.2 Continuation of the trajectories on the stratum 7~

The trajectories X} (ti, s1,82), (i, s1,82) € BT~ in (3.24) my be continuated for ¢; <
7'2+ = —ci, for s; > ™ s, > ™2 since, the extremity:
1 Cc1 C1

Z+7_(317 82) = Xi*ﬁ, (7_2—’_7_7 S1, 82)

o (3.42)
= <(_TZ_11 + 51, _7:_12 + S2, a)a (_aa 1’ S2 — Sl))

belongs to the open stratum Z*~ and also to the boundary of the stratum Z~~ therefore,
the continuation of the trajectories X, Z*+ (.,51,82) for s; > ™ sy > ™ js possible only
on the open stratum Z =~

Starting from the fact that, P, (7;77) = —Cil, the possibility of continuation of the

trajectories X (., s1,52) in (3.34) for ¢; < 7,7, on the stratum Z—~ C Z (for which,

P < —%, pi, < %) is guaranteed firstly by the condition ;-(P, " (")) = 1 since

11

in this case, the component P, "~ (.) is strictly increasing on an interval of the form

()< P (n) =g

(577 —6,7°7),6 > 0. Hence, forany t; < 7,7, P’ o

11

In this case the trajectories in (3.34) may be continuated by the trajectories
X: (,s1,82) = (X7 (81, 82), P77 (1, 51, 82)) which are solution of the Hamiltonian

)

system in (3.32) with the property, X7 (1577, 51,82) = 277 (s1,5) and there exists

777 (51,8) <75 fors; > "™ sy > 2 such that:
_ 1 1 o 4o
Prr(t) < == Py () < — HO (X)L _(lsis)) =0, <m0 (343)
C1 (6)) ’

From the general solution in (3.33) on the open stratum Z -~ together with terminal

condition in (3.42), the trajectories X; (., s1, s2) having as components:

(

X (tz, S1, 82) = —%Clmgt? + (m1 — 6132)75 —I— —|— S1 —
X, (ti, 81,8 mot; + s
(o 51, 52) = ot o 5 (3.44)
X ’ (tl,Sl ) —tz
L ‘F)z (tz) - <Z7201t2+2_i1732_31>7

at which one must also satisfy the following admissibility conditions:

X;lyf (tla 51, 32) = (X (t’m S1, 82) P (tla 51, 32)) € 477 (345)
X, (ti, 81,82) € Yo =RT X RT x (0,1y),

m2

on the maximal intervals 177 (s1,s2) = (777 (s1,82), 777 (51, 82)), 51 > Th, 50 > "2,
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Hence, the extremity 777 (.) is defined by:

T (s1,82) = max{r " (s1,82), 7y}, 51> 2L, 5o > 12

7'17’7(51, Sg) = il’lf{T < T+’_; X;’i(ti, S1, 52) < YS, Vtz € (7', 7-+7_>}7 (346)
o =if{r <77 P (t;) < —é, P (t;) < é, Vt; € (1, 707)}

Trying to obtain an explicit formula for the extremity 7~ (., .). To this end, it follows

from (3.44) that:

since, 7, ©~ < 0 then:

Ty =y 22—, (3.47)

and therefore, P, (t;) < £ Vt; € (1,,7,0) D (1,77, 75 ). Next, let 7o (.) denotes the

extremity defined by:
S2

T0 (82) = —— (348)

)
mao

for which, X ™ (t;, 51, 52) > 0, Vt € (10 (52) ,0) then, from (3.47) we deduce that:

2 2 (3
_(me ﬂ_l)
e
m

ST ’ (3.49)
’ [m2 +y /2 -1
and we get:
T277:7'0(32),f01‘32_% 20%_1
(), Ve € (B2~ 1reo) (3.50)
T, < To(s2), Vsy € (T_f’c_f 26%_1>

In order to characterize the extremity 7, " (., .), the second-order equation,
X, (t;, 51, 82) = 0is characterized by A (s1,55) = (myq — ¢152)® + ma[ma + 2¢1(s1 — s2)].

