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Preface

This manuscript presents Analysis 2, which provides the fundamental tools and results of
mathematical analysis across its three chapters. It is a continuation and complement of
Analysis 1.

Chapter 1 explores limited developments, focusing on Taylor and Maclaurin develop-
ments for approximating functions. Chapter 2 introduces the Riemann integral, emphasiz-
ing its definition, properties, and applications to calculating areas and primitives. Finally,
Chapter 3 addresses ordinary differential equations (ODEs), where we study methods for
solving first and second order linear ODEs and more other types of differential equations
modeling real world phenomena. Each chapter is followed by solved exercises to help
students assimilate the course.

This course aims to provide technical skills and conceptual understanding, thus laying
a solid foundation for further study and practical applications in mathematics and related
fields.

The content of this course is primarily intended for first-year undergraduates in the
Bachelor of Mathematics and Computer Science (LMD) program, as well as computer
engineering students. However, this course may also be useful for students in various
scientific and technical fields, such as physics, chemistry, biology, and economics, who
require a solid foundation in mathematical analysis.

We hope this manuscript will serve as an effective teaching resource, supporting stu-

dents in their regular attendance and diligent preparation for tutorials.

Dr. Khelladi Samia, April 2025
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Introduction

Mathematical analysis is a cornerstone of higher mathematics, providing the theoretical
foundation for many areas of study in both pure and applied mathematics. In this course,
we will focus on three key topics that are essential for a deeper understanding of analysis:
limited developments, Riemann integrals, and ordinary differential equations (ODEs).
These concepts not only form the basis for more advanced topics but also have wide-
ranging applications in various fields, as physics, engineering, economics, and beyond.

In Chapter 1 we introduce the limited developments using Taylor and Maclaurin de-
velopments, which allow us to approximate functions locally around a point. This is
fundamental for understanding how functions behave near specific values and for solving
complex problems in areas such as optimization and numerical analysis.

Chapter 2 is devoted to the study of Riemann integrals, which will provide us with the
tools to understand and compute areas under curves, an essential concept in calculus also
how to determine primitives for different types of functions. We will cover the rigorous
definition of the Riemann integral, its properties, and its applications, deepening our
appreciation of the concept of integration.

Lastly, we will explore ordinary differential equations (ODEs) trough the Chapter 3,
which describe the rates of change of quantities in many natural systems, from physics to
biology to economics, ODEs are used to model dynamic systems. We will learn various
techniques for solving different types of ODEs, in particular first and second order linear
differential equations, as well as the Bernoulli and Riccati equations.

By the end of this course, students will have gained a solid understanding of these foun-
dational concepts and the ability to apply them to a variety of problems in mathematics

and science.

Dr. Khelladi Samia Analysis 2



Chapter 1

Limited Developments

1.1 Introduction

Let us take the example of the exponential function
y = f(z)=e"

An idea of the behavior of the function f around the point x = 0 is given by its tangent
y=1+ux.
We approximated the graph of f by a straight line.

SO T
y=l+x+S+Z

If we wanted to do better, we would search for a parabola of equation y = ag + a1z +

asx?, which is the best approximation of the graph of f around x = 0. It is the parabola

Dr. Khelladi Samia Analysis 2



1.2. TAYLOR FORMULAS

of equation

If we set

then we have

g(0)=0, ¢(0)=0, and ¢"(0)=0.

Finding the equation of this parabola is to make a limited development to order 2 of
the function f. Of course, if we wanted to be more precise, we would continue with a

third-degree curve, which would be

x? a8

=1 — 4+ —.
Yy +x+2+6

In this chapter, we will try to find a polynomial of degree n that best approximates
a given function f. The results are only valid for x around a fixed value (this will often
be around 0). This polynomial will be calculated from the successive derivatives at the

considered point, as we will see now.

1.2 Taylor formulas

We will see three Taylor formulas. They will have the same polynomial part (P,(z)), but
provide more or less information about the remainder, denoted R, (z).

Around a point z = a, we have:
f(x) = P,(x) + R,(x).

We will start with the Taylor formula with integral remainder, which gives an exact
expression for the remainder R, (x). Then, we present the Taylor formula with remainder
involving f(™*Y(c), which provides an estimate for the remainder. Finally, we finish with
the Taylor-Young formula, which is very practical when no information about the
remainder is needed.

Let I C R be an open interval and f : I — R a function.

e For n € N* we say that f is a function of class C" if f is n times differentiable on

6
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1.2. TAYLOR FORMULAS

I and ™ is continuous.
e fis of class C° if f is continuous.

e fis of class C*™ if f is of class C" for all n € N.

1.2.1 Taylor formula with integral remainder

Theorem 1.2.1. Let f : I — R be a function of class C""(I) (n € N) and let a,z € I.
Then:

" (n) n+1
@) = £+ @) a—a) + LD o LD g /f Do —tyar

Example 1.2.2. The function f(x) = e” is of class C*(R).
Let a € R (a fized), we have f'(x) = e*, f"(x) = ¢*, ..., f™(z) = e*. Then, for x
around a (x € V(a)) we have:

f(:L’):ex:ea+e“(x—a)+ea($_a>2+---+6“M+/x—t(x—t)”dt.

If a =0, we get:

_ _ 332 1'3 " met -
flx)=¢"= —l—m+§+§+ —i—m-f— ; n'(x—)

1.2.2 Taylor formula with remainder £ (c)

Theorem 1.2.3. Let f : I — R be a function of class C"(I) (n € N), and let a € I.

There exists a real number ¢ between a and x (c €]z, a[ or ¢ €]a, z[) such that:

f(e)
(n+1)!

>n+1.

f(@) = fla) + f(a)(x —a) +

(x—a

. a a( ) ea(x — a)2 ec(x — a)” 1
6 — e + e :L‘ — a + e — + DY + +
21 n! (n + 1)!

In most cases, we will not know this "¢". But the theorem allows us to bound the

remainder. This is expressed by the following corollary:

Dr. Khelladi Samia Analysis 2



1.2. TAYLOR FORMULAS

Corollairy 1.2.5. If in addition the function | f™+Y | is bounded above on I by a real
number M (i.e., Vo € I,|f"Y(z)| < M), then for all x,a € I, we have

’I _ a’n+l

|f(x) = Pu(x)] < MW

1.2.3 Taylor-Young formula

Theorem 1.2.6. Let [ : I — R be a function of class C"(I) (n € N) and a,x € I. Then,

we have

f(@) = f(a) + f'(a)(x —a) + %@(x_ )4t

where €, is a function defined on I such that lim,_,,e,(z) = 0.

Example 1.2.7. Let f: I =] — 1, +oo[— R, with f(z) =In(1+z). We have f € C>(I).
We take a = 0.
We have:

£(0) =1In(140) =0,

fla)=—— = p)=1.

14+
" _ 1 " .

Then,

Thus for n > 0, we have

Dr. Khelladi Samia Analysis 2



1.2. TAYLOR FORMULAS

So, we get
" (n)
f(z) = f(0)+ f(0)x + f2—(|0):v2 +- / nfo)x" + 2" g, (2), glcig(l)en(a:) =0
RS S A 1)y g I —0
= f(x) = In( +x)—x—§—|—§—---+(—) Tt en(), xlir(l)gn(il?)— .

Notation

The term (z — a)"e,(z) where €,(x) — 0 is often abbreviated to the “little 0” of (z — a)"

and is denoted o((z — a)™). So, o((z — a)") is a function such that:

Lolle—a))

= 0.
T—a (gj — a)n

It is more practical to use this notation as it simplifies writing, but we must always keep

in mind what it means.

Remark 1.2.8. In the special case where a = 0, the Taylor formulas are called Maclau-

rin formulas, i.e., we have a limited development in the vicinity of 0 (V(0)).

1.2.4 Maclaurin-Young formula

It is the special case of Taylor-Young formula, with a = 0. Then we have:

IQ

) e T n :
3 ot f )(O)H—i—x e(x), lime(z)=0.

z—0

f(x) = f(0) + f(0)x + f(0)

And with the "little 0" notation, this gives:

2 n n
%—l—“-—l—f(")(O)x +o(z"), lim ole”)

z—0 "

f(@) = f(0) + f'(0)x + f"(0) = 0.

n!

Example 1.2.9. f(x) = sinz. Give the limited development of Maclaurin-Young for
n = 4.
We have:

f(z) =sinz = f'(z) =cosz = f"(z) = —sinz = f(z) = —cosz = fY(2) =sinz

Dr. Khelladi Samia Analysis 2



1.3. LIMITED DEVELOPMENTS IN THE VICINITY OF A POINT

So,

The Maclaurin-Young formula of f is:

2 3 .CL’4

—sing = : T A DR | _
f(x)=sinz=0+1-2+0 2!+( 1) 3!+O T e(x), ili%e(x) 0

3

= f(z) =sinz =2 — % +o(z*), Vr € V(0).

1.3 Limited developments in the vicinity of a point

1.3.1 Definition and existence of limited development

Let I C R be an open interval and f : I — R a function. Let a € I, f be defined on the

vicinity of the point a, except perhaps at a.

Definition 1.3.1. Fora € I and n € N, we say that f admits a limited development
(LD) at the point a of order n, if there exist real numbers co,c1,...,c, and a function

e: I — R such that lim,_,,e(x) = 0, so that for all x € I:
f)=co+eci(r—a)+caz—a)+ - +cp(z—a)" + (v — a)e(z).

- The term co+c1(x —a) + -+ -+ cu(x —a)™ is called the polynomial part of the LD (or
reqular part).

- The term (x — a)"e(x) is called the remainder (rest) of the LD.

Using the Taylor-Young formula, we can immediately obtain limited developments by
fM(a)
ko

setting ¢ =

Proposition 1.3.2. If f is of class C™ in the vicinity of a point a, then f admits a limited

development at point a of order n, which comes from the Taylor-Young formula:

f"(a)

['(a 2
()(x—a)+ o (x—a)*+---+

1!

f(@) = fla) +

where lim,_,, €(x) = 0.

10
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1.3. LIMITED DEVELOPMENTS IN THE VICINITY OF A POINT

Remark 1.3.3. 1. If f is of class C™ in the vicinity of 0, then a LD at 0 of order n is

given by:

f(x) = f(0)+ f(0)z + %ﬁo)xz +o+ %x” +a"e(x), with 01611)1(1) e(x) = 0.

2. If f admits a LD at point a of order n, then f has a LD at a of order k, where

kE <n.
Indeed: "
1) = fla) + D0y T ey
k1) (g ;
Hma e~ 0 B2 @ 4 (o - 0)"e(0)| = (o - 0o

where lim,_,, n(x) = 0.

1.3.2 Uniqueness of limited development

Proposition 1.3.4. Let f: I — R,z € I. If f admils a limited development (LD) at x

of order n, then this LD is unique.

Proof. Let us write two LDs of f at point a of order n.

flx)=co+ci(x—a)+- - +c(z—a)"+e(x), lime(x)=0

T—ra

and

fl@)=do+di(x—a)+ -+ dy(x—a)" +eo(x), limes(z)=0

r—a

By taking the difference we obtain
(%) (co—do)+(c1—dy)(z—a)+(co—dy)(x—a)*+- -4 (ch—d,) (r—a)"+(e1(x)—e2(x)) = 0

When we make x = a in this equality we find ¢y — dy = 0 = [y = dp].

Now, f(x) # 22, we divide the equality (*) by (x — a), we get
(cr —dy) + (co—do)(x —a) + -+ (cn — dn)(x — a)" ' + (e1(x) — e2())

Evaluating at x = a, we get ¢, = dy = ¢; = dy, etc.

11
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1.3. LIMITED DEVELOPMENTS IN THE VICINITY OF A POINT

Finally, we get ¢, = di, VE=0,1,--- ,n. O
The polynomial parts are equal and therefore the rests too.

Corollairy 1.3.5. If [ is even (resp. odd), then the polynomial part of its limited devel-

opment at 0 contains only even degrees (resp. odd degrees).

Proof.

f(x) =co+arm+ea® + ez’ + - + cua” + 2" (z), lime(z) =0

r—a

If f is even, then f(—xz) = f(z), i.e.

=co— 17 + o1 — 32’ 4 -+ (= 1) e 4 2"e(—1)

But the LD of f is unique at the point 0, then we get

cq=—c=>c=0, c3=—-c3=>c3=0, --- (i.e. ¢, =0 when n is odd)

Example 1.3.6. 1) f(x) = cosx is an even function. The LD of [ at 0 is given by:

x?  xt S

f(x):cosle—?—kz—g—i—.--

2) f(x) =sinz is an odd function. The LD of f at 0 is given by

3 2 2

f(x):sinx:x—a—i—a—ﬁ—i—---
Remark 1.3.7. 1. The uniqueness of the LD and the Taylor-Young formula implies
that if we know the LD of f and f € C"(I), then we can calculate the numbers
¢; derived from the polynomial part by the formula: c¢; = % However, in the

majority of cases we will do the reverse, i.e., we find the LD from the derivatives.

2. If f admits a LD at a point a of order n, then f is continuous at a and cy = f(a).

12
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1.3. LIMITED DEVELOPMENTS IN THE VICINITY OF A POINT

3. If f admits a LD at a point a of order n > 1, then f is differentiable at a and we
have co = f(a) and c; = f'(a). Therefore y = co + c1(x — a) is the equation of the
tangent to the graph of f at the point of abscissa a.

4. f can admit a LD of order 2 at point a, without admitting a second derivative in a.
For example: f(x) = x sm( ) So, f is differentiable but f' is not differentiable.
However, f admits a LD at 0 of order 2: f(x) = 0+ 2*(zsin(2)) = 0+ 2%e(z) with

lim, 0 e(x) = lim, o xsin(2) = 0 (the polynomial part is zero).

1.3.3 Limited developments of the usual functions at the origin
The following LDs in 0, come from the Taylor-Young formula (or Taylor-Maclaurin):
2 3 n
e =14+o+5+ 5+ -+ %5 +o(a"),

eln(l+z)=a—% +% -2+ + (=1)"Z 4 o(a"),

* sinw =g - Ji;;_? + gg_? oot (_1)n(92621+11)~ +o(x*"+?),
ecosT=1-2 42 ... 4 (_1)nén)' + o(z242),

o tanz =z + 13—3 + % 4ot _B%(*é):)(!lf‘l")mzn—l + O(xzn)7

* i 4"(n!()22n()2!n+1)x2n+1 +o(z*"2),
o arctanz =z — L + L — ... 4 (=1)" 2:::11 + o(z2+2),

o (1+x)” —1+ozx+o‘(a D2 4 ... 4 olozl)(a=ntl) "t o(z"),

n!

o L =1l+z+a?+ - +a"+o(z"),

VITo =145 =5+ 4 (-1 Gl 4 o(a).

Remark 1.3.8. We can write the LD using formal sums for some functions, if it is

possible. For example:

oo n
X T n 737 n
e :Zyﬂ(m ), In(14+z)=> ( 1)k1k+0(x)
k=0 =1
13
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1.3. LIMITED DEVELOPMENTS IN THE VICINITY OF A POINT

1.3.4 Limited development of function at any point

Definition 1.3.9. Let f : I C R — R and a € I. The function f admits o LD in the
vicinity of a if and only if the function g(h) = f(h + a) admits a LD in the vicinity of
zero (0).

Often, we bring the problem back to 0 by making the change of variable h = x — a <

r=h+a(r—a<h—0)

Example 1.3.10. 1) Find the LD of g(x) = €® in the vicinity of a = 1.
Weset(h=zx—1<x=h+1). (zx—>1<h—0).
We have:

fx)=e" =@ e e l=¢.eh (h=a—-1,2—>1=h—0).

In the V(0), e admits the following LD:

h—1+h+h—2+h—3+ Ly (h), lime(h)=0
© - 2 " 3l nt o s =
2 h3 hr
= fx)=e"=e-e"=¢ 1+h+§+§+---+m+s(h) where h =x — 1.
_12 — 1)
:>f(:v):e—|—e(x—1)+e(x2| ) e(xn‘ ) +e-e(x—1).

where lime(x — 1) = 0.
z—1

2) Find the LD of f(x) = sinx in the vicinity of a = 7.
We know that sinz = sin (£ + 2z — %) = cos(z — ).

Seth=r—-35&r=h+3.

14
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1.3. LIMITED DEVELOPMENTS IN THE VICINITY OF A POINT

We come back to the LD of cos(h) in V(0). We have:

= f(z) =sinx = Cos(x—g) —1—

with lim e(z — g) = 0.

jus
1’—)2

3) Find the LD of f(z) =1n(1+ 3z) in V(1) of order 3 = n = 3.
Seth=r—-1xr=h+1

r— 1< h—0.

We have:

f(x) =In(1+3z) =In(1 +3(h+1)) =In(1 + 3+ 3h) = In(4 + 3h).

=1In (4(1 + Zh)) =In(4) + In (1 + zh) :
We have t = 3h, t € V(0).

