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Abstract

The electron impact ionization of atoms and molecules at intermediate and low impact en-
ergies is investigated using a theoretical approach named 3CWZ/M3CWZ. In this model,
which takes into account exchange effects and post collision interaction, the continuum
electrons (incident, scattered and ejected) are all described by a Coulomb wave that cor-
respond to distance dependent charges generated from the target properties, this variable
charge approach mimics the distortion effects in an approximate manner.

Keywords: ionization, electron impact, distortion effects

Résumé

L’ionisation par impact d’électrons des atomes et des molécules à des énergies d’im-
pact intermédiaires et faibles est étudiée à l’aide d’une approche théorique nommée
3CWZ/M3CWZ. Dans ce modèle, qui prend en compte les effets d’échange et l’inter-
action post-collision, les électrons du continuum (incident, diffusé et éjecté) sont tous
décrits par une onde de Coulomb correspondant à des charges dépendantes de la distance
générées par les propriétés de la cible, cette approche à charge variable imitant de manière
approximative les effets de distorsion.

Mots-clés : Ionisation, Impact d’electron , effets de distorsion
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Introduction

The interaction of electrons with matter is a central topic in modern physics and
chemistry, influencing a wide range of natural phenomena and technological applications.
One of the most fundamental processes in this context is the electron-impact ionization,
in which an incoming electron collides with an atom or molecule and ejects one or more of
its electrons. This process is widespread and plays a critical role in environments ranging
from astrophysical plasmas and planetary atmospheres to practical applications such as
plasma etching and gas discharges. In particular, the ionization of molecules by electron
impact is of great importance, as its significance also extends into biology. Low-energy
secondary electrons produced by ionizing radiation are known to damage DNA, making
the study of electron–molecule interactions essential for radiation biology and medical
physics. Kinematically complete (e,2e) experiments where the energies and momenta of
all outgoing particles are measured offer the most detailed view of the ionization reaction
through the triple differential cross section (TDCS). However, studies on (e,2e) processes
involving molecules are comparatively less common than those involving atomic targets.
Experimentally, this is due to challenges like the close spacing of electronic states and the
additional contributions from rotational and vibrational excitations. Theoretically, it is
difficult to accurately describe multicenter continuum states and the correlated motion of
the two outgoing electrons interacting with each other and the residual ion.
In recent decades, significant experimental progress has been made, and with the emer-
gence of new instrumentation, more efficient measurements have become possible. The
COLTRIMS reaction microscope (C-REMI) is an imaging device developed to perform
(e,2e) measurements with high efficiency [1–3]; with multi-coincidence, high-resolution
momentum equipment, a nearly full solid angle TDCS collection is achieved. From the
3D pattern, one may extract simultaneously cuts in the scattering plane as well as out
of the scattering plane, offering a more stringent test for theory, and thus gaining further
insight into the collision dynamics leading to the development of theoretical models [4].
Measurements of TDCS have been reported for small molecules [5–8] and, more recently,
for increasingly complex systems [3, 9–14].
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On the theoretical side, most models for molecules are based on perturbative methods.
Currently, the M3DW (molecular three-body distorted-waves) model [15] is considered to
be one of the most powerful approaches for describing the electron-impact ionization of
molecular targets. This model uses a full distorted-wave description of the continuum with
an isotropic distorting potential and treats post-collision interactions (PCI) exactly at all
orders of perturbation theory. In contrast, the recently developed MCTDW (multicenter
three-distorted-wave) model [16] derives continuum wave functions from a multicenter po-
tential, and although it treats PCI approximately, this model offers a reasonably accurate
description of differential ionization cross sections for a variety of molecules. Although
advanced theoretical methods such as the M3DW and MCTDW models exist, they often
require heavy computational resources.
The approach explored in this thesis is based on a variable-charge Coulomb wave descrip-
tion for the continuum electrons. Building on previous work, we reintroduce the Three
Coulomb Waves with Variable Charge (3CWZ) model for atomic targets, which was dis-
cussed in great details in [17], and its new extension, the Molecular Three Coulomb Waves
with Variable Charge (M3CWZ) model. These models are used to calculate TDCS for
benchmark atomic systems (neon, argon) and , crucially, for biologically relevant molecules
(water, methane) across a range of intermediate and low-energy kinematic conditions.
Theoretical predictions [18–20] are rigorously compared with available experimental data
and with results from other established theoretical approaches. The main goal of this work
is to assess the capabilities and limitations of the variable-charge approach, especially the
M3CWZ model in reproducing the complex dynamics observed in (e,2e) experiments on
molecules. By balancing physical insight with computational feasibility, this research of-
fers a useful theoretical tool for investigating electron-impact ionization in increasingly
complex systems, contributing to a better understanding of fundamental collision pro-
cesses and their applications in various scientific fields.

This thesis is organized as follows:
Chapter 1 provides an overview of the theoretical foundations of scattering and ion-

ization phenomena. It introduces fundamental concepts of scattering theory, details the
kinematics and geometries relevant to (e,2e) experiments, discusses the various potentials
and interactions involved, defines the different types of differential cross sections, and
reviews established theoretical models as well as with methods used for describing target
wave functions.

Chapter 2 delves into the core theoretical development of this work: the variable-
charge Coulomb wave models. It traces the historical development from simpler asymp-
totic charge models (1CW, BBK), introduces the concept of variable charge as an ap-
proximation for distortion, discusses intermediate models (BBK1CWZ, BBK2CWZ), and
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finally presents the detailed formalism of the 3CWZ model for atoms and its extension,
the M3CWZ model, for molecules.

Chapter 3 focuses on the application of the 3CWZ model to atomic targets. TDCS
calculations are presented for the electron-impact ionization of neon and argon across
various kinematic regimes. The results are compared with experimental data and other
theoretical predictions (DWBA, DWB2-RM, 3DW) to evaluate the model’s performance.

Chapter 4 extends the investigation to molecular targets, specifically focusing on the
electron-impact ionization of the water molecule (H2O) using the M3CWZ model. The
importance of water in contexts like radiobiology is highlighted. TDCS calculations for
different molecular orbitals (1b1, 3a1) are presented and compared with recent experi-
mental data obtained using reaction microscopes and with results from the M3DW and
MCTDW-WM models, particularly at low impact energies.

Chapter 5 further explores the capabilities of the M3CWZ model by applying it to
the electron-impact ionization of the methane molecule (CH4). Calculations for the 1t2

orbital are performed under various kinematic conditions, ranging from intermediate to
low impact energies, and compared with experimental data as well as GSF and M3DW
(PA and OAMO) results.