If we assume that, A (s1s5) = 0 then, Ay, ) = 2maci (M1 — c151) < 0, Vs; > 71 and

51,52

therefore, A (s1,s2) > 0, Vs, > ";—11, s9 > 2 From here, we deduce that, the second order

Cc1

equation has as a negative root:

mq — C1S2 — A (81,82)

ty (51,52) = (3.51)

C1M2

To describe 777 (., .), we use the same type of computations as in previous case and
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we obtain:

A(slysg)—m%

a [m1+\/A(81,52)J

A (s1,80) —m? = 283 — 2c¢1 (my + ma) $g + m3 + 2macy sy

t1 (51,82) — 7o (82) = —

(3.52)
A (5150 (52) = ¢t [mi + 2ma (my — c151)]
and we can extract two cases:

Case 1: A, 4, (52) <0, Vs > 21 [1 + ok ] hence, A (s1.s3) —m} > 0, which leads

A(s1,s2)

that, t1 (s1,52) < 79 (52) Vs1 > ™+ [1 + o } It follows from (3.50) that:

_ 2
T;’ > T (82) >t (Sl, 82) Vsl > C_ [1 + %1 So > C_ CCI 1 (353)
1 2 1 2
and therefore:
__ 1 /2c
T (51,82) =Ty = T 021 - 1. (3.54)

Case 2: A, ) (52) > 0,Vs; € (ﬂ o [1 + %D in this case, the second order

c1’ c1

equation A (s1 s2) — m?i = 0 has also two roots:

R R e TR
5y = é [ml + mg + \/m% + 2my (my — 0151)} > 9.

Therefore, A (s1.55) —m? < 0, Vsy € 52,§2 hence, t; (s1, s2) > 79 (s2). From here as
bl 1

well as from (3.50), we deduce that:

m ~ =
1 (817 82) > T (82) > 7'2 \Vlsl = ( Cll o |:1 + 2—%:|> , 89 € (SQ, 82> s (356)
and also:
— — /A
T (51,82) = t1 (51,52) = o Clszc — (81782), (3.57)
1M2

while, in the case s, € (— 32) U (52, —|—oo> then, A (s1.82) —m3 > 0 which implies that,
t1 (s1,82) < 7o (82)-

We mention here that, condition (3.54) is the only case studied in [32]. On the
other hand, the complexity of the extremities ¢, (.,.) and 7, "~ does not allow an ex-
plicit expression for the extremity 777 (s1, s2) in the case s; € <”§11 , Tll [1 + 2%2}) ,
S9 € ( m2 52> U (gg, —|—oo>. However, certain information on the admissible conditions
may be obtained from numerical tests and the images of the trajectories X, (.,.). We
develop an implementation using Matlab 2018 language and we present some simulations

on the graphs of these trajectories for different parameter values.
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Geometrically, the trajectories X, (.,.) given in (3.44) are the curves in Figures
3.4, 3.6, 3.7, 3.8and cover thedomainY; "~ =Y~ UY,;"", Y~ = X;» (B™") defined
by:

B—™ = {(ti751782) ) tz S I~ (81752) y S1 > %752 > 7701_12}
Yf_’_ = (07 +OO) x (07 +OO) X {O}

(3.58)

Finally, the trajectories X}, (.,.)in (3.34) together with X (.,.)in (3.44) may be

concatenated to obtain a new extended Hamiltonian flow, described by the formula:

X (t;,81,89), t; € [1577,0
X (t;,51,8) = i, (b1, 8) 2, 0)

1®,0 _
X (tiys1,82), ti€ (777 (s1,82), 757 ),

where its trajectories are illustrated below in Figures.

