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Notations

In all that follows, we will use the following notations.

Sets
Rd

Q
=00
Iy
Ly

D(Q)“
Coe ()

the d-dimensional Fuclidean space,

an open, bounded, and connected subset of R? with Lipschitz boundary,
the closure of (2,

the boundary of €2, decomposed as I' ="y UT'y U T3,

the part of the boundary where the displacement vanishes,

the part of the boundary where the traction condition is specified,

the part of the boundary over which contact may take place,

the time interval of interest, T' > 0.

the space of second-order symmetric tensors on RY, i.e., S¥ = R%*¢,
the Lebesgue space of square-integrable functions,

the space L2(Q),

the space L2(Q)%*¢,

the space H*(Q),

{oc € H | Divo = (0;04;) € H},

the dual of Hr,

{o=(p) | vi € D(Q),i=1,....d},

{fec=@)?| f=0on K},

a Hilbert space with norm || - ||x and inner product (-, -)x.
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Time-dependent function spaces

C(0,7T; X) the space of continuous functions defined on [0, 7] with values in X,

C10,T;X)  the space of continuously differentiable functions defined on [0, T]]

with values in X,

Lr(0,7; X) the space of strongly measurable functions on [0, 7] with values in X,
| - e o,:m) the norm of L*(0,7T; H),

W*kP(0,T; X) the Sobolev space with parameters k € N and 1 < p < 4o0.

For a function f

£ f
supp f
Of, I
vV
e(f)
div f

the first and second derivatives of f with respect to time,

the support of f,

the partial derivative of f with respect to the i-th component x;,
the gradient of f,

the symmetric part of the gradient of f,

the divergence of the vector field f.

Other notations

v
Vy, Ur
Divo

XK

(- )xrxx
Tp — T
Tp — T
lim inf
lim sup
A?’L

a.e.

ift

unit outward normal on 0f),

normal and tangential components of a vector v,
the tensor divergence of o,

the indicator function of the set K,

the Euclidean norm on R? or S,

the duality pairing between X’ and X,

weak convergence of the sequence (z,,) to x in X,
strong convergence of the sequence (z,) to z in X,
lower limit,

upper limit,

nth power of the operator A,

almost everywhere,

if and only if.

v



Introduction

ontact mechanics is an essential discipline within mechanical engineering that merges
C the concepts of material mechanics and continuum mechanics. Its primary focus is
on the mathematical and physical formulation of problems involving elastic, viscoelastic,
and plastic bodies in static or dynamic contact situations. The principles of contact me-
chanics are applied in various fields, including locomotive wheel-rail interactions, coupling
mechanisms, braking systems, tire engineering, combustion engine components, mechanical
linkages, metal forming, electrical contact interfaces, and many additional areas. Much ef-
fort has been dedicated to modeling, analyzing, and numerically approximating the physical
processes that occur during contact between deformable bodies or between a body and a
rigid, deformable, or lubricated base. Consequently, a comprehensive mathematical theory of
contact mechanics (MTCM) has developed. This theory focuses on the mathematical frame-
works that underlie contact problems involving various constitutive laws (see 33,37, 38]).

The subject of contact mechanics and friction is ultimately about our ability to control
friction, adhesion, and wear and to mould them to our wishes. For that, a detailed under-
standing of the dependency of contact, friction and wear phenomena on the materials and
system properties is necessary.

Friction is a phenomenon that people have been interested in for over hundreds and
even thousands of years and still today remains in the middle of the development of new
products and technologies. Friction leads to energy dissipation and in micro-contacts, where
extreme stress is present, to micro-fractures and surface wear. We often try to minimize
friction during design in an attempt to save energy. There are, however, many situations in
which friction is necessary. Without friction, we can not enjoy even walk or drive. There
are countless instances, in which friction should be maxi-mixed instead of minimized, for

example between tires and the road during braking [32]. Well-known and common friction



laws used in the Mathematica literature are Coulomb’s law and Tresca’s law.

Wear is an unavoidable phenomenon in tribology field, defined as the gradual loss of
material from the surfaces of solids due to their contact interactions, resulting in gradual
removal of one or both materials. Consequently, the dimensions and mass of the body
decrease due to wear. This phenomenon is caused by chemical reactions between the material
and its environment, leading to the degradation of the surface. Or under stress during
friction processes, leading to wear at the contact. Understanding these different causes of
wear is crucial for predicting the lifespan of components and for designing systems that
minimize wear-related failure. The study of models that incorporate wear aims to reduce
energy consumption in friction processes and minimize material loss due to wear, while
also increasing the lifespan of components and industrial parts. Therefore, the development
of effective models for predicting wear in industrial environments is essential for design
engineers. Frequently used models are based on Archard’s observationsn [3], where wear is
identified as an increase in the gap between the body and its foundation. The inclusion of
wear in mathematical models is a recent advancement, and there is a wealth of literature on
this subject, [23,29,32,35,39].

Damage mechanics is vital in various engineering fields, particularly in assessing the dura-
bility and reliability of materials and structures under operational conditions. Damage me-
chanics provides a framework for understanding and predicting material degradation, which
is essential for ensuring the safety and longevity of engineering structures. The subject holds
critical importance in design engineering, as it directly impacts the service life of a designed
structure or component. While there is extensive engineering literature on this topic, math-
ematical models that account for the effect of internal material damage on contact processes

have only recently been explored. The damage function is expressed as:

Eefy
t = —
fla,t) Ey

such that Fy be the Young modulus of the original material and F. s be the current modulus.
It is evident from this definition that the damage function S is limited to values between
zero and one. When 8 = 1 there is no damage in the material, when § = 0 the material is

completely damaged, when 0 < 3 < 1 there is a partial damage and the system has a reduced



load carrying capacity. Mathematical analysis of one-dimensional problems can be found in
[15,16]. The three-dimensional case has been investigated in [21]. Some problems in thermo-
mechanics or electro-mechanics of contact with damage have been studied in [5,10,13,24].

There exist recent and rapidly growing mathematical literature on contact problems which
include thermal effects. As will be mention in third and fourth chapter of this thesis.

Thermal effects can play a significant role in certain applications. For instance, the
sudden application of a car’s brakes leads to a rapid reduction in kinetic energy, releasing
a substantial amount of heat generated by friction. This heat can lead to a rapid rise
in temperature, which may affect the friction coefficient and could potentially cause the
softening or even local melting of the surfaces in contact.

The rapid temperature increase resulting from this heat generation can alter the friction
coefficient and, in severe cases, even lead to softening or localized melting of the contacting
surfaces. Due to this heat, a rapid temperature surge can occur, impacting the friction
coefficient and potentially causing the contacting surfaces to soften or melt in localized
areas. This heat poses a risk of rapid temperature escalation, which can affect the friction
coefficient and possibly degrade the contacting surfaces through softening or even localized
melting.

The heat generated can induce a rapid thermal excursion, potentially modifying the fric-
tion coefficient and, in extreme conditions, causing softening or localized phase change (melt-
ing) of the contacting surfaces.

General models for thermodynamic contact problems can be found in [2,10, 24, 25].

The connection of mechanical and electrical properties is a characteristic of piezoelectric
materials. When mechanical stress is present, this coupling causes an electric potential to
develop, and when mechanical stress is present, an electric potential is created. In engi-
neering control equipment, the first effect is utilized in mechanical sensors, while the reverse
effect is employed in actuators. Electroelastic materials are piezoelectric materials with
elastic mechanical properties, whereas electro-viscoelastic materials are those with viscoelas-
tic mechanical properties. You can find general models for electro-viscoelastic materials
in [4,12,36].

Anti-plane shear deformations are one of the simplest classes of deformations that solids

can undergo. In recent years, considerable attention has been paid to the analysis of anti-



plane shear deformations within the context of various constitutive theories (linear and non-
linear) of solid mechanics. These studies were largely motivated by the relative analytical
simplicity of anti-plane shear problems with a single linear or quasi-linear partial differential
equation of second order compared to planar problems with systems of higher-order or cou-
pled partial differential equations. Thus the anti-plane shear problem plays a useful role as
a pilot problem, within which various aspects of solutions in solid mechanics. Considerable
attention has been paid to the modeling of such kind of problems, see for instance [18,19] and
the references therein. Currently there is a considerable interest in dynamic or quasistatique
frictional contact problems involving piezoelectric materials, i-e. materials characterized by
the coupling between the mechanical and electrical properties (see [7,12,26,27]).

The thesis is motivated by problems of contact mechanics with friction. The objective
of this dissertation is the study of some boundary problems in contact mechanics, we con-
sider different behavior laws such as thermo-viscoelastic, thermo-visco-plastic and electro-
viscoelastic. We have studied contact problems with friction in a dynamic process. With
boundary conditions, for which we couple both material damage and wear or damage and
thermal or electrical effects. For each of these problems, we give the variational formulation,
then the existence and uniqueness of the weak solution.

The main chapters of this work can be summarized as follows.

The first chapter aims to present the necessary tools for a good understanding of the
subsequent problems addressed. Includes the classical description of some mechanical models
of contact, material constitutive relations, boundary conditions.

In the second chapter, we introduce the main notations and we are interested to recalling
some basic definitions and theorems of functional analysis which allow us to better under-
stand the content of this job. Including Sobolev’s theorem, lower semi continuitly, convex
basede definition, and strongly monotone and Lipschitz operators, parabolic variational evo-
lution equation and inequalities. The basic tools presented in this chapter are standard and
can be found in many functional analysis books. In the third chapter we study the process
of a dynamic contact problem between a thermo-viscoelastic body and foundation. The
contact is frictional and bilateral with a moving rigid foundation. We write the mechanical
problem and specify the assumptions in order to obtain the variational formulation. Then we

establish our result of existence and uniqueness of the weak solution. The proof is based on



a theorem for the existence and uniqueness of the solution of linear and nonlinear first-order
evolution equations, followed by a fixed point argument. The content of this chapter was
the subject of the publication [11].

The fourth chapter is devoted to the mathematical study of a contact problem between
an thermo-elastic-viscoplastic body with wear and damage and an obstacle. The contact is
normal compliance condition. We derive a variational formulation in the form of a coupled
system in terms of displacement fields u, the stress field o, the damage field 3, the wear
w and the temperature 6. Also, we establish an existence and uniqueness result of a weak
solution for the model.

The last chapter is focused on an anti-plane electro-viscoelastic contact problem with
long memory with friction between deformable cylindrical bodies and a foundation. We are
interested in the case of anti-plane deformations, i-e, the displacement field is parallel to
the generatrices of the cylinder and is independent of the axial coordinate. We start by
describing anti-plane electro-viscoelastic contact problem with long memory with friction
defined by versions of the Tresca law and after specifying the assumptions about the data,
we present variational formulation of the problem posed for which we will demonstrate the
existence and uniqueness of the solutions with respect to the data and parameters.

Finally, we close this thesis with a general conclusion, a perspective and a detailed bibli-

ography.



Chapter 1

Modeling

This chapter represents a brief reminder with basic notion of continuum mechanics, where
we begin with a description of the general physical setting and the corresponding mathe-
matical models that will be employed in this thesis, then we describe the constitutive laws,
boundary conditions and contact condition with friction laws. Finally, we list the modeling
of anti-plane contact problems. for more details of the modeling aspects of contact mechanics

treated in this chapter see, e.g., [31,37] and references therein.

1.1  Physical settings - Mathematical models

In this section we will introduce the two physical frameworks and mathematical models

of the mechanical problems involved in this thesis.

Physical setting n°l: We consider a material body occupies a bounded domain €2 C
R?(d = 2,3) with outer Lipschitz surface (regular surface) I', which is partitioned into
three disjoint measurable parts I'y, I's and I's, corresponding to the mechanical boundary
conditions on one hand, and into two measurable parts I', and I';, corresponding to electrical
boundary conditions on the other hand. We assume that meas (I';) > 0, meas (I';) > 0 and
['3 C I'y. The unit outward normal vector on I is given by v. Let [0, 7] be the time interval of
interest, where 7' > 0. The body is held fixed (clamped) on I'y x [0, 7] and the displacement
vanishes there. Surface tractions of density h act on I'y x [0, 7] and a volume force of density

fo is applied in Q x [0, T']. We also assume that the electrical potential vanishes on I', x [0, 7]



1.1. Physical settings - Mathematical models

and a surface electric charge of density g, is prescribed on I'y, x [0, 7. The body may come
in contact with an obstacle, the foundation, over the potential contact surface I's (see the
figure below).

We study the evolution of these properties in the time interval [0, 7] under the hypoth-
esis of small transformations. This assumption is reasonable for the piezoelectric materials

usually used such as ceramics, polymers and piezocomposites.

/ r, vy Ta . \

| J
Foundation

Electrical Problem

Physical setting n°2: we consider a material body occupies the domain with surface
Q) C RY(d = 2;3) that is portioned into three disjoint measurable parts I';, 'y and I's such
that meas(I'y) > 0. The body is clamped on I'; x [0, T] and therefore the displacement field
vanishes there. We also assume that a volume force of density fy acts in Q x [0, 7] and that
surface tractions of density fo act on I'y x [0,7] and an external heat source given by the
function q act in €2 (see the figure below). The body is in contact with or without friction with
a deformable or lubricated obstacle on part I's. We take into consideration the mechanical
properties of the body. We are interested in the dynamic evolution of these properties over
time, under the assumption of small transformations. We will use this physical setting in

the third and fourth chapter of this thesis.




1.1. Physical settings - Mathematical models

| Rigid base

| Thermal Problem |

N /

Before turning to the mathematical models that correspond to the physical settings pre-

sented, here are a few notations and conventions that will be used throughout this thesis.
We denote by S (d = 2;3) the space of second-order symmetric tensors on R. (.,.) and
|.| represent respectively the dot product and the Euclidean norm on R? and S?. Thus, we

have
1
wv =uw; , |v|=(v,v)? , VYu,ve€R?

1
o1 =047, |T|=(1,7)%, Vo,7 €S
with the convention of the mute index. For a vector v, we use the notation v to denote the
trace yv of v on I'. We denote by v, and v, the normal and tangential components of v on

the boundary given by

U, =V, Uy =V — Ul (1.1.1)

We denote by u = u(z,t), 0 = o(x,t), and € = £(u) the displacement vector, the stress
tensor, and the linearized strain tensor, respectively.

To simplify notations, we do not explicitly indicate the dependence of functions on z €
et t €[0,7.

For a stress field o we denote by o, and o, the normal and tangential components at the
boundary given by

o, = (ov).v, o, =0V —0,.V. (1.1.2)

Using (1.1.1) and (1.1.2), we obtain the relation

(ov).v = o,v, + 070, (1.1.3)




1.1. Physical settings - Mathematical models

who will be involved throughout this thesis, in the establishment of variational formulations
of mechanical contact problems.
In addition, the points above a function represent the derivation with respect to time, for
example
du . d*u

b= T =gy

= Ut
where u denotes the velocity field and u denotes the acceleration field. For the u velocity
field, the notations 1w, and u, represent respectively the normal and tangential velocities at

the boundary, that is to say (i.e).
Uy = WV, Uy = U — UyV.

We denote partial derivatives and components by subscripts, e.g., the components of the

linearized strain tensor ¢ (u) are given by

1<) <d. (1.1.4)

e(u) = (e (W), &y (u)= pr

(wi; + uj;) or u;; =

Note that here and throughout the thesis a subscript that follows a comma indicates a
partial derivative with respect to the corresponding spatial variable, u; ; = Ou;/0x;.
Now Let us move on to a description of the mathematical models associated with the

physical settings above.

Mathematical model n°1: The first mathematical model studied in this thesis describes
the evolution of the body in the physical setting n°2.
The unknown functions of the problem are a displacement field u : Q x [0,7] — R%, a
stress field o : Q x [0.7] — S? and the temperature 6 : Q x [0,T] — R.
We know that, the equations of motion that govern the evolution of the mechanical state
of the body are
Dive + fy = pii, in Q x [0,T7], (1.1.5)

where p : © — R, is the mass density and fy is the density (per unit volume) of applied
forces, such as gravity or electromagnetic forces. 'Div" is the divergence operator, and

(Divo)i = (05;). When the external forces and tractions vary slowly with time, and the




1.1. Physical settings - Mathematical models

accelerations in the system are rather small and can be neglected, we omit the inertial terms

in the equations of motion and obtain the equations of equilibrium.

Divo + fy =0, in Q x [0,T]. (1.1.6)

Since the body is held fixed on I'y, the displacement field vanishes there

u=0, onTy x[0,7]. (1.1.7)

The traction boundary condition is

o, =h, on Ty x[0,T]. (1.1.8)

Processes modeled by the equations of motion (1.1.5) are called dynamic processes and
those modeled by the equilibrium equations (1.1.6) are called quasistatic processes [37].
All our models in this thesis follow the dynamic process. We will later complete the

mathematical model (1.1.5), (1.1.7), (1.1.8) with contact boundary conditions on the I's part.

Mathematical model n°2: This mathematical model describes the evolution of the body
describes the evolution of the body in the physical setting n°1. It is an electro-mechanical
model. The mechanical unknowns of the problem are the displacement field u, the stress
field o satisfying the equalities (1.1.7) — (1.1.8).

To these are added the electrical unknowns of the problem, the electric displacement field
D : [0,T] — R? and electric potential ¢ : [0,7] — R. The evolution of the piezoelectric

body is described by the equilibrium equation for the electric displacement field.

div D = qp, in Q x [0, 77, (1.1.9)

where "div" is the divergence operator for vectors, div D = (D;;) and go represents the
density of volumetric electric charges.

Recall that in physical setting n°1, the electric potential is vanishes on I',.

¢ =0, onT, x[0,T], (1.1.10)

10




1.2. Constitutive laws

while on I'y an electric charge of density ¢o is prescribed

Dv =gy, on I'y x [0,T]. (1.1.11)

This piezoelectric model (1.1.5) — (1.1.11) will later be completed by boundary conditions
on the contact surface I's. The preceding equations are insufficient on their own to describe
the movement of the material body considered. It is necessary to describe what is specific
to the material itself, which is the subject of the constitutive laws that we will describe in

the following section.

1.2 Constitutive laws

The relationship between the stresses o and the strains € and their derivatives that cause
them is given by the constitutive equation, which characterizes a specific material. It de-
scribes the deformations of the body resulting from the action of forces and tractions.

It is a whole series of tests that it takes imaginer and realize to establish a behavior law.
Physical experiments for one-dimensional materials constitute the starting point for estab-
lishing behavior laws. Here are four classic examples of solid tests: load tests-monotonous,
charge-discharge tests, tests of uage (creep tests) and relaxation tests.

We consider, within the framework viscoelastic, viscoplastic and elasto-viscoplastic ma-

terials.

e Viscoelastic constitutive laws

A general viscoelastic constitutive law is given by

o = Ae(u) + Be(u), (1.2.1)

where A and B are non-linear constitutive functions, such that A represents the vis-
cosity operator and B is the elasticity operator. For an elastic body, the law is reduced
to

o = Be(u). (1.2.2)

Recall that in linear viscoelasticity, the stress tensor o = (o;;) is given by the Kelvin-

11




1.2.

Constitutive laws

Voigt type of relation

0ij = GijrEr (1) + bijmen(u),
where A = (a;;;) is the viscosity tensor and B = (b;j) is the elasticity tensor, for
iikl=1,..d

In viscoelasticity with long-term memory, the body follows a Kelvin-Voigt law of the

form

t
o = Ae (i) + Be (u) + / G(t — s)e(u(s))ds, (1.2.3)
0
here, G is the fourth-order relaxation tensor that defines the behavior of the material
with long memory. When G & 0 we find short-term memory viscoelasticity (1.2.1) [37].
Viscoplastic constitutive law

For viscoplastic materials, the constitutive relation have the form
o= Ae(u) + B(o,¢), (1.2.5)

where the A and B are the viscosity and plasticity operators, respectively.