2 td )
:>1n(1+t):t—§+§+€(t), 11_1)188@)—0

= f(z) = In(1 + 32) = In(4) + In(1 + ) with t = z(a: _ ).

where lime(x — 1) = 0.
z—1

15
Dr. Khelladi Samia Analysis 2



1.4. OPERATIONS ON LIMITED DEVELOPMENTS

1.4 Operations on limited developments

1.4.1 Sum and product

We suppose that f and ¢ are two functions which admit limited developments at 0 to
order n:

f(x)=co+ x4+ cox® + -+ cpa” + 2" (x), lime(x) =0,

z—0

9(x) = do + dyx + dpa® + - - - + dpa" + 2 e5(x), limey(x) = 0.

z—0

Proposition 1.4.1. e The function f + g admits a LD at 0 of order n, given by:
(f +9)(@) = f(z) + g(x) = (co + do) + (c1 + dr)x + -+ - + (e + dn)2" + 2"e(2),

where £(z) = e1(z) + e2(x), and lim,_,¢e(x) = lim,,o(e1(z) + e2(x)) = 0.

e The function f X g (or f-g) admits a LD at 0 of order n, given by:
(f x g)(x) = f(z) x g(x) = Tp(x) + z"(x),
where T, 1s the polynomial
(co+carx+ -+ cpa™)(do + dvx + -+ - + dpx™),

truncated to order n, that means we only keep monomials of degree < n.

Example 1.4.2. 1) Calculate the LD of h(x) = cosz + sinx at 0 of order 4.
We take h(z) = f(x) + g(x), if f(z) = cosx and g(x) = sinz.
We have

l’z .T4 4
f(x):cosx:l—g—i-g‘f‘()(l‘ ) LD order 4,

3

g(x) =sinz =z — % +o(z") LD order J.

' 2 43 4 \
:>h(a:):cosx—i-smle—i-x—g—g%—z—i-o(x ).

2) Calculate the LD of h(x) = 2?In(1 + z) at 0 of order 3.
We take h(z) = f(x) - g(z), if f(x) =22, g(x) =In(1 + z).

16
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1.4. OPERATIONS ON LIMITED DEVELOPMENTS

We have

2 3

@) =2 gla)=o— T+ +o(a?),

1
= h(z) = gx?’ + o(x?),

where we develop and we keep only degree < n = 3.

45
= h(z) =2°In(l+z) =2° — % + % + o(z?).

1.4.2 Composition

Let f and g admit LD at 0 of order n.
f(z)=co+ 1z + cx® + -+ + 2" + o(z") = C(x) + o(z™),

g(z) =dy + dyx + dpa® + -+ + dp2™ + o(z") = D(x) + o(z™).

Proposition 1.4.3. If g(0) =0 (i.e., dy = 0), then the function fog admits a LD at 0 of
order n whose polynomial part is the polynomial truncated to order n of the composition

C(D(x)).

Example 1.4.4. 1) Calculate the LD of h(z) = -e¢* at 0 of order n = 5.
We have 6cos(:):) — 6cos(:vfl)Jrl — eecos(acfl)‘
We take f(x) = e and g(x) = cos(z) — 1.
We have g(0) = cos(0) —1 =0 and f and g admit LD of order 5 at 0.
N

B B T 5
g(x) =u(x) =cosz — 1= 5 T + o(x”)

and we have
P B R

u_l U 5
e = +u+§+§+z+§+0($)

17
Dr. Khelladi Samia Analysis 2



1.4. OPERATIONS ON LIMITED DEVELOPMENTS

2
1
:1—%+6x4+0(x5)

So,
2 1
h(z) = eso™t = eu® =1 - + 61’4 +o(z®), x€V(0)
2) Calculate the LD of h(z) = sin(In(1 + x)) at 0 of order 3.
We take f(x) =sinx and g(x) = In(1 + z).
We have g(0) =0 and f and g admit LD at 0 of order 3.
Letu=g(r)=In(l+z) =25 +Z +o(z?)
ud 2 B (-Z+ 9%_3)3

sin(u):u—€+0(u3):<x__+_)_

We keep only degree < 3.
So,

1 1
h(z) =sin(In(l +z)) =z — §x2 + 6:p3 + o(x?)

1.4.3 Division (Quotient)
Let f and g admit a LLDs at 0 of order n,
f(z) =co+ 1z + cx® + -+ + cpa” + o(2™) = C(x) + o(z™)

g(x) = do + dyx + daa® + - - + dpa” + o(z") = D(x) + (")

(C, D are polynomials of degree < n)

We will use the LD of iz =1 —u+u> —u® + -+ (=1)*u" + o(u”).

18
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1.4. OPERATIONS ON LIMITED DEVELOPMENTS

1. If dy = 1, we set u = dyx + dox® + - - - + d,, 2™, then we have

@_f(ﬂf)_ 1 — At — e (=D 1+ o(u™
e = o = F@)( — e =t (-1 o))
= (co+ 1z + cx® — - — cz™) (1 — dyz + doa® — - - - + (—=1)"d, ™) + o(z™)
=C(z) (1 — diz + doz® — - - - + (—1)"dp2™) + o(z")

We keep only monomials of degree < n,

=C(z)- Py(z) + o(z") = Qn(x) + o(z")

we keep only degree < n.

2. If dy # 0 (arbitrary), then we return to the previous case by writing:

f](x):¥:1+%x+---+%x”+o(x"),
0 0 0
and

f@) _ @

gz) 1+

3. If dy = 0, then we factor by z* (for certain k) in order to reduce to the previous

case.

Remark 1.4.5. If dy # 0, the reqular part (polynomial part) Q,(x) can be obtained by

dividing C(x) over D(z) according to increasing powers until order n.

Example 1.4.6. 1) Find the LD of f(x) = tan(z) at 0 (Yo(z")) to order 5.
We have tan(z) = 312 = f(z)

cosx g(z)’

3 ab

— o — 5

f(x)=sinx ==z 3!+5!+0(x)
z? ot

g(x)zcosx:1—§+z+o(x5)

We have g(0) = cos(0) = 1 = dy # 0.
Method 1: We set u = —% + &

24
So,

1 1 2 3, .4, 5 5
= =1l+u+u”+u +u" +u +o(u)
cosz 14w

19
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1.4. OPERATIONS ON LIMITED DEVELOPMENTS

22 24 72 7 2 2 24 3 5
= 1 —_— —_— - - - - .
(+2+24)+(2+24)+<2+24> —|—0(:U)

We do not take u* and u®, because in these two terms, the power of x is superior to 5

(>5).
For the terms u® and u®, we develop and we take only the monomials of degree < 5.

Then,
1 x?  5at
=14+ 5
+ 5 + 2 + o(z°)

cos T

Lt . 1 x3+x5 1+x2+5x4 o)

anx =sinzx - =lzx——+— —+ — o(x
Ccos T 6 120 2 24

We develop and we keep only degrees < 5.

Finally,
3 2 5
th:x+%4~%4m@%,vxewm

Method 2: We reduce cosz = 1 —% + 2+ o(a%) = dy+dyz+---+o(z), dy = 1 # 0.

So,
tanz = Q,(z) + o(z°)
Where Q(x) is obtained by dividing v — % + %50 over (1 — % + %), according to
increasing powers until order 5.
2) Find the LD of h(x) = ;i—ﬁ at 0 of order 4.
1+ 1 1
— (1 ) — (1 S
PG A il U R g
1+ x (:E>2 <x>3+<x>4 +o(a)
— - Z) (= — o(x
2 2 2 2 2
l+z 1_3:+x2_a:3+:£4
2 4 8 16
P 2 3 43 gA gl ,
=2t i T s s w16 oW
20
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1.4. OPERATIONS ON LIMITED DEVELOPMENTS

1.4.4 Integration

Theorem 1.4.7. Let f : I — R be a function of class C™, whose LD at ¢ € I of order n

18 given by
fW=co+e(z—a)+e(r—a)’+- +eu(z—a)" + (z— )" - e(z).

Let F be a primitive of f. Then, F' admits a LD at the point ¢ of order n + 1, given

by

F(z) = F(G)Jrco(x—a)JrCl(x_Za) +C2<l’—3a) +---+cn%+(x—a)”+ls1(m),

where lim,_,, 1(x) = 0.

This means that we integrate the polynomial part, term by term, to obtain the LD of

F(z) up to the constant F(a).

Example 1.4.8. 1) Find the LD of arctan(x) = F(x) at 0.

We know that F(x) is a primitive of f(x) = [t i.e.,
F'(x) = arctan(z) = L f(2)
N 1422 '
We have the LD of f as given by:
1 2 4 6 n,.2n 2n
f(x) = T2 =l—a"+z" =2+ 4+ (=1)"z" + o(z™").

= F(x) = arctan(z) = F(0) + = — ””—; + % — ””—77 +- 4+ (—1)”””2?;1 + o(x® L),
Since F(x) = arctan(x), F(0) =0, then
~ (=" 2n+1
arctan(z) = Z ———z" ooz ).

— 2k+1

2) Find the LD of F(z) = arcsin(z) at 0 of order 5.
We have:

1 r 1
arcsin(z)) = ———, arcsin(z) = dt.
(resin(a)) = ———. arcsin(z) = [
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1.5. LIMITED DEVELOPMENT IN +o00

We have:
1

V1—22

- () e () () S e
(LD at 0 of order 4)

—(1—-a® "7 =(14u) "2, withu=—1°

2
3
=14y 2ty o(z*).

2 8
Then,
) 3 3a° 5 .
F(x) = arcsin(z) = F(0) + x + st o(z?), (F(0) = arcsin(0) =0)

1 3
= arcsin(z) = x + gx?’ + Ef + o(z”).

1.4.5 Derivation

Theorem 1.4.9. Let f : I — R be a differentiable function over I and admits a LD of
order n at a.

If f() =co+eri(w—a)+e(w—a)+ -+ cp(z —a)" + o((x — a)"), then this LD is
obtained by derivation of the polynomial of part g(x).

i.e., the LD of f(x) = c1+2c(x—a)+3cz(x—a)?+- - -+nc,(x—a)" +o((z—a)" ).

Example 1.4.10. 1) f(z) = ;= =14z 42> +2° +---.
So, by derivation we obtain the LD of f'(x) = m, 50
fl@)=1+z+22+327 +42° + -+ na""' + o(a" ).
2) We have f(z) = In(l +2) =z — %2 + %3 + o ()" 4 o(a™), Vo € V(D).

Then, f'(z) = 5 =1—ax+ 2> —2® + -4+ (=1)" 2"+ o(z" ).

1.5 Limited development in +oo

Let f be a function defined on an interval I =|xq, +00.

We say that f admits a LD at +oco of order n, if there exist real numbers cq, ¢q, ..., cy,

such that

22
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1.6. GENERALIZED LIMITED DEVELOPMENTS

where
li —)=0.
o)
Remark 1.5.1. 1. The function f(x) admits a LD at a of order n < g(z) = f(%) admits
a LD at 0 of order n.

2. A LD at a is also called an asymptotic development.

3. We can similarly define what is the LD at —oo.

Example 1.5.2. f(z)=In(1+2), z¢€V(+o0).
We set

1
=x=—, whenx — 400, then u — 0.
u

u =

Let gu)=f (1) =In(1+2) =In(1+u™).

u

e f admits a LD at +oo of order n < g admits a LD at O of order n.

We have w € V(0), (u— 0 if x — +00).

1 1 1
guw)=In(l1+u ) =u"t— éu’Q + gu’:g + - F (—1)"+1Eu’” +o(u™),

;»f(x)zln(Hé):1—i+i+---+(—1)"+li+o(i).

r 22?2 3a3 nr"

1.6 Generalized limited developments

Let f: I — R be a function defined in the vicinity of 0. We suppose that f don’t admit
a LD at 0, but the function z®f(z) — R, (x positive real, z — 0), admits a LD at 0 of
order n.

So, we have:

2°f(z) = co+ 17 + cpx® + - + " + o(a"),

which implies

1
f(x) = x_o‘ (Co+C1SL‘+CQ$2+...+Cnxn+0($n)).
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1.7. APPLICATIONS OF LIMITED DEVELOPMENTS

This expression is called a generalized limited development of f at 0.

Example 1.6.1. The function f(x) = cotan(x) is not defined at 0.
(lim,_,¢ cotan(z) = 00), so f doesn’t admit a LD at 0.

But x - cotan(z) = %=L admits a LD at 0 of order n = 4.

2 xt

ccot =1-=-= 4
x - cotan(x) BT + o(z%),
Then, cotan(x) admits a generalized limited development at 0:

1 3
cotan(z) = — g — z—5 + o(x).

1.7 Applications of limited developments

Here are the most remarkable applications of limited developments.

1.7.1 Limit calculations

Limited developments are very efficient to calculate limits with indeterminable forms.

Just notice that if

f(x)=co+c(r—a)+c(r—a)l+ - Fculr—a) +o((x—a)),

then
glgr(ll f(z) = co.
Example 1.7.1. 1) We have
i 0
lim 200 = (F.I). We take the L.D. at 0 of order 3:
z—0 O
sinz. & — %3 + o(x?) —1_ 33_2 + o(a?),
x T 6
= lim ST
z—=0 T

2) We have

lim f(z) — lim In(1+ ) — ta'n(x) tazsinz 0 (FI).

20 g(z) 20 3x2(sin z)? 0
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1.7. APPLICATIONS OF LIMITED DEVELOPMENTS

We take LD at 0 of order 4:

1
f(z) =In(1 + z) — tan(x) + 5 sin? x

)
£C2+513'3 zt +x3 N 23 ol
=lz——=4+=-=)—-(o+= ) +a|lo—=)+o(x
2 3 4 3 6 ’

5 4 4
= f(x) BT + o(z")
3\ 2 4
g(z) = 327 sin(x)? = 32? (x — %) = 3x° (x2 - %) = 32" + o(z?)
So,
i £ _ gy T 0@ —f o) 5

z) @0 3zt +o(xt) 20 3+ o(1) G

z—0

g
We note that o(1) is a function tending towards 0.

1.7.2 Position of a curve relative to its tangent

Proposition 1.7.2. Let f: [ — R be a function admitting a LD at a € I,
fx)=co+ci(x—a)+e(x—a)?+- +cp(z—a) +ol(x —a)),

where k is the smallest integer > 2, such that ¢ # 0.

Then, the equation of the tangent to the curve of f at a is:
y=co+ci(x—a),

and the position of the curve with respect to the tangent for x close to a is given by the

sign of f(z) — v, i.e., the sign of cx(x — a)F.

There are 3 possible cases:

e Case 1: The sign is positive, the curve is above the tangent.

25
Dr. Khelladi Samia Analysis 2



1.7. APPLICATIONS OF LIMITED DEVELOPMENTS

e Case 2: The sign is negative, the curve is below the tangent.

Y

. ™

~

Al-----#

\ x

e Case 3: The sign changes (when x > a, x < a), the curve crosses the tangent = is

an inflection point.

Dr. Khelladi Samia

alo--#

NS

26
Analysis 2



1.7. APPLICATIONS OF LIMITED DEVELOPMENTS

Proposition 1.7.3. We suppose that the function v — f(x) admits a limit at oo (or

as x — a),

C2 C3 Ck 1
f(x):CO$+01+;+E+”.+E+O<E)’

where k is the smallest integer > 2 such that ¢, # 0.
Then,

lim (f(z) — (cox+c1)) =0 (resp. © — —o0),

T—00

and the line

Y = Cox + 1

is an asymptote to the curve of f at co (or —o0), and the position of the curve

relative to the asymptote is given by the sign of f(x) — vy, i.e., the sign of —:.
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1.8. EXERCISES

Example 1.7.4. (To do)
1) Let f(x) =a* — 223 + 1.

1

e Find the tangent of the curve (g) at x = 3.

e Determine the inflection points.

2) Find the asymptotes of f(z) = e Ve at +00 and —oo.

1.8 Exercises

Exercise 1:
Determine the limited developments (LD) at # = 0 up to order 3 of the following

functions:

1) filz) =Vt
2) folr) = g
3) fs(x) = In(2 + )
Solution:
1) We have:

fi(z) = Vit = (1+ m)1/2

This is of the form (1 4 2)*, with @ = 1. Then:

1 1 1
Vitao=1+ -z — 2+ —2° + 1%(z)
2 8 16
2) We have:
i 1 1 1 1
e —l—x:5x2+§x3+zx4+ax5+x5€(:€)
Thus:
e—1—z 1 1 1, 1 4 .
3) We write:
falw) =In(2+2) =In (2 (1+ g)) = mn(2) +In (1+ g)
28
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Using the expansion In(1 + u) = u — $u? 4+ su® 4+ ude(x), with u = £, we get:

1 1 1
fa(z) =In(2) + 2%~ gQEQ + ﬁx‘g + e ()
Exercise 2:
Determine the LD of the following functions:
1) fi(z) = (cosx — 1)(sinhx — x), to order 5 at x = 0
2) fo(z) =1In (¥22), to order 2 at z =0

3) f3(x) = #ﬁ;l, to order 4 at x =0

4) fu(z) =z\/1+ 1, to order 2 at z = oo

Solution:
1) Using the Taylor expansions of cos(x) and sinh(x), we develop and we keep only

degree < n =5, we obtain:

1 1 1 1
fi(z) = (cosx — 1)(sinhx — z) = (—§x2 + ﬁ:c‘l) (6:1:3 + m:c“r’) + z°¢(7)
Fi(@) = ——2 4 e (x)
! 12
2) Using:
3 : 2
sinx =z — % + 2%e(z) = s12x =1- % + z%e(7)
i 1
= fo(z) =In <Smx) = —éxz + z%e(7)

i

3) Since 22 — 2z + 1 = (z — 1)?, this function becomes:

B 2?2+ 1
falx) = (x —1)2

Then perform a Taylor expansion around x = 0 using known series.