Finally, a general conclusion summarizes the main findings of the thesis, discusses the
strengths and limitations of the developed models (3CWZ and M3CWZ), and outlines
potential directions for future research.
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Chapter 1

Theoretical Background and
Advancements in Ionization Theory

Ionization processes are central for understanding many fundamental phenomena in
atomic and molecular physics, as they involve the loss of electrons from atoms, ions, or
molecules due to interactions with projectiles. Specifically, ionization induced by elec-
tron [1,2], positron [3,4], and proton impact [5,6] provides valuable insights into collision
dynamics and many-body interactions. The most basic form of these processes is a single
ionization, where only one electron is ejected from the target, often through direct impact
with the incoming particle; in contrast double ionization, involves the ejection of two
electrons. In this thesis, our focus is on understanding and accurately modeling single
ionization processes caused by electron impact, by investigating complete experiments
known as (e,2e) processes.
The theoretical foundation for studying (e,2e) processes is scattering theory, which pro-
vides the necessary mathematical framework to calculate Triple Differential Cross Sec-
tions (TDCS), the quantity providing the most detailed information about the ionization
dynamics. Since scattering theory has been extensively covered in various theses and
quantum mechanics textbooks [7–9], here we will provide only some key elements. We
start by exploring the kinematics and geometries relevant to electron impact ionization,
and then briefly present the theoretical methods discussed in the subsequent sections, such
as the Plane Wave Born Approximation (PWBA) [10] serving as an initial simple
approach, and more advanced models like the Distorted Wave Born Approximation
(DWBA) [11, 12], and Molecular 3-Body Distorted Wave (M3DW) [13].
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CHAPTER 1. THEORETICAL BACKGROUND AND ADVANCEMENTS IN IONIZATION THEORY

1.1 Scattering Theory

In general terms, scattering can be viewed as a process where two objects begin far apart,
move toward each other, collide, and then separate again. Although our focus would not
be on the moment of collision itself, but on the outcome it produces, theorists still try to
model what occurs between particles at every stage of the process.
When a projectile collides with a target (an atom or molecule in our case), the interaction
can be either elastic or inelastic, depending on the kinematics and the energy transfer
between the particles involved. In an elastic collision, the particles internal states remain
unchanged, only their trajectories are altered; this differs from an inelastic collision which
involves a transfer of energy to the target, leading to a different final state [14].
In a scattering process, the number of particles scattered into a given direction is directly
related to a key quantity in collision physics: the differential cross section (figure 1.1).
Denoted dσ(θ,ϕ)

dΩ
, it is defined as the number of particles N(θ, ϕ) scattered into an element

of solid angle dΩ = sinθdθdϕ in the direction (θ, ϕ) per unit time and incident flux Jinc:

dσ(θ, ϕ)

dΩ
=

1

Jinc

dN(θ, ϕ)

dΩ
. (1.1)

By integrating over all possible directions we define the total cross section

σ =

∫
dσ

dΩ
=

∫ π

0

sinθdθ

∫ 2π

0

dσ(θ, ϕ)

dΩ
dϕ. (1.2)

Let us now see how such quantities arise from the fundamental principles of quantum
mechanics. The differential cross section is derived from the scattering amplitude,
which in turn is calculated using the wave function of the system during the scattering
process. In quantum scattering theory, the behavior of a projectile interacting with a
target is governed by the Schrödinger equation

HΨ = EΨ (1.3)

where the Hamiltonian operator H = K + V includes both the kinetic energy operator
K = −ℏ2

2m
∇2 and the potential energy V resulting from their interactions. In the simplest

case of scattering between two interacting particles through a potential V (r1, r2), the
Hamiltonian is given by

H = − ℏ2

2m1

∇1
2 − ℏ2

2m2

∇2
2 + V (r1, r2). (1.4)
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Incident flux

Scattered particles

Transmitted Particles 

Target

d

Figure 1.1: Scattering process

This two body problem can be simplified the center of-mass movement (free motion) and a
relative motion for a particle with a reduced mass µ. The stationary Schrödinger equation
is then solved for the relative motion [15]; the solution is can be written as [10]

Ψ(r) = Ψinc(r) + Ψsc(r) (1.5)

where Ψinc(r) and Ψsc(r) represents the incoming and scattered wave functions respec-
tively. Assuming no prior interaction, the incoming wave function is a plane wave of
amplitude C

Ψinc(r) = Ceki·r (1.6)

for a wave vector ki of the incoming particle. The scattering wave, exhibiting spherical
symmetry, is generally written in the form

Ψsc(r) = f(θ, ϕ)
eiksr

r
(1.7)

where ks denotes the wave vector of the scattered particle and f(θ, ϕ) is the scattering
amplitude. Now, returning to equation 1.1, we can express the differential cross-section
in terms of the scattering amplitude. The number of scattered particles dN(θ, ϕ) in a
solid angle element dΩ in the direction (θ, ϕ), is given by

dN = JscdS = Jscr
2dΩ (1.8)
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so that, equation 1.1 becomes
dσ

dΩ
=

Jsc
Jinc

r2 (1.9)

With the wave functions 1.6 and 1.7 we can easily calculate flux densities

Jinc =
iℏ
2µ

(Ψinc(r)∇Ψ∗
inc(r)−Ψ∗

inc(r)∇Ψinc(r))

Jsc =
iℏ
2µ

(Ψsc(r)∇Ψ∗
sc(r)−Ψ∗

sc(r)∇Ψsc(r))

(1.10)

taking the magnitudes of the expressions 1.10, we obtain

Jinc =
ℏki
µ

Jsc =
ℏks
µr2

|f(θ, ϕ)|2
(1.11)

where µ is the reduced mass, and deduce the differential cross section

dσ

dΩ
=
ks
ki
|f(θ, ϕ)|2. (1.12)

The scattering amplitude can be expressed as (see [10,15,16] for calculation details)

f(θ, ϕ) =
−µ
2πℏ2

∫
e−iks·r′V (r′)Ψi(r

′)dr′ =
−µ
2πℏ2

⟨Ψf |V |Ψi⟩ (1.13)

where Ψi and Ψf are the initial and final wave functions respectively.
The calculation of f(θ, ϕ) is rarely straightforward. The perturbation method, where
approximations are made to simplify the problem while providing meaningful results to
some extent. One such approximation is the Born approximation, which offers a way to
calculate cross sections.