Elasto-viscoplastic constitutive law

This constitutive relation
o = Ae (it) + Be (u) + /Ot Go(s) — Ae (i(s), (u(s))) ds, (1.2.6)

describe an elastic-viscoplastic material.
Where the operators A and B are fourth-order and nonlinear tensors, their components
a;jr and by are called viscosity and elasticity coefficients respectively and G represents

a nonlinear constitutive function that describes the viscoplastic material.

This law slightly modifies the description of thermo-mechanical or electro-mechanical
phenomena because here we must also take into consideration the temperature field
6, the electric displacement field D = (D;) as well as the electric field E(yp) = — v/
(p) = —(v.). We then present the constitutive laws intervening in this thesis, they

correspond to three particular categories of materials: electro-viscoelastic materials,

12




1.2. Constitutive laws

thermo-viscoelastic materials and thermo-elasto-viscoplastic materials.

1.2.1 Electro-viscoelastic constitutive law

A general electro-viscoelastic constitutive law with short memory is given by
o= As(u(t)) + Be (u(t)) — & E(p), in Q x [0,7T], (1.2.7)

D = E(p) +&e(u), in Qx[0,T]. (1.2.8)

Equation (1.2.7) indicates that the mechanical properties of the material are described by
a nonlinear viscoelastic constitutive law with short memory which takes into account the
dependence of the stress field on the electric field. It has been employed in [4,32] and the
references therein. Note that in the case when £* vanishes, equation (1.2.7) reduces to the

purely viscoelastic constitutive law (1.2.1) [38].

1.2.2 Thermo-viscoelastic constitutive law with long memory

If we take into account the thermal effect of the material during contact, we arrive at
a generalization of law (1.2.3), which is a law of thermo-viscoelastic behavior with long

memory in the following form

o= Ae(u(t))) + G(e(u(t))) + /B(t — s)e(u(s))ds — 0(t)M, in Q x [0, T, (1.2.9)

the temperature 6 is defined by a differential equation, which represents the conservation of

energy as follows

0 — div(KV0) = —M.Vi+ ¢, in Q x [0, 7], (1.2.10)

where ¢(z,t) the density of volume heat in 2 during the time interval, K = (k;;) represents
the conductivity tensor thermal, div(K'V0) = (k;;0,; ) represents the volume density of the
source temperature and M is an operator of thermal expansion. We will use this constitutive

law (1.2.9) in the third chapter of this thesis.
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1.3. Boundary conditions

1.2.3 Thermo-elasto-viscoplastic constitutive laws with damage

A thermo-elasto-viscoplastic relation, taking into account the thermal expansion of the ma-

terial is given, generally, in the form

o= Ale(u(t))) + Ble (u(t)), B(t)) + /Ot G(o(s) — A(eu(s))),e(u(s)),0(s))ds.  (1.2.11)

The evolution of the temperature field is governed by the heat equation, obtained from the

conservation of energy and defined by the following parabolic equation
6 — div(Ky A Q) = ¢(0,eu(s),0) + g in Q x [0,T], (1.2.12)

where 1) is a nonlinear constituent function that represents the heat generated by the internal
forces and ¢(x,t) the density of volume heat in €2 during the time interval during the time
interval.

Damage is an internal variable caused by viscoplastic deformation, the following differen-

tial inclusion will be used to describe the evolution of the damage field
B— K A B+ 0pk(B8) 3 S(e(u), B), in Q x [0,7T], (1.2.13)

where K7 and K are strictly positive constants that represent the coefficients of microcracked
diffusion, dpk is the subdifferential of the indicator function ¢ and S is a given constitutive
function that represents the source of damage in the system.

Finally, in order to complete the mathematical model that describes the evolution of the
body, it is necessary to specify the boundary conditions on I's. Moreover, we describe in the

following the contact conditions and laws with friction.

1.3 Boundary conditions

We now turn to the boundary conditions. The surface I' is assumed to be Lipschitz, and

thus, at almost every point the outer unit normal vector v is defined.

-Mechanical boundary conditions (displacement-traction)

14




1.3. Boundary conditions

Throughout the thesis we assume that the body is held fixed on I'; and therefore,

u=20, onI'; x [0,7], (1.3.1)

which represents the displacement boundary condition. Known tractions of density h act on
the portion I'y, thus,
o, =h, on Ty x [0,T]. (1.3.2)

This condition is called the traction boundary condition. It means that the Cauchy stress
vector o, is imposed on the I'y part of the I' boundary, A representing the density of forces
applied to the surface and constituting a given of the problem.

Finally, the body is possibly in contact with a foundation on I's x [0, T]. This is where all
the richness of the problems begins and where our interest lies, because the conditions on
the potential contact surface I's can be very diverse and thus give rise to a variety of contact

models with or without friction [37].

-Electrical boundary conditions
Next, since the electric potential vanishes on I', during the process, we impose the bound-
ary condition

p =0, on T, x [0,7]. (1.3.3)

Also, we recall that a surface electric charge of density ¢ is prescribed on I'y, and therefore,

D, = qo, on I’y x [0,T]. (1.3.4)

-The thermal conditions
The boundary condition associated with the temperature derivative of the Fourier condi-

tion

_kij%yj - ke(e - QR) - h’T(|uT|>7 on 1—‘3 X [OvT] ) (135)
§=0,inT,U Ty x[0,7], (1.3.6)

where 0 is the foundation temperature, k. represents the exchange of temperature between
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1.4. Contact conditions and friction laws

the deformable body and the foundation, h, the tangential function. (1.3.6) is the boundary
condition of the temperature on I'tU I's. We also consider the conditions
ol

—k‘oa + B0 =0, onI x|[0,7T], (1.3.7)

where (1.3.7) represents a Fourier boundary condition for temperature.

1.4 Contact conditions and friction laws

-Bilateral contact law [33,37]

We now turn to a description of various contact conditions and cite the main laws of
friction on the contact surface I's , which is where our main interest lies. These are divided
naturally into the conditions in the normal direction and those in the tangential directions.
First, consider the so-called bilateral contact, i.e., the contact between the body and the
foundation is maintained at all times. This is generally the case in many machines and
between moving parts and components in equipment or machinery. Since there is no gap,

g = 0, and no separation, we have

u, =0, on '3 x [0,T]. (1.4.1)

The bilateral contact condition (1.4.1) has been used in a number of documents, for more

details see for example [17,31]. We use this contact type in the third chapter of this thesis.

-Signorini’s contact law
Since the base is rigid, it will therefore not undergo deformations. So the body will not be

able to penetrate there. This property translates mathematically into the following equality

o, =0, on I3 x[0,7T]. (1.4.2)

Since the base is rigid, it will not be deformed. The body cannot penetrate it. This

property translates mathematically into the following inequality

u, = u.r <0, onI's x[0,7]. (1.4.3)
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1.4. Contact conditions and friction laws

At points on I's where u,, < 0, the deformable body leaves the rigid base. Normal are

zero. Consequently, we have

u, <0=0, =0, onI'sx[0,T]. (1.4.4)

At points of I's where u, < 0, the deformable body leaves the rigid base. The normal

constraints are then zero there ). Therefore, we have

u,=0=0,<0, onT3x[0,T]. (1.4.5)

To summarize, the contact conditions (1.4.2) — (1.4.5) can be written in the following
combined way

u, <0,0, <0,0, =0,0,u, =0, onI's x [0,7]. (1.4.6)

The contact boundary conditions of the form (1.4.6) are also called Signorini contact
conditions or unilateral contact condition.
Signorini’s contact conditions (1.4.6) model the contact of a deformable body with a rigid

base. We can therefore consider contact conditions for a deformable body with a deformable

base [6].

-Contact with normal compliance
Condition describes a reactive foundation. It assigns a reactive normal traction or pressure
that depends on the interpenetration of the asperities on the body’s surface and those of the

foundation. A general expression for the normal reactive traction on I's is

Oy :pu(uu _9)7 (147)

where p,(.) is a nonnegative prescribed function which vanishes when its argument is non-
positive. Indeed, when u, < g there is no contact and the normal pressure vanishes, and
when contact takes place (u, — g > 0) is a measure of the interpenetration of the surface

asperities [33,37]. A commonly used example of the normal compliance function p, is

DPv (T) = CTy,
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1.5. Boundary conditions for bilateral contact with friction and wear

or, more generally,

m

pu(r) = cu(ry)

Here, ¢, > 0 is the surface stiffness coefficient and m > 1 is the normal compliance
exponent. We recall that r; = max {r,0} denotes the positive part of r. We can also
consider the following truncated normal compliance function

po(r)=cry ifr<aq,

(1.4.8)
p(r) = if r > a,

where « is a positive coefficient related to the wear and hardness of the surface. In this
case the contact condition (1.4.7) means that when the penetration is too large, i.e., when
it exceeds a, the obstacle offers no additional resistance to penetration [37]. The normal
compliance contact condition used in many publications, see, e.g., [20,23,30] and references

therein.

1.5 Boundary conditions for bilateral contact with fric-
tion and wear

Let us introduce the wear function w = w(x,t) : T's x [0,7] — R, which measures
the wear of the contacting surfaces. The wear is introduced, measuring the depth, in the
normal direction, of the removed material. Therefore, it measures the change in the surface
geometry and represents the cumulative amount of material removed, per unit surface area,
in the neighborhood of the point = up to time ¢ [33]. Since the body is in bilateral contact

with the foundation, it results in that
u, = —w on I's. (1.5.1)

Thus, the location of the contact evolves with wear. We remind that the effect of wear is
the recession on I's, it is normal to expect that u, < 0 on I's, which implies w > 0 on I's.
The evolution of the contact surface wear is governed by a simplified version of Archard’s

law [39]. It is usually assumed that the rate of wear of the surface is proportional to the

18




1.5. Boundary conditions for bilateral contact with friction and wear

contact pressure and to the relative slip speed, that is to the dissipated frictional power.

This leads to the rate form of Archard’s law of surface wear

w=—-Ko,|u, — v, (1.5.2)
where k > 0 is the wear coefficient, v* is the tangential velocity of the foundation and |, —v*|
is the sliding velocity between the contact surface and the foundation.

We can see that wear evolution is assumed to be proportional to contact stress and sliding
speed. For the sake of simplicity, we assume in the remainder of the that foundation motion
is uniform, i.e. v* does not vary with time. We note v* = |[v*| > 0.

We assume that v*is large, so that we can neglect u, with respect to v* in the following. in

order to obtain the following version of Archard’s law
0= —Kuv'o,. (1.5.3)

The use of the simplified law (1.5.3) for the wear evolution allows us to avoid certain
mathematical difficulties in the study of contact problems. We can now eliminate the un-
known function w from the problem. in this way the problem is decoupled, and once the
solution to the friction contact problem has been obtained, surface wear can be obtained by

1
integrating (1.5.3). Let ( = Kv*and o = Z Using (1.5.1) and (1.5.3) we have
o, = aily. (1.5.4)

We model the frictional contact between the body and the foundation using Coulomb’s

law of dry friction see [4,6]. Since there is only one sliding contact, therefore

o7 = plovl, o7 = =A(a, —v*), A >0, (1.5.5)

where p > 0 is the friction coefficient. These relations define the evolution of stresses,
particularly the tangential stress. This stress is in the opposite direction to the relative
sliding velocity |, — v*|.

Naturally, the wear increases over time, i.e., w > 0. Consequently, it follows from (1.5.1)
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1.6. Modeling of anti-plane contact problems

and (1.5.3) that 4, <0 and 0, < 0 on I's. Then, conditions (1.5.4) and (1.5.5) imply

o, = alu,|, |o;|=—po,, or=—=Ai, —v*), A >0. (1.5.6)

1.6 Modeling of anti-plane contact problems

1.6.1 Physical setting

We consider a piezoelectric body B identified with a region in R? it occupies in a fixed and
undistorted reference configuration. We assume that B is a cylinder with generators parallel
to the x3-axes with a cross-section which is a regular region € in the x|, xo-plane, Oz 213
being a Cartesian coordinate system. The cylinder is assumed to be sufficiently long so that
the end effects in the axial direction are negligible. Thus, B = Qx| — 0o, 400[. The cylinder
is acted upon by body forces of density fy; and has volume free electric charges of density
qo- It is also constrained mechanically and electrically on the boundary. To describe the
boundary conditions we denote by 02 = I' the boundary of €2 and we assume a partition of
I' into three open disjoint parts I'y, I'; and I's, on the one hand, and a partition of I'y U T’
into two open parts [, and I',, on the other hand. We assume that the one-dimensional
measure of I'y and I',, denoted meas I'; and meas I', are positive. The cylinder is clamped
on I'y x| — 00, +00[ and therefore the displacement field vanishes there. Surface tractions of
density fo act on I'yx] — 0o, +oo[. We also assume that the electrical potential vanishes on
[, x] — 00, +oo[ and a surface electrical charge of density gs is prescribed on I'y, x| — 00, +00],

as shown in the figure below.

/ ™
L.

Ty
[

o J
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1.6. Modeling of anti-plane contact problems

The cylinder is in contact over I's x| — 0o, +00[ with a conductive obstacle, the so called
foundation. The contact is frictional and is modelled with Tresca’s law.

The indices ¢ and 7 denote components of vectors and tensors and run from 1 to 3, sum-
mation over two repeated indices is implied, and the index that follows a comma represents
the partial derivative with respect to the corresponding spatial variable also, a dot above
represents the time derivative. We use S? for the linear space of second order symmetric
tensors on R? or, equivalently, the space of symmetric matrices of order 3, and ".", ||.|| will

represent the inner

ww = ww;, vl = (v,0)2 for all u = (w;), v = (v;) € R?,

and

N |=

o1 =0,;Tij, || =(r.7)2 forall o= (0;;), 7= (1) €S>

We assume that

fo = (0,0, fo) with fo = fo(a1,22,8) : @ x [0,T] = R, (1.6.1)
fo= (0,0, f) with fo = fo(x1,2,1) : @ x [0,T] = R, (1.6.2)
Qo = qo(w1,72,1) : 2 x [0,T] = R, (1.6.3)
G = @1, 22, 1) : Q2 x [0, T] = R. (1.6.4)

The forces (1.6.1), (1.6.2) and the electric charges (1.6.3), (1.6.4) would be expected to give
rise to deformations and to electric charges of the piezoelectric cylinder corresponding to a
displacement u and to an electric potential field ¢ which are independent on x3 and have

the form

u=1(0,0,u) with u = u(xy,z9,t) : @ x [0,T] — R, (1.6.5)
© = (1, 29,t) : Q2 x [0,T] — R. (1.6.6)
Such kind of deformation, associated to a displacement field of the form (1.6.5), is called

an anti-plan shear.

The infinitesimal strain tensor is denoted by ¢(u) = (&;;(u)) and the stress field by o =
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1.6. Modeling of anti-plane contact problems

(0i7). We also denote by E(¢) = (Ei(p)) = — v ¢ the electric field and by D = (D;)the
electrical displacement field.
Here and below, in order to simplify the notation, we do not indicate the dependence of

various functions on x1, zo, x3 or t and we recall that

Vi
eij(u) = ;(u” +uji), Ei(p)=—pi=—|ves], (1.6.8)
0
e(erz+€31)
Ee = | e(egs +e32) |- Ve = (e55) €S, (1.6.9)

0

where e is a piezoelectric coefficient. We also assume that the coefficients u, 5 and e depend
on the spatial variables x1, x5, but are independent on the spatial variable z3. Since c.v =

e.£Tv for all € € S* v € R? it follows from (1.6.9) that

0 0  puy
E*v = 0 0 pua | s Vv = (Uz) e s3. (1610)
puy puyg 0

We assume that the process is mechanically dynamic and electrically static and there-fore

is governed by the equilibrium equations

Diwvo + fy = pu, divD = qq

o111 + 0122 + o133 =0 in Q x [0, 77,
0211 + 0222 + 0233 = 01n Q2 x [0, 77,
0311 + 0322 + 0333 = pii in Q x [0, T].

Then and after simple calculations, we obtain

D1+ Dys+Dss—qo=0.
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1.6. Modeling of anti-plane contact problems

1.6.2 Modeling of electro-viscoelastic contact problem with long

memory

The material is modeled by the following electro-viscoelastic constitutive law with long-term

memory. We have

o= A(treu) I +2ucu+ v (tre(u)) I + 2ce(u) + Z/Ot./\/l (t —s)e(u)ds — & E(p), (1.6.11)

D = ¢eu+ BE(p), (1.6.12)

where A and p are the Lamé coefficients, M : [0, 7] — R is the viscosity coefficient, tre(u) =
gi(u), I is the unit tensor in R?, 3 is the electric permittivity constant, & represents the
third-order piezoelectric tensor and &* is its transpose. In the anti-plan context (1.6.5),
(1.6.6), using the constitutive equations (1.6.11), (1.6.12) it follows that the stress field and

the electric displacement field are given by

o= 0 0 o9 |; (1.6.13)

o031 03 0

eur — Boa
D=| cur—pon |. (1.6.14)
0
where
013 = 031 = GOz, U + 0y, u + /Ot/\/l (t —$) Oy, u(s)ds,
and

¢
093 = 033 = GO, U + [0z,u + /0 M (t —8) Opyu () ds.

We assume that
e (813 + 831)

55 = e (523 + 632) 5 Ve = (8@') € SB, (1615)

€E33

where e is a piezoelectric coefficient. We also assume that the coefficients M, u, 5 and e
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1.6. Modeling of anti-plane contact problems

depend on the spatial variables x1, x5, but are independent on the spatial variable x3. Since

fev=c.l*v foralle € S? v e R3 it follows from (1.6.15) that

0 0 ey
Ev=| 0 0 ewn |, v=(n)eR. (1.6.16)

evy evy evs

We further assume that the process is mechanically dynamic and electrically static and

therefore is governed by the motion and equilibrium equations
pi. = Div o + fy, divD —qy=0, in B x [0,7]. (1.6.17)

Taking into account (1.6.1), (1.6.3), (1.6.5), (1.6.6), (1.6.13) and (1.6.14), the motion and equi-

librium equations above reduce to the scalar equations

¢
Div (¢Vi + uVu) + / M (t — s) Div(Vu (s))ds + Div (eVo) + fo = pi,
0
in Q2 x (0,77, (1.6.18)
div (eVu — BV ) = qp. (1.6.19)
Here and below we use the notation

d’iUT = 7'171 + TLQ fOI' T = (7'1 (.lfl,xg,t) , T2 (1‘1, xg,t)) s

Vo= (v1,v2), 0,0 =uv111+vars for v=uv(xy,x9,t).

We now describe the boundary conditions. During the process the cylinder is clamped on
'y x| — 00, +00[, and the electric potential vanishes on T'yx] — 00, 400[. Thus, (1.6.5) and
(1.6.6) imply that

u=0, on Ty x[0,T], (1.6.20)

=0, onl, x[0,7]. (1.6.21)

Let v denote the unit normal on I'x] — 0o, +00[. We have
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1.6. Modeling of anti-plane contact problems

v=(1,10,0), with v; =v; (z1,29) : T =R, i=1,2. (1.6.22)

For a vector v we denote by v, and v, its normal and tangential components on the
boundary, given by

UV, = V.V, Uy = U — Uyl (1.6.23)

For a stress field o we have

o, = (ov).v, 0. =0V — o, (1.6.24)
From (1.6.13),(1.6.14) and (1.6.22) we deduce that the Cauchy stress vector and the

normal component of the electric displacement field are given by

t
o = <o, 0,60, i + pdu + /0 M (t = 5) D, uds + G‘W) ’ (1.6.25)

D.v = ed,u — 0,p.