4) Let:

£@) L1110
p— —_—— —_— — —8 —
R S P PN R
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Exercise 3:

1) Compute the limited development at order 2 around xy = 2 for:
f(x)=Inz, gx)=2"—2>—2-2

2) Deduce the limit:
Inzx —In2

e2 03 — 22 —x — 2
Solution:

1) Let t = x — 2, then:

flz)=lnz=mIn2+t)=mn2+1In (1—|—%)

t t?

Substituting t = x — 2, we get:

f(x):1n2—|—$;2— ($_82) + (2 — 2)%(z — 2)

Also, by Taylor expansion of g(z) at 2:
g(x) =T(x —2) + (v = 2)* + (z — 2)°¢(z - 2)

2) We have

Inz—In2  5(@—2)—g5@—-2)°+ (z—2)%(x-2)
B —a2—r—-2 T(z—2)+(z—2)2+ (v —2)3(z - 2)

Taking the limit:

) Inz —1n2 1
hm _ —
=23 — 2 —qxg—2 14

Exercise 4:
In(cosh z)

Let the function f(x) = =
inh x

, defined on R*.

1) Determine the limited development of f at x = 0 up to order 3.
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1.8. EXERCISES

2) Show that f can be extended by continuity at 0 and that the extension is differentiable.
3) Find the value of f'(0).

Solution:
1) We have:
N
ho=1+2 42
cosh z +2+24+x5($)
So,
2zt
In(coshz) = In(14+u), u="+ = +z'e(z)
2 24
r? !
] he) =" — = 42!
= In(cosh ) 5 13T % e(z)

and we have

sinhz = x + % + z%¢(x)

Therefore,
2 4
_In(coshz) & —§ +ate(n)

flz) = =

sinh T+ %3 + x3e(x)

Divide numerator over denominator according to increasing powers until order 3 to get:

T 1'3

flz) = 5" g+$35($)

2) As lim, o f(x) = 0, the function can be extended by continuity at 0.

Define:
1 h
n(.cos x)’ v 40
g(z) = sinh
0, z=0
Then,
iy — i 9@ —90) o flz) 1
g(O)—glcl_If(l) x _alclg(l) r 2

So, g is differentiable at = 0 and ¢'(0) = 1.
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Chapter 2

Riemann Integral

2.1 Introduction

We take the function f(x) = e, as an example to introduce the integral.
We want to calculate the area below the graph of f and between the lines of equation

r = a and x = b, and the (ox) axis, noted A. We approximate this area A by sums of

/ -

areas of the rectangles located under the curve or by the sums of areas of the rectangles

located above the curve.
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2.2.  RIEMANN INTEGRAL

i | 23

TSN
i | 23
o | 1=
be | b

Where R~ =>"R;,and R" = > R.
It’s clear that the area A verify

R <A<RT,

i.e., the area A is greater than the sum of the areas of lower rectangles and it’s less than

the sum of the areas of the upper rectangles.

When we consider smaller and smaller subdivisions of the interval [a,b] (zo < 71 <
Ty < ... <z, =b), that is, when we make n tends to +0o0 (n — +00), then we obtain
in the limit that the area of our region of it is framed by two areas R~ and R, which

tends towards themselves (i.e., R* — R~ — 0), and in this case,

A=R"=R" (when n — +c0).

2.2 Riemann integral

2.2.1 Riemann sums

Definition 2.2.1. (Subdivision)

o Let [a,b] be a closed bounded interval (—oo < a < b < o0).
We call a subdivision of the interval [a,b] the finite family o = {xg, 1,22, ..., Tn}

suchthata=xp <1 <293 < ---<x, =b.
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2.2.  RIEMANN INTEGRAL

o The step of such a subdivision n is the number 6 = max |ry — x5_1|, 1 <k <nis

the length of the largest interval in the division of [a,b].

#
T)=a Ty Ty T3 Ty 5 Tn —b
o We say that o = {xg,x1,...,x,} is an equidistant subdivision if we have an
equidistant division of [a,b] into n intervals of identical length 6 = —a
The subdivision points are given by:
rp=a+k-0, forke{0,1,...,n}.
) 0 ) ) )
To=a o T T3 T4 w5 =b
Definition 2.2.2. (Riemann sum)
Let f be a function defined on [a,b], 0 = {xo,z1,...,2,} a subdivision of [a,b] and

A=A, Aa, ..., A} a family of reals such that: ¥ k € {1,2,...,n}, M\ € [xr_1, 2]

We define the Riemann sum of the function f associated with o and A, the number

n

S(f,o,A) = Z(xk: — x—1) f(Ar).

k=1

S(f,o,\) represents the area of the union of the areas of the rectangles of base [x_1, x|
and of height f(\g).
If o = {xo, 21, ..., 2.} is equidistant subdivision of [a,b], we choose A\ one of the limits
of each sub-interval [xy_q, x|, i.e.,

b—a

rr=a+k , 0<k<n,
n

A =xp or Ag=xp_1, 1<k<n.

Then, the corresponding Riemann sums are given by:

b— a — b—a
S(f,o,A) = - ];f(aﬂg. - )
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2.2.  RIEMANN INTEGRAL

or

Tolrs| T2 | Ta| T2 | Ts| e |7 Te|To | Tw |[rn | T12 T
Yo XA X% X XA K M M1 Ma

Remark 2.2.3. (Darboux sums)
Let f be a continuous function on [a,b], o = {xg,21,...,2,} a subdivision of [a,b].
Let my = min f(z) and My = max f(z) on [xp_q1, 2], k=1,2,...,n

By continuity, it reaches its limits, 1i.e.,

AN, € [wpmr, 2] | mi = F(N),

and

N2 € [wpr,an] | Mo = f(N2), k=1,2,....n

The Riemann sums corresponding to the updated families Ay = {\{, A\, ... AL} and

={\2,\2, ..., \2} are called Darboux sums, given by:
Sp, = S(f,0,\1) = kaxk—$k1
Sp, = S(f,0,As) = Zkak—l’k 1)

Sp, s called the Lower Darboux sum.
Sp, s called the Upper Darbouz sum.

It is clear that the Riemann sums are between the two sums of Darboux:

SDl = S(f, g, Al) S S(f, g, A) S S(f, O',AQ) = SD2.
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2.2.  RIEMANN INTEGRAL

Definition 2.2.4. (Integrability)

Let f : [a,b] — R be a bounded function. If there ezists a real number I such that Ve >
0, 36 > 0, Yo a subdiwvision of [a,b], VN = (t1,...,t,) adapted to o if |S(f,o,N)—1I| < ¢,
then we say that the function f is integrable (in the Riemann sense) on [a,b], and the

number I is the integral of f on [a,b], denoted by

[:/abf(x)dx

In other words, a function f is integrable if and only if all its sequences of Riemann sums,
whose step of the associated subdivisions tends to zero, are convergent with the same finite

limat 1.

o [fthe subdivision o = {xg, 1, ..., x,} is equidistant (xk —a+k- =a

then,

b—a o b—
fis integrable on|a,b] < 31 € R/ lim ¢ f (a—i— k - a) = 1.
n—-+o0o n ! n

b b . n b .
:>/f(ac)d:n: li : f<a+k- a).
a n—-4o00 n Pt n

Remark 2.2.5. 1. The variable used in the notation of the integral is called mute,

z’e.,I:/abf(x)dx:/abf(t)dt:/abf(z)dz:

2. The number I = fab f(z) dx represents the algebraic area between the curve of f, the

abscissa azxis and the lines (v = a), (x = b), counting negatively the parts below the

axis and positively the parts above the axis.

Example 2.2.6. 1) Let f be a constant function: f(x) = o, a € R, Vz.

We have:
b b
I:/f(x)dx:/ad (
a a n—oo

k=

b & b—
= lim “N" o = lim a-n-oz:oz(b—a)
n—oo T n—oo 1
k=1
36
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2.2.  RIEMANN INTEGRAL

x)dz.

2) Let f(x) = x, calculate fol f(

I:/Olf(x)dm:/olxdx

We have:

3) Let f(x) = 22, calculate fOQ f(x)dx.

We have:
2 2 © 2k
— 2 = lim — . —
= [ 2R (0 (2))
22k 2 R4k )
=i S () =S = S
lim 8 nn+1)2n+1)
nl—>oon3 6
B 8 8 (n+1)2n+1)
=g e DR D)=l T
.8 (2n+1 n+1 8 8
= lim — - . =—.2==

4) Calculate T = f e*dr = fo x)dx

1
k
I= de =1 )
[ =t >

We have:

n n n
. 1 & 1 E 1 1.k
:hrng—en:hm—éen:hm—g(e)
n—00 n n—oo N, n—oo N
k=1 k=1 k=1

37
Analysis 2

Dr. Khelladi Samia



2.2.  RIEMANN INTEGRAL

. 4 ‘ 1 1
this is sum of geometric sequence with r =en, u; = en,

1 1 1
1 n(en™ — 1 1 nle —1
_ g Lo =D g Loenle=1)
n—oo N, 6;_]_ n—oo N, 6;_1
1 en 11
=(e—1) lim — - — (e—1) lim —-
n—oo M, 65—1

=(e=Dlm = = (e - 1)

where r = %, n — oo implies x — 0.

So,
1
I:/ efdr=e—1.
0

5) Let be the Dirichlet function (indicator function of Q), given by

1 ifxeqQ,
lg:R> R, lg(a) =
0 ifzxé¢Q,

(the set of rational numbers).

Let be an interval [a,b] C R. Let T = {x1, zo,

.., Ty} be a subdivision of [a,b] of
arbitrarily small step. We take A = {)\q,

oAt and No= {N\}, .. AL} two adapted
families to the subdivision T such that:

Vie{l,2,....,n}, € Qand \; e R\Q (X, ¢ Q)

The corresponding Riemann sums are given by:

n n

S(lg, T, A) = (wr — xp1) - 1g(N) = ) (wx —a%1) - 1=b—a,

k=1 k=1

and
S<1Q7 T> AI) = Z(xk - xkfl) : 1Q(A;€) - Z(l’k - Q?k71> -0=0.

k=1 k=1

It 1s clear that these two Riemann sums cannot tend to a common limit. Thus, the

indicator function of Q is not integrable on any interval |a,b|, despite being bounded on
this interval.
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2.3. PROPERTIES OF THE RIEMANN INTEGRAL

2.3 Properties of the Riemann integral

Let f : [a,b] = R be a bounded function.

We will pose by definition or convention:

/a f(z)dx =0, VY,

/:f@) dz = —/baf(@ dz.

Theorem 2.3.1.
o If f:]a,b] = R is continuous, then f is integrable.
o If f:]a,b] = R is piece wise continuous on [a,b], then f is integrable on [a,b].
o If f:]a,b] = R is monotone, then f is integrable.
Theorem 2.3.2. Let f : [a,b] — R be a bounded function.
1) If f is integrable on [a,b], then f is integrable on all intervals [, 5] C |a, b].

2) Let ¢ € [a,b]. If f is integrable on [a,c| and on [c,b], then f is integrable on [a,b],

/acf(a:)d:v—l—/cbf(x)da::/abf(x)dar.

3) If f is integrable on [a,b] and ¢ € [a,b], then f is integrable on |a,c| and [c,b], and

/abf(x)das:LCf(x)dx+/cbf($)dx.

This relationship is called Chasles relation.

and we have

we have

Corollairy 2.3.3. Leta =cy < ¢; < ¢y < ...<cp1 < ¢, = b be a subdivision of a,b]. If
[ is integrable on each interval [c;,cixq] (1 =1,...,k), then f is integrable on [a,b], and

we have

/abf(x)dx:/C:lf(x)dx+/6162f(x)dx+...—|—/C::f(m)dx.

Proposition 2.3.4. Let f, g : [a,b] — R be integrable functions on [a,b]. So, we have:
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2.3. PROPERTIES OF THE RIEMANN INTEGRAL

1. The function f + g is integrable on [a,b], and we have:
b b b
/(f—l—g)(x)dx:/ f(a:)da:+/ g(x)dzx.
2. For all A € R, the function \f is integrable on [a,b], and we have:
b b
/()\f)(m)d:p:/\/ f(x)dx.

3. If f and g are different only at a finite number of points of [a,b], then they have the

same integral.

4. If f > g on [a,b], then ff f(z)dx > fabg(x) dx.

5. If f >0 on [a,b], then fjf(a:) dr > 0.
In particular, if f >0 on [a,b], then f(f f(z)dx > 0.

6. If f=0 (ie., f(x) =0, Vo € [a,b]), then [ f(x)dx = 0.
But fab f(z)de =0+ f =0, for ezample ffa f(x)dz =0 if f is an odd function.

7. The function |f| is integrable on |a, b, and we have:

/a ) de

8. If there exists m, M € R such that m < f(x) < M, Vx € [a,b]. Then:

< [ wia

m(b—a) < / F@)dz < M(b—a).

Proposition 2.3.5. Let f : [a,b] — R be a continuous function. Then, 3c € [a,b] such
that

1 b
1o)== | fayds
The value f(c) is called the average value of f on [a, b|.

Theorem 2.3.6. (Inequality of Cauchy-Schwarz) Let f,g : [a,b] — R be integrable on

[a,b]. Then: 2
(/abf(:c)g(:v) dx) < /abf(x) do - /abg($) i,
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2.4.  PRIMITIVE OF A FUNCTION

2.4 Primitive of a function

Proposition 2.4.1. Let f : [a,b] — R be an integrable function on [a,b]. Let F : [a,b] —
R be defined by:

F(z) = /1‘ f(t)dt.
Then:

1. F is continuous on [a,b].

2. If [ is continuous at xq € [a,b], then F is differentiable at xo, and we have:
F'(xo) = f(o).

Definition 2.4.2. Let f : [a,b] — R and F : [a,b] — R, where F is differentiable on
[a,b]. Then, F is a primitive of f if:

Va € [a,b], F'(z) = f(z).

Proposition 2.4.3. If I’ and G are two primitives of a function f, then F—G is constant
on [a,b).

i.e., if F'is a primitive of f, then F(x) + ¢ (c € R) is also a primitive of f.
The theorem below is called Fundamental Theorem of Analysis:

Theorem 2.4.4. If f : [a,b] — R is continuous on |a,b], then

F(z) = /l’ f®)dt (x € |a,b])

18 a primative of f.

Theorem 2.4.5. Let F be a primitive of a continuous function [ on |a,b]. Then,

/ f(x)dw = [F(z)]" = F(b) — F(a).

Definition 2.4.6. (Indefinite Integral) The set of all the primitives of the function f :
[a,b] — R is called the indefinite integral of f.
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2.5. PRIMITIVES OF USUAL FUNCTIONS

It is noted

/ f(z) da.

So, if F'is a primitive of f, then:

/f(x)da::F(x)—l—c, ceR.
Example 2.4.7. We have:

/sin:cdx: —cosx+c¢, celR

/cosxdx:sinm+c, ceR.

2.5 Primitives of usual functions

n+1

Ofx”dx:x +c¢, r€R, neN, ceR (constant)
n+1
xoc+1

of:co‘dajon_l—i—c, aeR\{-1}and z >0

1
3 f;dx:1n|x|+c, r#0

1
o [e"dr=¢"+c¢, z€ER, [e*dr=-e"+¢, a€R* z€R
a
a/l’
In(a)’

o [coszdr=sinx+e¢, z€R

o [a¥dx = ze€Rand a >0

e [sinzdr=—cosz+¢, z€R
o [coshzdr =sinhz+c¢, z€R

e [sinhxdr=coshz+e¢, z€R

1 T
. R\{Z +kr}, keZ
ofcoszxd:z: tanz +¢, x€R\ 2—|—k17r , k€
1
o [—5—dr=—cotx+c, veR\{kr}, k€Z
sin”

o [tanxdr = —In|cosz| +c, xg_f{g—klm}, keZ
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2.6. GENERAL INTEGRATION PROCESSES

1
° f1+x2d:v:arctanx+c, reR
1 1 1+

te, zeR\{1}

[ ) fl_Ile'ZEIH 1

1 1
° dr =argshz+c¢, z€R or de =In(x + Va2 +1)+c
f\/l—i—x? & f\/l—i—xZ ( )
1 1
ofmdx:argchx—i—c, r>1 or fmdmzln(ac—i—\/x?_l)—l—c
1
° dr = arcsinx +¢, |zr|<1
== i

2.6 General integration processes

2.6.1 Change of variables

Let f : [a,b] — R be a continuous function on [a,b], and let ¢ : [a, 5] — [a,b] be a
differentiable function of class C' on [a, 8], such that p(a) = a and ¢(8) = b, then the
function t — f(p(t)) - ¢'(¢) is integrable on [«, 5], and we have:

b B
| tarin= [ o) e
Just we make the change of variables
r=(t) = de=¢'(t)dt with p(a) =a and p(3) = b.