;
g 10",
T -
6 -
—_—— 5 . + -
) X;(.0)
< 4l X
Q) X7 ()
X 3 X5()
3 Tau™ =-1/C1
2T { / - Tau"':Tau:,_"
1k N
0 : . . |
-500 -400 -300 -200 -100 0 100
Tau™ <t<Tau™ <0
Figure 3.4: Admissible trajectories X;7(.,.) for 777 (51, 80) = — L ,/24 — 1

c1 ()
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108
X(.0)
12 X370
X0
10+ - - X5 ()
R Tau'" =-1/C1
g 8 — — — Tau™"=-S2/m2
[a]
o
[%p]
= 6
<
4
2
ol e
-400 -300 -200 -100 0 100
Tau™ <t<Tau™ <0
Figure 3.5: Admissible trajectories X; (., .) for 777 (s1, 52) = -
x10°
X7(.0)
12t XiGo)
————— Tau™ =-1/C1
— — ~ Tau™"=-82/m2
10 - i .
—~ I
o [ i
=8 ! [
% ' |
W [ |
S i i
> I I
I }
4 r 1 |
| |
| |
2+ i i
I
I
0 i . .
-500 -400 -300 -200 -100 0
Tau™ <t<Tau™ <0
. . . . . . @79 - o s
Figure 3.6: Admissible trajectories X; "7 (.,.) for 777 (s1,82) = — 2.
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X, (£8).X,(t.S)

100

-600 -500 -400 -300 -200 -100

0
Tau™ <t<Tau™ <0
. - : . —c1sa—/A
Figure 3.7: Admissible trajectories X;"7(.,.) for 777 (51, 59) = ————¥ (51, 52)

Thus, the Hamiltonian systems in (3.28) and (3.32) generate the generalized char-
acteristic flows C} _(.,.) = (Xiir,_ (). V(, )) and C* _(.,.) = (X7 (), V(")

described explicitly in (3.34) and (3.44) and which, according to the well known classi-

cal results as in [55] satisfy the basic differential relation:
DV (t“ S) (t_“ §> = <Pi+,_ (t“ 8) ) DXz* (t27 8) (t_la §)> v (t_za §) S T(ti7s)B+’_7 (359)

where, T, sy B"~ denotes the tangent space at the point (¢;,s) € B*~.
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3.5 Partial value functions and feedback strategies

As indicated in the theoretical algorithm in [55, 56] and presented in Section 2.4, the
natural candidates for value functions and optimal strategies of Problem 2 are the

extreme ones, defined by:

Zi), lf x; € Y
Wwm — g (x:) f
Wgﬁb(l’ﬁ = iani(ti,s):wi \%4 (t“ S), if x; € }/5

)

WM{ (z:), if 2, € YV
WM (z;) = SUDX, (1,,5)=z; V (tir5), if 2 €Y
B (2:) = {(ti,s) € B: X (t;,s) =z, Wi(z) =V (1, 5)}, (3.60)
B (@) = {(ti,s) € B: X (ti,s) =z, WM(z;) =V (1, 5)},
Un () =T (B (@2)) Vo 2) =7 (B (21)).
Ort (v5) = U (Bus (@) Var (22) =V (Bus (@)
U (ti,s) = {us (i) us (t) €U ()}, V (tis) = {vs (ti), vs (1) €V (s)},

where, U (s) = {us (.)}, V (s) = {vs (.)}, denote the sets of control mapping that satisfy
(3.14), one may note that:

U (ti,s) € U(X) (1)), V (i, s) € V(X" (1)), V(ti,s) € B, (3.61)

and also that, if the component X; (., .) is invertible at (¢;, s) € B with inverse:

then one has:
WM (2;) = Wi z;) = V(B () = Wo (2;), Bar (5) = B () = B (). (3.62)

Moreover, it follows from (3.59) that if, in addition the function W} (.) is differentiable

at the point z; € Int (Y;) then, its derivative is given by:
DWo (w:) = Pi () = P(B (24). (3.63)
and also satisfies the following relations:

DWo (23) -f (x:,0,0) + fo (25, 0,0) =0Vu e U (x;), v eV (x;)



3.5 Partial value functions and feedback strategies 69

where, U (), V (.), are the corresponding candidates for optimal feedback strategies,

and also from (3.9) and (3.14) it follows that, W, (.) verifies Isaac’s bacis equations:

MmNy, (z,) MaXyey (z;) [PDWo (25) . f (23, u,v) + fo (@5, u,v)] (3.65)

MaXyey () MiNyer(z,) [PDWo (75) . f (23, u,v) + fo (23, u,v)] = 0.