Taking into account relations (1.6.2), (1.6.4) and (1.6.25), the traction condition on

[y x| — 00, +00[ and the electric conditions on I'yx] — 0o, +00[ are given by
t
SO U+ pdy,u + / M (t — s) Oyuds + €D, = h, (1.6.26)
0

ed,u — 50,0 = qa. (1.6.27)

We now describe the frictional contact condition and the electric conditions on I'sx| —
00, +oo[. First, from (1.6.5) and (1.6.22) we infer that the normal displacement vanishes
(u, = 0), which shows that the contact is bilateral, that is, the contact is kept during all the
process. Using now (1.6.5) and (1.6.22), (1.6.24) we conclude that

u, = (0,0,u,), o, =(0,0,0,), (1.6.28)

where
t
o, = (O7 0,50,u + pd,u + / M (t —s)0,uds + e@,,go) ) (1.6.29)
0

We assume that the friction is invariant with respect to the x3 axis and is modeled with
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1.6. Modeling of anti-plane contact problems

Tresca’s friction law, that is

o 0 < g ([ fin (5)ds)
o2 (1)] < g (/Dt i (s)) ds) — i (1) =0, on Ty x [0,7]. (1.6.30)
o ()| =g (/Ot [ty ()] ds) = 38 > 0, such that o, = —[u,.

Here g : I's — R, is a given function, the friction bound, and ., represents the tangential
velocity on the contact boundary. Using now (1.6.28) it is straight forward to see that the
friction law (1.6.30) implies

f
O, u + pd,u + /o M (t —s)O,uds +ed,p| < g

[ i s)1s)

t t
Byt + pByu + /0 M (t = 5) Dyuds + edyg| < g /0 iy (5)) ds) = i, (1) =0,

NS N N

t ¢ on I'sx [0, T.
SO, U + po,u +/ M (t—s)0,uds + ed,p| =g / [tr ()] ds) = 36 >0,
0 \ 0
such that ¢d,u + pd,u + / M (t — s)Oyuds + ed,p = —fi,.
0
(1.6.31)
Finally, we prescribe the initial displacement,
u (0) = up, u(0) =uy, in Q, (1.6.32)

where ug is a given function on ).
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Chapter 2

Mathematical tools

This chapter presents preliminary material from functional analysis which will be used in
the following chapters of this thesis. We start with a review of definitions and properties of
several function spaces, including IL” spaces, Hilbert spaces, Sobolev spaces, and spaces of
vector-valued functions. We then recall the Banach fixed point theorem and some standard
results on variational inequalities and evolution equations that will be applied repeatedly in
proving existence and uniqueness results for the contact problems. Finally, we list several

types of inequalities that will be used repeatedly.

2.1 Functional spaces

We introduce in this chapter a summary of functional analysis, and some results that help
us study the problems addressed in this thesis. Let {2 an open from R?. We must define

some necessary spaces in ).

2.1.1 Important definitions about I.” spaces

These notes will briefly review some basic concepts related to the theory of IL? spaces.
We are not trying to give a complete development, but rather review the basic definitions

and theorems, mostly without proof.
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Definition 2.1.1. Let p € R, with 1 < p < 0o, the Lebesgue space 1LP(Q2) is defined to be
LP(Q) = {u : Q — R is measurable and / |u(x)|Pdx < oo} :
Q

The space LP(QY) is equipped with the norm

[ullLr(e) = (/Q |U(x)!”drc>; .

If p =00 and u : Q@ — R is measurable then we define the L>°(2)

L) ={u : 2 — R is measurable and 3 C' such that |u(x)| < C in Q},

its norm 1s

|l ul|Le ) = inf{C : |u(x)| < C, in Q}.
Theorem 2.1.1. (Separability) 1LP(2) is separable space for any p € [1, 0.

Theorem 2.1.2. (Reflxivity) L’(Q) is reflxive space for any p €]1,00[.
In particular, when p=2 the space L*() is a space of measurable functions of squared

summable in ), provided with the inner product

(u, v)12(0) :/u($)v(m)d:£,

Q

L2(Q) is a Hilbert space, we notice

ullL20) = (/Q Iu(x)\2>é.

2.1.2 Sobolev’s spaces

Definition 2.1.2. Let Q an open from R:. The Sobolev space H*(Q) is defined by

HY(Q) = {u € L*(Q) such that gu cL*(Q),Vi € {1, ...,d}} :
€

u
where is the partial derivative of u in the meaning of distributions.

i

Proposition 2.1.1. The Sobolev H'(Q) endowed with the scalar product
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(u, ) () = /Q (u(z)o(z) + Vu(z).Vo(e)) dz,

and the standard norme

1

sy = ([ Ju(e) + V(@)

1
@)= (u,w)f gy and we write || w ll7 )=l v L) + | Vi I[F2q)e -
HY(Q) is a Hilbert space.
Theorem 2.1.3. H'(Q) C L*(Q) with compact injection.

Theorem 2.1.4. (Trace of Sobolev) There is a linear and continuous application

v HY(Q) — L2 () such that yu = u |p for u € C1(Q).
« H}(Q) Space

Definition 2.1.3. H}(Q) denote the vector subspace of the functions of H'(Q) zero on T
Hy(Q) ={ue H(Q),u=01inT}.
The norm of HL(Q) is defined by
3
fullage = ([ 19u@))" = 1Vu(@) 120

« WLP(Q) Space

Definition 2.1.4. Let p € R, with 1 < p < oo, the Sobolev space WP(Q) is defined to be

dp .
1p — P . P - _ . —
Wi (Q) {u e LP(Q), 3¢g; € LP() such that /Quaa;i /nggo, Vo € D(Q), i 1,2,3}.
for uw € W?(Q) we have
ou Ju Ou Ou
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The space WP(Q) is equipped with the norm

ou
ullwrr@) = llullze@) + Ef’ﬂH%HM(Q)

Proposition 2.1.2. The space WP(Q) is Banach space for 1 < p < oco. It is reflzive for

1 < p < o0, and separable for 1 < p < 0.

Definition 2.1.5. For 1 < p < oo, the space Wy*(Q) desing the closure of C}(Q) in WP
The space WoP(Q) equipped the same norm of W'P(Q)) and is separable, Banach space and

it reflrive for 1 < p < 0.
Definition 2.1.6. The dual space of Wy (Q) is denoted by W=7,

See [8,9] for more details about L.? and Sobolev’s spaces.

2.1.3 Functional spaces in solid mechanics

In studying mechanical problems, we frequently use function spaces involving the de-
formation and divergence operators. We therefore introduce the following Hilbert spaces,

associated with the mechanical unknowns v and o

H = {u = (u;) such that u; € L2(Q)} = (L2 ())“,

H = {0 = (0;;) such that o;; = 0;; € L2(Q)} = (L2 (Q))>,
Hy, = {u = (u;) such that u; € H' (Q)} = H' (Q)?,

H, = {0 € H such that 0;;; € H} .

The spaces H, H, H; and H; are real Hilbert spaces endowed with canonical inner products

/ui.vidx,
Q

0. TidT
/Q - Tij AT,

Vg =
)y =
u,0) g, = (,0) g + ((w),£(v))y,
), = (0,7)3 + (Divo, Divt)

given respectively by

Q
3

(
(
(
(
where € : Hy — H and Diwv : Hy — H are respectively the deformation and the divergence
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operators, defined by

e(u) = (g5 (W), € (u) =3 (uiy+us), Divo=/(0y,).

Let X be a Banach space, we denote by || . ||x the associated norm, in particular the
norms associated with the spaces H, H, H; and H;.

Since the I' boundary is Lipschitzian, the exterior normal vector to the boundary is defined
a.e. For any vector field v € H; we use the notation v to designate the yv trace of v on T
Recall that the trace map v : Hy — Hp is linear and continuous, but not surjective. The
image of H; by this map is denoted by Hr, and this subspace is continuously injected into
L2(I")4. We denote by H} the dual of Hr, and (.,.) the product of duality between H} and

Hyr. ov € Hy, there exists an element ov € H. such that
(ov, ”W)H'Fpr = (0,6 (v))y + (Div o,v), ,Vv € Hy.
Furthermore, if o is sufficiently regular (for example C'), we have the formula
(ov,yv) = /Fau.vda Vv € Hy.

So, for a sufficiently regular o we have the following formula (Green’s formula)

(0,6 (v))y + (Divo,v), = / ovwda, Yv € Hj. (2.1.1)
r

We define the closed subspaces of L*(Q2) and H*
Y ={veLX(Q)/e;(v) e LAQ)} = H'(Q), V={veH Jv=0onT}.

Since I'y > 0, Korn’s inequality applies on V', then, there exists a constant Cx > 0

depending only on €2 and I'; such that

e (v)|y = Ck vy, , Vv e H.
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On the space V, we consider the scalar product given by
(u,v), = (e (u),e(v))y, Yu,veV, (2.1.2)
and let |.|;, be the associated norm
[v]y, = le (v)]4, Yo eV. (2.1.3)

By Korn’s inequality,it follows that || o) and |.[;, are equivalent norms on V' and there-
fore (V, |.|,/) is a real Hilbert space. Moreover, by the Sobolev trace theorem, there exists a

constant ¢y, depending only on €2, I'; and I's such that

‘U‘L2(F3) S EO ’U|W VU € V (214)

Furthermore, the dual space of V' is denoted by V' and that of Y by Y.

We use the notations (.,.),,, and (.,.)y..y to represent the duality between V',V and
Y'Y respectively.

In the following, we define the Sobolev spaces associated with the electrical unknowns
(electric displacement field D and electric potential ¢) of the electro-mechanical problems
that will be introduced in the last chapter of the this dissertation.

Let the spaces

W = {D = D; such that D; € L?, divD € L*(Q)},
W ={¢ € H' (Q) such that ( =0on I[',},

where divD = (D, ;). These spaces W and W are real Hilbert spaces with the scalar products

given by
(D, E),, = /Q DiEdr, (D.E),, = (D,E),, + (divD,divE),.q, -
And their associated norm |.|,,, qnd |.|,,, , respectively
|Df5y = |D|]2L2(Q)d + |diUD|u2_2(Q)a el = v 90|12L2(Q)d-
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Since meas (I';) > 0, the following Friedrichs-Poincaré’s inequality holds, thus

VYl > cr Yl gq Yo EW, (2.1.5)

where crp > 0 is a constant which depends only on 2 and I',. On W, we use the inner

product given by
(Sov 77Z})I/V = (VSO, V¢)w )

and let |.[y;, be the associated norm. It follows from (2.1.5) that |.| ;1 o) and ||y}, are equivalent
norms on W and therefore (W, |.|;;;) is a real Hilbert space.
Moreover, by the Sobolev trace theorem, there exists a constant ¢y, depending only on (2,

I', and I's such that
Y20y < Colly VY € W. (2.1.6)

We recall that when D € W, is a sufficiently regular function, the Green’s type formula
holds

(D, V)yy + (divD, ) 20 = /F Dv.abda. (2.1.7)

We introduce the real Hilbert space of the temperature denoted by
E={yeH (Q)/y=0nT,Ul}. (2.1.8)
And we consider the inner product and the corresponding norm given by

O0,7)e=0,aw, |ve=Mmw V0,7v€E.

By Sobolev’s trace theorem, there exists a constant C'; > 0 which depends only on 2 and
I' such that
Yeewy) <lvle Vy e E. (2.1.9)

The following Friedrichs-Poincaré inequality holds on F is

| Ve > Celvle Yy € E. (2.1.10)

L?(Q) is identified with its dual and with a subspace of the dual E’ of E, i-e, E C L*(Q) C
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E’" and we say that the inclusions above define a Gelfand triple.

2.1.4 Vector-valued functions spaces

We shall mention the spaces of vector valued functions for studying time-dependent vari-
ational problems.
Let 0 < T' < oo and let (X;|.|y) be a real Banach space. We denote by C.(0,7; X) the

set of continuous functions with compact support in [0, 7] with values in X.

Definition 2.1.7. A function f : [0,T] — X is said to be measurable if there exists a subset
E C [0,T] of measure zero and a sequence ( fy)nen, of functions belonging to C.(0,T; X) such
that | f,(t) — f(t)|x — 0 when n — oo, for allt € [0, T\ E.

Definition 2.1.8. A function f :[0,T] — X is said to be strongly derivable at ty if there

d
exists an element dj;(to) € X called the strong derivative of f at ty, such that

lim [ (f(t0-+ ) ~ f(10) — Do) = 0,

where ty, to+h € [0,T].

Definition 2.1.9. A function f : [0,T] — X is said to be integrable if there erists a

sequence (fn)nen of functions belonging to C.(0,T; X) such that

lim /OT’f”“) —F()|xdt = 0.

n—o0

Theorem 2.1.5. (Bochni) A function f : [0,T] — X s said to be measurable and

integrable if and only if v — | f(z)|x : [0,T] — Ry is integrable. In this case, we have

[ st < [ 1l

C(0, T;X) spaces Let T > 0. We denote by C(0,T"; X) the space of continuous functions
defined on [0, 7] with values in X. It is well known that C'(0,7; X) is a Banach space with

the norm

)= t .
| @ ||C(0,T,X) tféﬁ% |2 (t) ||x
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We also denote by C'(0,T; X) the spaces of continuously differentiable functions on [0, 7]

with values in X, and we recall that this is a Banach space with the norm

I @ leroaro= max |l (0) lx +mase || (0 lx -

LP(0,T;X) spaces Let 1 <p < oo. The Lebesgue space L? (0, T; X) is the set of classes of
measurable functions f : [0, 7] — X such that the application ¢ — |f|y belongs to L [0, T7.

It is known that L” (0, 7"; X) is a normed vector space with the norm given by

1
T P
| f llLro.r,x)= (/0 |fI5% dt) if 1 <p<oo,
on the other hand, we have the following results.

Proposition 2.1.3. (1)L7(0,7; X) (1 < p < o0) is a Banach space.
(2) L7(0,T; X) C L9(0,T; X) with continuous injection 1 < q¢ < r < oc.
(3) if X is a Hilbert space, then

LP (0,75 X) =L7(0,T; X), if 1<¢,p<o0,
L'(0,7; X) =L*(0,T; X),

where P (0, T; X)' represents the dual of space P (0,T; X), 1 <p < oc.

WEP(0, T; X) spaces  Given an integer k > 2 and areal 1 < p < oo, we define by recurrence

the space

W (0,75 X) = {u e L7 (0,T; X) ,u? € L7 (0,T; X), s <k},

it is easily verified that u € W*P (0, T; X) iff there exist k functions gy, ..., gx € L°(0,T; X)
such that

/OTu(t) o9 () dt = (—1Y /OTgi () g (t)dt, Vo € C(I),Vj = 1,2, ...k,

where ¢ denotes the j* order derivative of ¢. We can consider the successive derivatives

u= glau(2) = 92, au(k) = k-
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2.2. Gelfand triple

The space W*?(0,T; X) is a Banach space equipped with the norm

k
e fwerorx0=ll v ez + 2l 1w -

More details can be found in [8], [38].

2.2 Gelfand triple

In this section we recall the definition of a Gelfand triplet. To do this, we will start with

a reminder of the Riesz-Fréchet representation theorem.

Theorem 2.2.1. Let H be a Hilbert space and let H' be its dual space. Then, for any
w € H', there exists f € H unique such that

(@, V)mrsm = (f,v),Yv € H.
Moreover,

o =Sl -

The importance of this theorem is that any continuous linear form on H can be represented
using the dot product. The mapping ¢ — f is an isometric isomorphism that allows the
identification of H and H'.

Now let H be a real Hilbert space such that V' dense in H and the injection V' C H
is continuous. We identify H and H’. Let V' be the dual of V. We can then extend H
in V' using the following procedure: given f € H, the application v € V. — (f,v)y is a

continuous linear form on H and a fortiori on V, it is denoted T'f € V' so that
(Tf,V)mxu = (f,v),Yf € HVv e H.

We check that T': H — V" has the following properties
c N Tfllv=sCl fllaVfeH,

o T is injective,

36




2.3. Elements of nonlinear analysis

e T(H) is dense in V.

In general, T is not surjective of H on V'. By means of T" we extend H into V' and we
have the diagram

VCH=H CV, (2.2.1)

where the canonical injections are continuous and dense. This triplet is called the Gelfand

triplet. We say that H is the pivot space.

2.3 Elements of nonlinear analysis

In this section, we recall some elements of analysis in Hilbert spaces and some results
concerning first-order nonlinear evolution variational inequalities and first-order parabolic

evolution variational equations involved in the study of mechanical problems.

2.3.1 Linear and nonlinear operators

We begin this section with a brief reminder of the strongly monotone and Lipschitz oper-
ators. For this purpose, we consider a Hilbert space V' with the scalar product (.,.)y and the
associated norm |.|;, and V'’ the dual space of V, denoted by (.,.),. the duality product
between V' and V”.

Linear continuous operators Recall that an operator L : X — Y is linear if
L(aqvy + aove) = ag L(vy) + aeL(ve) Yvi,v5 € X, ay, 0 € R.
A linear operator is continuous iff it is bounded, i.e., there exists M > 0 such that
I L(v) ly< M || v [lx Vve X.

Let X and Y be linear spaces a mapping a: X x X — R is called a bilinear form if it is

linear in each argument that is for any uy, us,u € X, v1,v9,v € Y and a7, a € R,

a(aquy + agug, v) = aja(ug, v) + agalug, v)

37




2.3. Elements of nonlinear analysis

a(u, vy + avs) = aa(u, vy) + asalu, vy)

Definition 2.3.1. Let X be Hilbert space. A scalar product, a(u,v) is a bilinear from X x X

with values in R such that
a(u,v) = a(v,u),Vu,v € X (symmetric),

a(u,v) > 0,Yu € X (positive),
a(u,v) # 0,Yu # 0 (definite).

A bilinear form a is said to be

Continuous: if there exists a constant C' > 0 such that
la(u,v)| < Clul|v|, Yu,v € X.

Coercive: if there exists a constant v > 0 such that
la(u,w)| > y|uf?, Yu,v € X.

Non linear operators An important class of nonlinear operators defined in a Hilbert space

is provided by the following result.

Definition 2.3.2. The operator A : V — V' is said to be

(a) monotome if

(Au— Av,u — v)yy >0, Yu,v €V,

(b) strictly monotone if
(Au— Av,u — v)yyy > 0, Yu,v €V,
(c) strongly monotone if there exists a constant m > 0 such that

(Au— Av,u — )y, > mlu—ol} Yu,v €V,
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2.3. Elements of nonlinear analysis

(d) Lipschitz continuous if there exists Ly > 0
|Au — Av|y,, < Lylu—vl,, Yu,veV,

(e) hemicontinuous if, for any numerical sequence (\,) C R such that \,, — X, when

n — +oo we have
(A(u~+ M), W)y = (A(u+ ), w)yy,, when n — 4o00. Yw € V.

Using the previous definition, we have the following result.
Proposition 2.3.1. Every Lipschitz operator is hemicontinuous.

Corollary 2.3.1. Let X be a Hilbert space equipped with the inner product (.,.)x and the
associated norm |.|x. Let A : X — X an operator that is strongly monotone and Lipschitz.

Then, for every f € X, there exists a unique element u € X such that Au = f.

2.3.2 Convex lower semicontinuous function

Convex lower semicontinuous functions represent a crucial ingredient in the study of
variational inequalities. To introduce them, we give some following definitions.

-Convex function

Let X be a linear space. In the study of convex functions, it is convenient to consider

functions that take on values on the extended real line R = [—o0, +-00] .

Definition 2.3.3. Let f : X — R. The function f is said to be proper if f(v) > —oo for

allv € X and f(u) < oo for some w € X. The function f: X — R is convex if
flu+ (1 —tw) <tf(u)+(1—1t)f(v), Yu,ve X, te]0,1].