Example 2.6.1. 1) Calculate I = [ sin®z cosx dx

We take: t = sinx = dt = cos z dx

= 1= [ sin? - [Ea-tic-™T 0 cer
= 31n2xcosdx T = —g -3 , € X.
t t

2) Calculate I = fog sinx - e“5% dx

We take: t = cosz = dt = —sinxdxr = sinxdr = —dt
So,
z 0 1
[:/ sin:l:-e“’”dm:—/ etdt:/ eldt =[e']y =e— 1.
0 1 0
3) Calculate I = fol V1—a22dx

43
Dr. Khelladi Samia Analysis 2



2.6. GENERAL INTEGRATION PROCESSES

We take © = sint = dx = costdt

when = 0= 0 =sin(t) = ¢t = arcsin(0) = 0,
when r =1=1=sin(t) = t = arcsin(1) = g
So,

/2
I:/ V1 —sin®t - costdt
0
w/2 /2
:/ VCOSQt-COStdt:/ | cost| - cost dt.
0 0

Since cost > 0 on [0, 5], |cost| = cost, so:

w/2 w/2 1 ot
I:/ cos2tdt:/ Ls()dt.
0 0 2

2 2 2

:[t 1.sin(2t)yr/2 3

0

2.6.2 Integration by parts

Theorem 2.6.2. Let u and v be two differentiable functions of class C* on [a,b], then:

/ab w(z) v (z) de = u(z) v(z) — /ab o' (z) v(z) de

and:

Proof. Indeed,

uv—/(uv)’—/u’v+uv’:>/uv’—uv—/u’v.

Example 2.6.3. 1) [ = [ze *dz, we take
uz)=z=1u(r)=1

V() =e*=v(r)=—€e"
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2.6. GENERAL INTEGRATION PROCESSES

So,
[:/xexdx:uv—/ulvzl“(—e‘T)—/l'(_ex)dxv

:—xe‘””—l—/e_mdx:—xe_m—e_m—i—C:—e_m(x—Fl)—i-C, C eR.
2) I = [(Inz)*dz, we take
u=(Inz)?=u =222

vV=1=v=x

So,
9 9 Inz 9
I=[(Inz)dr=xz(lnz)*-2 [ 20— dr=x(Inz)" —2 [ Inzdz.

T

To calculate fln:cda:, we use the integration by parts. We take:

u=Inx=u =1

x 1
:>/ln:cdx:xlnx—/x—d:v:xlnx—/ldx::clnx—ﬂv—i-c.
T

V=1=>v=1x
Finally,
I= /(lnx)2 dr = z(lnz)? —2z(lnz — 1) +C, C€R.

3) 1= fol arctan x dx, we take

= r— _1_
u = arctanx = u' = T

vV=1=v=2zx

So,
1 I
I:/ arctan x dr = [xarctana:](l)—/ dzx.
0 o 1422
We have
x 1 2x 1 1
de = = dr = = In(1 + 2 = =1 .
/1+;p2x 2/1+x2x p (47 +C (/f nf)
So,

1
I= {x arctan x — §1n(1 + xQ)] = % — —1In(2).
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2.7.  PRIMITIVE OF A RATIONAL FUNCTION

2.7 Primitive of a rational function

P(x)

Let f be a rational function, i.e., f(z) = (x> Where P(z) and Q(z) are two polynomials

and Q(z) # 0.

For the integration of rational functions, we have two cases:

Case 1: If d°P > d°(Q), we do an Euclidean division according to the decreasing powers
of x, then
R(x)

1) = a5 = 50+ gy

where d°R < d°Q and S(z) is a polynomial.

Next, we decompose % into the sum of simple elements.

Case 2: If d°P < d°(Q), we decompose ggg into the sum of simple elements after

determining the roots of Q(x).

Now, let see how to do the decomposition of a rational function f(z) = P gop <

d°(@), into the sum of simple elements.

We have two forms of simple elements for the rational functions:

e Simple elements of the first kind of the form:

A

(—)k’ where A,a € R, k e N*.
r—a

e Simple elements of the second kind of the form:

Mz + N Mzx+ N
@ Far+ 0 (o=l + B

where M, N,a,b,o, 3 € R, k€ N* and A = a® — 4b < 0.
Finally, all rational functions can be written as a sum of a polynomial and simple
elements.

So, to integrate f(x) = gg;, we must know how to integrate the simple elements.

2.7.1 Integration of simple elements of the first kind

Let]:fﬁdx, ke N AacR.
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2.7.  PRIMITIVE OF A RATIONAL FUNCTION

o If £ =1, then

Tr —a

A
[:/ de=Aln|r —a|l+¢, ceR.

o If k> 1, then

A A
]:/(x—a)k dr = (1 — k) (@ — a)t

+c, ceR.

2.7.2 Integration of simple elements of the second kind

Let

Mz + N
I:/ TEN e ab M NER keN and A =a?—4b < 0.
(22 + ax + b)k

We decompose the polynomial 22 + ax + b in the form of the sum of two squares:

24 +b—( +a)2+b— - —( +a>2+4b_a2

We set v = —% and % = %5%, we obtain

P +far+b=(r—a)?+ 3%

So,
Mx+N Mz + N Mz + N

(@ +az +b)F  [(x—a)2+ FF  [BR((E2)2 + 1F

We take the following change of variables:

t:x;a@xzﬁt+a:>dx:6dt.
I Mz + N M(Bt + o) + dt
(224 azx + b)* 5%1 (12 + 1)k '
M t Mo+ N 1
- 62k—1 (t2+1>k dt + 5%—1 (t2+1)k dt.

Calculation of [, = [ dt

t
(t2+1)k
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2.7.  PRIMITIVE OF A RATIONAL FUNCTION

o If £ =1, then

t 1,
11:/t2+1dt:§1n(t +1)+¢, ceR

o If £ > 1, we do a change of variables:

u=1+t>= du= 2tdt.

So,

t 1 (1 1
L= o dt=- [ —du=— (1 +*)F R.
k /(t2+1)k 2/uk U= o) T e e

t 1
L= [ ' = R.
= / CES D S =

Calculation of J, = [ m dt

1-t . V=1=v=t,
Jk:/mdt:’uv—/UUdti L okt
, _
U= G = U det

2

t
o= G+ 2 [
t (t*+1) -1
e [ (G

et | [t [y ]

t

= J, = A + 2k Jy, — Qk’Jk_H

(t?2+1)

R to 2k
TR (2R T 2k

Jk, for k > 1.
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2.7.  PRIMITIVE OF A RATIONAL FUNCTION

. dt dt
with J; = / ) = / s arctan(t) +C, /C eR.

Application: for £ =1, we obtain:

a1 1 1
Ty = _— = arctan(t) + C.
2 /(t2+1) 2 g g retan(t) £

N.B. Once the integral calculations are finished, we don’t forget to return to the variable

z. Remind:
T —

B

t= S r=a+ ft

Summary

Let f(x) = gg;’ x eI, Q(x) #0 for all x € I. To determine a primitive of f over I, we

proceed as follows:

1. Determine the integer part S(z) of f, using the Euclidean division of P(z) over Q(x).
If d°(P) > d°(Q), then f(z) = S(z) + 22 where d°(R) < d°(Q). If d°(P) < d°(Q),

Q(x)
then S(x) =0, f(z) = gg;

2. Determine all the roots of Q(z), then factor the polynomial Q(zx) into a product of

irreducible polynomials.

3. Write the decomposition of f into the sum of simple elements, including integral

part and simple elements of the 15 and 2"? kinds.

4. Integrate each term of the decomposition.

Example 2.7.1. 1) Calculate

3 42
I:/m +4x +9x+8dx:/g(x)dx

24+ 2x+3
We have:
Pl ory

So, first we do an FEuclidean division of P over Q.
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2.7.  PRIMITIVE OF A RATIONAL FUNCTION

3 + 42? +92+8 20 +2 R(x)
24 ——— =9 .
P N S A Rl 1o
2z + 2
= 24 ———.
Jw) =+ +x2+2:z;—|—3

So:
2 + 2

2

:>I:%+2x+ln|x2+2x+3|+c.

2) Calculate

5r — 1
= / (22 + 4z +4) (22 — 1) dr.
We have:
_ P(x) o _

We have:
Q(z) = (2* +dz +4)(2* — 1) = (v + 2)*(x — 1)(x + 1).

We will have only second kind of decomposition.

5r — 1 . A AQ A3 A4

0 = PN+ ) or2  @r2r a1 o+l

S 29/9  11/3 2/9 3
42 (@422 -1 x+1

Then, we integrate each element, we obtain:

11
[_/f :__1n|g; 2|+§3+—1n|x—1|+31n|:17+1|+c

I:/f(fn)dx:/ﬁdx:/gggdx.

3) Calculate
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2.7.  PRIMITIVE OF A RATIONAL FUNCTION

We have:
d°P=0<dQ=3= S5(x)=0.

Qr)=1+2"=(x+1)(a* —x+1).

For x> —x +1, we have A =b*> —4dac=1—-4= -3 < 0.

So, #? — x + 1 is irreducible polynomial.

We obtain the decomposition of f(x) = gg; as follows:

f(z) 1 1 A n Mx + N
€Tr) = = = .
1+23 (z4+1)(22—2+1) 2z+1 22-z+1

1/3  —1/3z+2/3
+
r+1 2 —x+1

1 +1 2—ux
3(x+1) 3 22—zx+1

1 1 1 2—x
f—/f@mx—g/x+f“+§/;:3:7“

1 1

So,

To calculate I', we write x° —x + 1 as follows:

) a\2?  4b—a?
x —x—l—b:<a:—|——> + 1

; ~@-a)+p (VE—apP+P)

1\*> 3 1, 3 3|[(z—1/2\" 3
2 _ 1= - = S=(r—-=)P+c == 1| ==t +1
=2’ —x+ (x 2) +7 (z 2)+4 4[( \/§/2>—I— 4( +1)
We take the change of variables:
1
r—a T—3 221 V3,1 V3
t= = 2 — e, r=0t+a=—t+ =), and dv = —dt
BoVB/2 V3 ( ’ TR 2
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2.8. PRIMITIVE OF A RATIONAL FUNCTION OF SINE AND COSINE

So,
V3 1
[/:/2—_”2:/24?“5) 3,
w2 —x+1 (2 +1) 2
—1 t
\/§ t—/ dt
2+ 1 1+t2 1+t
Then, we have
1

I' =+/3arctan(t) — = In(14+t*) +¢, ceR

2
20— 1 1
3 arctan ——In(z*—z+1)+c
(25) - )
Finally,
1 3 20— 1 1
I:/ffcigdz:§In|$+1|+§arctan( :c\/g )—gln(zQ—x+1)+c

1 3 20 — 1 1
:§1n|x—|—1|+§arctan(x—) ——In(z* -2+ 1)+¢, ceR

/3 6

4) This is an example to do:

x Z’Q— Xr— o o
Let f(z) = QEx; (a:+1)(xg+292&+1) (d°P =2 <d°Q=0)

o Decompose f(r) = =L + (z v+ Mzth (M2”N2 . You will find: Ay = —1, Ay =

sc—i—l 24+x+1 z2+x+1)2
Z,Ml == —1,N1 - —2,M2 = 3,N2 - —1

o Calculate I = [ f(x)dx. You will find:

—2 1 25
I=—"—In|z+1|+=In(z*+2+1) — —= arctan +c
r+1 2

23:—1—1) 504+ 7
3v/3 3(

V3 2+x+1)

2.8 Primitive of a rational function of sine and cosine

Let be I = [ f(sinz,cos ) dx, where f is a rational function of sine and cosine.
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2.8. PRIMITIVE OF A RATIONAL FUNCTION OF SINE AND COSINE

(General case

It is always possible to reduce this integration to that of a rational function of a variable

t, using the following change variables:

T 2
t=tan<§> :dl’_mdt,
with:
, 2t 1—¢2 2t
Slnx:m, COS.T:m, and tanzx = 12

Example 2.8.1. Let [ = [ - dx.

sin x

We take t = tan (2) = do = 125 dt and sinx = 12;.
So,

1 1+ 2 1 v
- dr — - dt— [ dt=Inlt| +c=1 (t (-)‘ , R.
/sinx x / TR /t n [t| + ¢ = In |[tan 5 +c¢, c€

Special cases

z

2) always succeeds, but can lead to quite long calculations.

The change variable ¢t = tan (
We can try other more suitable changes of variables.

In the following cases, the change of variables are evident:

o If ] = [ f(sinz) - cosz dx, we put t = sinz = dt = cosz dx.
= I=[f(t)dt.

o If I = [ f(cosz)-sinxdz, we put t = cosz = dt = —sinx dz.
= I=—[f(t)dt.

o If I = [ f(tanz) - —5— dx, we put t = tanz = dt = dr.

= I=[f(t)dt.

cos?

Example 2.8.2. Let [ = fsin5 x-cosxdr, we put t =sinx = dt = cosz dx.

t6 : .6
:>]:/t5dt:€+c:sm6x+c, ceR.
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2.8. PRIMITIVE OF A RATIONAL FUNCTION OF SINE AND COSINE

Case of polynomial functions of sine and cosine

If f(sin(x),cos(z)) reduces to a polynomial (e.g., we will have sin(z)? and cos(x)?), we
can always express it linearly in terms of sine and cosine of multiples of x, using trigono-
metric transformation formulas. The integration becomes straightforward after such a

transformation.

Example 2.8.3.

We have:

I:/cos?’a:d:c
3

cos” x = — cosT + 1 cos(3x)

1
:>I—/cos3xdx— Z/cosxdw+zl/cos(3x)dx

3 1
=1 sinz + T sin(3z) + ¢ with c € R.

Remark 2.8.4. Linearization of powers of cos"(f) and sin™(0):
For all n € N* and 6 € R, we can write cos™(0) (resp. sin"(6)) as sums of terms of
the form cos(m@) (resp. sin(mf)), with m € N and m < n.

The method consists in using Fuler’s formula and the Newton’s binomial expansion:
n_n N\ kyin—k ny o~k nl
(a+ D) —Z(k)ab ,  where </<:)_C”_k!(n—k)!'
k=0
e For example,

2

1 < /n\ , 1 < /n\ ,
_ i(n—k)0 ,—ik6 __ — i(n—2k)0
52 (e = 550 (1)

k=0

0 AN 1 ) )
COSn<(9) _ <€ +e ) _ 2_n(610+6—29)n

Thus, we have:

1 < /n\ |
ngy = — i(n—2k)0 *
cos™ () o 2 (k)e (*)

Then, we group the terms in (*) into elements of the form ™ + e~ Using
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2.9. PRIMITIVE OF A RATIONAL FUNCTION OF e*

Euler’s formula, we obtain:

™0 4 7™ — 9 cos(mb)

0 _ =i\ "
sin”(0) = (%)

o Similarly for sin(0):

Example 2.8.5.

i0 —ig\ 4 4
g [€ TE€ 1 —ipna L i(4—2
cos™(0) = (T) —1—6(6 +e _1_62

k=0
1
= cos*(f) = 3 (cos(40) + 4 cos(26) + 3).

2.9 Primitive of a rational function of ¢*

Let I = [ f(e”)dx, where f is a rational function of e*

We take the following change of variable:
dt
t:exédt:exdx:tdxédx:?

This leads to the integration of a rational function of ¢:

J:/f(ex)dx:/@dt

Example 2.9.1. Calculate I = |

1
1+emd'r
Wetaket:ez:dx:%.

1 1 dt 1
:>I:/ dr = —-—:/ dt
1+4e® 1+t ¢ t(1+1)

)

=ln|t|-In[l+t/+c=1In

t
1+t

‘—l—c
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2.10. PRIMITIVE OF A RATIONAL FUNCTION OF sinh(z) AND cosh(x)

T

=1In +cceR.

1+ e”

2.10 Primitive of a rational function of sinh(z) and cosh(x)

€= and dr = “E—dt, so the integration of a rational function

of sinh(x) and cosh(x), f(sinh(z),cosh(z)), comes back to the integration of a rational

We have sinhz =

function of e, and in this case we can make the change of variable:

dt t?—1 *+1 t?—1
t=e" = dr = — with sinhx = , coshx = i , tanhx = )
t 2t 2t t2+1

We will obtain a rational function of .