Next, we shall prove that, the extreme solutions in (3.60) may be expressed as in

(3.62). The main ingredient is the following quasi-elementary result:
Lemma 3.3. The following statements are true:

(1) The mapping X;”~ (.,.) : BY~ — Y=~ defined in (3.34) is a C' —stratified diffeomorphism

with its inverse B+~ (.) is described by:
B (o) = (67 (@), 577 (@) 557 (@), w € i,

/\+’7
ti " (23) = —24, (3.66)

(2) Symmetrically, the mapping X, (.,.) : B™~ — Y, defined in (3.44) is a C' —stratified
diffeomorphism, with its inverse B~ (.) is described by:

B (@)= (B @5 (@)% (w), me v,
ti o (2) = —,
(@) =~ (3.67)
1 2 mg

517 (i) = @iy + 24, + (M 4+ M) T4y — C1T4, T4, — 5C1MaT;, — 52
(

Sy (@) = @iy + Mowy,.

Proof of Lemma 3.3. (1) If z; = (4, x:,,%4,) € Y,7~ then, it follows from (3.34) that, a
point (t;, s1, s2) € BT~ for which X;r " (ti, 51, S2) = w; is characterized by the expressions,

x;, = mat; + 51, Ty, = Mal; + S2, T, = —t;. Hence, the existence and uniqueness of the

functions ¢; = tAlJr_(:cz) <0,s =35, (;) and s, = 3, (;) having the formulas as in

(3.66).
(2) In order to prove the second statement, using the same type of computation

and arguments as in previous case. Thus, it follows easly from (3.44) that, there exist

ti=1,  (x;),s1 =35, (x;) and s, = 5, (x;) of the form as in (3.67). O

The results in Lemma 3.3 show that, the characteristic flows
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i ()= (X;‘# (), V(, .)) and C*_(,,.) = (X;;’f ),V (, .)) ,

described respectively, in (3.17), (3.34) and (3.44) are invertible in the sense of (3.62)

and generate the smooth partial proper value function:

Wo (z:) = { Wy (x;) =

my —my) 2 + (x4, — T4y) Ty, T € Y07
(=) 2, + () e

D= N

3 1 2 1 2
C1MeT;, — 5T, + 5C1T4,T5,

Wy (1) =

— Xy Ty, T €Y,

which is of class C! and may benaturally extended by , W (§) = ¢ (£) = 0, V¢ € Y.
While, from (3.7) and (3.64), we deduce that the corresponding admissible feedback

strategies are given by:

The main result in this section is the following.

Theorem 3.4. The following statements are true:

1. The function Wy (.) defined in (3.68) is a solution of Isaac’s equation defined in (3.65) on
the corresponding open domain Y7~ UY,™~. Moreover, each of them is the value function

in the sense of (3.60) of the corresponding admissible feedback strategies given in (3.69).

2. The feedback strategies ((7 ),V ()) described in (3.69) are optimal for the restriction

on their open domain Y7~ UY, .

Proof of Theorem 3.4. For (1), from (3.9), (3.14), (3.63), (3.65) and (3.69) it follows that, if

x; € ;b then:

minuEU(xi) maXyev (z;) [DWOJD_ (xz) f (xia u, U) + fO (xia u, U)]
= min max H(z, DB (zi),u,0) = Hz, B (), @b (@), 55 (21))
wel (x;) veEV (z;)

= HY (X7 (BY (2). B (2) =0,
while, if z; € Y.~ we obtain:

minueU(m) maxvev(xi) [DWJ’f (l‘l) f (:L'Z', u, U) -+ fo (l‘i, u, U)]
= min max H(z;, P, (z;),u,0) =H(x, B (@), 0 (z;), 07 (x;))
wel(z;) vEV (z;)

= H= (X, (B~ (2)), P (1) =0,

hence, W;(.) defined in (3.68) is a solution of Isaac’s equation (3.65).
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(2) . Since the value function W (.) in (3.68) is of class C' then, in order to prove the
optimality of the pair of feedback strategies in (3.69), we use the well known Elementary
Verification Theorem (Theorem 2.11) according to which, a sufficient optimality condition,
for the admissible feedback strategies ([7 ),V ()) is checking the following differential

inequalities:

inf, e wev (e [PWo () f (i, u,0) + fo (zi,u,0)] >
SUPan(xi),veV [DWO (Ii) f (xi7 u, U) + fO (xia u, 'U)]

0
(3.70)
0.