The function f is strictly convez if the later inequality is strict for w # v and all t € )0, 1]
-Lower semi-continuity

Definition 2.3.4. A function f : X — |—o00, +00] is said to be lower semicontinuous written

(Ls.c.) at u € X if
lim inf f(u) > f(uo).

uU—UuQ
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For each sequence {u,} C X converging to u in X. The function f is l.s.c. on a subset

of X if it is l.s.c. at each point of the subset. We say that f is l.s.c. if it is l.s.c. on X.

2.4 Evolutionary variational inequalities

In this section, an extension of the existence and uniqueness results for elliptic and
parabolic variational inequalities, as well as for ordinary differential equations in abstract
spaces. We use these results when we study contact problems in the following chapters of

this thesis.

2.4.1 Elliptic variational inequality of first and second kind

Theorem 2.4.1. Let (V| . ||) be a reflexive real Banach space with its dual (V',|| . ||) and
K C 'V a non-empty convex closed set. Then, for each f € V there exists a unique solution

to the elliptic variational inequality of the first kind,
ve K, (Au,v—u), > (f,v—u),, YveK. (2.4.1)

Given a set K C X, an operator A : K — X, a function j : K — R and an element

f € X, in this section we consider the problem of finding an element u such that
(Au,v —u)y +j(v) —j(u) > (fv—u)y, YveK. (2.4.2)

A variational inequality of the form (2.4.2) is called an elliptic variational inequality of the
second kind.

In the study of (2.4.2) we consider the following assumptions

(a) K is a nonempty closed convex subset of X,
(b) j: K — R is a convex ls.c. function,

(¢) A: K — X is a strongly monotone Lipschitz continuous operator,

i.e. it satisfies those conditions
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Ja > 0 such that (Au — Av,u —v) > alu—vl%, VYu,v€ X,
Vu,v € X,lapplication t € [0,1] = (A(1 —t)u + tv,u — v)y,

is continuous.

The main result of this section is the following.

Theorem 2.4.2. Let X be a Hilbert space and assume that (a) — (¢) hold. Then, for each

f € X the variational inequality (2.4.2) has a unique solution.

The proof of this theorem will be carried out in two steps you can find it in [38].

2.4.2 Parabolic variational inequalities.

Theorem 2.4.3. Let V C H C V' be a Gelfand triple. Let K be a nonempty, closed, and
conver set of V. Assume that a(.,.) : V x V — R is a continuous and symmetric bilinear

form such that for some constants a > 0 and ¢,
a(v,v) + colv|f > alvt, Vv e V. (2.4.3)

Then, for everyug € K and f € L?(0,T; H), there exists a unique functionu € H'(0,T; H)N
L2(0,T; V) such that u(0) = ug,u(t) € K for allt € [0,T], and for almost all t € [0,T],

(w(t),v —u(t)) vy +alu(t),v —u(t)) > (f(t),v —u(t))u (2.4.4)

2.4.3 Ordinary differential equations in abstract spaces

Theorem 2.4.4. Let V. C H C V' a Gelfand triple, we consider an operator A monoton

and hemicontinus which verify the properties

i) (Av, v)yry = wloly, + A Vo eV,
it) |Avly, < (Cy o]y, +1), Yo e V.

where w > 0, C; > 0 are constants and A € R, ug € H and f € L*(0,T; V’). Then there

exists a unique function u such that
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u € L*(0.T,V)NC(0.T, H) and u € L*(0,T; V).

u(t) + Au(t) = f(t), a.e t €10,T],
u(0) = up.
Theorem 2.4.5. Let H be a Hilbert space with the scalar product (.,.) and the norm || . || .

We identify H and its dual. Let V' be another Hilbert space of norm |.|. Assume that
VCHCV.

Let T > 0 be fized, for almost any t € [0,T] we give a bilinear form a(t;u,v) : VxV — R
which verify the properties

i) the function t — a(t;u,v) is measurable Yu,v € V,
i1) a(t;u,v) < M |u| |v| a.e. t €[0,T],Vu,v €V, (2.4.5)
i) a(t;v,v) > aljvl|> —C|*, Yo eV, ae. te[0,T).

where o > 0, M and C are constants, ug € H and f € L*(0,T; V’). Then there exists a

unique function u such that

du

u € L*0,T;V)NC(0,T; H) and o

e L*(0,T; V). (2.4.6)

{ (<0>(”_ v) +altu(t),v) = (f(t),0), aete[0.T), VeV, (24.7)

Theorem 2.4.6. (X, |.|y) be a real Banach space and let F'(t,.) : X — X be an operator
defined a.e. on [0,T] which satisfies the following properties

there exists L > 0 such that
|F(t,z) = F(t,y)lx < Lrlz —yly, Vz,y € X, ae. t €[0.T], (2.4.8)
there ezists 1 < p < oo such that F (.,x) € L?(0,T; X) Vx € X.

Then, for all zg € X, there exists a unique function x € WP (0,T; X) such that

(2.4.9)

z(t)=F(t,z(t)), ae. tel0.T],
x(0) =0.
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2.5 Miscellaneous complements

2.5.1 Banach fixed point theorem

Banach fixed point theorem will be used later in this thesis to prove the existence and
uniqueness of the solution. Let X be a Banach space equipped with the norm |.|x, K C X a
part of X and let A : K — K an operator defined on K we are interested in the existence
of a solution of the equation

Au) =u, ue K.
A solution of A(u) = u is called a fixed point of A in K.

Theorem 2.5.1. (The Banach fized point) Let K be non-empty closed subset of a Ba-
nach space (X,|| . ||)x. Assume that A : K — K s a contraction, i.e, K €]0,1[ such
that

|Au — Avlx < Klu—v|x, Yu,v € K.

Then there exists a unique element u € K such that A(u) = u, i.e, A has a unique fized

point in K.

Recall that the powers of the operator are defined recursively by
A" = A(A"1) for n > 2.

Theorem 2.5.2. Assume that K is a nonempty closed subset of a Banach space X, and that
A K — K. Suppose that A™ is a contraction mapping for a positive integer n > 2, then

A has a unique fixed point in K.

The proofs of those theorems are found in [38].

2.5.2 Subdifferentiability

Definition 2.5.1. Let (X, (-, )x) be an inner product space, ¢ : X — R and u € X. Then

¢ is Gateaux differentiable at u if there exists an element Vip(u) € X such that

Lt 1) — ()
t—0 t

= (Veo(u),v)x Vv eX. (2.5.1)
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The element Vo(u) which satisfies (2.5.1) is unique and is called the gradient of ¢ at u.
The function ¢ : X — R is said to be Gateaux differentiable if it is Gateaux differentiable at
every point of X. In this case the operator Vi : X — X which maps every element u € X
into the element V(u) is called the gradient operator of ¢.

Proposition 2.5.1. Let (X, (-,-)x) be an inner product space and let ¢ : X — R be a

Gateaux differentiable function. Then the following statements are equivalent:
(i) ¢ is a convex function;

(ii) ¢ satisfies the inequality

pv) = p(u) = (Ve(u),v —u)x  Vu,ve X,

(iii) the gradient of ¢ is a monotone operator, that is

(Vo(u) = Vo), u—v)x >0 VYu,v e X.

Definition 2.5.2. Let K C X. We call indicator function of K, the function xi defined by

0 if reK,
+oo if x ¢ K.

XK =

It is important to introduce concepts such as sub-differentiability and the sub-gradient of
a function. The notion of sub-differentiability frequently used in mechanics, particularly in

contact mechanics.

Definition 2.5.3. Let j : X — R be a function and u an element of X such that j(u) #
+o0. The sub-differential of j in u denoted Jj(u) is the set of X' defined by

dj(u) =4u" € X": j(v) > j(u) + (v, v —u)xrvx,Vv € X}. (2.5.2)

Every element u' of the set 0j(u) is called a sub-gradient of j at u. The function j is said
to be sub-differentiable at u if 0j(u) # 0 and it is said to be sub-differentiable if it is so at

every point u € X.
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In the case of a Hilbert space X, the sub-differential of j at u can also be written as

dj(u)={u' € X :j(w)>ju)+ (W, ,v—u)x,Vv e X}. (2.5.3)

Now we assume that K is a non-empty convex set.
We consider the indicator function x g of the set K. If u ¢ K, then Oxx(u) = 0. Suppose
that v € K. It follows that if v’ € Oy, then

(u’,v—u)X/Xx <0, Yu € K.

We can thus characterize the sub-differential Oy of an indicator function yx of a non-

empty convex set
Oxg ={u e X": (v, v—u)xxx <0, Vve X}. (2.5.4)

2.5.3 Some further inequalities

Let us mention some very useful inequalities involving the Sobolev norms

Lemma 2.5.1. (Gronwall inequality) Let m,n € C(0,T;R) such that m(t) > 0 and
n(t) >0 for allt € [0,T], a > 0 a constant and ¢ € C(0,T;R) is a function.
1 if
t ¢
0 ga+/m(s)ds+/n(s)¢(s)ds, Yt e [0,T],
0 0

o(t) < (a—l—/m(s)ds) exp (/n(s)ds), Vtelo,T].
2. if
gb(t)§m(t)+a./¢(s)ds, Vtelo,T],

t

/¢(3)d8§6“T/tm(s)ds, vV telo,T].

For the particular case m = 0, part (1) of this lemma becomes
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Let n € C(0,T;R) be such that n(t) > 0 for all t € [0,7], a > 0 be a constant, and
¢ € C(0,T;R) be a function such that

Corollary 2.5.1. Let n € C(0,T;R) such that n(t) > 0 for allt € [0,T], a > 0 a constant
and ¢ € C(0,T;R) a function such that

¢@)§a+/n@ﬁﬂ$dgVﬂﬂQTL

SO

o (t) < aexp (/n(s)ds), vVt e [0,7].

The corollary 2.5.1 is often used to prove the uniqueness of the solution in the following
way. One assumes there are two solutions, denoted by ¢ as the norm of the difference between

these solutions, and then tries to major ¢ under the form

6(t) < [n(s)d(s)ds, vt € [0,7],

with a certain function n > 0. The corollary 2.5.1 immediately gives the nullity of ¢.

Theorem 2.5.3. (Hélder inequality) If p €1, +o0o[, the conjugate exponent of p is the

1 1
only one q €]1,+o0[ such as —+ — =1, for any u € L? and v € L7, we have
P q

wv € LY(Q) and || wo || <] i@ - | v L) -

In particular, for p = q = 2 this reduces to the Cauchy—Schwarz inequality.

1 1
Theorem 2.5.4. (Young inequality) Let p > 1,q < oo satisfy — + — =1
p q

then
b P e er?
ab < — + —, a, .
P q *

Proposition 2.5.2. (Poincaré inequality) Let Q0 a bounded open of R(Q) and let mes

'y, > 0, then there is a constant C'r > 0 only depends on 2 and I, such as for any function

peW
dp;
81‘]"

| Vo |IZ Cr || ¢ llmw), Yo e W, Vo=
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Chapter 3

A dynamic problem with wear
involving thermo-viscoelastic

materials with long memory

In this chapter, we consider a thermodynamic problem of a viscoelastic body with long
memory. Bilateral contact with friction on a rigid moving base with wear. We write the
mechanical problem and specify the appropriate assumptions on the data to obtain the
variational formulation. Then we establish our result of existence and uniqueness of the
weak solution. The proof is based on a theorem for the existence and uniqueness of the
solution of first order nonlinear evolution inequalities variational equations of the first-order
parabolic type, followed by a fixed-point argument. The contents of this chapter have been
published in [11].

3.1 Problem statement

The problem studied in this chapter falls within the physical setting n°2 presented in
the first chapter of the thesis and consequently we use the first mathematical model, for
the study to be complete, let us specify that the behavior law is thermo-viscoelastic with
long memory of the type (1,2,9),(1,2,10) and the contact condition with friction and wear
on the contact surface I's is specified in (1,5,6). The classical model for this process is as

follows
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3.1. Problem statement

Problem P : Find a displacement field u : Q2 x [0, 7] — R, a stress field o : Q x [0, T] —
S?, the temperature 6 : Q x [0,7] — R, and the wear w : I's x [0,T] — R, such that
t

o= A(e(u(t))) + G(e(u(t))) + /B(t —s)e(u(s))ds — ()M, in Q x [0,T], (3.1.1)

0

pt = Div o + fo,in  x [0, T], (3.1.2)
0 — div(KV) = —M.Vi +q, in Q x [0,7T], (3.1.3)
u=0,on Iy x[0,7], (3.1.4)
ov =h,on 'y x [0,T], (3.1.5)
7= el dorl == (3.1.6)
o, ==Xt —v*),A >0, w=—kv*o,, k>0.onTy x[0,7],
—/{:Z-jgiyj = ke(0 — 0g) — h,(|t,]), on I's x [0,T], (3.1.7)
0 =0, in [, Uy x [0,T], (3.1.8)
u(0) = ug, v(0) = vy, 0(0) = Oy, w(0) = wp, in . (3.1.9)

where (3.1.1) is the thermo-visco-elastic constitutive law with long memory, we denote
e(u), A, G the linearized strain tensor, the elasticity operator, the viscosity nonlinear op-
erator, respectively, (3.1.2) represents the equation of motion, where p represents the mass
density, we mention that Divo is the divergence operator, (3.1.3) represents the evolution
equation of the heat field, (3.1.4) and (3.1.5) are the displacement and traction boundary
conditions, (3.1.6) describes the bilateral frictional contact with wear described above on the
potential contact surface I's, (3.1.7) is the boundary condition related to the temperature,
derived from Fourier’s condition, where k;; are the components of the thermal conductivity
tensor, v; are the normal components of the outward unit normal v, k. is the heat exchange
coefficient and 6g is the known temperature of the foundation and h is the tangential func-
tion. (3.1.8) represents the temperature boundary conditions. Finally, (3.1.9) represents the

initial conditions.
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3.2. Variational formulation

3.2 Variational formulation

In what follows, we assume the following assumptions for the problem P;.

The elasticity operator A : Q x S — S? satisfies

(a)3 La > 0 such that: |A(x,e1) — A(z,89)] < Laler — &2

V€1,€2€Sd7 a.e.xGQ,

(3.2.1)
(b) The mapping z — A (z,¢) is Lebesgue measurable in 2 for all € € S,
(¢) The mapping x — A (z,0) € H.
The viscosity operator G : Q x S¢ — S satisfies
(@) 3 Lg > 0:|G(x,61) — G(,29)| < Lgle1 — €1], Ve, 62 €SY, ae. x € Q,
(b) ng >0: (g (ZL’,€1) — g (:L‘,ég) ,€1 — 82) Z mg |€1 — €2|2 ,V€1,€2 € Sd, (3 5 2)

(¢) the mapping  — G (z,¢) is Lebesgue measurable in € for all € € S¢,

(d) the mapping = — G(x,0) € H.

The relaxation tensor B : [0, 7] x Q x S* — S such that (¢,z,7) — (Bijen (¢, z) Tkn) satisfies

(a) Bijen € WH(0,T;L>(Q)),

(3.2.3)
(b) B(t)o-T=0-B(t)7,Vo,7 €S, a.et €[0,T],a.e. in Q.
The function h;, : I'3 x R, — R, satisfies
(@) 3 Ly >0 : |h(z,7m1) — he(z,m2)| < Lp|ry —re|, Vri,r € Ry,
a.e.x € I's, (3.2.4)
(b) © —> h, (x,r) € L*(T'3) is Lebesgue measurable in I's,Vr € R, .
The mass density p satisfies
p € L=(Q) there exists p* > 0 such that p(z) > p*, a.e.x € Q. (3.2.5)
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3.2. Variational formulation

The body forces, surface tractions, the densities of electric charges, and the functions o and

o satisty
fo € L2(0,T; H), h € L*0,T;1L*('y)%), (3.2.6)
q € WH>(0,T;1L%(Q)), 0p € WE>(0,T;1L*(T3)), k. € L(Q,R,), (3.2.7)
M = (mi]’), My; = My; - LOO(Q), (328)
a € L®(T3),a(r) > a* > 0,a.e. on T's, (3.2.9)
w € L>2(T3), p(x) > 0,a.e. on s, (3.2.10)
K = (kij), kij =k € L®(Q),
(ki) kg =k, (2) (3:2.11)
Je, > 0,V(&) € RY, ki&ils > eni.
The initial data satisfies
ug €'V, up € L2(Q), 0y € L*(), wy € L=(T3). (3.2.12)

We use a modified inner product on H = L2(2)? given by
((u,v)) = (pu, v)p2(q)e, Yuv € H.
That is, it is weighted with p. We let H be with the associated norm
||U||H = (pU,’U)]EQ(Q)d, \V/U € H.

It follows from assumption (3.2.5) that |.||; and |.|;; are equivalent norms on H, and
also, the inclusion mapping of (V,|.|;,) into (H,||.||;) is continuous and dense. We denote
by V' the dual space of V. Identifying H with its own dual, we can write the Gelfand triple

VCH=H cCV.

We use the notation (.,.)y/«y to represent the duality pairing between V'’ and V. Then

we have

(u,v)vrxy = ((u,v)), Yu e H Vv € V.
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3.2. Variational formulation

We define the space
E={ye€ H'(Q)/y=0o0nT; UT,}. (3.2.13)

We define the function f(t) € V' by
(1), 0)y = /Q foltywdr + [ h(tyvda, Yo € V, t € [0,T],
I

for all u, v € V,, b € W and t € [0,T], and note that condition (3.2.6) implies that
fel*0,T; V). (3.2.14)
We consider the wear functional j : V x V — R,
Jjlu,v) = /F3 a|uy,| (@ v, — v*])da. (3.2.15)
Finally, we consider ¢ : V x V — R,
o(u,v) = / alu,|v,da, Yo € V. (3.2.16)

s

We define Q: [0,7] = E', K:E— E and R:V — E by

Q) 1) g s = /F kO (t)pds + /Q qudz, Yy € E (3.2.17)
d or ou

K1)y = /kz— d /ked, E 2.

(KT, 1) p' Fle o M0 5 9, W Jy, FeThds: Vi e (3.2.18)

(Ru, 1) g o g :/F h-(|v-|)pdx — /Q(M.Vv)udx, YveV,r,ue k. (3.2.19)

Using Green’s formula (2.1.1), it follows that if (u, 0, 0, w) are sufficiently regular functions
that satisfy (3.1.1) — (3.1.9), then we have the following variational formulation

Problem PV; : Find a displacement field u : Q x [0, 7] — V, a stress field o : Q@ x [0,T] —
S?, the temperature 6 : Q x [0, 7] — R, and the wear w : '3 x [0,7] — R, such that
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3.3. Existence and uniqueness of the solution

(a(t), w—au(t)) + (.As (u(t)) +G(e(u(t))) + /B(t —s)e(u(s))ds — 0 (t) M, e (w —1u (t)))

+j (u7w) - .] (u7 u) + gb(u, U}) - ¢(u7u(t)) > (f(t)a w— u(t)) ) vuv w e ‘/7

(3.2.20)
0(t)+kO(t)= Ru(t)+Q(t), on E, (3.2.21)
w = —kv*o,, on I's x [0,T]. (3.2.22)

3.3 Existence and uniqueness of the solution

The existence of a unique solution of the variational problem PV is given by the following

theorem

Theorem 3.3.1. Let the assumptions (3.2.1) — (3.2.19) hold. Then, Problem PV) has a

unique solution{u, o,0,w} which satisfies

uw€ CHO,T; H) N W'2(0,T; V)N W?22(0,T; V') (3.3.1)
o € L*(0,T;H,), Dive € L*(0,T;V") (3.3.2)
6 € WH(0,T; E'YN1L*(0,T; E) N C(0,T;1L?) (3.3.3)
w € CH0,T;L*(T3)) (3.3.4)

We conclude that under the assumptions (3.2.1) — (3.2.19), the mechanical problem
(3.1.1) — (3.1.9) has a unique weak solution with the regularity (3.3.1) — (3.3.4).