We can also take the change of variable of the form:

x 1 T 1 2
= h (—) = — 1 — h2 — = —(]1 — 2 = —_—
t = tan 5) = dt 2( tan (2))da: 2( t°)dr = dx T dt

So,

t = tanh (g) = dr = Ldt

1 —¢2
2t 1+t 2t
with sinhx = T2 coshx = 1%152’ tanhz = T

Example 2.10.1. Calculate I = [ - dx

sinh z

1st method: We take t = ¢* = dx = %, and sinhx = t22_;1

1 o6  dt 2 2
I= dz = R dt= | —2
~ /Sinhx ‘ /t2—1 ' /t2—1 /(t—l)(t+1)

1 1 t—1
:/<__—>dt:ln\t—1|—1nyt+1y+c:1n
t+1

t—1 t+1

‘—i—c, t=e"
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2.10. PRIMITIVE OF A RATIONAL FUNCTION OF sinh(z) AND cosh(x)

et —1

= [ =1In
er 4+ 1

‘+c:ln’tanh<g)‘ +c, ceR.
2nd method: We take u = tanh (%) = dr = ﬁdu, and sinh x = 2%

1-u
:>]:/ e :/12u2d“:/ldu
sinh x 13“2 u

u

2

xT

=Injul+c=1In

x e
¢ h(—)’ —1
an 5 +c neerl

‘—Fc,ce]R.

x

Example 2.10.2. Calculate I = [ —=< dx

cosh -sinh x

2 . 2_
We take t = e* = dx = dtt, and coshz = 2_4217 sinhx = tztl

:>I:/e—dx:/ L :/ dt
cosh z - sinh x (55 (52) 24+ 1)(t2 1)

2t 2t

B 4¢? i@t
N / 2+ 1)t —1)(t+1)
We have:

412 Ay A, Mt+ N 2 1 1
2 - + + or =3 + -
ErD)t-D)t+1) t—1 t+rl £+1 241 t—1 t+1

2
I = dt —dt— —dt
= /t2+1 * t—1 /t+1

=2arctan(t) +Inft — 1| —In|t+1|+¢, c€R

t—1
= 2arctan(t¢ 1
arcan()+nt+1’+c
Finally,
I / < de = 2arctan(e”) +1n || 4 eR
= [ ——————— dx = 2arctan(e n ¢, ¢
cosh z - sinh er +1 ’
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2.11. EXERCISES

2.11 Exercises

Exercise 1:

1) Using Riemann sums, calculate the integrals:

2 t
a) / ride, b) / e“dx.
1 0

2) Determine the functions associated with the following Riemann sums then calculate

their limits

- k2 - 1 - 1
a _ b —_— C _—
) kZ:o n3 + 8k3 ) — 4n? — k? ) — vVn? + 2kn
Solution:

1) Riemann Sums
Riemann sum associated for a regular subdivision of [a, b]:
We pose: zj, = a+ £(b— a), then:

o = a,

1
1 = a+ —(b—a),

n
2
— Zh—
T a+ n< a),
T, = b
Let be f : [a,b] — R, then:
b b n—1
sy = tim S flo 0 a)
o8
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2.11. EXERCISES

a) We have

2
2dry = lim — (14+—-)= lim — (1

' 1 n ]C kQ n—1 )
- nEIEOOEZ(”Qﬁﬁ):nEM”* k* Zk‘)
.1 2n(n—1) 1 nn—-1)2n— 1) 7
= 1 — — — - _

b) We have

t n—1
kt
efdr = lim —E e = lim —E e
/0 n—+0o0o M Xp n—+oco 1 Xp

) 1 1 —expt
lim —

notoo 1 —exp(L) T ntoon 1 — exp(L)

n—-+00 — exp(£>
t + .
We pose u = £, then o =_—%— 5 —1 when u — 0. So, we obtain
n 1—exp(;;) 1—expu ’ ’

t
/ e“dr = (expt — 1).
0

2)
a) We have

n k2 k)?
kzn3+8k3 :_Zl+8(§)

is the Riemann sum of the function f(x) = defined on [0, 1], then:

1+8:c3 ’

n k2 1 2 1
li - = dr = In(1 + 82°
nalrfoo;ni”—i—égk?’ /0 1+ 823 v 24[11( + x)]

1
= —1In3.
12n3

b) We have
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is the Riemann sum of the function f(x) = , defined on |0, 1], then:

1
Va—22

" 2": 1 /1 1 p 1 /1 1 p
1m — ——axr = = ——dx
nrboo £\ [in? — k2 o VA4 — 12 2Jo /T (%)

1
1 . T T
= |zarcsin(=)| = —.
{2 2 ]0 6

c) We have
L iy
im0 VPt 2hn DD 14 ok
is the Riemann sum of the function f(x) = \/1i72 defined on [0, 1], then:
T S R e
no Vn? + 2kn o V1+2x 0
= V3-1.
Exercise 2:

Calculate the following integrals using the appropriate change of variables:

f04 cos z(1+tan? a:)d

I 2 5
sin x+cos x ) IQ = fO COS™ I S1n l‘dx,

x sin 2 _rt 1 1
fO i 1+4-cos x2 :U I4 - fO ((1+.Z’)2 + (1+2a:))d'r

= [H&— 1) exp(x —1)2dx, Iy = [I%) <+ dy.

In2 e*—e—®

Solution:

1) We calculate I :

L /Z cosx(1+tan2x)dx: /1 1+tan2xdx
0 0

sin T + cosx 1+tanx
we put: u:tanx:>x:arctanu:>dx:_111;2,
=0=u=0
We have
r=7=u=1
!
L = d In|l+u 2
= [ e = Il = me)

2) We calculate I :
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™
I, = / cos® zsin® zdz,
0
we put: u = cosr =—> du = —sin xdx,

r=0—=u=1
We have :
r=m—u=—1

i s
I, = / cos? x sin® zdx = / cos? x sin* x sin xdx
0 0

= [ -y = - [ @2t dan=2G -2+ )

1 -1

3) We calculate I3 :

I in 22

rsinx

I3 = ——dr
o l-+cosx

we put: u = cos(x?) = du = —2x sin(x?)dr,

r=0=—=u=1

We have :
x:ﬁ:u:lﬂ
1 rsina? V2 _du
I, = — dx = —— =1/21In(4/3).
° /0 1+ cosa2 /1 2(1 4+ u) /21n(4/3)
4) We calculate I, :
I /1( L, )d - +1/21n(2 +1)1
! o (1422 (1+2az) (z+1) 0

— 1/2(1+1n3).

5) We calculate I :
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1
Is = / (z — 1) exp(z — 1)dx,
0

we put: u= (z —1)? = du = —2(x — 1)dux,

r=0—=u=1
We have :
r=1—=u=0

' 0 1 0
I, = / (x — 1) exp(z — 1)%dr = / P, = {_ exp u] = —(1—¢)
0 1 2 2 2

6) We calculate I :

In3 =z —x
e’ +e
I6:/ ———dux,
1

n2 et —e®

we put: u =expx — exp(—z) = du = —expx + exp(—z)dz,

In3 — In3
€T T d
3 :/ idas:/ &
1 1

n?2 et —e " n2 U
= Infexp(In3) — exp —(In3)] — In [exp(In2) — exp —(In 2)]
8 3 16
= In3—-1/3|—-In|2—-1/2|=In|=|—In|=|=In|—
a3~ 13|~ nf2 = 1/2 =t 5| - | 3]~ |
Exercise 3:
Calculate the following primitives
QA —
1) F(x) :/ f i)dx, 2) G(z) = /0082x81n2xdx,
2 —
3)H(z) = /sin4xdx, 4)L(z) = /tan2 zdx.
Solution:
1) We have

4o — 5 2z 5
F(m):/xg_ldx:2/I2_1dx—x2_1dx,
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. _ _ _a b _ _
We have. .I5—1 = (a:—l)5(1‘+1) _E+x_-§-l:a_2/5’b__2/5
4r — 5 2 2 d 2 d
Py= Mgy =y [ 2oy 2 A2 e
x?2—1 x?2—1 5) (x—=1) 5 ) (x+1)
2 —1
= 21n|x2—1’+—lnx + C.
5 z+1
2) We have

G(z) = /cos2 rsin® xdr = /cosp xsin? zdz,

p and q are even, so we linearize. We have: sin®z = (1 — cos? z).

Then:

/C082 rsin® xdr = /((3082 r — cos'x)dr = /cos2 xdx — /(cos2 r)*dz.

We have:

Then:

1
cos’ T = 5(1 + cos 2z),

1 1
(cos?z)? = Z<1 + cos 27)% = 1(1 + 2 cos 2z + (cos 27)?)

1 1
= Z<1 + 2cos2x) + 5(1 + cos 4x).

So we obtain:

Gx) =

3) We have

1 1 1
/(1+2cos2x)dz— Z/(1+2cos2a:+§ + §COS4$)dm

/dx—i—l/cosQa:dx—1/§dm—E/COSQxdx—l/cosélxdx
4 ] 2 2 8

1
/dx——/dx——smélx—i—c—g/cosélxd:p
/d:v— —/cos4xdm

—ismélx—l—c

OO|+—\oo|>—~ N~ N~ N~

H(z) = /sin4 xdx

63

Dr. Khelladi Samia Analysis 2



2.11. EXERCISES

We use the same idea like in 2), we linearize sin*z, we get:

1 1 3
H(z) = /sin4xdx:é/coséla:da:—é/cosltd:v—l—g/dx

L 4 L 2 —1—3 +
= —sindr — —sin2z 4+ -z +c.
32 4 8

L(z) = /tan2 xrdr = /(taan +1—1)dz = /(tan2 x+ 1)dx — /da:

= tanx —x +c.
Exercise 4:
Calculate the following integrals using integration by part (IBP)

Yz

1 T t
J :/ xetdr, Jo= —dx, J. :/ —dt.
o o Va2 s V(l+t

Solution:

1) We calculate J; :

1
le/ re'dx,
0

(IBP): /uv/dx:uv—/u/vdx

We put:
u=rv=—1u =1

vV =expr = v=expx

Then:

1 1
Ji = / ze"dr = [xexp ], —/ exp xdx
0 0

= [zexp m](l) — [exp a:](l)

= e—(e—1)=1

2) We calculate » :
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S

dr = | 2723 1nzdx

u=lnr=u=1/x

V=27 =y =2!/3

dr = [3x1/3 lnx} — 3/x2/3dcc

323 nx — 923 + ¢.

We put:
Then:
Inz
Jy = 7
Jg :/
0
We put:
u =
Then:

ng/ t(1+t)"V2at
0

Exercise 5:

We pose:

In16
T4+ 3
]:/ ¢t dzx,
0 e* +4

1) Calculate :I + J, and I — 3.J.
2) Deduce the values of I and J.

Solution:

Dr. Khelladi Samia

dt = / t(14t)"2dt
0

1+t = u=2(1+1t)/?

v=t=1v =1

[2t(1+4)"2] —Q/x(1+t)1/2dt
2z(1+ )2 =3 [(1+1)*?],

2¢(1 4 )Y = 3(1 4 2)*? — 3,

In16 1
J:/ dx.
0 e? +4
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1) We have

In16
e + 3 1
I+J = dx
+ /0 e*+4 e‘”—i—4)

In16
6 +4 In16
:‘A e = 2] = 4ln2.

In16 In16
o !
[-3] = / +3M—3/) dz
0 er +4 0 e’ +4

= /m16 i = [In(e” + 4)]*°
A er +4

= I [e"+4] —In5=1In20—In5=2In2.

2) Deduce the values of I and J. We have:

[+J = 4In2 (1)

[-3J = 2In2 (2)

So, (1)-(2)=4J =2In2 = J = 11In2
Then: [ = Iln2.
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Chapter

Ordinary Differential Equations

3.1 Introduction

In the study of many physical problems, we are led to search for an unknown function
that is the solution to an equation relating this function to its successive derivatives, this
relation is called a "Differential Equation". Moreover, differential equations model a
wide range of real world phenomena, from population growth, chemical reactions to the
motion of objects, the behavior of physical systems, heat transfer, fluid flow, electrical
circuits and much more.

In this chapter we will learn how to solve different types of differential equations.

3.2 Ordinary differential equations of order n

Definition 3.2.1. Let be the application F : R""? — R(n € N*).

1- An ordinary differential equation (ODE) of order n is an equation of the form:

F(a,y(),y (), ... y™ () = 0, (3.1)
where y is a function of variable v (y = y(x)) and (v',y",...,y™) are the successive
derivatives of y until the order n (y = %,y” = Z%, )

2- The highest order of derivation in equation determines the order of the differ-
ential equation.
3- An application ¢ : I C R — R, is a solution of the equation (3.1) if ¢ admits

derivatives up to order n on I and whose successive derivatives (@', ¢”, ..., go(”)) verify, for
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3.3. FIRST ORDER ORDINARY DIFFERENTIAL EQUATIONS

all x € 1, the equation (3.1) is verified, i.e.,

F(z,¢(x), ¢ (x), ..., (x)) = 0.

Examples:

1) The differential equation y' = e*(y’ — e*) = 0, is an ODE of order 1.

2) The differential equation y” + v’ = In(z), is an ODE of order 2.

3) The differential equation z%y™® —sin(z)y” + 3y’ — cosz = 0, is an ODE of order 4.

3.3 First order ordinary differential equations

Definition 3.3.1. Let be the application F : R® — R.

1- An ordinary differential equation of order 1 is all equation of the form:

d
F(z,y,y) =0<=19 = f(z,y), where f : R* — R, y =y(z) and y = d_y
x

2- Let be the function ¢.: I CR — R
We say that ¢ is a solution of the equation v = f(x,y), if ¢ is differentiable and

verifies:

¢ () = f(z,0(x),Vx € I.

3- We call a Cauchy Problem, all problem of the form:

P) v = flx,y),Ve el '

y(xo) = Yo
y(xo) = yo, is called initial condition, which leads to a particular solution.

Examples:

1) Let be the first order ODE
y=1+¢" = f(z,y) (3:2)

We have y(z) = x + €” 4+ ¢ /c € R, is a solution of [3.2] (general solution of [3.2).
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3.4. ORDINARY DIFFERENTIAL EQUATION WITH SEPARATE VARIABLES

2) Let be the Cauchy problem:

(P) yetre (3.3)

y(0) =3

From the example (1), we have y(z) = x + €” + ¢, is a general solution of 3.3
We have y(0) =3=0+e"+c=3=c=2.

So, the particular solution of (P) is
y(x) =z +e" +2.

In the following, we will see the different types of the first order ODE.

3.4 Ordinary differential equation with separate vari-
ables

Definition 3.4.1. Let f: I CR —-R and g: I CR — R, be two continuous functions.

A differential equation with separate variables, is an equation of the type:

y = % s ygly) = f(2) = gly)dy = f(a)da, (3.4)

where 3y’ = %.
To solve this equation, you just have to integrate both sides of the equation we

obtain:
/g(y)dy = /f(:z:)dx — G(y) = F(z)+c /ceR.
Where G is a primitive of g and F is a primitive of f .

Remark 3.4.2. Finding a primitive is already solving the differential equation y' = f(x).
This is why we often say "Integrate the differential equation” instead of "Find the solutions

of the differential equation”.

Examples:

1) Integrate the differential equation:
y =y. (3.5)
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3.4. ORDINARY DIFFERENTIAL EQUATION WITH SEPARATE VARIABLES

We have:
dy dy f(z) 1
/ /
Yy = y<s= T =y<= —=dr (y =—=/f(x)=1,9(y) = —
w Yo /=28 = 19t = )
dy
- —=[dr=Inlyl=2+¢
Yy
= |yl =" =% = e’ (cy = ™)
= y=2ce" (ca>0)
= y=ce’/ceR.

So, y(z) = ce”/c € R, is a solution of equation [3.5]
2) Find the solution of the following differential equation:

= (1+ 2 (flo) =1+ /gly) = %»

We have:
dy dy
Yy = (1+2%)y° <= Ir = (14 2%)y? — 2o (1+ 2%)dx
d 1 3
— /y—g:/(1+x2)dm:—§:%+x+c / ceR
-3
— = ke R.
y() 3+ 3x+k /
3) Solve the following Cauchy problem:
/__ e’+1
(g "
y(0) =1
First, we integrate the differential equation 1 = ew;y
We have
e’ +1 d e’ +1
y = ) <:>£: , = ydy = (" + 1)dx
2
—_— /ydy:/(e$+1)dx:—%:ex+x+c / ceR

= yx)=+v2(e*+2x+¢) / ceR.

Now, we look for the particular solution, i.e., we determine the value of c.
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We have:

y(0) = 1= /2("+0+c)=+2(1+C)=
1

— 242=1=2c=—-1=c=—
So, the particular solution of (P) is:
y(x) =1/2(e* + o — —) V2e® + 2z —

4) Integrate the following ODE:

Y1 — a2 = /1 —92

We have

J = \/1—3/2<:> dy _ dx
V1—2z2? V-2 V1—a?

— — arcsiny = arcsinx + ¢ ceR.
/\/1— /\/1—332 Y /

— y =sin(arcsinz +¢) /(sin(a + b) = sin(a) cos(b) + sin(b) cos(a))

= sin(arcsin x) cos(c) + sin(c) cos(arcsin z).
/ [sin(arcsin x)=x / cos(arcsinz) = V1 — 22|.
= y(x) = cos(x)z +sin(c)V1 — 22 / ceR.

N.B: To show that
cos(arcsinz) = V1 —2? Jx e [-1,1].