1.1.1 Born Approximation

The Born approximation assumes that the interaction potential between the particles
involved is relatively weak, it simplifies the problem by treating the influence of the
interaction potential as a small adjustment rather than a dominant force. It also lays the
groundwork for understanding higher-order effects, as it can be extended through a series
of corrections formulated by Born [17]. The solution (1.5) at order "n", written as

Ψn(r) = Ψn−1(r)−
µ

2πℏ2

∫
eik(r−rn)

|r− rn|
V (rn)Ψn−1(rn)drn, (1.14)
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Equation 1.14 is obtained from the solution at order n − 1, called Born series. The first
term of this series, known as the First Born Approximation (FBA), which allows
for one interaction between the particle and the target

Ψ1(r) = Ψ0(r)−
µ

2πℏ2

∫
eik(r−r1)

|r− r1|
V (r1)Ψ0(r1)dr1 (1.15)

where Ψ0(r) is the incoming plan wave. The corresponding scattering amplitude in FBA
can be expressed as

f(θ, ϕ) = − µ

2πℏ2

∫
eik(r−r1)

|r− r1|
V (r1)e

ik0r1dr1. (1.16)

Generally, this approximation is valid only when the incident electron energy is suffi-
ciently higher than that of the target electrons. Alternative methods or workarounds for
calculating the scattering amplitude are necessary at lower incident energies.

1.1.2 Partial wave analysis

From this section onwards we will use atomic units, that is to say we set ℏ = e = me =

a0 = 1, for the physical quantities

ℏ =
h

2π
;h = 6.6210−34J.s

e = 1.610−19C

me = 9.109−28g

a0 = 0.5310−10m

(1.17)

Partial wave analysis [7] is a powerful tool in physics, particularly in scattering theory.
It takes advantage of spherically symmetric central potentials U(r) in atomic targets, by
separating a wave function into a radial portion and spherical harmonics. For a scattering
particle of momentum K, the wave function Ψ(k, r) satisfies the Schrödinger equation

[
1

r2
d

dr
(r2

d

dr
)− L2

r2
− U(r) + 2E]Ψ(k, r) = 0 (1.18)

The partial wave decomposition is given by Eq.(1.19), that is to say an infinite summation
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over angular momentum (ℓ) components of spherical harmonics Yℓ,m [15]

Ψ(k, r) =
4π

(2π)
3
2

∑
ℓ,m

iℓei∆ℓ
Fℓ(k, r)

kr
Y ∗
ℓ,m(k̂)Yℓ,m(r̂) (1.19)

where ∆ℓ represents the phase shift (which is the angular change in solution relative to a
plane wave), Fl(k, r) is the reduced radial wave function, Yℓ,m are the complex spherical
harmonics with and denotes the set of angles.

1.2 Ionization theory

When an incident particle collides with a target (atomic or molecular), the interaction can
result in the scattering of the incident particle and the ejection of one or more electrons
from the target, provided the incident energy is sufficient to overcome the binding energy
of one or more electrons in the target’s orbitals. When we focus on the single electron
ionization, after the collision two electrons are in the continuum, a scattered and an
ejected one (Figure 1.2). The target is ionized upon the impact with an incident particle

Target

Figure 1.2: Single ionization process

of energy Ei and momentum ki. The incident particle is scattered and an electron is
ejected from the target, with energies Es, Ee and momentum ks, ke respectively.

1.2.1 Description of (e,2e) reaction

The ionization process known as (e,2e) reaction, can be schematized as

e−i (Ei, ki) + A −→ A+ + e−s (Es, ks) + e−e (Ee, ke).
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It is named (e, 2e) reaction when a kinematically complete (experimental or theoretical)
is achieved. The conservation laws for energy and momentum must be satisfied, Ei =

Es + Ee+ Binding energy, and ki = ks + ke + q, where q is the momentum of the ion.
The momentum transfer (transferred by the scattered electron) defined as K = ki − ks,
which determines the type of information we’re getting from the scattering process [16]:

• Lower K values provide insight into the overall interaction mechanism between the
incident electron and the target atom or molecule.

• Higher values of K provide more information on the target’s structure.

In the next section we outline the different geometries of the scattering setup.

1.3 Geometries and kinematics

Some of the major experimental groups in the field use different techniques and descrip-
tions for the geometries and it is convenient to provide a brief overview.

1.3.1 Experimental techniques

Historically, the first (e,2e) coincidence experiments were conducted and published in
1969 by Ehrhardt et al. [18] and Amaldi et al. [19]. These groundbreaking studies laid the
foundation for the field, which later saw significant advancements with the development
of powerful techniques

• Electron Momentum Spectroscopy (EMS): EMS is considered a type of micro-
scope that measures the energy and momentum of electrons in atoms and molecules,
rather than their position. It is based on a high-energy electron-impact ionization
reaction in a symmetric non-coplanar kinematics. This technique allows for the
determination of which orbital was ionized and provides valuable information on
electron correlations [20].

• Cold Target Recoil Ion Momentum Spectroscopy (COLTRIMS): COLTRIMS
is a momentum microscope for scattering experiments, an imaging technique used to
study the dynamics of electron-impact ionization in atoms and molecules. It mea-
sures the small three-dimensional momentum vectors of target particles produced
during these reactions, offering high-resolution data and a 4π solid angle. This tech-
nique leverages supersonic gas jets to create a cold and localized target, enabling
the reconstruction of the complete kinematics of the reaction [21]. In Chapter 4, we
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compare our results for the water molecule with experimental data obtained using
this technique.

• Recoil-Ion and Electron Momentum Spectroscopy (Reaction Microscopes):
This technique allows for the measurement of the vector momenta of several ions
and electrons resulting from atomic or molecular fragmentation, using Reaction Mi-
croscopes. Historically, Reaction Microscopes have evolved from COLTRIMS, and
their combination enables the projection of recoil ions and electrons in coincidence.
This technique enables the study of the dynamics of multi-particle systems un-
der the influence of external electromagnetic fields, offering kinematically complete
studies [22].

• The Manchester (e,2e) Coincidence Experiment: The experiment was devel-
oped and used for the first time in 1984 by Hawley-Jones [23], it uses a setup of
a (e,2e) spectrometer and a vacuum system to investigate the angular correlations
between the scattered electron (after the collision) and the ejected inner-shell elec-
tron. The electron gun in the spectrometer can be moved and rotated out of the
detection plan, allowing the measurement of electron impact ionization coincidence
events in both coplanar and non coplanar geometries as well, at low and high energy
kinematics [24].

1.3.2 Geometries

The experimental techniques used in (e,2e) processes use various geometries to measure
and calculate the triple differential cross sections (TDCS). Here, we describe the common
geometries adopted by two major research groups in this field, namely the Heidelberg
laboratory group [25] and the Manchester group [24].
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1.3.2.1 The Heidelberg group:

Figure 1.3: The XZ plane is the scattering plane, which is also referred to as coplanar geometry.
The incident, scattered and ejected electrons are ei, es and ee respectively, the scattering and
ejection angles are θs and θe respectively.