The proof of this theorem will be carried out in several steps. It is based on arguments
of first order evolution nonlinear inequalities, evolution equations, a parabolic variational
inequality, and fixed point arguments.

First step: Let g € L2(0,7;V) and n € L?(0,7; V") be given, we consider the following

auxiliary problem
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3.3. Existence and uniqueness of the solution

Problem PV{": Find a displacement field ug, : [0, 7] — V such that

Ugn(t) € V i (Tigy(t), w — Ugn(t))vixv + ((G(e(ugn)(t), e(w — tgy(t)))n

(1, w — gy (8) Jvrxv + 5 (g, w) — § (9, gy (t)) = (f(£), w0 — gy (t)))vrxvs (3.3.5)
Yw eV,
gy (0) = v(0) = vo. (3.3.6)

We use the Riesz Fréchet representation theorem to define the function f,(t) € V' For
a.e. t €[0,7] by
(fa(t), w)yrxv = (f() = n(t), w)yixv, Yw €V (3.3.7)

From (3.2.14), we deduce that
fy € L2(0,T; V). (3.3.8)

Let now ug, : [0,7] — V be the function defined by
t
gy (t) = / Vgn(8)ds + ug, Vt € [0,T]. (3.3.9)
0
We define the operator G : V! — V by
(Gu,w)yrxy = (Ge(v),e(w))y, Yv,w e V. (3.3.10)

The following variational inequality is obtained

Problem PV9": Find a displacement field v, : Q x [0, 7] — V such that

(Dgn (), w = Vg (E))vrxv + (Gugy(t), w — gy () )
+5(g,w) = j(g,vgy(1)) = (fo(t), w = tigy(t)))vrxv, Yw €V,

Vgn(0) = vy. (3.3.12)

(3.3.11)

Lemma 3.3.1 For all g € L?(0,7;V) and n € L2(0, T; V"), PV{Y" has a unique solution with
the regularity
vy, € C(0,T; H)NIL*(0,T;V) and v, € L*(0,T;V")
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3.3. Existence and uniqueness of the solution

Proof. Using the continuous injection of V into IL?(I'3)¢ then j is continuous and convex.

We define the sequence

je(g,v) = /r a|g,| </L\/|UT — v*|? +€2) da,Yv € V.
3

Its Fréchet derivative is given by

vy — %, w;,)

da,Yv € V, Ve > 0.

jé(g,v)w:/rg gyl \/(‘

vy — U2 4 €2

So j. of class C!, algebraic calculations show that for all &« > 0,8 > 0 such that o + 8 = 1,

and for all real numbers x and y, n > 1

1 1 1
\/(ozx+ﬁy)2+§a\/a:2++6\/y2+.
n n n

Therefore, j. is convex Ve > 0. We have

3C > 0,Vw € V, |j.(g,w)lv < Clglizry)- (3.3.13)

According to (3.2.2)(b) and the monotonicity of j. so G + j. is a monotone operator. As-
sumption (3.2.2)(a) implies that G : V' — V" is a continuous Lipschitz operator. Hence the
application t — G(u + tv) is continuous and then G is a hemicontinuous operator. Since
jL is continuous, then G + j. is a hemicontinuous operator.

Now, from (3.2.2)(b) and the monotonicity of j. we find
(G + D — (G + j)v,u — v)yixy > mglu —v[3, Yu,vin V. (3.3.14)

So, G + j. is a monotone operator.
We choose v = Oy in (3.3.14) and using the inequality 2a8 < mga? + %962, we obtain
Yu,v € V

1 1
‘ 2 2 2
(G + j)u Wy 2 mg luly = |GOvly, |uly, = gmg [uly, — Simg | COVIv-

So the condition (theo 2.4.4)(i) is checked for w = img, A = ﬁ GOy |2, € R.
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3.3. Existence and uniqueness of the solution

Then we use (3.2.2)(a) and (3.3.13) we obtain
(G + j)u— (G + vl < Lglu—vl, + C.
Choosing v = 0y we find
(G +jDuly, < Cluly +1), VueV.

Then the condition (theo 2.4.4)(i7) is verified.
Finally, we recall that by (3.2.12) and (3.3.8) it then follows from theorem (2.4.4) that
there exists

v;, € C(0,T; H)NL*(0,T;V) and o5, € L*(0,T;V")

such that:
i)fm (t) + Gu, (1) + jg,v5,) = fo(t) in V' ae. t €0,T] (33.15)
vg, (0) = vy
So v;, € L*(0,T;V) N W'2(0,T; V') and we have
(5 (60 5 s+ (G (1) 0= 5+l ) = o3 (0) o
> (fo(t),w — 5 () vixv, Yw €V, ae. t€10,T].
From (3.3.15) we have
(U an (t) ) gn)V/XV + (GU ( ))7U§n(t>>v'><v +jé(gvvgn(t>>lev =
(fﬂ(t)’ gn( ))V’xv ae.l e [O7T] :
Using (3.2.2), the monotony of ;5. and (3.3.15)
T 2 ’ 2
3e>0, vt e [0.7]: [os, (0], < e [fos,0f) <e [fig,0f, <e
0 0
So there exists a sub-sequence (vg,) such that
Ve — vy, in L2(0,7;V) and in L>°(0,T; H),
gn n ( ) S ) (3.3.17)
gy — Vgn weakly star in L?(0,75V").
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3.3. Existence and uniqueness of the solution

It comes that
Vgy € C(0,T; H) and v;n(t) — vgn(t) in H, Vt € [0,7]. (3.3.18)

By integrating (3.3.16) , we get Vw € L2(0,T; V)

(#5, (1), w),, dt+/(Gv§n(t)),w)V,X dt+/ja(g,w)dt2

D\Ho\aﬂ

(falt)w = v5,(1)),,. dt*/ O (1), 050 (1)) 1, dt+/ Gugy(£)), 05u(1))

£ 2 1
Ygn (T)‘H D)

1
ja g,v gn / (t))V’det +§

0

(Gugy (005, (1)) it + / jel(g, 5, (1)) dt.

+

O\ﬂo\’ﬂ

+

(3.3.19)
From (3.3.17), (3.3.18) and the lower semi-continuity, we have Vw € L%(0,T; V)

T T
(vgn (t),w— Ugn)V/xV dt + / (Gvgn(t))a w — Ugn)v/xv dt + /j(97 w)dt
0
T

_/.] g7vgn / UQW)V/xV dt.
0

0

Which implies that

(i’gn (t),w— Ugn)wxv + (Gvgn(t»a w — Ugn)vfxv +j(g,w) —j(g. Ugn)
> (fy(t),w —vg)vixy,Yw €V, ae. t €[0,T].

So the problem PV9 admits at least solution vy, € C(0.7,H) NL*(0,7;V) and vy, €
L2(0,T; V).
For uniqueness, let v}
€ [0,7]
(2, () = 05, (1) 02, () — 08y (1), + (G2e(t) — Gl ()05, (1) — vl (1)
We integrate the previous inequality and using (3.2.2) and (3.3.11) we get

o Uay be two solutions of PVen. Using (3.3.11) we obtain for all

<
VIxV —
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3.3. Existence and uniqueness of the solution

¢
2 2
5 ’U;n (t) — vy, (t)‘v + mg / ‘Ugn (s) — vy, (3)"/ ds <0,Vt € [0,T].
0

Which implies

In the study of the problem PV, we have the following result

Lemma 3.3.2. The PV{" problem has a unique solution
Ugy, € WH(0,T5V)NCH 0, T; H) N W20, T; V).

Proof. The proof of lemma 3.3.2 is a consequence of lemma 3.3.1 and the relation (3.3.9).

Second step: Let us consider now the operator
A, : L*(0,T;V) = L*0,T;V) defined by

AT}(Q) = Ugn- (3.3.20)

We have the following lemma.

lemma 3.3.3 The operator A, has a unique fixed point g € L?(0,7; V) such that

An(g*) = 9;-
proof. Let g1, g, € L?(0,T;V). Using similar arguments as those in (3.3.11), we find

(01(t) = 02(t), 01 (1) = 02(1)) + (Ge(01 (1)) = Ge(va(1)), e(vi(t)) — e(va(1)))

(3.3.21)
+ (g1, v1(t)) — j(g1,v2(t)) — 7(g2,v1(t)) + j(ga, v2(t)) <O
From the definition of the functional j given by (3.2.15)
J(g1,v2 (1)) — j(g1, 01 () — 5(g2,v2 (1) + j(g2s v1 (¥) =
(3.3.22)

[ @lgul = algal) (ulvrr = v'| = plea = v*)) da
3
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3.3. Existence and uniqueness of the solution

And using (2.1.4),(3.2.9) and (3.2.10), we have

J(g2,v2(t)) — (g2, v1(t)) — (g1, v2(t)) + 5 (g1, v1(t)) < Clgr — galy o1 —valy, . (3.3.23)

Integrating inequality (3.3.21) with respect to time, using the initial conditions v,(0) =
v1(0) = vy, using (2.1.3), (3.2.2), we find

1 |U1t(t) — v )+ mg/o o1 (5) — v ()]} ds < (3.3.24)

C | 191(5) = g2 (s)ly [vr () — va (s)ly ds.

And we use the inequality 2ab < 5 a + 2mgb?, we obtain

l|U1() ()|v mg/ lv1 (s —vg()|vds<

(3.3.25)
2mg/ |91 (s )|VdS+CX7/ v (s (s)[3 ds.

So (3.3.25) becomes
t
01(0) = wa(®)F < C [ 1g1(s) = ga(s) s (3.8.26)

we conclude from (3.3.26) that the operator A, is a contraction in Banach space L?(0,7T; V)
then there exists a unique fixed point g; € IL?(0,T; V) such that

Ay(9%) = g, (3.3.27)

Third step: We consider the following variational problem.

Problem Py, : Find 6, € E such that
0,(t) + K0,(t) = Ri,(t) + Q(t), on E . (3.3.28)

Lemma 3.3.4 Under the assumptions (3.2.1) — (3.2.19), the problem P4, has a unique
solution

6, € W20, T; E') N 120, T; E) N C(0, T; L2(2)).

proof Since we have the Gelfand triple £ C L?(Q2) C E’, we use a classical result for

first order evolution equations given in [37] to prove the unique solvability of (3.3.28). Now,
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3.3. Existence and uniqueness of the solution

we have 6 € L?(Q2). The operator K is linear and continuous, so a(7,u) = (K7, 1), p 18
bilinear, continuous and coercive, we use the continuity of a(.,.) and from (3.2.7),(3.2.11),

we deduce that

a(T, 1) = (K7, W) g p < |k|]L°°(Q)d><d VTl Vil + |k€|]L°°(F3) |T|]L2(F3) |M|L2(r3)
< Clrlglulp -

We have

d or or
CL(T, 7') = (KT, T)E’XE Z:J;: /Qk‘wax]axldl' + Iy ]{67'2618.

By (3.2.7) and (3.2.11) there exists a constants C' > 0 such that
(KT, T) g g = C )% -
Where is condition (i77) of theorem 2.4.5 satisfied We have 6, € IL?(Q). Let
Ft)e E': (F(t),T)pp = (Ru,(t) + Q(t),7) VrekE.

Under the assumptions (3.2.4), (3.2.7), we have
T

T T
/|Ru|%E, dt < oo, /\Q(t)@, dt < oo, /yF@, dt < oo,
0 0 0

We find
Fel?0,T;E.

By a classical result for first order evolution equations (theo 2.4.5),
319, € WL2(0,T; E'Y NL2(0,T; E) N C(0, T;L2(12)).
Consider the operator
A L20,T; V") — L*0,T; V')

A(n) = A, ¥y € L2(0,T: V"), (3.3.29)
(A(n), w)yr = (A(e(u(t))) + /0 B(t — s)e(u(s))ds — O(t) M, e(w))y + ¢(v, w).

We have the following result.
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3.3. Existence and uniqueness of the solution

Lemma 3.3.5 The mapping A : L?(0,7;V’) — L%*(0,T;V’) has a unique element n* €

IL2(0,T; V') such that
A") =",

(3.3.30)

proof. Let ,n; € L?(0,T;V"). We use the notation (u;, ;). For n =n;,i = 1.2, let t € [0,T].

We have

T

(A(n), w)vrxv = (Ale(u(t))) + /B(t = s)e(uls))ds = O()M, e(w))n+

0

(v, w).

From the definition of the functional ¢ given by (3.2.16),

601,02 (1) = 9,01 (1)) — (e, 2 (6) + Do, 01 (1) =
/1“3 (v, | — alve,]) (v, — va,) da.

And using (2.1.4), (3.2.9), we have

d(v1,v2(t)) — B(v1, v1(t)) — B(v2, va(t)) + B2, v1(t)) < Cloy — valy,.

So
m®) =) < Clu®) —w®l + [ lu(s) = uls)l ds+

101() = 0a(t) £2(y + [02() = wa(D)7)-

Using the inequalities 2ab < 2€q? + 5&b* and 2ab < 2 0% 4+ Z2b?, we find
mg mg

m t 1 t
$(®) = v + 75 (o) = vl ds < - [Tm(s) = () ds

t t
+"jf/0 \vl(s)—v2(3)|2vds+c/o [01(5) — va(s)[2 ds.

So
0(0) = w20} < C [ () = (o)l ds.
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3.3. Existence and uniqueness of the solution

By (3.3.28), we find

(0 (t) - 92(t>’01 (t) - 92(t>>E'><E + (K(Ql) - K(02)701 (t) - Hz(t))E’xE

1 (3.3.37)
= (R<U1) - R(U2)’ 61 (t> - 92 (t))E/xE :

We integrate (3.3.37) over [0,7], we use the initial conditions 6 (0) = 02 (0) = 6y, and we

use the coercive of K and the Lipschitz continuity of R to deduce that

101 (1) = 02 () + C [ 103 () = 02 (5) g s <
C ([ 101 () = e (5)ly 161 (5) = 6 (] s ) -

Using the inequality 2ab < a* + 2b%, we find

t
$1601 (6) = 0 (8)Ezioy + C [ 161 () = 02 (3)[F gy ds <
t
% /0 |1 (8) — vg (s)ﬁ/ ds+ C'|0; (s) — 6y (S)’ig(g) ds.

Also
2 ¢ 2
101 (t) — 02 () |20y < C’/O vy (8) — v2 ()]}, ds. (3.3.38)
By (3.3.36), we find
2 ¢ 2
161 () = 02 (8) 120y < C/O Im (s) = n2 (s) [y ds. (3.3.39)
S0
2 ! 2
06 =1 O < C [ I (5) = ma (5) 2 . (3:3.40)

t
From wu; = wuyg +/ v; (s) ds, we have
0
t
|m@%mﬂm€§CAWMQ—WQMJ& (3.3.41)

[ 10 9) = a9l ds

(3.3.42)
A [u (5) — g (s)|y, ds.

ur (1) =z O + [ s (5) = (5} ds < ©
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3.3. Existence and uniqueness of the solution

But

[u () = uz (B)]5, > 0.

t s
/ / luq (r) — ug (T)ﬁ/ drds > 0.
o Jo

So

t t
|y — ug|? +/O uy — us|? ds < C/O (o1 (s) —va (s)[3 + |ua(s) — uz(s)[;,)ds+

t s
+/ / |uy —u2|%/d7“ds
0 Jo

t t
w =l + [ —wffds < C [ (o) = v &+ ur(s) = w(s)l}

+ /0 lur(r) — ua (1)’ dr)ds
According to Gronwall inequality, we have
2 t 2 t 2
luy — sz +/0 luy — uaf> ds < c/o 1 (s) — va (5)[2 ds. (3.3.43)
By (3.3.36), on obtain
t

|y — us? +/O ur — ualy ds < C fL |y, () — s (s)[2 ds (3.3.44)

And using (3.3.30) and (3.3.34), we find

t

AG) = A Eao ) < C [ I = el ds. (3.3.45)

By induction, with A the n'* power of the operator A, we have

(C)"

n!

‘nl - 7]2’]?42(0’7“;‘//) . (3346)

n n 2
|A™ () — A (772>|JL2(0,T;V') <

(Cty

n!

We now that (((’;f!)n) converge to 0, so for n big enough < 1. That is to say that

the operator A™ is a contraction on the Banach space L?(0,T;V’). So, there is a unique

n* € L2(0,T; V') such that
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3.3. Existence and uniqueness of the solution

An* = n*. (3.3.47)

We consider the operator £ : C(0,T;1L%(T3)) — C(0,T;1L3(T3)),
t
Lot) = —kv* / o,(s)ds, Vit € [0, 7). (3.3.48)
0

The operator £ : C(0,T;1L.%(T'3)) — C(0,T;1L?(T'3)) has a unique element w* € C'(0,7;1L3(T3))
such that

Lw* = w*.

Proof. using (3.3.48), we have
t
| Lo (t) — EwQ(t)|i2(F3) < kv*/o |71 (s) — aa(s)|3, ds. (3.3.49)
From (3.1.1), we have

ua(®) — )} + [ lua(s) ~ ua(o)f ds

t
| Lwy (t) — £W2(t)|i2(r3) < O/o ( )
+161(t) = 02(t) 120

) ds. (3.3.50)

By (3.3.38) and (3.3.42), we find
2 t 2 2 t 2
luy — uaf? + /0 s — sl ds + 101(1) — 02(8) 22y < /0 vi(s) — va(s)[> ds.  (3.3.51)

So

[ 101(9) = el d

. v1(s) — vy(s s

Uy —u2|3/ +/0 luy — U2|%/d5+ 161(t) — 92(t>|12L2(Q) <C ( ’ 2V ) '
+ w1 () — walt) L2 (ry)

So, we have

t
]ul — U2|%/ +/0 |U1 - UQ|%/ ds + |01(t> - 92(t)’i2(§2) S C |w1(t) - w2(t)|]%‘2(1—\3) . (3352)
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3.3. Existence and uniqueness of the solution

By (3.3.50), we find

t
e (t) = Lon(Olyagry) < C [ lwrls) = wals)liaqey ds.

Thus, for m sufficiently large, £™ is a contraction on C'(0.7,1.%(T's)) and so £ has a unique
fixed point in this Banach space.

Now, we have all the ingredients to prove theorem 3.3.1.
Existence Let ¢g* € L?(0,7;V) be the fixed point of A, defined by (3.3.20), let n* €
IL2(0,T; V") be the fixed point of A defined by (3.3.29), let w* € C'(0,7T;1L?(T'3)) be the fixed
point of Lw* defined by (3.3.48), and let (u,0) = (ugey+,8,+) be the solutions of Problems
PVY™ and Pg,. Tt results from (3.3.5), (3.3.28) that (ugey-,6,) is the solution of Problem
PVj. Properties (3.3.1) — (3.3.4) follow from Lemmas 3.3.1 and 3.3.2.
Uniqueness The uniqueness of the solution is a consequence of the uniqueness of the fixed
point of the operators A,, A, £ defined by (3.3.20), (3.3.29), (3.3.48), and the unique solv-
ability of the Problems PV{" and Pig,. This completes the proof.
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Chapter 4

A problem with wear and damage
involving thermo-elastic-viscoplastic

materials with friction

This chapter presents a mathematical model for a contact problem involving thermo-
elastic-viscoplastic materials with damage. The body is in contact with an obstacle. The
contact is frictional and normal compliance with a moving rigid foundation which results
in the wear of the contacting surface. The problem is represented by a system of first-
order inequalities, a parabolic variational inequality with respect to the damage field, and a
parabolic variational equation respect to the temperature field.

We establish a variational formulation for the model and we prove the existence of a unique
weak solution to the problem. The proof is based on a classical existence and uniqueness

result on parabolic inequalities, differential equations and fixed point arguments.