We take
: . - T
0 = arcsine =z =sinf Jre[-1,1],0 ¢ {7,5]
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3.4. ORDINARY DIFFERENTIAL EQUATION WITH SEPARATE VARIABLES

In other hand, we have

sin?(6) + cos*(0) = 1
— cos’(f) =1-sin’(@) =1—2> (sinfd = 2)
— cos(d) =v1—22 (§=arcsinz)
— cos(arcsinz) =vV1—22 | ze€[-1,1].

5) Integrate the ODE:
Y (2* — 1) — 2zy = 0.

We have
2 d 2
y(z® 1) =22y = 0<:>y':x2?1<:>_y: zfldx
Y x
d 2
= _y_/ T de
Yy x2—1
— hll=lj-1+c /[ ceR
= |2 —1|+Wk /[ c=Ik
= (el 1)
— y=k(@*—-1) /keR
Or
Inlyl = Ife? =1 +e= |y =l

6) Find a particular solution of the following Cauchy problem:

yy' (L+e”) ="

(P)
y(0) =1
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First, we solve the equation

yy'(l+e”) = ¢
dy e’ e’
— ydy = d
Yar = 1+e* vy 1—|—e’3 ‘
— /ydy—/1+x :>%:1n(1+ex)+c /ceR

=+2In(l+e*)+k [ k=2ceR.

Now, we determine the value of the constant k using the initial condition y(0) = 1.

We have

y(0) = 1= 21+ +k=+2@2)+k=1

= 2In(2)+k=1=k=1-In4) /(2In2=In2%=1m4).

So, the solution of (P) is

=+/2In(1+e*) +1—In4.

3.5 Homogeneous ordinary differential equations

Definition 3.5.1. Let f : I CR — R, be a continuous function. We call homogeneous

differential equation in x and y all equation of the form.:

y=f(2)e=dy=1(%)da (3.6)

To solve this equation we use the change variables

t:y:>y:ta::>dy:td:p+a:dt
x

Then, by replacing this in equation [3.6] we obtain a differential equation with separate

variables of z and t.
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Indeed,we have:

dy = f(%)dx = tdo + xdt = f(t)dx
< xdt = (f(t) —t)dx
dt dx :>/ dt / dx
fy—t = fo-t J =
So, to solve homogeneous ODE, we are led to solve an ODE with separate variables,

as following:

, Y dt dx Y
Y f(x><:>f(t)—t — where ;
Examples:
1) Integrate the ODE:
(2x + y)dx — (4x — y)dy = 0 (3.7)

2x+ydw _ x(2+y/x)dx
dr —y x(4—y/x)

_ 2+4y/x
44—y

B < dy =

= dy dr = f(y/z)dx (3.8)

We take:

t = y/r=y=tr = dy=tdr+ xdt

BR <« tde+adi = f(i)da /f(t):g

2+t 2 — 3t +2
4 — 1
di _de o A-t 1,

23142 x 12 —3t+2 x
it

4—t 1
— [ = [ =4
/t2—3t+2 /xx

We decompose the rational function:

)dx

l

!

4—t_4—t_a+b_3+—2
2-3t+2 (t-1(t-2) t—-1 t-2 t—1 t-2
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So,

At 1 dt dt dz
S S VY L N O R L
/t2—3t+2 /xl" 1 r—9 z

= 3ln|t—1]-2Injt—2|=Inlz|+c¢ /ceR

= 1n<|t_1’ ) =ln|z|+c /(t=y/z)

|t —2f*
N S VE /k €R.
ly/z —2|”

2) Solve the ODE:
zy = ze¥T +y

— oy =Lty Yoy Y g (3.9)
x x x x
Put
t:%(z)y:tx:>dy:tdx+xdtandf(t):et+t.
So,
7y e O :@:L:d—x:/ﬁz/@
fo)y—t =z et+t—t =z et x
k
_— —eit:]nym‘ﬁ-C:}e*t:—ln’m‘—Czln(a) /keRj_
k y
—t =1In(In(-—)),t ==
— —t=In(n()t = 2
Yy k
== = —In(In(~—
= T n(n(‘x|>)
k
— y=—zln(In(-—))

]

3) Find the solutions of the ODE:

zy —y+z=0

—y=2-1=7). (3.10)
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We take
t:g<:>y:t:c:>dy:td:c+:cdt and f(t) =t — 1.
x
So,
dt d dt d d
310 e ——— . % . -
ty—t x t—1 t «x x

i
d
— /dt:—/—x:>t:—ln|x|+c:>t:y:—ln|x]+c
T T

— y=—z(lnlz|+c) /ceR

3.6 First order linear ordinary differential equations

Definition 3.6.1. We call a first order linear differential equation,all differential equation

of the form:
a(z)y’ + b(x)y = c(z) (3.11)

Where, a(z),b(z) and c(x) are continuous function on I C Rwith a(x) # 0.
c(z) is called the second member of the ODE|3.11]
The differential equation

a(z)y + b(z)y =0 (3.12)

(without second member) is called the homogeneous equation associated to the equation

[2.11

Remark 3.6.2. 1- All solution of [3.11lwill be written as: y = vy, + yo, where y; is
the general solution of the homogeneous equation (4) (a(z)y + b(z)y = 0), and yy is a
Y +b(x)y = c(x)).

y+ B(x), where a(z) =

particular solution of the equation (3), i.e., solution of a(x

—b(x)

2-All first order linear ODE can be written as iy’ = a(x alo)

B(x) = Z(w) with a(x) # 0.

()
()

Resolution method

1- Resolution of the associated homogeneous equation

a(z)y’ + b(z)y =0,

to find y;.
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We notice that y = 0 is a solution of [3.12]that we call a "trivial solution". So, we

look for a solution y # 0.

We have:
, dy
alx)y +b(x)y = 0= a(x)% = —b(z)y
d _
. dy _ —h)
y  alx)
d _
y a(z)
—b(z)
= lnly|=F(z)+k /F(x)= o(2) dr,k; € R
= Y= @tk — JF(z) kr — [ F(@)
So,

y=Kef® JKeR

y1 is a general solution of the homogeneous equation [3.12]

2- Find a particular solution y, of the equation [3.11]
a(z)y’ + b(x)y = c(v)

If the particular solution ys of is clear or trivial, we can give directly (without
calculation) the expression of the general solution: y = y; + y» (general solution of [3.11]).

If the particular solution vy of is not clear (trivial), then to calculate it, we use
the constant variation method, i.e., we consider the constant ¢ as a variable by taking
K = K(x).

We have:

y = Kef'® = K(z)ef'®

— ¢ = K'(2)e"® + F/(2)K(2)e" @ | F'(z) = —

We substitute in equation [3.11)we obtain

a(:c)(K’(x)eF(I) + F’(x)K(:U)eF(x)) + b(m)(K(m)eF@)) = c(x)
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—  a(x)K'(2)ef™® = ¢(x)

— K'(z) = c(m; e Fe@) — K(x) = / @G*F(’”)dm‘.

a(x a(x)

Finally,we get the general solution y of as follows:

y = K(x)eF(’”) =Y+ Yo

Where, F(z) = [ ;lzg) dv , K(z) = [ Z((ge_F(z)dx.

Examples:

1) Solve the ODE given by:

(1—2))y —ay=1<=al@)y +b(z)y =c(x) /a(z)=1+2%bx)=—2,c(x) =

(3.13)
We have equation is a first order linear ODE.
First, we solve the homogeneous equation :
(1+2%)y — a2y =0. (3.14)

dy dy x
6) —= (1—a))-2=gy— 2= d
©) = Q-)F == :

d 1 2
= _y:_/ v dx
y 2) 1+2a2

1
— Ilyl=s(+2%) + k=l (VITa?) +k /[ ki €R
— y=KV1+a2 /K =¢e"eR (solution of B.14).

We notice that y, = z is a particular solution of the equation

(14+2Hyy —ayy =1+ 2?1l —zr=14+2> -2 =1
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So, the general solution of equation is
y=mh+yp=KVi+a22+2 JKcR
2) Integrate the following ODE
y 4 2zy = 2ze™ " (3.15)

(7) <= a(x)y + b(x)y = c(z) [ a(z)=1,b(x) =2z, c(x) = 2we ™.

The equation is a first order linear ODE.
First, we solve the homogeneous equation associated to |3.15] given by

y +2zy = 0. (3.16)
We have:
d d
y 422y = 0= LA -2y = Y _ —2xdx
dx y
— Inly|= -2+ k= |y| =" =™, put c = +et.

So, the general solution of is
y=ce ™ /ceR.

In the second time, we will find a particular solution y, of equation [3.15|using the
constant variation method, i.e., we put ¢ = ¢(x).

We have:
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We substitute in equation to obtain:

y +2ry = 2xe”

Q\
O
ml
8
I
[\
8
ml
8

So,

y = cla)e™ =@ +ke™

— y=Ke ™ +2% " =y +p,

where y; = Ke ™, is a general solution of (homogeneous equation) and y, =
22e~*"is a particular solution of equation m

3) Solve the differential equation:
2y — 5y = 0. (3.17)

is a linear ODE of order 1, with a(z) =2, b(z) =5, ¢(z) = 0.
We notice that the second member of is zero, so the general solution of equation
is y = y1 (y1 solution of homogeneous equation).

We have:
/ )9
Yy =%y = O0ey=5y
dy 5 dy 5
= —=_y<= —==d
de 27 Y T
d 5 5
= —y:—/dxéln]y\:—x—i—c
Y 2 2
— |y|:€gm+c:€c€§m7 put K = +e°
— y=Ke* | KeR

Proposition 3.6.3. (Superposition principle)
Let be a(x),b(x),c1(x), ca(x), ..., co(x) continuous applications on I C R. If for all

k € {1,2,3,...,n} the function px(x) is a particular solution on I of the differential
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equation:

a(x)y’ +b(x)y = cx(x), (3.18)

then, p(x) =>"7_, ¢r(x) is a particular solution on I of the differential equation:

n

a(z)y’ +b(z)y = Z cr(). (3.19)

k=1

Example:

Solve the differential equation
2y’ — 5y =4 — 10z + €. (3.20)
The general solution y = y; + yo, where y; is a solution of the homogeneous equation

2y — 5y = 0. (3.21)

— y; = Ke?* | K €R.

The particular solution of is Y2 = Yp1 + Yp2,where:

Yp1 1s the particular solution of :
2y — 5y =4 — 10x. (3.22)

It is clear that y,; = 2x is particular solution of [3.22]

To calculate y,2, the particular solution of:
2y — by = €. (3.23)

We use the variation constant method.

We substitute in we get:

2K'($)e%“ - 5K(x)e%x — 5K(x)e%x = e

ot

-y e%x:>K(x):e%x—|—c / c€R.

N

N | =

1
= K'(z) = 3¢
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Then, the general solution of is
Yy = K(a:)e%x = et + €7 / ceR.

So,
Y = Yp1 + Yp2 = 27 + €°* (is a particular solution of [3.20)

Finally, the general solution of is

y:ypl+yp2:ceg+2$+€3x /CER.

3.7 Bernoulli differential equation

Definition 3.7.1. The Bernoull: differential equation is an equation of the form:

(BE) y +alz)y=b)y" [aeR\{0,1}

x If « =0 or @« =1, we obtain a linear differential equation.

ea = 0, (BE) <y +a(z)y=>blz) (LE)

ea = 0, (BE) <=y +al2)y=bla)y <=y +[alx) ~ bx)ly =0 (LE)

« If a # 0 or av # 1, then to solve (BE) we transform it to a linear differential equation
as follows:

We have y' + a(z)y = b(z)y® /o #0and o # 1.

We multiply both sides of the equation (BE) by y~?, so

(BE) <= yfa(y/ + a(x)y) = b(z)y*y™
=y +al@)y = b (+)
We make a change of variables by posing:

!

=yt =i =(1-ayy =y Yy =
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We substitute in equation (x), we obtain:

/

+a(x)z =b(z) <= ﬁy/ +a(x)z =b(z).......... (xx)

11—«

The equation (xx) is a linear ODE of order 1.
Finally,

(BE) : y +a(x)y=>bx)y*/a#0and a#1

= 2 +a(xr)z=b(z) (linear equation).

Where 2 = gy

Example: Solve the differential equation:

(E) y — %y = oy <=y +a(x)y = blz)y".

So, (E) is a Bernoulli equation, where v = 1, a(z) = —2 and b(z) = x.

We multiply both sides of the equation (E) by y=@ = y~1/2

We have:

’ 4 _ / 4 —
y -~y = aye=y Py oy = eyt
1 4
=y - —yP=a ()
We take the change of variables:
Ca 1
We substitute in equation (x), we obtain a linear ODE
1 1, 4
= b(z) = ——z=
T +a(z)z (x) 1_%2 —r=u

;4
= 22 ——z=2x (%)
T

We solve the linear ODE ()
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1) First, we solve the homogeneous equation associated to ()

;4 2dz 4 dz 2dx
22——2 = 0:>—:—z:>_:_
T dx T z T

= In|z| =2In|z| + k = In(2?) + k

— 2| =" = 2y =2’ [ c = +eF €R.

z1 is a general solution of the homogeneous equation.

2) To calculate 2y, the particular solution of (%), we use the constant variation method,
i.e., we put ¢ = ¢(x).

So, z = cx? = c(z)1? = 2 = ¢ (x)2? + 2xc(w).

We substitute in (xx) as follows

4 / 4
22 ——z = 1= 2c(2)2®+4dac(z) — —c(x)2® =2

x x

/ / 1

— 20(m)x22x2>c(x):2—

x

1
= c(z) = §ln|x| +k,  keR.
Then:

1
z = c(r)r*= (éln |z| + k)z?

= 2=2 + 2=k’ +2*In/|z]

Finally, we have z = \/y <=y = 2°.
So, the solution of (E) is

y=a2'(In\/|z|+k)?*/keR

3.8 Riccati differential equation

Definition 3.8.1. We call Riccati differential equation, all differential equation of the

form:

y +a(z)y+b(x)y* = f(z) (RE)
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x If f(z) =0, we obtain the Bernoulli equation with o = 2.
« If f(x) # 0, to solve (RE) we proceed as follows:
Resolution method

To solve the equation (RE), it is necessary to have a particular solution of (RE) in

advance.

We suppose that there exists a particular solution y, of the equation (RE). So, yo

verifies

o+ a(@)yo + b(x)yg = flx) ()

By subtraction (RE) — (%), we obtain

Yy + a(z)y + b)Y — yo — alz)yo — b(x)ys = f(z) — f(x)

= (Y — o) +a(@)(y —yo) +b(x)(y* —y5) = 0. (¥x)
We make the change of variables: z =y —yo <=y =2+ o

We substitute z in (xx), we get

Z/"‘a(x)z"‘b(x)(y—yo)(y‘i‘yo):0/y=Z+yo:>y+y0:z—|—2y0

— 2 +a(@)z+b(z)z(z 4 2y) = 0
— 2 +alx)z+bz)(2® +22) =0

— 2+ (a(z) + 2yob(x))z = —b(z)z*>  (BE)

It is a Bernoulli equation for z with o = 2.

Finally,
y +alx)y+b(2)y* = f(x) (RE)
2 + (a(x) + 2yb(x))z = —b(x)2?>  (BE) (a = 2)
where z = y — yo and y, particular solution of (RE).

Example: Solve the following Riccati equation:

y —2*y+y?=(r+1)?* (RE)
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We give yo = 22 + 1 as a particular solution of (RE).
Indeed,

Yo— 2o+ 12 =20 — 22 (@ + 1)+ (P + 12 =22+ 20+ 1= (z + 1)

We have, a(z) = —2%, b(x) =1 and f(z) = (z + 1)
Weput 2=y —yo=y— (2> +1) <= y=2+22+1.
So,
y =2y +y’ = (2 +1)" < 2 + (a(r) + 2y0b(x))z = —b(z)Z*
=2 (22 + 2%+ 1))z = —22
2 +(2®+2)2=—2> (BE) (Bernoulli equation with o = 2)
= 2722 + (2 +2)2) = =222 (we multiply by 27 = 272)

=272+ (22427 =1 (%)

! !
Weput t =z""=2"2=z21—=1t =32 =—27%2

So,

(x) = —t+@*+2)t=-1

— t —(2*+2)t=1 (LE) (Linear ODE of order 1)

We solve the linear differential equation (LE), we determine the solution ¢ = t(z),

then we get z = % and finally we obtain y = z + .

3.9 Second order linear differential equation with con-

stant coeflicients

Definition 3.9.1. A second order linear differential equation with constant coefficients,

18 all equation of the form:
ay’ +by +ey=f(x) (E)

Where a,b,c € R and a # 0 and f is continuous on an interval I C R.
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x The associated homogeneous equation 1s:
ay +by +ey=0 (HE)

x The general solution of (E) is of the form:

Y=Y +yp

where, yg is the solution of the homogeneous equation (HE) and yp is a particular

solution of (E).

Resolution method
1) Solving the associated homogeneous equation

We have the associated homogeneous equation to (E) given by:

ay +by +cy=0 (HE)

We look for solutions of equation (HF), if they exist, in the form: y = ™ r € R.