Figure 1.4: The XY plane is the full-perpendicular plane, same notations as figure 1.3 for
electrons and angles, and ϕe is ejected electron azimuthal angle.

Figure 1.5: The YZ plane is the half-perpendicular plane, same notations as figures 1.3 and
1.4.

The Heidelberg laboratory’s detectors are fixed on the detection plane and can be moved
from one plane to another as needed, while the incident electron beam is always parallel to
the Z-direction. The geometries in Figures 1.3, 1.4 and 1.5 are referred to as asymmetric
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geometries, where the scattered and ejected electrons do not share equal energy and are
detected at different angles. In contrast, in a symmetric geometry both the scattered and
ejected electrons have equal energy and are detected at symmetric angles relative to the
incident electron beam.

1.3.2.2 The Manchester group:

As shown in Figure 1.6, the geometries are defined differently by the Manchester group,
which has the capability to rotate the electron gun through an angle Ψ. The geometry is
referred to as coplanar when Ψ = 0◦, and perpendicular when Ψ = 90◦ (which corresponds
exactly to the full-perpendicular plane of the Heidelberg group in figure 1.4).

Figure 1.6: Scattering or coplanar plane when Ψ = 0◦, perpendicular plane when Ψ = 90◦.

Another key difference between the two teams is that, for the Manchester group, the
symmetric geometry means that the scattered and ejected electrons are detected at the
same angle θs = θe = θ and with equal energies Ee = Es = E.

1.4 Potentials and interactions

Before, during, and after a collision, numerous interactions occur between the incident
electron and the atomic or molecular target.

1.4.1 Coulomb interaction

The first interaction to consider is the long-range Coulomb force between the incident
electron and the target, it behaves according to Coulomb’s inverse-square law.
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Long Range Coulomb Interaction

Figure 1.7: The long range Coulomb interaction

1.4.1.1 Coulomb Potential:

In the case where only the Coulomb interaction is considered, the electron Schrödinger
equation is given by

[∇2 +
2Z

r
+ 2E]ΨCW (k, r) = 0 (1.20)

where Uc(r) = −Z/r represents the Coulomb potential for a positive charge Z. The
solution to equation 1.20 is known as the spherical Coulomb wave, which can be expressed
as:

ΨCW (k, r) =
4π

(2π)3/2

∑
l,m

iℓeiσℓ
Fℓ(k, r)

kr
Y ∗
ℓ,m(k̂)Yℓ,m(r̂) (1.21)

where σℓ is the Coulomb phase shift, Yℓ,m are spherical harmonics, and Fℓ(k, r) is the
solution for the differential equation:

[
d2

dr2
− ℓ(ℓ+ 1)

r2
+

2Z

r
+ 2Eℓ]Fℓ(k, r) = 0 (1.22)

The wave function ψCW , describing an electron under the influence of a Coulomb potential,
can also be written for an outgoing electron using parabolic coordinates [26]

Ψ−
CW (k, r) = (2π)−3/2eηπ/2Γ(1 + iη)eik·r1F1(−iη, 1,−i(k · r+ kr)) (1.23)

Similarly, for an ingoing electron, the wave function is:

Ψ+
CW (k, r) = (2π)−3/2eηπ/2Γ(1− iη)eik·r1F1(iη, 1, i(kr − k · r)) (1.24)

• Γ: The Gamma function.

• 1F1(a, b, z) =
∑∞

n=0
(a)n
(b)n

zn

n!
: The confluent hypergeometric function, with (a)0 = 1

and (a)n = a(a+ 1) . . . (a+ n− 1).

• η = Z/k: The Sommerfeld parameter, representing the strength of the Coulomb
interaction.
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1.4.2 Distortion Potential

The distortion potential, in simple terms, is the Coulomb potential with an additional
short-range potential

V (r) = −Z
r
+ Vsr(r) (1.25)

where:

• −Z
r

is the Coulomb potential

• Vsr(r) is the short-range potential, which accounts for residual interactions such
as electron repulsion, polarization, or other effects.

This results in a distorted Coulomb wave function. The distortion is more pronounced
and significant at small distances from the target, as illustrated in Figure 1.8

Target

Figure 1.8: The figure illustrates how the electron wave function is distorted due to the inclusion
of the short-range potential, particularly at small distances from the target.

The solution for the differential equation 1.20 with the new potential is written as

ΨDW (k, r) =
4π

(2π)3/2

∑
l,m

iℓei(δℓ+σℓ)
χℓ(k, r)

kr
Y ∗
ℓ,m(k̂)Yℓ,m(r̂) (1.26)

where:

• χℓ(k, r) is the radial part of the wave function,

• δℓ is the additional phase shift introduced by the short-range potential.

The added short-range potential Vsr(r) is responsible for an additional phase shift δℓ in
the partial wave expansion of the wave function. This phase shift can be calculated using
various numerical methods, as discussed in [27,28].
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1.4.3 Correlation and Polarization:

1.4.3.1 Electrons Correlations

The term "correlation" refers to the interdependence between electrons in a system, where
the state of one electron (e.g., position, energy, or spin) directly affects the states of others.
These correlations are divided into two types:

• Structural Correlation Refers to interactions between bound and continuum elec-
trons in the target.

• Dynamic Correlation The modifications made to the wave functions via Coulomb
forces.

1.4.3.2 Correlation-Polarization Potential

A potential that might have a significant effect in the ionization process is the polariza-
tion potential. The correlation-polarization potential combines an asymptotic dipole
polarization with a short-range correlation. For large distances r, the dipole polarization
potential can be approximated as [29,30]:

vp(r) ≡ −1

2

[α0

r4

]
, (1.27)

where α0 is the polarizability of the target. However, this potential cannot be used for
small r because it diverges. The short-range correlation potential is defined as [30]:

vcorr(r) =

0.0311 ln rs − 0.0584 + 0.00133 rs ln rs − 0.0084 ln rs, rs < 1

γ
(1+ 7

6
β1

√
rs+

4
3
β2rs)

1+β1
√
rs+β2rs

, rs ≥ 1
(1.28)

where γ = −0.1423, β1 = 1.0529, β2 = 0.3334, and rs =
[

3
4π
ρ(r)

] 1
3 , with ρ(r) being the

radial charge density.