IN

First, if x; € Y7~ then, it follows from (3.5) , (3.68) and (3.69) that:

DW(;'_’_ ( Z) = <_xi37xi37 —Tyy + Ligy + molis — mlxiS)
my, Mg — couiy, —1), fo (@i u,0) = x5 — (1 = u)z;
_1)7f0($iaa>v) = (1 - v)xiz — gy

u=u"" (7)) =0, 7=0"" () =0,

(3.71)

\
—_
3
=
|
A
<
&3
<
3
v

and therefore:

inf [DWo"™ () f (4,0, 0) + fo (zi,u,0)] = inf [(1 — comyy Juzs, ],

welU, 5eEV+H—(x;) uel

since ¢; > ¢y and z;, € [0, é) we deduce that:

inf [(1 — cpwig Juwyy | = 0,

for the second inequality, it follows from (3.71) that:
sup [DWo"™ () f (25,5, v) + fo (zi,4,v)] = sup [(—1 + c124,) 23,0] = 0.
aelU+— (z;)wveV veV

Next, if z; € Y~ we use the same type of computation and arguments as in previous

case, thus, it follows from (3.68) and (3.69) that:
DWy (x;) = (=4, 5122, =24, + 124, Tiy — M T4y + 5C1M0TY)

f(@i,u,0) = (my — 1@y, Mo — couyy, —1), fo (24, u,0) = (u— 1), (3.72)
f(xiaﬂa U) - (ml — C10T4,, My, _1)7 fO(‘riJ E7U) = (1 - U)xiQ — L4y

u=u""(z;)=0,v=0""(23) =1,

and we also find:

1
inf (DWW () f (25,u,0) + fo (z5,u,0)] = inf |(1 — Zcic0n], )i ul,
wel, 5eV =~ (z;) uelU 2
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from here, we can extract two cases:

Case1:Ifx;, € (é, é, / % — 1) then, 1 — %0102%23 > 0 hence:
: 1 2
;2{; 1— STy | Tiyt| = 0.

Case2:Ifz;, € (2, —t1(s1,82)), 8 € ([, ™ |1 4 M) s, € 52,52 then, from
3 c1 2mo

c1’ c1

1 2
all e

(3.56) we get, z;, < —t1 (s1,52) < — 1 and the rest of the proof is done in the
same way as in the previous case; therefore, the first inequality in (3.70) is verified in
both cases.
For the second inequality, one has:
sup (DWW () f (25,8, 0) + fo (25,0, 0)] =sup[(1 — crzy,) 24, (1 —v)] = 0,
aclU——(x;)weV VeV

which proves inequalities (3.70) and hence the optimality of the admissible feedback
strategies ([7 ),V ()) holds. O



Conclusions and Comments

Finally, we are able to draw some conclusions, among which we mention the following:

1. Our analysis builds upon Isaac’s foundational framework for the war game of
attrition and attack, expanding the understanding of the strategic interactions
between nations. We demonstrated that the extremities of the maximal interval of
trajectories presented a more nuanced view than what had previously been out-
lined, revealing multiple pathways for conflict resolution beyond Isaac’s original

single-path analysis.

2. We showed that the introduction of newly extended trajectories significantly al-
tered the dynamics of the attrition model. Unlike Isaac’s initial considerations,
our findings indicated that nations adopted strategies aimed at eroding the op-
ponent’s resources over time, compelling them to extend the duration of conflict.
This shift emphasized the importance of considering various strategic responses

in prolonged engagements.

3. Our results highlighted that specific choices regarding the extremity of trajectories,
particularly those described in Equations (3.40), led to fixed durations of warfare.
This insight underscored the critical role of strategic decision-making in shaping
the outcome of conflicts, where the absence of attrition could occur under certain

conditions, ultimately influencing the war’s trajectory.