4.1 Problem statement

The problem studied in this chapter falls within the physical setting n°2 presented in
the first chapter of this thesis. And consequently we use the first mathematical model for
the study to be complete, specifying that the behavioral law is thermo-elastic viscoplastic
of type (1.2.11), (1.2.12),(1.2.13). The classical formulation of the mechanical problem is as

follows
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4.1. Problem statement

Problem P;: Find a displacement field u : 2 x [0, 7] — R?, a stress field o : Qx [0,T] — S,
the damage field 3 : Q x [0,T] — R? the temperature 0 : Q x [0,7] — R and the wear
w: I3 x[0,T] — Ry such that

o(t) = As(a(t)) + Ble(u(t)), B(1)) + /Ot G(o(s)Ale(uls))), e(uls)), 0(s))ds,

(4.1.1)
in Qx[0,77,
pi = Divo + fy, in Q x 0,77, (4.1.2)
0 — KoAO = (0, e(u),0) + ¢, in Q x [0,T], (4.1.3)
B — K1AB + 0p(B) 2 S(e(u), B), in Q x [0,T], (4.1.4)
u=20, on I'y x[0,T], (4.1.5)
o, =nh, on I'y x [0,7], (4.1.6)
—O0y = Pu,
7| < ppw,
(u _ U*) on Fg X [O,T], (417)
Or = _/vbpufi7
i, — v
W = kappy R*([ier — v7]).
00
k06—+39:0, on I" x [0, 77, (4.1.8)
v
gf =0, on T x [0,T7, (4.1.9)
u(0) = ug, v(0) = vy, 0(0) = o, B(0) = B, w(0) = wy, in €. (4.1.10)

Here, u = p(w, |4, —v*|) and p, = p,(u, —h —w). Where, equation (4.1.1) is the thermo-
elastic-viscoplastic constitutive law with damage. (4.1.2) represents the equation of motion
where p represents the mass density, we mention that Divo is the divergence operator. Equa-
tion (4.1.3) represents the energy conservation where 1 is a nonlinear constitutive function
which represents the heat generated by the work of internal forces and ¢ is a given volume
heat source. Inclusion (4.1.4) describes the evolution of damage field, governed by the source
damage function ¢, where dp(¢) is the sub-differential of indicator function of the set K
of admissible damage functions. Equalities (4.1.5) and (4.1.6) are the displacement-traction

boundary conditions, respectively. (4.1.7) represent the condition with normal compliance,
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4.2. Variational formulation

friction and wear. The wear function w which measures the wear accumulated of the surface.
The evolution of the wear of the contacting surface is governed by the differential form of
Archard’s law ( see, e.g., [1,19,24,25]), where ks > 0 is a wear coefficient, p, is a prescribed
function of the normal compliance, p > 0 is the coefficient of friction, h represents the gap
in direction of v, v* is the tangential velocity of the foundation, |u, — v*| represents the slip
rate between the contact surface and the foundation, and R* : R, — R, is the truncation
operator R* = r if r < R and R* = R if r > R, R being a fixed positive constant. We
recall that in the case without wear, a general version of normal compliance is given by
—0, = py(u, — h). The difference (u, — h), when positive, represents the penetration of
the surface asperities into those of the foundation. (4.1.8),(4.1.9) represent, respectively,
a Fourier boundary condition for the temperature and a homogeneous Neumann boundary
condition for the damage field on I'. The functions ug, v, 6y, So and wy in (4.1.10) are the

initial data.

4.2 Variational formulation

We now give hypotheses about the data of the problem
The viscosity operator A : 2 x S — S¢

(a) IMy4 > 0such that|A(x,e1) — A(z,e9)| < Maley — &9,

Ve, g9 € S ae. x € Q,
(b) Imy > 0such that|A(z,e1) — A(z,£2),61 — 2] > maler — €2, (42.1)
Ver,e0 €S9, ae. x € Q, B

(¢) The mapping z — A(z, ) is lebesgue measurable in 2 For all ¢ € S¢,

(d) The mapping z — A(x,0) € H.

The elasticity operator B: Q x S¢ x R — S? satisfies
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4.2. Variational formulation

(a) 3JLp > 0such that |B(z, ey, 1) — B(z, 69, a0)| < Lp(ler — &2

+ay — ag|), Ver,e2 € SEVay, a0 €R, ae. x € Q,

(b)  The mapping z — B(z, ¢, «) is lebesgue measurable in €, (4.2.2)
For alle € S? and a € R,

(¢) The mapping x — B(x,0,0) € H.

The viscoplasticity operator G:  x S¢ x §¢ x R — S? satisfies

(a) 3JLg > 0such that|G(z,01,¢e1,01) — G(x,09,69,02)| < Lg(|oy — 09

+ler — ea| + |01 — 0]), Voi,00 € ST Ver, 60 € S, V01,0, € R ace. z € €,

(b) The mapping z — G(z,0,¢,60) is lebesgue measurable in (4.2.3)
For all 0, € S and 6 € R,

(¢) The mapping z — G(2,0,0,0) € H.

The nonlinear constitutive function ¥:Q x S¢ x S¢ x R — S? satisfies

(a) 3Ly > 0such that |¢(z,01,e1,601) — Y(x,02,62,02)| < Ly(|oy — 09|
+ ey — o) 4 61 — 63]), Vou,05 € S% Vey, ey € S4 V0,60, €R, ace. x € Q,
(b)  The mapping z — ¥ (x,0,¢,0) is lebesgue measurable in € (4.2.4)

For all o, € S% and § € R,

(¢) The mapping x — ¢(x,0,0,0) € L%(Q).

The damage source function S: Q x §% x R — S¢ satisfies
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4.2. Variational formulation

(a) 3IMg > 0such that |S(z,e1,a1) — S(x, €2, 0)| < Mg(|le; — &2

+ay — ag|), Vei, e € S Vay,ap € R, ae. x € Q,

(b)  The mapping z — S(z, ¢, a) is lebesgue measurable in ) (4.2.5)
for all ¢ € S? and o € R,

(¢) The mapping z — S(z,0,0) € L?(Q).

The function of the normal compliance p, satisfies

((l) pV:FBXR%RJm
() Apu(z,u1) = pu(z,u)| < Ly [us —up|  Vur,up € R, ae. v €13,
(¢) Forany u € R z — p,(x,u) is Lebesgue measurable on I's, (4.2.6)

(d) py(z,u)=0forallu <0, ae. z €,

() pu(z,u) <piforallueR, ae xe€ls.

The coefficient of friction u, satisfies

(@) p:T3xR? =R,
(b) |M(5U>a1>bl) - M(l',a% 52)’ < LM(\al - @2’ + ’bl - bz\),

Vay, as,b1,00 € R, a.e. x € I's,

(4.2.7)
(¢) The mapping x — u(z,a,b) is Lebesgue measurable on I's,
Va,b € R,
(d) w(zr,a,b) <p*, Va,beR ae zels.
The mass density p satisfies
p € L*°(Q), there exists p* > 0, such that p(x) > p*, a.e. z € Q. (4.2.8)
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4.2. Variational formulation

The body forces, surface tractions and volume heat source; satisfy

fo € L*(0,T; H),h € L*(0, T;L*(T'y)4), ¢ € L2(0, T; L*()),

(4.2.9)
B >0,k >0,i=0,1.
The set K of admissible damage functions defined by
K={BeH'(©Q)/0<f<laeinQ}. (4.2.10)
The initial data satisfy
ug €V, 0y € L*(Q), By € K, wy € L=(T3). (4.2.11)

We use a modified inner product on H = IL2(2)¢ given by
((u,v)) = (pu, v)r2()e, Vu,v € H.
That is, it is weighted with p. We let H be the associated norm
lollsr = (pu, v) s gpas Vo € H.

It follows from assumption (4.2.8) that |.||; and |.|;; are equivalent norms on H, and
also the inclusion mapping of (V,|.|;,) into (H, ||.||;;) is continuous and dense. We denote by
V' the dual space of V. Identifying H with its own dual, we can write the Gelfand triple
VCH=HCV

We use the notation (+,-)ysxy to represent the duality pairing between V' and V. Then,

we have
(u,v)yrxv = ((u,v)),Yu € HVv € V.

We denote by f(t) € V' the following element
(f(1), 0)vry = /Q foltywdz + [ h(tyvda, Yo € V,t € [0, 7). (4.2.12)
1)
The use of (4.2.9) allows us to verify that

feL?0,T;V"). (4.2.13)
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4.2. Variational formulation

We introduce the following bilinear forms a; satisfy

ap - L2(Q) X L2(Q) - R : %@f%ﬂ@éVCV&m+BAK§\KfeL%m,

(4.2.14)
ap: HY(Q) x H'(Q) = R: a.((,€) = kl/ﬂ(’-fdaz, V¢, €€ HY(Q). (4.2.15)
We consider the wear functional j: V x V — R,
Jjlu,v) = /F3 upy(u, — h — w)(|v, —v*|)da. (4.2.16)
Finally, We consider ¢ : V x V — R,
o(u,v) = /1“3 pv(uy — h —w)(vr —uy)da, Yo € V. (4.2.17)

Using Green’s formula (2.1.1), it follows that if (u, 0,0, 5, w) are sufficiently regular func-
tions that satisfy (4.1.1) — (4.1.10), then we have the following variational formulation
Problem PV;: Find a displacement field u : Q x [0, 7] — R9, a stress field o : Q x [0,T] —
S the damage field 8 :  x [0,T] — R%, the temperature 6 : Q x [0,7] — R and the wear
w: T3 x[0,7] — R, such that

(@(t), w —a(t))vrxy +(0(t), e(w = al(t)))a + j(ult), w) = j(u, u(t))

(4.2.18)
+ o(u, w) = d(u, u(t) = (f(t), w —u(t), Yu,w €V,
(O(t), w) + ag(0(t),w) = (V(a(t),e(u(t)), 0(t)), w)y«y 4219
+ (q(t), w)r2), Vw € V, a.e. t € [0,T],
(B(t),¢ = Bt)Lei + ar(B(t),¢ — B(t) = (S(e(u(t)), B), ¢ — B(t) hr2(@), (42.20)
V¢ e K, ae. tel0,T],
w = kop(w, |t — v*|)py(u, — h — w)R* (i, — v*]). (4.2.21)
u(0) = ug, v(0) = vg, 8(0) = by, 3(0) = By, w(0) = wy, in . (4.2.22)
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4.3. Existence and uniqueness of the solution

4.3 Existence and uniqueness of the solution

The existence of a unique solution of the PV, variational problem is given by the following

theorem

Theorem 4.3.1. Let the assumptions (4.2.1) — (4.2.17) hold. Then, Problem PV, has a

unique solution{u, 0,0, 5,w} which satisfies

w e CY0,T; H) N W20, T; V) N W22(0,T; V') (4.3.1)
o € L*(0,T;H,), Divoe € L*(0,T; V") (4.3.2)
6 € WH(0,T; (H (Q)))N1L20,T; H(Q)) (4.3.3)
Be W0, T;L*(Q)) NL*0,T; H'(Q)) (4.3.4)
w € CY0,T;L*(T3)) (4.3.5)

We conclude that under the assumptions (4.2.1) — (4.2.17), the mechanical problem
(4.1.1) — (4.1.10) has a unique weak solution with the regularity (4.3.1) — (4.3.5).

The proof of this theorem will be carried out in several steps. It is based on arguments
of first order evolution nonlinear inequalities, evolution equations, a parabolic variational
inequality and equations, and fixed point arguments.

First step: Let g € L%0,7;V),¢ € C(0,T;L*(T'3)) and n € L2(0,T;V’) be given, we
consider the following auxiliary problem

Problem PVy"™: Find a displacement field g, : [0,7] — V such that

Ugne(t) € V (ﬂgnﬁ(t)7w - ugnﬁ(t))V’xV+

+(A€(u9775)(t)7 €(U) - ugnf(t)))H + (777 w — ugn&(t))V’XV + ](g, w) (436)
_j(gai‘gnﬁ(t)) > (f(t),w — ugn&(t)))\/’xw Vw e V.
e (0) = v(0) = vo. (4.3.7)

We use the Riesz Fréchet representation theorem to define the function f,(t) € V' For
a.et € [0,7T] by
(fa(t), w)yrxv = (f() = n(t), w)yrxv,YVw € V. (4.3.8)
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4.3. Existence and uniqueness of the solution

From (4.2.12), we deduce that
f, € L*(0,T; V). (4.3.9)

Let now ug,e : [0,7] — V be the function defined by
t
Ugne (1) = / Ve (8)ds + g, ¥t € [0, 7). (4.3.10)
0
We define the operator A : V' — V by
(Av,w)yrxy = (Ae(v), e(w))y, YVo,w € V. (4.3.11)

The following variational inequality is obtained

Problem PV9%: Find a displacement field vg,e : Q2 x [0,7] — V such that

(Dgne(t), 0 — Vgne () Jvrxv + (Avgne(t), w — vgne(t)) )
+7(g,w) = j(g,vgne(t)) = (fy(t), w0 — tgne(t)))vixy, Yw € V.

VUgne(0) = vo. (4.3.13)

(4.3.12)

Lemma 4.3.1 For all g € L?(0,T;V),£ € C(0,T;1L*(T'3)) and n € L2(0,T; V'), PV29’75 has

a unique solution with the regularity
Vgne € C(0,T; H)NILA(0,T; V) and v, € L?(0,T; V).

Proof. Using the continuous injection of V into L2(I'3)¢ then j is continuous and convex.

We define the sequence

Je(9.0) = fi, 1pu (g0 — h — w)(y/Iv- — v*]? + €2)da, Yo € V.

Its Fréchet derivative is given by

(v —v*, w;)
\/|vT — v*|? 4 €2

j::(ga U)'w = ng :upu(gl/ —h— W) da, Yo e V.

So j. of class C!, algebraic calculations show that for all & > 0,3 > 0 such that a + 8 = 1,

and for all real numbers x and y, n > 1
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4.3. Existence and uniqueness of the solution

1 1 1
\/(ax+ﬁy)2+§a\/x2++ﬁ\/y2+.
n n n

Therefore, j. is convex Ve > 0. On a

4C' > 0,Yw €V, |jé(g,w)|vl < C|g|]L2(F3)~ (4314)

According to (4.2.1)(b) and the monotonicity of j. so A + j. is a monotone operator.
Assumption (4.2.1) (a) implies that A : V' — V' is a continuous Lipschitz operator. Hence
the application ¢t — A(u+tv) is continuous and then A is a hemicontinuous operator. Since
JjL is continuous, then A + j! is a hemicontinuous operator.

Now, from (4.2.1)(b) and the monotonicity of j. we find

(A+jDu— (A+jD)v,u—v)yiey > malu —vl3, Vu,v in V. (4.3.15)

So A + j. is a monotone operator.

We choose v = 0y in (4.3.15) and using the inequality 2a8 < m4a? + miABZ, we obtain
Yu,v eV

. 1 1
(A + 3D 0) sy = malull = A0Vl fuly > Smalul} = 5= A0,

So the condition (theo 2.4.4)(i) is checked for w = im4, A = ﬁ |AOy |2, € R.
Then we use (4.2.1)(a) and (4.3.14) we obtained

[(A+j0)u— (A+ j)vly, < Lalu—ofy, +C.
Choosing v = 0y we find
(A + Duly, < C(luly, + 1), Yu € V.

Then the condition (theo 2.4.4) (ii) is verified.
Finally, we recall that by (4.2.11) and (4.3.9) it then follows from theorem (2.4.4) that there
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4.3. Existence and uniqueness of the solution

exists v, . € C(0,T; H)N1L*(0,T;V) and v, € L*(0,T; V"), such that

Uine (1) + AV () + Jo(g, v5e) = fo(t) in V', a.e. t €[0,T], (43.16)
vg, (0) = vp.
So v, € L*(0,T;V) N W2(0,T; V") and we have
(Ve (8) 0 = VS )vry + (A, (8)), 0 = 05,6 (8) ) vy + Je (g, w)— (4.3.17)
Je(9,05,e() = (fy (1), w — v e (B))vixy Yw €V aet €0,T7],
From (4.3.16) we have
(7};775 (t) ’Ugnﬁ)v’xv + (Avsm&( ), UZnﬁ(t))V’XV + ji(9, Uznﬁ(t))v'xv =
(fo(),05,¢(t),,, a-ete€[0,T].
Using (4.2.1), the monotony of 5. and (4.3.16)
T T ,
3C >0, Wt € 0,T] : [0 ( C. [, <c [[s5,60[, <
0 0
So there exists a sub-sequence (vy,¢) such that
Vee = Vgne in L2(0,T5V) and in (0, T'; H). (43.18)
gy — Vgne Weakly star in 12(0, T} V). -
It comes that
Vgne € C(0, T H) and v, (t) — vgne(t) in H, Vt € [0,T]. (4.3.19)

By integrating (4.3.17), we get Yw € L2(0,T;V)

75




4.3. Existence and uniqueness of the solution

T
e (0,0) L dt+ [ (Avge@),w),, de+ [ Gug w)de >
0 0

(
(

o\’ﬂo\’ﬂ

T T
Falt)w = v5e()) it + / (850 (1), V50e(®)) ., dE+ / (Avge(0)), v5e(®)) . dt
0 0

T
4 [ 30 et > [ (falt)w = e®),, it + 3 Jeine (D] = 5 e O
0 0
T
[ (A0, v5e0),,, dt+ [ Gilg, vt
" ' (4.3.20)
From (4.3.18), (4.3.19) and the lower semi-continuity, we have Yw € L?(0,T;V)
T T T
/ Ugne (t — Ugne )y At + / (Avgne(£)), w — Vgne )1y db + /j(g, w)dt
0o . 0
—/] 9, Vgne)d / — Ugng)yryey At
0 0

Which implies that

(Vgne (1) ,w — 'Ugni)V'xv + (Vgne(t)), w — U9775>V’><V +j(g,w) — j(g,van)
> (fn(t),w — Ugnf)V’XVa Yw € ‘/,CL.G. t e [O,T] .

So the problem PV9% admits at least solution v, € C(0,T; H) NL*(0,T;V) and 0y €
L2(0,T;V").

For uniqueness, let ’U;né, US,]E be two solutions of PVsms. Using (4.3.12) we obtain for all
tel0,7],
(o;ﬁ (1) = D (1), 020 () — Vb e (t))V, (Avgng( ) — Avk (1), 02 (t) — v;ng(t))wv <0

We integrate the previous inequality and using (4.2.1) and (4.3.11) we get

1

t
2 2
3 ‘USnf () = Vg (t)‘v + mA/ ’US% (8) = Vgne (s)’v ds <0, Vt €10,T].
0

Which implies

1 _
Ugne = Ygne-
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In the study of the problem PV, we have the following result
Lemma 4.3.2. The PV{™ problem has a unique solution
Ugge € W2(0,T; V)N CH0,T; H) N W20, T; V).

Proof. The proof of lemma 4.3.2 is a consequence of lemma 4.3.1 and the relation(4.3.10).
Second step: We use the displacement field w4, to consider the following variational
problem

Let us consider now the operator
Ay 1 L2(0,T;V) — L*(0,T;V) defined by

Ane(9) = vgne.- (4.3.21)

We have the following lemma.
lemma 4.3.3. The operator A, has a unique fixed point g € L*(0,T; V).
proof. Let g1, g» € L?(0,T;V), Using similar arguments as those in (4.3.12), we find

(01(2) = 02(t), v1(t) = v2(1)) + (A (v (t)) — Ae(va(t)), e(0(F)) — e(va(?)))

+ j(g1,v1(t)) — j(g1,va(t)) — (g2, v1(t)) + j(ga, va(t)) < 0.