Then, we have:

rT

y=e :>y/ =re’t = y" = r2e"™

So, the equation (HE) becomes:
ar?e™ + bre™ + ce™ =0 < e (ar’ +br +¢) =0

= ar’4+br+c=0

Definition 3.9.2. The equation: ar’? + br + ¢ = 0, is called the characteristic equation

(CE) of the homogeneous equation (HE).

Proposition 3.9.3. Depending on the sign of the discriminant A\ = b*> — 4ac, we have

the following results:

Case 1: If A > 0, then the equation (CE) admits 2 distinct real roots r1,79 € R and

_ —b—VA _ —b+VA
™ 7£ T (Tl — 2a y o = 2a > .

In this case, the functions y, = €% and yo = €™ are particular solutions of the
homogeneous equation (HE).

So, the general solution of equation (HE) is:

Yy = )\1y1 -+ )\ng = )\167'133 + )\267'23: / )\1, )\2 c R.
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Case 2: If A\ =0, then the equation (C'E) admits a double root r =

—b
2a "

T T

The two functions y; = we are particular solutions of the equation

(HE).

and Yy = €
So, the general solution of equation (HE) is:

yg = /\1y1 + )\2y2 = Mze"™ 4+ Age’” / )\1, A € R.
Case 3: If A <0, then the equation (C'E) admits two conjugate complex roots:

ry =0+ iw 5:;—;’.

where ——
)
9 = 0 — iw 2]

W = %a -

1) ox

The two functions y; = €°* cos(wz) and yo = €’*sin(wz) are particular solutions of
the homogeneous equation (HE).

So, the general solution of equation (HE) is:

Y = MY+ Aoys = 653”()\1 cos(wx) + Agsin(wz)) / A1, A2 € R.

2) Calculation of the particular solution of equation (E)
Let be the equation
ay' +by +ey=fz) (E)

We have the general solution of (E) is in the form y = yy + yp, where yy is the
solution of homogeneous equation (HE) calculated as seen above.

Now, we are looking for yp the particular solution of (E).

We distinguish several cases according to the expression of f(x).

x 1%case: If f(z) = e**P(z) /a € R, P € R[X] (Polynomial) then, we look for a

particular solution yp in the form:
yp = e*x™Q(z), where Q is polynomial with the same degree of P, ie.,d Q =d P.

More precisely, we have:

e If o is not a root of (CE) (i.e ac® + ba + ¢ # 0), then yp = e**Q(z) (m = 0).
o If a is a simple root of (CE), then yp = e**2Q(z) (m = 1).

e If v is a dooble root of (CE), then yp = e**22Q(x) (m = 2).
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Remark 3.9.4. In this case, where f(x) = e** P(x), we can observe 2 special cases:

1) If a = 0, then f(z) = P(z) (polynomial), d’' P = k.

So, the particular solution yp is given in the form:

o yp = Q(x), if 0 is not a root of (CE) (i.e., a.0 +b.0 4+ c=c #0).

o yp = xQ(x), if 0 is a simple root of (CE) (i.e., c=0ANa#0AbF#0).
o yp = 22Q(x), if 0 is a double root of (CE) (i.e a#0ANb=0Ac=0).
where Q is polynomial with dQ = d’ P = k.

2) If P(x) = A € R ( constant ) (i.e., d P(x) = 0) = f(x) = Ae™®

So, the particular solution yp is given in the form:

o yp = B = A% if o is not a root of (CE), i.e aa® + ba +c # 0.

ac?+ba+tc

e yp = Bre® = 2a2+bxe‘m, if o is a simple root of (CE).

e yp = Ba?e® = 212 if a is a double root of (CE).

x 2"case: f(x) = e*®(Py(x)cos(fx) + Pysin(Bx)) where a, 3 € R and Py, P, € R[X]

(polynomials), then we look for a particular solution yp of the form:

o yp = ™ (Q1(x) cos(Bzr) + Qasin(fx)), if o + i is not a root of the equation (C'E).

Dr. Khelladi Samia

o yp = 2™ (Q1(x) cos(fx) + Q2 sin(fx)), if a4 if is a root of the equation (C'E).
In both cases, Q; and @, are polynomials of degree n where, n = max{d P;,d P,}.
* General case: we use the constant variation method

Let be y = A1y1 + Aoy a solution of the homogeneous equation:
ay’ +by +cy=0 (HE) /M, €eR
We look for a particular solution of the equation (E)
ay” + by’ +cy = f(z) (E)

in the form

Y= My1 + Aay2 = A (2)y1 + Aa(2)ys

i.e., we consider \; and Ay as two functions that’s verify the system:

Ny1 + Agye =0
Ny + Ny = L2

a
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Indeed, if yp = A\y1 + Agyo and verifies the system (5), then

yp = AN+ My Ay + Ay /[ (N4 Ay = 0)
= Yp = My + Nt
N " ’ " ;7 //_f(x)
= Yp = Ny + My F A+ Aays /ALy T A, = “a
=

" f x ” "
Yp = % + Ay + Aoy,

We substitute yp, ¥ and yp in equation (E), we obtain:

7" i 7 7"
ayp +byp +cyp = a(ﬂa ) + Ay + Aayy) + 0wy + Aays) + c(Ayr + Aayo)
= f(z)+ Al(aylll + by + cyp) + )\Q(ayg + byy + cys)

= f(z), because y; and ys are solutions of (HFE))

So, yp = A1y1 + Aays is a solution of equation (F).

We have used the fact that y;and yeare solutions of the homogeneous equation (HE).

The system (5) is easily solved giving Ajand A, then by integration we obtain A;(z)
and As(x) and finally

yp = M(2)y1 + Xa(2)ys.

Proposition 3.9.5. (Superposition principle)
Leta,b,c € R and fi, fa, ..., fn continuous functions on I C R. If for allk € {1,2,...,n}

the function i (x) is a particular solution of the differential equation (Ey) on I,
ay +by +ey=filz) (B

then,the function p(x) =Y wx(x) is a particular solution on I of the differential equation

ay +by +ey=> fulx)=f(x) (E)

k=1
Examples:

1) Solve the differential equation:

Yy +y=x+ cos(3z) <— ay +by +cy = flz) (E)
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e We start with the homogeneous equation:

1"

y +y=0 (HE)/(a=1,0=0,c=1)
The characteristic equation is:
ar? +br+c=0<=1r*+1=0

we have:

=0+ 1w = +i
A = B-dac=-1<0={ /6 =0,w=1

ro =10 —1iw = —i
= Yy = MY + Ay = 65’”()\1 cos(wx) + Ag sin(wzx))

= yg = Ajcos(x) + Agsin(x) /A, A € R
e We have the general solution of (F) is:

Y =Yg+ Yyp.

yy is the general solution of (HFE) and yp is a particular solution of (F).

We observe that
f(z) = x + cos(3z) = fi(z) + fo(x).

So, yp = yp, + yp, where:

yp,is a particular solution of:
v +y=filz)y=2 (E1)
yp,is a particular solution of:
v +y = folz) =cos(3z) (E2)

e For the equation (E}), it is clear that yp, = z is a particular solution (yp, + yp, =

0+z=ux)

91
Dr. Khelladi Samia Analysis 2



3.9. SECOND ORDER LINEAR DIFFERENTIAL EQUATION WITH CONSTANT
COEFFICIENTS

e For the equation (F)
(Ey) 9 +y = cos(3z) = e°®(Py(x) cos(fz)+Py(x)sin(fz) / a =0,8=3,P(z) =1, Py(z) =0
We have o + i3 = 3i is not a root of (CE)(r? + 1 = 0), because
(31> +1=92+1=-9+1=8#0
So, the particular solution yp, of (Es) is in the form:
yp, = e*(Q1(x) cos(Bz) + Qa(x)sin(fz)) / =0, =3

Where d°Q, = d°Q), = max {don d°P2} = max {0,0} = 0.

Qi(z) = A, Qu(z) =B/ A BER
yp, = Acos(3x) + Bsin(3z)  (x)

Yp, = —3Asin(3z) + 3B cos(3z)

el

y}% = —9Acos(3x) —9Bsin(3z)  (xx)
By substituting (%) and (xx) in equation (FEs), we obtain:
—9A cos(3z) — 9B sin(3x) + A cos(3z) + Bsin(3x) = cos(3x)

= —8Acos(3z) — 8B sin(3x) = cos(3x).
By identification we get B =0 and A = %1.

So,

-1
ym = 5 cos(3x).

Then, the particular solution yp of equation (£) (with second member) is:

1
Yp =Yp, +Yyp, =T — 3 cos(3z).
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Finally, the general solution of the equation (E): %" +y = 2 4 cos(3z), is given by:
. 1
Y=y +yp=Acosz+ \ysin(z) +x — 3 cos(3x) / A, A2 €R

2) Solve the following equation:

1" 1 1
Yy ty=-—— (B) <= ay +by +cy= f(2).
sin”(x)

The general solution of (E) is:y = yy + yp, where yy is the solution of homogeneous
equation :

1

v +y=0 (HE).

From example (1) we have

yg = Aicos(x) + Agsin(x) /A, A €R

= ANy + Aaya.

Now, we search a particular solution yp of (E), using the constant variation method.

We put:

y = Ai(x)cos(x)+ Ao(x)sin(x)

= M(T)yr + Aa()yp.
We obtain the system:

Ay + Ay =0 A cos(x) + Ay sin(z) =0
r 7! f(x) <S) ro. ’ 1
ANyp + Nyyp = 52 — Ay sin(x) + N, cos(z) = PEE)

We calculate \] and X, using Cramer method.

We have:

CoS T sinx ) s
A = =cos“x +sin“z=1#0
—sinw COS T
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0

sinx
L CcosS T ;
\ . sin3(z) T smT B
! A sin®(7) sin?(z)
-1 CoST
sin®(x) sin
Ccos & 0
v sin3(z) CcoST
2 AN sin® z
CcoS T —1
- )\g(x):/_gdx: ——.
sin® x 2sin“ x

So, the particular solution is:

yp = Ai(x)cos(x) + Aa(x)sin(z)
cos T 1 _ cos’r —1 cos2x
= - COST — T SINT = . = .
sinx sin® x 2sinx 2sinx
cos 2x
2sinx
Finally, the general solutions of " +y = Sinlg,x are in the form:
cos(2x
Y=Yy +yp = A1cosx + Agsinx + ( >//\1,)\2€R.
2sinz

3.10 Exercises

Exercise 1:

Solve the following differential equations with separate variables:
1) zy =y, 2) (*+ 1)y =y* +1, 3) (* + zy’ = 2wy

5) 2yy (1 + exp(z)) = exp(z), 6)y =ycosz,

8) y +ysinz = sinz.

4) y =1ycosz,
7) 2yy (1 +€%) = e?,

Solution:

We solve the following equations:
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1) We have
d d
W = y=2="
y x
— lnlyl=Inz|+c=y=kx, k=e¢"€R
2) We have
(+1)y = y+1
d d
y2—iy-1 = inl = Arctany = Arctanz + ¢
— y =tan(Arctanx +¢),c € R.
3) We have
(22 +Dxy = 2ay
d 2d
Y _ ‘ = Iln|y| = 2Arctanz + ¢
y x241
— y=kexp(2Arctanz), k € R.
6) We have
y = wycosz Yy#0
d
A /cosxdx—sinx—i-c
Y
— Inly| = ke™™*, k> 0.
7) We have
2y (1+¢) = ¢
e.’,U
— [ 2ydy = do = y* = (1+¢"
/yy /1+€$$ y =(14¢€") +c

— y=[In(1+¢")+"* ceR.
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Exercise 2:

Solve the following homogeneous differential equations:

1) 3;2y' = zy — v, 2) 2:1:2@/ =22 4 ¢, 3) ;Uy/ =y+ mcosz(%),

4) xy =y+ Va2 — 2

Solution:
1) We have
22y = xy—y? for x #0, we have:
=)
y — = — =z
x x
.Y r 2 r 2
Weput: 2 ===y = z—2° thenzz = —2
x

The constant function is a trivial solution. Then for z # 0, we have:

/ 9 dz dz 1
vz = = [ -5 =[] —=-=hlz[+c
z x z
_— E:]n]x‘—|—c:>yzi, ceR.
y Incx
2) We have
2%y = 22+ for x # 0, we have:
’ 2 /
2y = 1+ (Q) . We put: z = g,then the diff eq is: 22 =1 + 2°
x x
’ / ’ 2d d
where y = z+a2z. Then: (1 —2%) =212 @/—Z:/—x
(1—22) x
2 2
= =lnjz|+c<=(1-2)= = z=1-
(1—2) Incx Incx
2
andy = x4+ ——, keR.
In kx
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3) We have
vy = y+:1:cos( ), We put: z-ythen y =z+ax2
x
where, y = g—l—:z:cos2(y), then: y = z+00822
x x
— 2432 =z+4cos’z = zz = cos’z
d dx
= / z = & o tanz=Inkr = 2 = = Arctan(In kx)
cos? z x x
Then,y = xArctan(Inkz), k € R.
4) We have
! / 2
We put z = g, and 2 :x2+z:>xz/+z:z+\/1—z2
T
z dx Y .
— /\/1—_722:/?@528111(111]&1')
= y=uxsin(lnkz), ke R
Exercise 3:

Solve the following first order linear differential equations:

1) (1+y) =2y vz =0,
2) 2%y +y—a=0,

3)y + ly=Inz,
)

1) (L4 a)y +y = At

Solution:

1) We have

(1+y)—2yvz = 0= 2y vz =(1+y), fory #1, we have:

/(1%) N /V:’WHy):\/ﬂc,ceR.

Then, : y=KeY® —1.
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2) We have
:v2y/~|—y—a = 0, weput z=vy—a,
We oblian 222 + 2 =0, is a lin hom eq
d d 1
— i —:§:>1n|z|:——i—c, c€eR.
z x x
= z= kei, then: y = kex + a.
3) We have
, Arctanzx
1 = — E
1+z)y +y Ao (E)
(I+z)y +y = 0, (Eo)
d d
— /_y:_/ a = In|y|=—In|l+z|+¢, ceR
Y 1+
—_— = y kER
Yo 1+2

k(x)
YT T+a
. 3 k
YT 11z Q+o?
We report in eq (E), we obtain  :
/ Arctanx Arctanx
Ko=) = [ 2T,
T+ M /1+x2 ’
1
= k(x):/(1+x2> Arctan zdx
Arctanz)?
— k(x)zwﬂ
k(x)
Wh : =
ere Y= 1.
(Arctanr)? c
Th : = R..
o YT 0t Tixe °€
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4) We have
|
Yy + Y= Inzx, (E)
o1
yt—y = 0 (Eo) (H Eq)
d d
_y - __x7 V?J 7é 07
Yy x
— Inly| = —In|z| + ¢ = |yo| = exp(—In |z| + ¢)
k
Then lyo| = —
x

We vary the constant, we suppose that:

)= k‘(x), then: o = kax—k
T

x2

We report in Eq (E), we obtain:

E(x) = lnx:>/dk—/lnxdx
k(x)=xzlnz—x+c¢
Where y:M,
Exercise 4:

Solve the following Bernoulli equations:

8 <

Solution:

We solve the following Bernoulli equations:

1) We have

is a Bernoulli equation with £ = 2. We multiply this equation by (y~

—1

o Y

yy i+ t—=—z, (1)
x
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We put:

yl=2=y=1/z= — :y/y’2

We report in Eq (1), Then we obtain:

-2 +- = —=x
x
S = g (E) is a linear Equation
x
Then 2 -2 = 0 (E)
x

dz dx
— /—:/—:>1nz:lnm+c
z x

— 2y =k.x, keR

We use the variable change method (VCM), we suppose that :

s=k(@x)ez=z =k a+k

We report in Eq (E), we obtain:

dk
- /dk /dx

= k(x)=z+A, AeER
= z=(r+ Nz
VO

V= (x4 Nz

2) We have

zy —y=ylogx,

is a Bernoulli equation with k = 2. We multiply it by (y~2), we obtain:

wyy -y t=logz (1)

We put :

r=1ly=y=1/z=yy 2=—2
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Then the equation (1), will be

—zz —z=logx (E), is a linear equation.
Then :
—zz —2z = 0 (Ep), is the Homogeneous Eq
/dz dx c
= [ —=[|-——=2n=-, ceR
z x x

We use the V.C.M. We suppose that :

!
c(x c.xr—c
z:ﬁ, then: z' = 5
x x

We report in (E), we obtain:

d
@ logx:/dC—/logxdas
dx
= c(x)=x—zlogz+k, keR
Then
k
z = 1l—-logz+ —.
x

3) We have

r_ Y
Yy :;‘FI\/?