4. The analysis revealed distinct differences in how nations, represented by U and
V, managed their military engagements. Our findings indicated that while one
nation experienced diminishing returns in strength, the other maintained a gradual
increase in power. This asymmetry suggested that strategic advantages shifted

over time, favoring the nation that effectively managed attrition.
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5. We demonstrated that while nation V could sustain prolonged action with a
gradual increase in strength, nation U faced a sharp decline in resources, ultimately
leading to its disadvantage. This asymmetry suggested that the balance of power
shifted in favor of V over time, with implications for optimal strategy and conflict
outcomes. By comparing our results to Isaac’s original findings, we highlighted
previously unexplored possibilities in the structure of the maximal interval of
trajectories and their role in shaping the course of warfare. The conclusions offer a
refined perspective on how strategic choices impact attrition and warfare duration,

pointing to V’s eventual victory over U.

However, working heuristically, Isaac’s in [32] tries to identify certain geometric
concepts such as, the dispersal line, equivocal line and singular surface,..., etc. Unfortu-
nately, the significance of optimality was not specified. To address this aspect, in works
like [5, 8, 26, 63], optimality is examined through the saddle point condition for the cost

function C (., .), in the sense that:
C (ﬁj ),V (.)) <c (ﬁl (). (.)) <c (U (), (.)) YU, V() eP.  (373)

In relation with our approach, the optimality of a pair of admissible feedback
strategies (a (), V4 ()) is confirmed through the verification of the weaker conditions,
in (3.70) which are easier to verify and much more efficient because they do not require
the presence of all pairs of admissible strategies, <(A]I ),V ()) and <U ).V ()) which
in return, are necessary when checking the saddle point optimality condition in (3.73).

In summary, the current study includes contributions from the authors in the follow-

ing directions:

1. The use of some recent concepts and results from Nonsmooth Analysis and rel-
evant applications in the differential games theory, as well as employing the
synthesis of the very recent theory in [54, 55, 56] regarding the rigorous approach

and constructive of differential game problems.

2. The identification of a pair of feedback strategies, as well as the corresponding

complete solution and the rigorous demonstration of its optimality.

3. The development of the implementation with MATLAB 2018-software , has traced

the evolutions of the states constraints considered in the problem. The results
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found show that Dynamic Programming is the most effective tool for the complete

resolution of concrete problems and provides accurate results.
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@Al (daSualial)l daayd) cdaalll A Gladihicl o laliil) elgia¥) (Al dual cdaliza) alal)

Abstract:

In this thesis, we focus on applying S. Mirica's Dynamic Programming
method to solve the Attack and attrition warfare differential game introduced by
R. Isaacs. We propose feedback strategies as a new contribution that offers
adaptability, efficiency, and simplicity while reducing algorithmic complexity.
This approach employs a refined Cauchy characteristics method to handle
stratified Hamilton-Jacobi equations while ensuring the existence of the value
function. The optimality of the feedback strategies is rigorously validated using
the Verification Theorem for value functions of class €1 and further supported
by established numerical tests.

Key words : Differential game, Differential inclusion, Feedback strategies,
Dynamic programming, Hamiltonian flow, Value function, Verification theorem

Résumé :

DN

Dans cette thése, on s’intéresse a l'application de la méthode de
Programmation Dynamique de S. Miricd pour résoudre le jeu différentiel de
guerre d'attaque et d'attrition introduit par R. Isaacs. On propose les stratégies de
rétroaction comme nouvelle contribution qui offre 1’adaptabilité, 1’efficacité et la
simplicité tout en réduisant la complexité algorithmique. Cette approche utilise
une méthode raffinée des caractéristiques de Cauchy pour traiter les équations
de Hamilton-Jacobi stratifiées tout en garantissant 1'existence de la fonction de
valeur. L'optimalité des stratégies de rétroaction est rigoureusement validée a
I'aide du Théoréeme de vérification pour les fonctions du valeurs de class C! et
consolidée par des tests numériques établis.

Mots-clés : Jeu différentiel, Inclusion différentielle, Stratégies de rétroaction,
Programmation dynamique, Flux Hamiltonien, Fonction de valeur, Théoréme de
vérification.
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