1.4.4 Post Collisional Interactions:

The post-collisional interactions (PCI) illustrated in Figure 1.9 arise from the elec-
trostatic repulsion between the outgoing electrons following a collision event.
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Target

Coulomb Interaction

Figure 1.9: Post Collisional Interactions

This PCI may be written as

C(α01,kse, r01) = e
−πα01

2 Γ(1− iα01)1F1(−iα01, 1,−i(kser01 + kse · r01)) (1.29)

with kse =
1
2
(ks − ke), and α01 = 1

kse
. Due to the complexity of incorporating this term

into the final-state in matrix element, some theoretical models opt to use an approximate
treatment of PCI rather than accounting for the full Coulomb interaction. Ward and
Macek [24] suggested using a multiplying factor for the cross section that is given by

Ce−e = Nee|1F1(−iα01, 1,−2i(kser
ave
01 )|2, (1.30)

where
Nee = |e

−πα01
2 Γ(1 + iα01)|2 (1.31)

is called Gamow factor.

1.5 Differential Cross Sections

1.5.1 Single Differential Cross Section:

The Single Differential Cross Section (SDCS) measures the probability of a scat-
tering or ionization event with respect to a single variable, such as energy or angle, and
is typically notated as dσ

dE
or dσ

dΩ
. The SDCS in terms of solid angle Ωs is given by:

σ(1) =
dσ

dΩs

=
(2π)4

ki

∫
k2s dks dk1 δ(Ei − Ef ) |Tif |2 (1.32)
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where the transition matrix element squared |Tif |2, represents the probability amplitude
for the scattering process.
The single differential cross section quantifies the likelihood of detecting a particle in a
specific direction after the collision [31].

1.5.2 Doubly Differential Cross Section:

The Doubly Differential Cross Section (DDCS) describes the probability of a scat-
tering or ionization event as a function of both energy and angle, providing detailed
insights into particle interactions. It is usually expressed as d2σ

dE dΩ

σ(2) =
d2σ

dΩs dEe

=
(2π)4

ki
ks ke

∫
dΩe |Tif |2 (1.33)

1.5.3 Triply Differential Cross Section:

The Triply Differential Cross Section (TDCS) describes the probability of a scat-
tering or ionization event as a function of three variables. In terms of the solid angle of
the scattered and ejected electrons, Ωs and Ωe respectively, and the energy of the ejected
electron Ee, it is expressed as:

σ(3) =
d3σ

dΩs dΩe dEe

=
(2π)4

ki
ks ke |Tif |2 (1.34)

It provides the most detailed information about the collision process, revealing how the
probability distribution depends on the energy and direction of both the scattered and
ejected particles.

1.6 Theoretical Models

1.6.1 The Plane Wave Born Approximation:

The Plane Wave Born Approximation (PWBA) is a theoretical framework based on the
first born approximation FBA, where the incident and outgoing particles are approximated
as plane waves. The final state wave function is given by:

Ψf (r0, r1) = ψs(r0)ψe(r1), (1.35)

the position vector of the scattered and ejected electrons are r0 and r1 respectively. The
final wave function is expressed as a product of two plane waves, one describing each
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outgoing electron, and ψs(r0) = 1
(2π)3/2

eiks·r0 represents the plane wave of the scattered
electron, and ψe(r1) =

1
(2π)3/2

eike·r1 represents the plane wave of the ejected electron.
In this model, the transition matrix element is written as:

Tif = ⟨ψs ψe |V (r0, r1)|ψi ψtarget⟩ (1.36)

where V (r0, r1) =
1

|r0−r1| −
1
r0

is the Coulomb potential between the incident electron and
the active electron that will be ejected after the collision, ϕi is the incident electron plane
wave, and ψtarget is the initial bound state wave function of the active electron in the
target.

1.6.2 The Distorted Wave Born Approximation

The Distorted Wave Born Approximation (DWBA) is a more advanced theoretical
framework used in scattering and ionization processes, where the incident and outgoing
particle waves are represented by distorted wave functions 1.26 [11, 12]. Unlike PWBA,
DWBA accounts for the interaction between the projectile and the target, providing a
more accurate description of the collision dynamics. This is particularly important when
the impact energy is not high enough, as the continuum electrons experience the effect of
a distortion potential. The initial state wave function Φi of the system can be written as:

Φi = χiψtarget (1.37)

where ψtarget is the target wave function, and χi is the distorted wave function of the
incident electron, which can be written from Equation (1.26) as

ϕi(ki, r0) =
4π

(2π)3/2

∑
ℓ,m

iℓei(δℓ+σℓ)
χl(ki, r0)

kir0
Y ∗
ℓ,m(k̂i)Yℓ,m(r̂0) (1.38)

The final state of the system is approximated by the product of the ionized target and
the wave functions of the two outgoing electrons:

Φf ≈ χs χe ψion (1.39)

where:

• χs is the distorted wave function of the scattered electron,

• χe is the distorted wave function of the ejected electron,

• ψion is the wave function of the ionized target.
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The distorted wave functions χs (scattered electron) and χe (ejected electron) are given
by:

χs(ks, r0) =
4π

(2π)3/2

∑
ℓ,m

iℓei(δℓ+σℓ)
χℓ(ks, r0)

ksr0
Y ∗
ℓ,m(k̂s)Yℓ,m(r̂0), (1.40)

χe(ke, r1) =
4π

(2π)3/2

∑
ℓ,m

iℓei(δℓ+σℓ)
χℓ(ke, r1)

ker1
Y ∗
ℓ,m(k̂e)Yℓ,m(r̂1). (1.41)

The transition matrix element in the distorted-wave Born approximation(DWBA) is writ-
ten as

TDWBA = ⟨Φf |H −H0 |Φi⟩

= ⟨χproj χejec ψion |Vi − Ui |χi ψtarget⟩
(1.42)

where:

• H is the total Hamiltonian of the system, describing the full interaction between
the projectile, target, and ejected particles.

• H0 is the free Hamiltonian of the system, representing the kinetic energy of the
particles in the absence of interactions.

• Vi is the initial interaction potential between the projectile and the target.

• Ui is the spherically symmetric distorting potential of the initial state.

The DWBA approach has proven to be an effective method for calculating the triply
differential cross section in electron impact ionization processes. However, the model has
limitations due to its poor treatment of PCI, which motivated the development of the
three-body distorted wave (3DW) model.

1.6.3 Brauner, Briggs, and Klar (BBK) Model:

In 1989 Brauner et al. [32], studied low energy electron-hydrogen ionization. They
achieved a good agreement with experiment for light atoms H and He, by using a wave
function Ψf (now known as BBK or 3C wave function), which is a product of three
Coulomb waves representing the mutual Coulomb interaction between the scattered elec-
tron, the ejected electron, and the residual ion, as well as the post-collision interaction

Ψf ≈ ϕs ϕeCe−e (1.43)

where
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• ϕs: Represents the Coulomb wave function for the scattered electron.