(4.3.22)

From the definition of the functional j given by (4.2.16), we have

(g1, v2(t)) — § (g1, v1(t)) — G(ga, va(t)) + 5(ga, va(t)) =
/F3 (M(g’ |UQT B v*|)pl/(glu —h— 5) |U27— - U*| - :U’(fv |U17' - U*Dpy(glv —h— 5) |U17. - U*’

— (&, var = V) pu(g2r — b = &) [var — v*| + (&, |01r = 0*|) pulgar — h = &) |0r1r — v*|> da.
(4.3.23)

Using (4.2.7) and (2.1.4), we find

J(g1,va(t)) = j (g1, vi(t)) — j(ge, va(t)) + j(g2, v1(t)) < Cluy — v2lv|gr — galv.  (4.3.24)
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4.3. Existence and uniqueness of the solution

Integrating the (4.3.22) inequality with respect to time, using the initial conditions v, (0) =
v9(0) = g, using (4.3.24), we find

o (6) = 02 (O + s [ oy (5) = v (5) 2 ds <
? v v (4.3.25)
C 101 () = 92 ()l o () = v (5) |y s,
We use this inequality, 2ab < 5-— a® + 2m4b?, we find
Lo () = 2 (OFF +4A/ 1 (5) = o2 (9l ds <
? v v 2 (4.3.26)
0><7/|g1 )|Vds+C’><20 “Jor (s) = v (s)[2 ds.
So (4.3.26) becomes
t
o1(t) — va(t)[} < C/O 191(s) — ga(s)[7-ds. (4.3.27)

We conclude from (4.3.27) that the operator A7), is a contraction in Banach space L*(0.7, V')
then there exists a unique fixed point g, € IL2(0,T;V) such that

Noe(g") = gre- (4.3.28)

The third step: For xy € C(0,T; (H" (Q))') given, we use the displacement ug-,¢ obtained.
Consider the following PV5, problem
Problem PVs,: Find the temperature field 6, : [0,7] — H' () such that

(GX (t) ,w) (HY(©Q)) x HL() +ag (Oy (1), w) = (x (t) + ¢ (¢) aw)(Hl(Q))’le(Q) ) (4.3.29)

6, (0) =6y in Q. (4.3.30)
We have the following result

Lemma 4.3.4 For any y € C(0,T; (H" (Q))"), there is a unique solution 6, of the problem
PV, satisfies (4.3.3).

Proof. We apply the Friedrichs-Poincaré inequality, we can find a constant, B’ > 0 such
that

2 B 2 / 2 2
/Q!VCI d:v+k0/r|<! d’yzB/Qm dr, V¢ € L*(Q) .
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4.3. Existence and uniqueness of the solution

Thus, we obtain that

a0(¢,¢) = ¢o [C[3iiy» V¢ € L2 (), (4.3.31)

with ¢y = komin(1, B')/2, which implies that aq is L-elliptic. By applying the arguments
of classical functional analysis to parabolic equations, the problem PV, admits a unique
solution 6, that satisfies (4.3.3).

Fourth step: For ¢ € C(0,T;1L*(Q)) we consider the following variational problem.
Problem PVs4: Find the damage field (4 : [0, 7] — K such that

(Bo(t), ¢ = Bt))L2() + a1(Bo(t), ¢ — B(1)) = (6, ¢ — B(1) 120,
V¢ e K, ae. t€][0,T],

Bs(0) = fo. (4.3.33)

(4.3.32)

Lemma 4.3.5 There exists a unique solution 3, to the auxiliary problem PVs4 such that
By € W20, T;1L2(Q)) NL*(0,T; H'(Q)). (4.3.34)

Proof. The inclusion mapping of (H'(Q2), || g1 (o)) into (IL?(2), ]-]y2(qy) is continuous and its
range is dense.We denote by (H'(€2))" the dual space of H'(Q2) and, identifying the dual of
L2(Q2) with itself, we can write the Gelfand triple

HY(Q) CcL*(Q) C (HY(Q))

We use the notation (-,-)(m1(q)yxm1(Q) to represent the duality pairing between(H(2))’
and H'(f2), we have

(B,8) @y xm@ = (8,612, V6 € L*(Q), £ € HY(Q).

Moreover, K is a nonempty closed convex set in H'({2), a; defined by (4.2.15) is a bilinear
form, and By € K.
It is easy to see that Lemma 4.3.5 is a consequence of theorem 2.4.3.

Taking into account the above results and the properties of the operators B and G and of
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4.3. Existence and uniqueness of the solution

the functions ¢ and S, we can consider the operator A such that

A:C0,T; V' x (HY(Q)) x L*(Q)) — C(0,T; V' x (H(Q))" x L*()),

(4.3.35)
A, x, 0)(t) = (A1(n)(t), A2(x) (1), As(@)(1))
(A1(n), w)vixv = (B(e(uy)(t), B(t)), w)+
‘ (4.3.36)
(/0 G(oy(s), Ale(tny(s))), e(uy(s)), Ox(s))ds, w) + p(uy(t), w), Yw € V,
(AQ(X)’ w)(Hl(Q))'XHl(Q) = (w(a,,(t), E(Hn)(t), Qx(t)), ’LU), Yw e H' (Q>7 (4‘3‘37)
As(9)(t) = S(e(uy)(t), Bo(t), 6x(2))- (4.3.38)

We have the following result.

Lemma 4.3.6 The mapping A has a unique element (n*, x*, ¢*) € C(0,T; V' x (H*(Q))" x
L?(2)) such that A(n", x*, ¢*) = (%, x*, ¢*).

proof. Let (71, x1,%1), (M2, X2, 92) € C(0,T; V' x (H'(Q)) x L*(Q2)) and t € [0,T]. We use
the notation wu,; = u;, Uy = vy = v, Bgi = Bi, 0yi = 05,0, = 0, for t =1, 2.

Using (4.3.35) and the relations (4.2.1) — (4.2.4), we obtain

m(®) = mOF < CUBE) = BBy + lur(t) — (D)}
o) = w0 + [ (01(9) = aa(s)l, + on(s) = va(s)

(4.3.39)
Flui(s) = ua(s)[5 + [01(s) = O2(s)[F2(0))ds) + P(ua, va(t))
—P(ur, v1(t)) — d(ug, v2(t)) + @(uz, v1(t)).
From the definition of the functional ¢ given by (4.2.17)
P(u1,v2(t)) — P(ur, v1(t)) — dug, va(t)) + P(uz, vi(t)) =
/Fg (pu(ur, — h — w)vg, — pu(ug, — h —w)vy, — py(ug, — h — w)vg,+ (4.3.40)
Py (U9, — h — w)vy,)da.
And using (2.1.4), (4.2.6) we have
P(u,v2(t)) — P(ur, v1(t)) — Puz, va(t)) + Guz, v1(t)) < Clui(t) — va(t)|v (4.3.41)

luy (t) — uz(t)]v
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4.3. Existence and uniqueness of the solution

Since

w; (t) :/vi (s)ds + ug, Yt € [0,T7].

We have
2 t 2
ur(t) — wa(Of < € [ for(s) = va(s)f} ds.

Applying (4.3.41), (4.3.43), the relation (4.3.39) becomes

m (Z) — 12 (D)3 < C1B1 () = Ba (D)]f 2 + o2 () — v2 (1)},
+/0 (|1 (s) = o2 (5)\3{1 + [v1 (8) — vg (5)\3/ + |ug (8) — ug (5)’%/
+ 161 (s) — 02 (S)ﬁ{l((l))ds'

Taking into account that
oi(t) = Ale(u(t)) + mi(t), vt € [0, T].

By (4.1.1), and using (4.2.1), (4.2.3) we find

o1(t) = o2(t)[5,, < C(jor(t) = v2(O)[3 + [ (t) — (D) [7)-
(4.3.12) it follows that

(01(t) = v2(t), v1(t) — v2(1)) + (Ae(vi () — Ae(va(t)), e(vi(t)) — e(va(t)))
+(mi(t) = ma(t), v1(t) — v2(t)) < ji(ur, v2(t)) — j(ur, vi(t)) — j(uz, va(t))
+J(uz, v1(1)).

From the definition of the functional j given by (4.2.16)

J(ur,va(t)) — g(ur, vi(t)) — j(ug, v2(t)) + j(uz, vi(t)) =
/ ey —h = w)(fva; — v )da ~ / iy = h = w)(fvr; — v )da

_/1" Mpu(u2u —h— w)(‘UQT - v*])da +/1" ,upzz(uQV —h— w)(yvlT o U*‘)da'
3 3
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4.3. Existence and uniqueness of the solution

And using (2.1.5), (4.2.7) we have

Jlur,va(t)) — j(uy, vi(t)) — j(uz, va(t)) + jluz, vi(t)) < Cloi(t) — va(t)|v
ur(t) — ua(t)]v.

(4.3.49)

Integrating the (4.3.49) inequality with respect to time, using the initial conditions v,(0) =
v1(0) = vy, using (4.1.1), (4.3.47), and Cauchy-Schwartz’s inequality (4.3.47) becomes

Lo (1) - (>w+m4/w1 )= un (ds <C [ for (5) = s (5) ds
+/ Im (s (8)]y |1 (8) —v2 (s)]y, ds.

Using the inequality 2ab < ma® + %bQ we obtain

%m<>vuﬂwwi/wl —wUW%<C/hq )= s (), ds
bt [ ) = m 6)f ds+ 52 [ (5) = v 0) s,

this inequality combined with the Gronwall inequality, gives

(0) = w0 < C [ n(s) = nalo)lds. (4350
So
/w1 )= v @ ds < [ [ () = (1) drds -
<0 [ (s) = m () ds.
In addition, by (4.3.43) and (4.3.51), we find
g (£) — us (t <c/ph ()| ds. (4.3.52)

Which implies

|uy(t) — ua(t W<C//hh — ma(r WW@<C/hh ) —ma(s)|3ids.  (4.3.53)

For the temperature, if we take the substitution y = x1, x = x2 in (4.3.29) and subtracting
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4.3. Existence and uniqueness of the solution

the two obtained equations, we deduce by choosing v = 6; — 5 as test function

t
63(8) = Ba(O)3n 0y + Co [ 161(5) = Ba(s) i s <
t
| () = xa() iy 61() = 02(3) | oy ds, ¥t € 0,7,

Employing inequality 2ab < 2Cya? + 5 1 b2

rel<>—92<>|m +co/ 01 (5) = 02 ()]s s <
o [ 1) = e (e ds+ Co [ 101(5) = 62 (92 ey Ve € 0,7

We get
t

For the damage field, from (4.3.32) we deduce that

(61 - 52751 52)1L2 )+ al(ﬁl B2, 81 — 52) (¢1 P2, B — 52)1L2(Q),CL-6-75 € [07T]'

Integrating the previous inequality with respect to time, using the initial conditions ;(0) =

B>(0) = Bo and the inequality a;(81 — B2, f1 — f2) > 0, we find

; 1By () = Ba () [0y < /()t<¢1 () = @2 (s), 81 (s) = B2 (8))r2()ds, (4.3.55)

which implies

1 t
21810 = B2 (D) < [ 161(5) = 02 (5) Loy 181 () = B2 ()]

We apply the inequality 2ab < a? + b?

/|¢1 )|L2(9)d3
+ [1181(5) = Ba () o ds

this inequality, combined with the Gronwall inequality, gives

181 () = B2 (8) F2(q) <

t
51(0) — Bo(0) ey < © [ Nor(5) = buls) oy ¥t € 0.T). (4.3.56)
From (4.3.46), (4.3.50), (4.3.51), (4.3.53), (4.3.54), (4.3.56), the relationship (4.3.44) becomes
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4.3. Existence and uniqueness of the solution

/ 91(5) = 6 (3)[F2(a) ds

m () —m (D)2, < C +/ 1 (5) — Xz (s)|§H1 oy ds |- (4.3.57)
+/ |771 )’V/ dS

We use (4.2.4), (4.3.37), we get

(Jov (1) — 02 (1),
b () = x2 Oy < Lv |+l @) —v@F | (4.3.58)
+ 61 () — 62 ()7

From (4.3.46), (4.3.50), (4.3.54) and (4.3.58) we find

/ |¢1 S>|]L2(Q) ds
X1 () = x2 ()1 )y < C +/ Ix1 (s) — X2 (s)|( ay ds |- (4.3.59)
+ / i (s) =2 ()17 ds
Using (4.2.5), (4.3.38), we obtain
(61 (£) = b2 ()[L2i0y < CUBL (1) = B2 (D)l f2(q + lur () — uz ()[})- (4.3.60)

From (4.3.52) and (4.3.56), we obtain

|61 (5) = @2 ()L ds
@1 (8) — @2 (t )’LQ(Q) // | ()2 d : (4.3.61)
T]l \%l S

Applying the previous inequalities, the estimates (4.3.57) — (4.3.61), and sub- stituting
(4.3.35), we obtain

|A(m2, X2, P2)(t) — Alm, xa, ¢1)(t)|v/x(H1(Q))fol(Q) < C/Ot (12, X2, #2) () — (11, X1, ¢1)(s)] ds.

Thus, for m sufficiently large, A™ is a contraction on C'(0,T; V' x (H'(Q)) x H'(Q)) and

so A has a unique fixed point in this Banach space.
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We consider the operator L¢ : C'(0,T;L*(T3)) — C(0,T;1L*(T3))
t . . .
Le(t) = kg/o w(&, i, —v*)pu(uy, — h — &) R* (|4, — v*|)ds, Vt € [0,T]. (4.3.62)

Lemma 4.3.7 The operator L : C(0,T;1L%(T'3)) — C(0,T;1L*(T3)) has a unique element
& € C(0.T,1L2(T'3)), such that L& = £*.
Using (4.3.62), we have

L6 t) = LesRagey < o [ [01(5) = walo) + lor(s) = palo)l?

. _ (4.3.63)
F161(5) = &) F2(ey) T 181(8) = E2(8) [F2 (e d5-
We have
6(6) = £ aqry) < C [ ((5) — Eals) ey ds. (43.64)
And
i lon(s) = ea() + lea(s) = wa(9) < € [ Toa(s) — vals) P,
So, we have
Jo lvi(s) = va(8) 3 + [ur(s) —ua(s)f < C(/t [01(s) — va(s)|*ds
0 (4.3.65)

+ [ 16(0) - &) Py
By Gronwall’s inequality we find
[ 10a(s) = was) .+ un(s) = w9 < € [ 1600) — (0 Bary
Using (4.3.62), we find
|LEL(E) — L& (t) L2y < /Ot 1£1(5) — &2(5)|L2(ry)ds.
By induction, with L™ the m! power of the operator L, we have

(C)

[L7& () = L& (B)|2(ry) < 160 () = &2 (D)lp2qry) »
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@™

we know that (T) converge to 0 so for m big enough (@™

m!

< 1. That is to-to say
that the operator L™ is a contraction on the space of Banach C(0,T;1L2(T's)). So, there is a
unique &* € C(0,T;1L*(T'3)) such that

Now, we have all the ingredients to prove theorem 4.3.1.

Existence Let g* € L*(0,T; V) be the fixed point of A,+¢- defined by (4.3.21), let (n*, x*, ¢*)
€ C(0,T; V' x (H()) x L?(Q)) be the fixed point of A defined by (4.3.35) — (4.3.38),let
& € C(0,T;L*(T'3)) be the fixed point of L&* defined by (4.3.62), and let (u,0,3) =
(Ugeyrer, Oy, By+) be the solutions of Problems PVQ‘(’*"*E*, PVy,« and respectively, PVag-. It
results from (4.3.6), (4.3.7),(4.3.29),(4.3.30), (4.3.32) and (4.3.33) that (ugwy¢x, Oy, Bgr) is
the solutions of Problems PV,. Properties (4.3.1) — (4.3.5) follow from Lemmas 4.3.2, 4.3.4
and 4.3.5.

Uniqueness The uniqueness of the solution is a consequence of the uniqueness of the fixed

point of the operatorsA,¢, A, L defined by (4.3.21), (4.3.35) —(4.3.38), (4.3.62) and the unique
solvability of the Problem PV{™, PV, and PVa, which completes the proof.
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Chapter 5

Variational analysis of
electro-viscoelastic anti-plane contact

problem with long memory

In this chapter we consider a mathematical model which describes the anti-plane shear
deformation of a cylinder in frictional contact with a rigid foundation. We consider a dynamic
contact problem with friction in electro-viscoelasticity with long memory. The body is in
contact with an obstacle. The problem is formulated as a coupled system of an elliptic
variational inequality for the displacement, variational equation for the electric potential.
We establish a variational formulation for the model and we prove the existence of a unique
weak solution to the problem. The proof is based on a classical existence and uniqueness

result on parabolic inequalities, differential equations and fixed point arguments.

5.1 Problem statement

Our electro-visco-elastic anti-plane problem can be formulated as follows
Problem P;: Find a displacement field u :  x [0, T] — V, a stress field o :  x [0,T] — S,
an electric potential field ¢ : © x [0,7] — R and the an electric displacement field D :
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5.2. Variational formulation

Q x [0.7] — R such that

o= Xtre(u)) I + 2ue(u) + v (tre()) I + 2se(u) + 2 /Ot M (t — s)e(u)ds

(5.1.1)
—&E(p), Qx0T
D = &e(u) + BE(p), in Q x [0,T], (5.1.2)
Div (s, + V) + [ "Mt — 5) Div(Vu(s))ds + Div (V) + fo = pi i
in Q x [0, 7], o1
div (eVu — V) = qp, in Q x [0,T], (5.1.4)
u=0, onT;x][0,T], (5.1.5)
SO, U+ po,u + /Ot M (t —s)dyuds +edy,p =h, only x[0,T] (5.1.6)
(68,5 + pByu + /Ot Mt 8) yuds + edyo| < g </Ot iy (s)] d5>
6Byt + pdyu + /t/\/l (t = ) Dyuds + edyp| < g </t iy (s)| ds) S (1) =0
Yy 0, on '3 x [0, 7],
|sOut + pdyu +/0 M (t —s)Oyuds + edyp| = g (/0 ltur ()] ds) = 35 >0,
such that ¢0,u + pd,u + /Ot M (t — s) Oyuds + edy,p = —Pu,
(5.1.7)
=0, onT, x][0,T], (5.1.8)
ed,u — B, =qz, on Ty x[0,T], (5.1.9)
u(0) = up, u(0) =up, in Q. (5.1.10)
5.2 Variational formulation
In what follows, we assume the following assumptions on the problem Ps.
M e W2 (0,T;R), (5.2.1)
and the permittivity coefficient satisfies
¢ € L (Q2) and there exists ¢* > 0 such that ¢ () > ¢*, a.e. x € Q, (5.2.2)
a € L* (2) and there exists o > 0 such that a (z) > o, a.e. x € Q. (5.2.3)
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We also assume that the Lamé coefficient and the piezoelectric coefficient satisfy

pel>(Q) and p(xz) >0, ae. x € Q, (5.2.4)

eeL>(Q). (5.2.5)
The friction bound function g satisfy the following property

(a):g:T3 xR =Ry,
(b) : 3L, > 0 such that |g(x, ) — g(x,r2)| < Ly |r1 — 12,
Vry,r €R, ae xely, (5.2.6)

(¢):VreR, g(.,r) is lebegue mesurable on I's,
(d) : g(.,0) € L*(T'3).