The equation can be written as :

is a Bernoulli equation with (k = 1/2), we multiply it by y~'/2, we obtain:

e Y

vy =7
T

We put:

101
Dr. Khelladi Samia Analysis 2



3.10. EXERCISES

=yt =2z =<y 7y
Then the equation will be
2,/ -2 = x, (E), is a linear Equation
x
’ z
2z — E = 0, (EQ)
;Z dz 1 [dx
— 2 =—-= | —=—-[ —
x z 2 x

1
— ln|z]:§1n]x|+c, ceR

— 2=k, kEeR
We use the V.C.M. We suppose that :

L

z:k(x)ﬁjz,:k/.\/}%—Qﬁ

We report in (E), we obtain

dk 1 1 1
Where
z = k(z)Vz
Then
1
z = §m2+c\/5
And
z = y1/2 — Yy = 22
Then :
(5 + %)
vy = (3% +evT ) .
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4) We have
/ 1
r x
;Y 1 _s
L = g1 1
s i (1)

(1) is a Bernoulli equation with (k = —3/4), we multiply it by y**, we obtain:

7/4 1
: y
yyttt T = (2)

We put:

4, 1
% +§ = (E), is a linear Eq
4, z .
=7 +Z = 0, (Ep), is the Homeg Eq
x
d 7 [d
SN e__L —x, for z # 0, we have:
z 4 x
7
In|z| = —Z—lln|xl+c, ceR

7
— zp= kexp(—z In|z|) = 2 = ka~ /4
We use the V.C.M. We suppose that:

! !/ 7
z = k(x)x_7/4 — S =TT ka—llﬂ

we report in (E), we obtain:
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%k/x_7/4 = =>/d3:— /_9/4d33
= k() = 5 t4c ceR
Then
z(x) = (—gm_5/4+c):v_7/4
Where
Az) = Y=y =T
Then
J@) = (g e Y

7
= y(z) = (—gaf?’ + cx”THYT,

Exercise 5:

Solve the following Riccati equations:

Dy +%—y*=-% such that: s(z) = 1.

poR)

2)y —1y2+ 2w+ 1)y =22+ 2z, such that: s(z) = .

Solution:

We solve the following Riccati equations: 1)

’ y 2 ].
+ = = = —— 1
v+ -y " (1)
1. . .
s(z) = — is a particular solution.
x

We put:

PR ) (2), is a Bernouli Eq with k = 2.
T
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We multiply the Eq (2) by 272 then:

2z ——=1, Vz#0
xz
We put :
1 / /
t=>"=t =—227 (3)
z
Then the Eq (3) will be :
r b . .
t+—=-1 (4), is a linear Eq.
x

The homogeneous equation is :

’ dt dx
t+—-— = 0 —=— [ —
x t x
k
<~ lhft|=—In|z|+c=ti=—-, keR
x
We use the C.V.M. We suppose that:
k(x) . Kz —k
t=—" =t =~
x x
we report in (4), we obtain:
Kz—k k
cEnLUNRLA. —1:>/dk:—/xdx
x x
72
= k;(x):—?jtc ceR
Then :
—x c
t(z) = — + =
(@) = -+
where :
()_1:> B 2z
= Z_—:L'2—|—26
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The general solution of Riccati equation is : y = z + %

B 2z +1_ 2%+ 2¢
YT T2 v z(2c— 22

Exercise 6:

Solve the following second order linear differential equations:

al.y +y —2y=0, bl.y +4y +4y=0,
/.y +y +y=0, d/.y +9y=0.

Solution:

We solve the following equations:

1)

y +y —2y = 0, is the homogenuous equation
r?4+r—2 = 0, is the Characteristic Equation

— (r+2)(r—-1)=0=mr=—-2andry=1
Then:

Ynom = A1 €xp(—2x) + Agexp(x), A, A €R

2)

y” + 4y/ +4y = 0, homogenuous equation

r?4+4r+4 = 0, is the Characteristic Equation

—b
ANE= O0=ri=rp=—=-2
a

Then:

Yhom = ()\1.17 + )\2) exp(—Zx), )\1, )\2 cR
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3)
y” + y, +vy = 0, homogenuous equation
r?+r+1 = 0, is the Characteristic Equation
-1 3 -1 3
N = —3—3i2:>T1—7—\/7_7:, andr2—7+\/7_i
Then:
— 3 3
Yhom = exp(—Tx) ()\1 COS gw + A2 sin \/7_1) , AL ER
4)
y// +9y = 0, homogeneous equation
r>+9 = 0, is the Characteristic Equation
r? = —9=—1p = 3i, and ro = —3i
Then:

Ynom = (A1 €083z + Agsin3z), A, A €R

Exercise 7:

Solve the following second order linear differential equations:

1) y' +2y +5y=0, with: y(0) =0 and y/(O)
2) 9y" +6y +5y=0 with: y(0) =3 and y'(0)
3) y' +4y =0, with: y(0) = 0 and y'(0)

3
0,
1

Solution:

We solve the following equations:

1)
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y" + 2y, + 5y = 0, homogeneous equation
>4+ 2r+5 = 0, is the characteristic equation

A = —16=16>= 1 =—-1—-2i, and ry = —1 4+ 2

Then:

Ynom = exp(—x)(Ajcos2x + Agsin2zx), A, A €R

Yom = — exp(—x)(A; cos 2z + Ay sin 22) + exp(—z)(—2A; sin 22 + 2, cos 2)

y(0) = 0=\ =0,

y(O) = 0:>—)\1+2>\2:0:,>)\2:1,

Then:

Ynom = €xp(—x) sin 2z.

3)

y' +4y =0, with: y(0) = 0 and y (0) = 4.

The characteristic equation :

2 4+4=0= 1 =2i, and ry = —2i

Then:

Yhom = (A1 €08 2% + A\gsin2z), Aj, Ag € R.

Or
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y(0) = 0= X\ =0,

Exercise 8:

Solve the following differential equations:

Dy 4+y —2y=22%2 -3z +1,
2) 2y 4+ 2y +3y =242 1.

Solution:
1) We have
Y +y —2y=20%—3x+1
The homogeneous equation: vy  +vy — 2y =0
The characteristic equation : 72 +r —2=0= 1, = —2, and 7, = 1.
Then:
Ynom = A1 €xp(—2x) + Agexp(x), A, A €R

The CVM which consists of looking for a solution in the form:

y = Mi(z) exp(—2z) + Aa(z) exp(x),

with y;(z) = exp(—2x), y2(x) = exp(z) and A\;(x), and \y(x) two differential functions

and verifies

A (@) (@) + Ay(2)ye(z) = 0,
A

5
=
&
+
>
(V]
N
<
oo~
a¥
I
By
g
I
DO
8
[\
|
w
8
+
—_

Then:
X1 () exp(—2x) + Ay (2) exp(z) = 0, (1)

—2\ () exp(—22) + \p(x) exp(x) = 222 =3z + 1. (2)
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2x (1) +(2) = 3M(z)exp(z) =222 -3z +1

/ 1
= \(z) = §(2x2 — 3z + 1) exp(—x)

Then:

Aa(z) = / %(23:2 — 3z + 1) exp(—z)dzx.

Two Integration by parts gives:

1
Ao(z) = —§(2x2 +x+2)exp(—x) + ko, ko €R

In other way we have:

M(x) = =Ay(w)exp(3r)

1
= —5(—2552 — 3z + 1) exp(22)

= M(z) = / —%(—23:2 —3x 4 1) exp(2x)dx

Two Integration by parts gives:

1 7
AM(z) = —6(2x2 — 5z + 5) exp(2x) + k1, k1 €R

Then the general solution of (E) is:

1 7 1
y = — —6(2x2 —br + 5) exp(2x) + kl] + [—§(2x2 + 2+ 2)exp(—x) + ko
, 1 5
y = —kiexp(—2x)— koexp(z) —z° + 5T~
Exercise 8:
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Solve the following differential equations:

1) y" — 5y + 6y = 2exp(3z) + exp(4x),
2)y" =2y +2y = (52 + 3) exp(—x) + (a* — 1),
3)y +y +y=3exp(z)+ (132 — 4) cos 2z + 6sin 2.

Solution:

1) We have
y — 5y + 6y =2exp(3z) + exp(dz). (E)

The homogeneous equation: y — 5y + 6y =0
The characteristic equation: 7> —5r +6 =0 = r; = 3 and ry = 2.

Then:

Ynom = A1 exp(3z) + Ag exp(2z), A, A €R

For the particular solution we use the superposition principle, we obtain:

Yp = Yp1 + Yp2,

Yp1 is a particular solution of the equation: y' — 5y + 6y = 2exp(3z), (1)
Yp2 is a particular solution of the equation: y" — 5y + 6y = exp(4x). (2)

* As r = 3, is a root of characteristic equation, then: y,; is in the form:

yn = axexp(3z),

/

Y = a(l+3r)exp(3z),

"

Y = a(6+97)exp(3z).

We report in Eq (1), we obtain : aexp(3z) = 2exp(3z) = a = 2.
Then:

Yy = 2z exp(3z)
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** As r =4, is not a root of the Characteristic Equation.Then: y,, is in the form:

Ypr = [Pexp(dx),

Yo = 4PBexp(4r),

1"

Yo = 168exp(4x).

We report in Eq (2), we obtain : §=1/2
Then:

Ypa = 5 exp(4x)

Finally:

1
Yp = Yp1 + Yp2 = 20 exp(3z) + 5 exp(4x)

Then the general solution of (F) is:

yg =  Yhom + yp
1
= A exp(3x) + Ay exp(2x) + 2z exp(3x) + 3 exp(4x).

2)

y =2 42y = (5z + 3)exp(—z) + (22 — 1), (E)

The homogeneous equation: vy — 2y + 2y = 0,

The characteristic equation : 7> —2r +2=0=r,=1—d,and o = 1 +1

Ynom = e€xp(x)(A1cosx + Agsinzx), A, Ay € R

is in the form:
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yn = (ax+ B)exp(—zx),

yn = (a—f—az)exp(—),

1"

Y = (—2a+ B+ ax)exp(—z).

we report in the equation (1), we obtain:

—da+53=3
dar =5
= a=1,and §=7/5

Then:

Yy = (z+7/5) exp(—x).

* As r =0, is not a root of Characteristic Equation.Then: y,, is in the form:

Yp2 = az? + bx + ¢,

!

Yppo = 2ax+b,

"

Yo = 2a.

We report in Eq (1), we obtain :

20 =1 a=1/2
—4a+2b=0 - b=1
20 —2b+2c=—1 c=0
Then:
_ 1 2_|_
Yz =50+
Finally:
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1
Yp = Yp1 + Yp2 = (37 + 7/5> eXp(—SL') + 5.%’2 +x

Then the general solution of (FE) is:

1
Yg = Yhom + Yp = exp(z) (A cosz + Agsinz) + (v + 7/5) exp(—z) + 51:2 + .

3)

y” + y/ +vy =3exp(z) + (132 —4) cos 2z + 6sin2z  (F)

The homogeneous equation: vy +vy +y =0

The characteristic equation : 72 +r+1=0=r; = —% + \/7‘5’2', and r; = —% — X2

Yhom — eXp(_fE/Z), )\1, Ay € R.

*r =1, is not a root of characteristic equation,Then: y,; is in the the form:

Yy = oaexp(x),
Y = oexp(a),
i = aexplz).

We report in Eq (1), we obtain : 3a =3 = o = 1.
Then:

yp = exp(z).

Yp2 1s in the form:

Ypr = (ax+b)cos(2z)+ (cx + d)sin(2x)
Ypo = (a+2d+2cx)cos(2z)+ (¢ — 2b — 2azx)sin(27)
Ypo = (4c—4daw —4b)cos(2z) + (—4a — dcx — 4d) sin(27)
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(
a=-3
b=43/13
—
c=2
\ d=6/19

Then:

Yp2 = (—3x 4+ 43/13) cos(2z) + (2 + 6/19) sin(2x)

Yp = Yp1 T Yp2
= exp(x) + (—3z 4+ 43/13) cos(2z) + (2x + 6/19) sin(2x)

Then the general solution of (FE) is:

Yg = Yhom T Yp
3 3
= exp(—z/2)(A\; cos gx + A2 sin \/T_x) + exp(x) +

(—3x 4 43/13) cos(2z) + (2x + 6/19) sin(2z).

Exercise 9:

Solve the following differential equations:

1)y +y=2cosz, with: y(0) = 0, and y'(0) = —1.
2) y' +2y +5y =3, with: (0) =1, and y'(0) = 0.
3) —2y" +3y +2y =sinz, with: y(0) =0, and y'(0) = 0.
Solution:
1) We have

y” +y = 2cosz,
(P) ,
y(0) =0, y (0) = —1
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The homogeneous equation: y' +y =0, (E)
The characteristic equation : 2 +1=0=r; =4, and 7y = —i

Then:

Yhom = A1 COST + Ao sin, AL, A €R

The particular solution?
The second member in the equation (E): f(z) =2cosz

* 1 =14, is a root of characteristic equation. Then: y, is in the form:

Yy, = x(acosz+bsinx),
y; = (acosz + bsinx) + (—asinz + bcosx)
y; = (—asinx +bcosz) + (—asinz + becosx) + x(—acosx — bsinx)

We report in Eq (E). Then we obtain:

—20a=0=a=0

2b=2=0b=1

Then :

Yp = xSInw

Then the general solution of (E) is:

Yg = Yhom + Yp

= A cosx+ \ysinx + xsinz.

and

’

Y, = —A1sinz + Aycosx +sinx + x cosx
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y(0) = 0= X\ =0

Then the solution of the problem (P) is:

y=(r—1)sinz

3)

—2y" 4+ 3y + 2y =sinz, (E)

(P) :
y(0) =0,y (0) = 0.

The homogeneous equation: —2y" + 3y +2y =0, (E)
The characteristic equation : —2r°4+3r+2=0= (2r+1)2—r)=0=r; = —1/2,
and ro = 2

Then:

Ynom = A1 €xp(—x/2) + Ag exp(2z), A, A €ER

Yp ="
The second member in Eq (F) is f(z) = sinz

*r =1, is not a root of characteristic equation,Then: y,, is in the form:

Yp = acosx+bsinz,
/ .

Y, = —asinx+bcosw,
7 .

Yy, = —acosx—bsinz.

We report in (F), we obtain:
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3.10. EXERCISES

(4a + 3b)cosx + (4b — 3a)sinx = sinz
da+3b=0 a= —3/25,
e —
4b—3a =1 b=4/25.
Yy, = —3/25cosxz+4/25sinx,

Then the general solution of (E) is:

Yg = yhom+yp
= Arexp(—x/2) + Agexp(2z) — 3/25cosx +4/25sinx

And

Y, = —(M1/2) exp(—x/2) + 2Xs exp(2z) + 3/25sinx + 4/25sinx

y(0) = 0= A\ + Ay —3/25=0, (1)

y(0) = 0= —(\/2) +20+4/25=0, (2)

(1) +2 x (2), gives: Ao = —1/25, A\ =4/25
Then the solution of the problem (P) is:

y = (4/25) exp(—x/2) + (—1/25) exp(2x) — 3/25 cosx + 4/25sin .

118
Dr. Khelladi Samia Analysis 2



Bibliography

[1] K. Allab, Eléments d’Analyse, Tome 2, OPU, Alger, 2017.

[2] S. Balac, F. Sturm, Algébre et analyse, Presses polytechniques et universitaires ro-

mandes, 2009.
|3] F. Cottet-Emard, Analyse 2, Cours et exercices corrigés, Bruxelles : De Boeck, 2006.
[4] A. Giroux, Analyse 2, Notes de cours, Université de Montréal, 2004.
[5] J. W. Kaczor, M. T. Nowak, Probléemes d’analyse II, Les Ulis : EDP Sciences, 2008.

|6] J. M. Monier, Analyse PCSI-PTSI, Cours et exercices, Dunod, Paris, 2003.

119



	PG-Analyse2.pdf
	Khelladi Analysis 2 VF.pdf
	Limited Developments
	Introduction
	Taylor formulas
	Taylor formula with integral remainder
	Taylor formula with remainder  f(n+1)(c) 
	Taylor-Young formula
	Maclaurin-Young formula

	Limited developments in the vicinity of a point
	Definition and existence of limited development
	Uniqueness of limited development
	Limited developments of the usual functions at the origin
	Limited development of function at any point

	Operations on limited developments
	Sum and product
	Composition
	Division (Quotient)
	Integration
	Derivation

	Limited development in +
	Generalized limited developments
	Applications of limited developments
	Limit calculations
	Position of a curve relative to its tangent

	Exercises

	Riemann Integral
	Introduction
	 Riemann integral
	Riemann sums

	Properties of the Riemann integral
	 Primitive of a function
	Primitives of usual functions
	 General integration processes
	Change of variables
	Integration by parts

	 Primitive of a rational function
	Integration of simple elements of the first kind
	Integration of simple elements of the second kind

	Primitive of a rational function of sine and cosine
	Primitive of a rational function of  ex 
	Primitive of a rational function of  (x)  and  (x) 
	Exercises

	Ordinary Differential Equations
	Introduction
	Ordinary differential equations of order n
	First order ordinary differential equations
	Ordinary differential equation with separate variables
	Homogeneous ordinary differential equations
	First order linear ordinary differential equations
	Bernoulli differential equation
	Riccati differential equation
	Second order linear differential equation with constant coefficients
	Exercises

	Bibliography