• ϕe: Represents the Coulomb wave function for the ejected electron.

• Ce−e: Represents the Coulomb interaction between the scattered electron and the
ejected electron, capturing their mutual post-collision interaction.

The transition matrix element is written as:

TBBK = ⟨Ψf |V |Ψi⟩ = ⟨ϕs ϕeCe−e |V |ϕi ψtarget⟩ (1.44)

The downside of this BBK model is the neglect of the distortion effect, which should be
significant at low energies. A couple of extensions were made to this model to overcome
this issue, as we will discuss in the following chapter.

1.6.4 Three-Body Distorted Wave:

In an attempt to address the limitations of the DWBA model and incorporate the PCI
like in the BBK model, the Three-Body Distorted Wave (3DW) can be regarded as
a combination of both models. Therefore the equation 1.43 is modified to give

Φf ≈ χs χeCe−e ψion (1.45)

The final state wavefunction 1.45 developed by Prideaux and Madison [33] is called the
3-body distorted wave (3DW) function. Similarly to the DWBA model, the transition
matrix element for 3DW is given by

T 3DW = ⟨χs χeCe−e ψion |Vi − Ui |ψtarget χi⟩ (1.46)

The Three-Body Distorted Wave is considered one of the most accurate and sophisti-
cated models for describing electron-atom ionization processes, and it is often used as a
benchmark for other theoretical models.

1.6.5 Molecular 3-Body Distorted Wave:

The 3DW approximation was later generalized by Gao et al. [13], to be used for molecular
targets. Similarly the transition matrix element for the molecular 3-body distorted wave
is written as [30]

TM3DW =
〈
χ−
s (ks, r0)χ

−
e (ke, r1)Ce−e(k01, r01)ψion(ξ, R̂)

∣∣∣H −Hi

∣∣∣ψtarget(ξ, r1, R̂)χ+
i (ki, r0)

〉
(1.47)
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where

• χ−
s (ks, r0): The distorted wave function for the scattered electron with momentum

ks and position r0.

• χ−
e (ke, r1): The distorted wave function for the ejected electron with momentum ke

and position r1.

• Ce−e(k01, r01): The Coulomb interaction term between the scattered and ejected
electrons.

• ψion(ξ, R̂): The wave function of the residual ion, depending on the coordinates of
all the passive target electrons ξ and the orientation of the molecule R̂.

• H −Hi: The interaction Hamiltonian, representing the difference between the total
Hamiltonian H and the initial-state Hamiltonian Hi.

• ψTarget(ξ, r1, R̂): The initial molecular orbital wave function, depending on the co-
ordinates of all the passive target electrons ξ, the ejected electron’s position r1, and
the orientation of the molecule R̂.

• χ+
i (ki, r0): The distorted wave function for the incident electron with momentum

ki and position r0.

In this approximation, the term H −Hi does not depend on the passive electron coordi-
nates ξ; it depends only on the coordinates of the projectile and the active electron, r0
and r1, respectively. Integrating over all coordinates of the passive electrons yields the
following:

ΦDy(r1, R̂) = ⟨ψion(ξ, R̂)|ψTarget(ξ, r1, R̂)⟩ (1.48)

where ΦDy(r1, R̂) is the initial bound-state Dyson molecular orbital for the active elec-
tron r1 for a molecular orientation R̂; it is also called the Dyson orbital. Defining the
perturbation to be W [30], equation 1.47 then becomes

TM3DW (R̂) =
〈
χ−
s (ks, r0)χ

−
e (ke, r1)Ce−e(k01, r01)

∣∣∣W ∣∣∣ΦDy(r1, R̂)χ+
i (ki, r0)

〉
(1.49)

The triple differential cross section for a particular orientation R̂ can be written as

TDCSM3DW (R̂) =
1

(2π)5
kske
ki

|TM3DW (R̂)|2 (1.50)

The TDCS for randomly oriented molecules requires some averaging. This can be done
through the computationally efficient but wrong method called the Orientation-Averaged
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Molecular Orbital (OAMO) method or by performing a proper average of the TDCS
over all molecular orientations, which requires significantly more computational time.

1.6.5.1 Proper Orientation Average

The TDCS here is calculated at each orientation and then averaged over all possible
orientations [30] as follows

TDCSM3DW
PA =

∫
TDCS(R̂) dΩR̂∫

dΩR̂
. (1.51)

This expression can be expanded further by substituting the detailed form of the TDCS
as

TDCSM3DW
PA =

1

(2π)5
ke ks
ki∫ ∣∣∫ d3r0 d3r1 χ−∗

s (ks, r0)χ
−∗
e (ke, r1)Ce−e(kse, r01)W (r0, r1) ΦDy(r1,R)χ+

i (ki, r0)
∣∣2 dΩR̂∫

dΩR̂

(1.52)

The computational time using this method is extremely high (a point in the TDCS is
obtained within a few days) especially for large molecular targets.

1.6.5.2 Orientation-Averaged Molecular Orbital

In this approximation, since the only term that depends on the orientation is the Dyson
orbital 1.48, the order of integration is interchanged to (which is not physically correct)

TDCSM3DW
OAMO =

1

(2π)5
ke ks
ki∣∣∫ d3r0 d3r1 χ−∗

s (ks, r0)χ
−∗
e (ke, r1)Ce−e(kse, r01)W (r0, r1)χ

+
i (ki, r0)

∫
ΦDy(r1,R) dΩR̂

∣∣2∫
dΩR̂

(1.53)

where the OAMO Dyson wave function is defined as

ΦOAMO
Dy (r1) =

∫
ΦDy(r1, R̂)dΩR∫

dΩR̂
(1.54)
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and the final transition matrix element for the OAMO approximation is

TDCSM3DW
OAMO =

1

(2π)5
ke ks
ki∣∣∣∣∫ d3r0 d

3r1 χ
−∗
s (ks, r0)χ

−∗
e (ke, r1)Ce−e(kse, r01)V (r0, r1)χ

+
i (ki, r0)Φ

OAMO
Dy (r1)

∣∣∣∣2 (1.55)

Equation 1.55 represents a simplified calculation that is performed similarly to that for
atoms or a single molecular orientation. This approach significantly reduces computa-
tional time but produces much worse and less accurate results compared to averaging
over all possible orientations.