The body forces, surface tractions and the densities of electric charges satisfy

fo € L*0,T;H), heL?0,T;L*Ty)),
qo € L? (07 T7 L? (Q>> y G2 € L? (07 T7 L> (Pb>> :

(5.2.7)

The initial data satisfy
Ug € V, uy € ]L2<Q) (528)

We use a modified inner product on H = LL2(2)? given by
((U, U)) — (p/u/7 U)]LQ(Q)d ,VU, v 6 H.
That is, it is weighted with p. We let H be the associated norm

1
HUHH = (p/l)?v)]ig(ﬂ)d, Yv € H.

We use the notation (.,.);.. to represent the duality pairing between V' and V. Then,
we have

(4, )iy = ((w,v)) ,Yu € H Vv € V. (5.2.9)

It follows from assumption (5.2.9) that |.||; and |.|; are equivalent norms on H, and

also the inclusion mapping of (V,|.|;,) into (H, ||.||;;) is continuous and dense. We denote by
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V' the dual space of V. Identifying H with its own dual, we can write the Gelfand triple
VcCH=H CV'.
We define the function f(t) € V and ¢ : [0,7] — W by

(f(t),v), = /Qfo (t) vdx —i—/r h(t)vda, Yv eV, te[0.1], (5.2.10)

(q(t), )y = —/qu (1) ¢dx+/r g2 () dda, V€ W, te[0,T). (5.2.11)
b
for all u, v € V, ¢p € W and ¢ € [0, 7] and note that condition (5.2.10), (5.2.11) imply that
feL?0,T;V"), qeL*0,T;W).

Finally, We consider the functional j : V x V — R,

j(u,v) = /F3 g </0t lur (s)] ds> v, | da. (5.2.12)

Next, we consider the bilinear forms [ : V XV = R, [,: VXV =R, [: V xW = R,
[5:WxV =Rand [,: W x W — R given by equalities

L, (u,v) :/Q,uVu.Vvdx, (5.2.13)
I, (u,0) = /Q Vu.Vudz, (5.2.14)
L. (u, ) = /Q eVuVdr = 1* (1), (5.2.15)
o (0,1) = /Q BV Vidz. (5.2.16)

for all u,v € V, ¢, w € W. Assumptions (5.2.2) — (5.2.5) imply that the integrals above
are well defined and,using (5.2.13) — (5.2.16) it follows that the forms [,, [, [. and [} are
continuous. Moreover, the forms [, , [ and [, are symmetric and in addition, the form [, is

We-elliptic and [, is V-elliptic since

I (v,0) > <" ol Vv €V, (5.2.17)

Lo (9, %) > a" |l , Yo € W. (5.2.18)
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5.3. Existence and uniqueness of the solution

Using Green’s formulas (2.1.1), (2.1.6), it follows that if (u, o, ¢, D) are sufficiently regular
functions that satisfy (5.1.1) — (5.1.10), then we have the following variational formulation

Problem PV : Find a displacement field v : Q x [0,T] — V and the an electric potential
field ¢ : ©Q x [0, 7] — R such that

(@(t), w = w(t))yr,ey + L (a(t), w = a(t)))a + Lu(u(t), w —u(t)))x

4 (/Ot/\/l (¢ = s)us)ds,w = aft) )+ (i) — (i i) (5.2.19)
+ 1 (p (1), w—1u(t) > (ft),w—ut)), Yu,weV,

la (0(1),¥) = le (u(t),¥) = (¢ (), ¥)y . VY € W, ace. t €[0,T], (5.2.20)
0 (0) = g, v (0) = v, in . (5.2.21)

5.3 Existence and uniqueness of the solution

Our main result which states the unique solvability of Problem are the following.

Theorem 5.3.1. Let the assumptions (5.2.1) — (5.2.12) hold. Then, Problem PV3 has a

unique solution (u,o,p, D) which satisfies

we CH0,T; H)yn W2 (0,T; V)N W22 (0,T; V') (5.3.1)
o € L*(0,T;H,), Dive € L*(0,T;V") (5.3.2)
o€ WH(0,T; W) (5.3.3)
D € W0, T; W) (5.3.4)

We conclude that under the assumptions (5.2.1) — (5.2.12), the mechanical problem
(5.1.1) — (5.1.10) has a unique weak solution with the regularity (5.3.1) — (5.3.4).

The proof of this theorem will be carried out in several steps. It is based on arguments
of first order evolution nonlinear inequalities, evolution equations, a parabolic variational
inequality, and fixed point arguments.

First step: Let A\ € L2(0,T;V), n € L*0,T;V’) be given, we consider the following

auxiliary problem
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5.3. Existence and uniqueness of the solution

Problem PV;" : Find a displacement field uy, : [0, 7] — V such that

Uxn (t) eV (dkn(t)v w— ukn(t))vfxv + Lo (u(t), w — ukn(t)))’ﬂ

+ (0,0 = g () ey + I (A w) = (A g () = (F(2), w0 — tixg (1)), (5.3.5)
Yw eV,
Uy, (0) = v (0) = . (5.3.6)

We define f,(t) € V for a.e. t € [0,T] by

(@), )y = (&) = 0(t), W)y, Y € V. (5.3.7)

From (5.2.7), we deduce that
fy € L2(0,T; V). (5.3.8)

Let now uy, : [0,7] — V be the function defined by
t
Uy (1) = /0 Ung (8)ds +ug, YVt e€[0,T]. (5.3.9)
We define the operator A : V! — V by

(Av,w)yr oy = L(0(t), W)y, Yo,w e V. (5.3.10)

Problem PV : Find a displacement field vy,: 2 x [0,T] — V, such that

(Oxngy W = V)yrxv + (Avyg (), w — van () Jvrxv + F (A w) — J(A, 0a(t)) =
(fa(), w = vay(t))vrxv, Yw €V,

Ung (0) = . (5.3.12)

(5.3.11)

In the study of Problem PV, we have the following result.
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5.3. Existence and uniqueness of the solution

Lemma 5.3.1 For all A\ € L2(0,7;V) and 5 € L2(0,T;V’), PV;" has a unique solution
with the regularity

vy, € C(0,T; H)YNL*(0,T; V) and vy, € L*(0,T; V).

Proof. We begin by the step of regularisation and for all € > 0 we define

Jow) = [ g ) /el + 2da, vw € V.

I's
Its Fréchet derivative is given by

JL(A w).v :/ g(A)Mda, Yw e V.

I's /’w7'|2 + e2
So j. of class C', algebraic calculations show that for all o > 0,8 > 0 such that o + 8 = 1,

and for all real numbers x and y, n > 1

1 1 1
\/(aaz+ﬁy)2+§a\/x2++/8\/y2+.
n n n

Therefore, j. is convex Ve > 0. We have

3C >0, Yw € V. [0 w)lyr < CAlary - (5.3.13)

According to (5.2.17) and the monotonicity of j. so A + j. is a monotone operator.
AV — V' is a continuous Lipschitz operator. Hence the application t — A(u + tv) is
continuous and then A is a hemicontinuous operator. Since j. is continuous, then A + j! is
a hemicontinuous operator. Now, from (5.2.17) and the monotonicity of j. we find

(A+jDu— (A+ jDv,u—v)yiey > malu — vy, Yu,vin V. (5.3.14)
So A + j. is a monotone operator.

We choose v = Oy in (5.3.14) and using the inequality 2a8 < m4a? + ﬁBQ, we obtain

Yu,v € V
-/ 2 1 2 1 2
(A + jDuw, w)yrey = maluly — [A0v[y, |uly, > oA July, — 2ma |AOv [y -
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5.3. Existence and uniqueness of the solution

So the condition (theo 2.4.4)(i) is checked for w = im4, A = ﬁ |AOy |2, € R.
Then we use (5.2.17) and (5.3.13) we obtain

(A +j)u— (A+ j)vly, < Laju—vfy, +C.
Choosing v = 0y we find
(A + iD)uly < C(lul, + 1), Yue V.

Then the condition (theo 2.4.4) (ii) is verified.
From (5.2.17) and the monotonicity of j, it follows from classical first order evolution

equation that Ve > 0, 3lv§, € L? (0, T;V) N W"*(0,T; V") such that

05 (8) + AvS (1) + o (N, s ) = fo(t) in V', ae. t €[0,T].
An( ) )\77( ) je( An) fﬂ( ) [ ] (5315)
v, (0) = vo,
Then, we obtain
(Uin (t) W — Uig)\/’x\/ + (Avin(t))v w — Uin(t))V/XV + j6<>\’ w) - j&(/\7 vin(t)) (5 3 16)
> (fy),w =%, (t)vixv, YVw eV, ae. t€[0,T].
From (5.3.15) we have
(05 () s U5, ) vy + (AvS, (1)), U3, (8))vrsr + LN, 05, () vrixy =
(fo(®),v5,()vixy, ae. t€l0,T]
Using (5.2.17) the monotony of j. and (5.3.15) to deduce that
’ 2 7 2
Je >0, vt €[0,T]: |v5, (t)’H <ec. / vf\n(t)‘v <ec. / 0y, (1) o Sc
0 0
Using a sub-sequence vy, to find that
V5, — Uny weakly in I? (0,73 V) and weakly in > (0, T'; H) (5:3.17)
Uy, — Uay Weakly star in L2 (0,T; V) -
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5.3. Existence and uniqueness of the solution

It follows that
Uxy € C(0,T; H) ,and v, — vy, weakly in H,Vt € [0,T]. (5.3.18)

Integrating (5.3.16) we have Yw € L?(0,T;V)

T T
(05, (8) )yt + (405, (0), w)vrevdt + [ o3 w)de >
0 0

S T

T T
(Fat). w0 = vrg),., i+ / (05 (6 05, Jvrvdt + [ (A05,(6), 05, () vt
0

(5.3.19)
2 1

o2

o, ()

o5, (T)]

T

1

R, > [0, 0 8 v+
0

4 [ (A0 00,5, (vt + / o\ 05, (1)

From (5.3.17), (5.3.18) and the lower-semi-continuity, we obtain that Vw € 1L.2(0,T;V),

T T T
/ Uy (t — Ung)vrxvdt + /(Av)m(t)), W — Uy, ) vy dt + /j()x, w)dt
0o , 0 0
- / FOA o)A = [ (ot w = o),
0 0

The previous inequality implies that

(@An (t> , W — /U)\'r])V/xV + (AU/\n(t)), w — U)\U)V’XV + j()\’ U)) — ]()\’ UM)
Z (fT](t)7w - U)\n)V’xV, Yw c ‘/, ae.te [O,T] .

We conclude that Problem PV has at least a solution vy, € C(0,T; H) N1L2(0,T;V) N
w20, T;V").
For uniqueness, let v}\n,v?\n be two solutions of PV*. We use (5.3.11) to obtain for

a.e. t€0,71],

(Uin (t) - Uin (t> 7U§\77 (t> - ’U}\n (t>>V'><V + (A,Uin<t) - Avin@)? Uf\n (t> - U/l\n(t))V'XV < 0.
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5.3. Existence and uniqueness of the solution

Integrating the previous inequality, using (5.2.17) and (5.3.10), we find

¢
2
- g/ ’U?\n (s) — v3, (s)‘vds <0, vVt €10,1],
0

1

=03, (1) = v, (#)]

9 H

which implies

1 _ 2
Uy = Uy

Let now uy, : [0,7] — V be the function defined by
t
Uy (£) = / vy (8) ds + ug, ¥t € [0,T]. (5.3.20)
0

In the study of Problem PVE{\”, we have the following result.
Lemma 5.3.2 PV;‘" has a unique solution satisfying the regularity expressed in (5.3.1).

Proof. The proof of Lemma 5.3.2 is a consequence of Lemma 5.3.1 and the relation (5.3.20).
Second step: we use the displacement field wy, to consider the following variational
problem.

Let us consider now the operator A,: L*(0,7;V) — L*(0,T; V), defined by
Agh = A (5.3.21)
We have the following lemma.
Lemma 5.3.2 The operator A, has a unique fixed point A € L*(0,7;V)

Proof. Let A\, Ay € L?(0,T;V) and let n € L?(0,T;V'). Using similar arguments as those
in (5.3.7), (5.3.11) we find

(01 () —va (), 01 (t) —v2 () + (Avy (t) — Ava (1) , 01 () — w2 () +

(5.3.22)
+i (A, 01 (1) = 3 (A, v2 (1) = 3 ( Az, v1 (1)) + 5(Az, 2 (1)) < 0.
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5.3. Existence and uniqueness of the solution

From the definition of the functional j given by (5.2.12), we have

FALv2 (1) — j( A, v1 (1) — j( A2, v2 (1)) + j(Aa, 01 (2)) =

_ /F 9O = 22) ([v:1] = |va]) da. (5.3.23)

From (2.1.4) and (5.2.6), we find
JALv2 (1) = (A, v1 (1) — 3 (Ag, 02 (£) + 5 (A2, 01 () < CJAL = Aoy, [or — vafy, . (5.3.24)

Integrating the inequality (5.3.22) with respect to time, using the initial conditions vs (0) =
v1 (0) = vy, using (5.3.24) and the inequality 2ab < n%cﬂ + ZAb?, we find

g (£) — vy (D)% < c/ot Xo (5) = Ay ()] ds. (5.3.25)

Thus, for m sufficiently large, AT is a contraction on L2(0,7;V) and so A, has a unique
fixed point in this Banach space.
Third step: we use the displacement field uy,, to consider the following variational problem.

Problem PVy : Find an electric potential field ¢, : @ x [0.T] — W such that
loc (9071 (t) 7¢) - le (UT] (t> aqu)) = (q <t> 7¢)W ’ \V/¢ S W7 te [07 T] : (5326)
We have the following result for PV37

Lemma 5.3.3 There exists a unique solution ¢, € W2 (0,T; W) satisfies (5.3.26), more-
over if ¢ and ¢y are two solutions to (5.3.26). Then, there exists a constants ¢ > 0 such
that

o1 (6) = 02 (Dl < clur (8) —wa (B)ly , VE € 0,71, (5.3.27)

Proof. Let t € [0,7]. We use the properties of the bilinear form /s and the Lax-Milgram
lemma to see that there exists a unique element ¢, € W which solves (5.3.26) at any moment

t € [0,7T). Consider now ty,t; € [0,7]. From (5.3.26), we get

lo (g (t1) ,90) = L (uy (t1) ,0) = (q (t1) ,9)y, YV € Wity €[0,T]. (5.3.28)
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5.3. Existence and uniqueness of the solution

And

lo (¢n (t2) ,¥0) = Le (uy (t2) ,¥0) = (g (t2) ,¥)yy» VOO €W, ta €0, T7. (5.3.29)

Let px, (t;) = i (1), Uny (t;) = u; (t;), we use (5.3.26), (5.2.4), (5.2.5) and (5.2.15)-(5.2.16)
we find that

o i1 (1) = 2 (O < (lelymay lur () — w2 Oy + | (6) = a2 (D1 s (1) = 2 ()]

and it follows from the previous inequality that

1 (t) — @2 (D) < c(lur (B) —u2 ()] + a2 (B) — a2 (B)]y) -

Then, the regularity u, € W2 (0,T; V) combined with (5.2.7) imply that ¢, € W2 (0,T; W)
which concludes the proof.

We consider the operator

A L0, T, V') = 1L2(0,T; V') define by

t 5.3.30
(A(M), w)yryyy = Lu(u(t), w))y + </0 M(t—s)u(s) ds,w)v—i-lz (p(t),w). ( )

We have the following result.
Lemma 5.3.4 The mapping A : L2(0,7;V’) — L?(0,T;V’) has a unique element n* €
L2(0,T; V"), such that
A(n®) =n".

Proof. Let n; € L2(0,T; V') We use the notation (u; , ;). For (n;),i =1.2. Let ¢ € [0.T].
We have

(A W)y =) w)oe+ ([ M=) u)ds.w) +1: (o) ).
So
() = O < C ([ us (9) = wa (5)[2 ds + o () = 22 (O ). (5.3.31)

We use (5.3.27), we find
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5.3. Existence and uniqueness of the solution

(0= O < € ([ (5) = wa () s+ fn (0 — w2 (). (5.3.32)
Using similar arguments as those in (5.3.11) we find
(01 () =02 () ,v1 () =2 (1)) + (Avr (¢) — Ava (), 01 (1) — w2 (1)) +

+j(v1,v1 (1) = j(v1, 02 (8)) — jva, v1 (1)) + j(va, va (1)) (5.3.33)
< (m @) —m(t),v () —va(t)).

From the definition of the functional j given by (5.2.12), we have

j(vi,v2 (1)) _tj(vhvl (t) — j(v2,v2 (1)) + jvz,v1 (1)) =
= [ ([ 1o (5) = v (5)[ ds) (o] — [ora]) do

I's

(5.3.34)

From (5.2.6), we find
v, va (1) = j(vr, v1 (£) — (02, v2 (£) + (02,01 () < Clog — val}, (5.3.35)

Integrating the inequality (5.3.33) with respect to time, using the initial conditions vy (0) =

v1 (0) = vg, using (5.3.35) and the inequality 2ab < n%cﬁ + ZAb?, we find

020 =0 OF <€ ([ ) =@l ds+ [In@) -mEPds).  (633%)
By Gronwall,

o2 (0) = o1 (O < C [ Iin (5) = ma () ds. (5.3.37)

We find

|Any () — Ane (t)]%/, < C’/Ot | (s) — 12 (S)]2 ds. (5.3.38)

Thus, for m sufficiently large, A™ is a contraction on L?(0.7, V") and so A has a unique

fixed point in this Banach space.
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5.3. Existence and uniqueness of the solution

Now, we have all the ingredients to prove theorem 5.3.1.
Existence Let (\*, *) € L2(0,T;V x V') be the fixed point of PV3" and let (u*, ¢*) be
the solution to Problems PVy", PV, that is, u* = uy-pand p* = -, It results from
(5.3.1) and (5.3.3) that (u*, ¢*) is a solution of Problem PVj.
Uniqueness The uniqueness of the solution is a consequence of the uniqueness of the fixed

point of operator defined by (5.3.21) — (5.3.30).
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Conclusion

This thesis is motivated by problems of contact mechanics with friction. We consider some
boundary problems with different behavior laws such as thermo-viscoelastic, thermo-visco-
plastic with long memory and electro-viscoelastic. We have studied contact problems with
friction in a dynamic process, for which we couple both damage and wear or damage and
thermal or electrical effects. For each of these problems after specifying the assumptions
about the data, we drive a variational formulation in the form of a coupled system in terms
of displacement field, the stress field, the damage, the wear and temperature or electric
potential. Then we establish our result of existence and uniqueness of the weak solution.
The proofs were carried out in several steps. They are based on argument for first order
nonlinear evolution inequalities, evolution equations, a parabolic variational inequality and
fixed point arguments. The numerical analysis of these problems remains to be done in order

to complete the mathematical study.
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Resume

Le travail réalis¢ dans cette these vise a 1’étude mathématique de certains problémes de mé-
canique de contact avec frottement dans un contexte dynamique avec des conditions aux limites.
On considére des lois de comportement thermo-viscoélastiques, thermo-elasto-viscoplastique et
¢lectro-viscoélastiques. Pour chaque probléme, nous obtenons la formulation variationnelle, puis
nous établissons les résultats d’existence et d’unicité de la solution faible. Les preuves sont basées
sur les arguments d’inéquations variationnelles d’évolution, d’inéquations paraboliques, d’équa-
tions différentielles et de théoréme du point fixe.

Mots-clés: thermo-viscoélastique, thermo-élasto-viscoplastique, électro-viscoélastique,
usure, endommagement, mémoire a long terme, frottement de Coulomb, frottement de Tresca, in-
équation variationnelle, solution faible, point fixe.

Abstract

The work carried out in this thesis is devoted to the mathematical study of some problems of
contact mechanics with friction in a dynamic context with boundary conditions. Thermo-elasto-
viscoplastic, thermo-viscoelastic, and electro-viscoelastic constitutive laws are considered. For
each problem, we derive a variational formulation and then establish existence and uniqueness re-
sults for a weak solution. The proofs are based on arguments of evolutionary variational inequalities,
parabolic inequalities, differential equations, and a fixed point theorem.

Key words: thermo-viscoelastic, thermo-elasto-viscoplastic, electro-viscoelastic, wear,
damage, long-term memory, Coulomb’s friction, Tresca’s friction, variational inequality, weak so-
lution, fixed point.
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