1.6.6 Multicenter Three-Distorted-Wave approach:

The Multicenter Three-Distorted-Wave (MCTDW) approach builds on the distorted-
wave approximation, extending it to account for the multi-center nature of molecular
potentials [34]. The final state of the system is written as

Ψf = F−
e F−

s ψion (1.56)

where F−
e , and F−

s are the ejected and scattered distorted wave functions for a multi-
centric potential. The transition matrix element for this model is therefore written as
:

TMCTDW (Ω) =
〈
F−

s (ks,R−1
Ω r0)F−

e (ke,R−1
Ω r1)

∣∣V ∣∣ΦDy(R−1
Ω r1)F+

i (ki,R−1
Ω r0)

〉
(1.57)

• Ω = (α, β, γ) represents the Euler angles,

• R−1
Ω is the rotation of the target,

• V = 1
|r0−r1| −

1
N

∑
n

Zn

|r0−Rn| , is the interaction potential

• ΦDy is the Dyson wave function.

• F+
i is the incident electron’s distorted wave function in a multi-center potential.

The treatment for this transition amplitude is similar to DWBA for an atomic target, the
main difference being that the electrons distorted wave functions are obtained solving for
a multi-center potential. However, it shares the same limitations as DWBA, such as the
inadequate treatment of post-collisional interactions.
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1.6.7 The Generalized Sturmian Function Approach (GSF):

The Generalized Sturmian Functions (GSF) approach for scattering and ionization pro-
cesses [35, 36] uses a set of basis functions called Generalized Sturmian functions,
which are solutions to a Sturm-Liouville problem with a specific potential [37]. The
ionization process is studied within the GSFs approach using a first-order perturbative
approximation through the driven equation [38]

(E − Ĥ0)Ψ
1(r0, r1; R̂) = T̂ (r0, r1; R̂), (1.58)

where

• E is the total energy of the system,

• Ĥ0 is the unperturbed Hamiltonian of the target,

• Ψ1(r0, r1; R̂) is the final state wave function,

• Ψ0(r0, r1; R̂) is the inital state wave function,

• T̂ is the transition operator, representing the interaction potential V (r0, r1).

where the initial Ψ0(r0, r1; R̂), and final Ψ1(r0, r1; R̂) state wave functions are written as

Ψ0(r0, r1; R̂) = (2π)−3/2eiki·r0Φ0(r1; R̂) (1.59)

Ψ1(r0, r1; R̂) = (2π)−3/2eiks·r0Φ1(r1; R̂). (1.60)

The wave function Φ1(r1; R̂) for the ejected electron is written as an expansion on GSF
Sℓ,E
j (r1)

Φ1(r1; R̂) =
1

r1

∑
ℓm

∑
j

a
(ℓ,E)
j (R̂)S(ℓ,E)

j (r1)Y
m
ℓ (r̂1) (1.61)

where a(ℓ,E)
j (R̂) are the expansion coefficients for a given molecular orientation R̂. The

detailed mathematical aspects are found in [38]. The transition amplitude for this model
is

f =
∑
ℓm

∑
j

a
(ℓ,E)
j (R̂)e−i(δℓ−ℓπ

2 )Y m
ℓ (r̂). (1.62)

Unlike the previous theoretical models, in GSFs approach it is obtained directly from the
expansion coefficients a(ℓ,E)

j (R̂).
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1.7 Target wave functions

In the previous section, we described how different models treat the final state of the
system, specifically the wave functions for the electrons and their interactions. In this
section, we briefly summarize the atomic or molecular wave functions used in our calcu-
lations.
The complexity of calculations in quantum mechanics increases rapidly with the number
of electrons in a system due to the need to account for electron-electron interactions and
correlation effects. This complexity increases for large atoms and molecules, necessitat-
ing the use of approximations such as the frozen-core approximation, which states
that only the valence electrons has a significant influence on the properties of a system,
while the core electrons are largely unaffected by the external environment. This ap-
proach simplifies calculations and accelerates numerical simulations by focusing solely on
the valence electrons. In a second approximation, called the single active electron (or
single-particle) model, only the wave function of the electron under study is consid-
ered [39].

1.7.1 For atoms

The choice of an initial-state wave function is crucial for accurately modeling ionization
processes. For example for helium one may use wave functions obtained with the Hartree-
Fock approximation [40], with a Configuration Interaction (CI) expansion [41], or within a
variational approach that incorporates electron correlation effects. However the situation
becomes more computationally expensive for heavier atoms.
In this work, we use Clementi-type Hartree-Fock wave functions [40,42], where an
atomic orbital j is expanded on Nj Slater-type wave functions, given by:

ϕj(r) =

Nj∑
k=1

ajkR
ξjk
njk(r)Yljk,mjk

(θ, φ), (1.63)

where nik, ljk, mjk, ξjk, βjk are parameters associated with these wave functions,
and ajk denotes the weight of each real atomic component, with

R
ξjk
njk(r) = Njk r

njk−1e−ξjk r (1.64)

and the normalization constant Njk is defined as:

Njk =
(2ξjk)

njk+
1
2√

(2njk)!
. (1.65)
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1.7.2 For molecules

Molecular Orbital Theory (MOT) is a fundamental concept in quantum chemistry
used to describe the electronic structure of molecules. MOT treats electrons as delocalized
over the entire molecule. In this approach, atomic orbitals from individual atoms combine
to form molecular orbitals that extend across the molecule. These molecular orbitals are
classified as bonding, antibonding, or non-bonding [15].
The expansion over a basis of atomic orbitals yields M molecular orbitals:

ψi =
M∑
j=1

Cijχj, (1.66)

where:

• ψi is the i-th molecular orbital, resulting from the linear combination of M atomic
orbitals χj from each atom in the molecule,

• Cij is a scalar that defines the contribution of each atomic orbital χj.

In the specific case of molecules, specifically for the hydrogen molecule H2, several at-
tempts have been made to construct accurate target wave functions: bicentric methods,
such as the Hartree-Fock (HF) approach [43] and Configuration Interaction (CI) [44], or
monocentric (CI) [45]. We shall use the monocentric (HF) functions.

1.7.2.1 Monocentric functions of Moccia

In the approach proposed by Moccia [46], each molecular wave function is expanded in
terms of centered Slater-type functions, with a common origin at the heaviest atom, as
follows:

ϕi(r) =

Ni∑
k=1

aikΦ
ξik
nik,ℓik,mik

(r) (1.67)

where Ni is the number of Slater-type functions used to expand the i-th molecular wave
function, aik and ζik are coefficients characteristic of the target under consideration, and

Φξik
nik,ℓik,mik

(r) = Rξik
nik

(r)Sℓik,mik
(r̂) (1.68)

Here:

• Rξik
nik

(r) are the radial components given by:

Rξik
nik

(r) =
(2ξik)

n+1/2√
(2nik)!

rnik−1e−ξikr (1.69)
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• Sℓik,mik
(r̂) are the real spherical harmonics, which can be expressed in terms of

complex spherical harmonics Yl,m as follows:Sℓk,mk
(r̂) =

(
mik

2|mik|

)−1
2
{
Yℓik−|mik|(r̂) + (−1)mik

(
mik

|mik|

)
Yℓik|mik|(r̂)

}
, mik ̸= 0

Sℓik,0(r̂) = Yℓik,0(r̂). mik = 0

(1.70)

1.8 SUMMARY

In this chapter, we presented the basics of scattering and provided an overview of the
frameworks and models relevant to electron impact ionization processes. We introduced
key approximations such as the Born Approximation and Partial Wave Analysis, setting
the stage for understanding electron interactions with atomic and molecular targets. We
then explored essential aspects of the theory, including the description of interactions,
geometries, and kinematics. Additionally, we examined key concepts of theoretical mod-
els, highlighting their applicability and limitations, and showcasing the progression from
simpler to more complex frameworks capable of modeling the three-body problem in the
electron impact ionization processes. The final section addressed the construction of wave
functions for atomic and molecular targets.
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Chapter 2

The 3CWZ and M3CWZ models

2.1 Introduction

Building upon the foundational principles of ionization theory discussed in Chapter 1,
this chapter provides a historical overview of our research team contributions, spanning
from early basic models to more advanced frameworks, such as the Three Coulomb
Waves with a Variable Charge (3CWZ) model, which was initially proposed by our
research group first for electron impact ionization (Bechane et al. [1]) and subsequently
extended to positron impact ionization (Zaidi et al. [2]), as well as its molecular extension,
the Molecular Three Coulomb Waves with a Variable Charge (M3CWZ) model
(Tamin et al. [3]).
We begin this chapter by describing two asymptotic charge models, specifically the One-
Coulomb Wave (1CW) and BBK. These models were essential during the early stages
of my thesis for understanding the main features of (e,2e) reactions. We subsequently
explore the concept of variable charge, which uses approximate distortion effects to address
the short-range interactions between the ionized electron and the target. By incorporating
variable charges, the BBK variable charge approach serves as a precursor to more accurate
models such as BBK1CWZ and BBK2CWZ. These approaches laid the foundation for
the 3CWZ and M3CWZ models.
Finally, we present the theoretical framework for the 3CWZ model and extend it to
molecular systems through M3CWZ. This molecular adaptation incorporates additional
complexities inherent to molecular targets, such as anisotropic potentials and multi-center
effects.
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CHAPTER 2. THE 3CWZ AND M3CWZ MODELS

2.2 Asymptotic charge models

2.2.1 1-Coulomb wave 1CW

In this model, only the interaction between the ejected electron and the residual ion (with
charge Z) is taken into account. The Schrödinger equation for this system is written as:(

−1

2
∇2 − Z

r

)
ΨCW (r) = Eeψ(r) (2.1)

where Ee = ke
2

is the energy of the ejected electron of momentum ke. The solution to
this equation is a Coulomb wave which can be expressed in spherical ΨCW and parabolic
coordinates ΦCW (see chapter one 1.4.1.1)Ψ−

CW (ke, r) =
4π

(2π)3/2

∑
l,m i

ℓeiσℓ Fℓ(ke,r)
ker

Y ∗
ℓ,m(k̂)Yℓ,m(r̂)

Φ−
CW (ke, r) =

eπα/2

(2π)3/2
Γ(1 + iα)eike·r

1F1(−iα, 1,−i(ker + ke · r)),
(2.2)

where α = Z/k. For Z = 0, the wave function Ψ−
CW reduces to a plane wave. The

incident and scattered electrons are described by plane waves, and the ejected electron
is a Coulomb wave (in our theoretical framework we carry out integrations analytically,
for that we use the parabolic coordinates for the Coulomb wave), and the scattering
amplitude is

Tif = ⟨ΦCWψs|V |ψiψnlm⟩ (2.3)

where ψi/s = 1

(2π)
3
2
eiki/sr0 , are the plane waves for the scattered and incident electrons,

and V = − 1
r0
+ 1

|r0−r1| is the Coulomb potential. Integrating over r0 yields to (see details
in [4])

Tif =
4π

K2
⟨ΦCW |eiK·r − 1|ψnlm⟩, (2.4)

where ψnlm is the initial target bound state wave function of the electron, and K is the
transfer momentum.
The 1CW model provides a simplified framework which presents several limitations:
i) It is not supposed to be valid for low or intermediate collision energies;
ii) The PCI is neglected;
iii) It is not supposed to be valid for complex targets, since short range interactions are
neglected.
However, in high-energy regimes and for simple targets like hydrogen or helium, the 1CW
approximation is effective.
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Figure 2.1: TDCS for the ionization of He as a function of the ejection angle at 500 eV scattering
energy, The projectile is scattered at an angle θ = 6◦ in coincidence with the ejected electron
with E2 = 37, 74 and 205 eV in panels (a), (b), and (c) respectively. Theoretical result is the
red solid line (1CW), and the normalized experimental data from [5] are black circles.

An example is shown in Figure 2.1, where the 1CW TDCS for He ionization is compared
to the experimental data from [5] for the ejection energies 37, 74, and 205 eV with a
scattering angle θs = 6◦, where the experimental data is normalized to theory for best
visual fit. The model successfully reproduces both the binary and standard recoil peaks,
with a noticeable angular shift toward smaller scattering angles at 205 eV ejection energy.

2.2.2 BBK model

As discussed in Chapter 1 (Section 1.6), the BBK model was among the first to incorporate
PCI exactly. In this section, we explore cases where it performed exceptionally well and
others where its limitations became evident. The final state is described by three Coulomb
waves representing the interaction of the scattered and ejected electrons with the residual
ion, as well as PCI between these two electrons

Ψf = ΦCW (ks, r0) ΦCW (ke, r1)C(α01,kse, r01), (2.5)

36



CHAPTER 2. THE 3CWZ AND M3CWZ MODELS

with PCI represented as

C(α01,kse, r01) = e
−πα01

2 Γ(1− iα01)1F1(−iα01, 1,−i(kser01 + kse · r01)) (2.6)

where kse =
1
2
(ks − ke), and α01 =

1
2kse

.
The transition matrix element is

Tif =

〈
Ψf

∣∣∣∣ 1

r01
− 1

r0

∣∣∣∣Ψi

〉
(2.7)

with Ψi = eiki.r0ψnlm, and explicitly written as:

Tif =

∫ ∫
Φ∗

CW (ks, r0) Φ
∗
CW (ke, r1)C

∗(α01,kse, r01)

(
1

r01
− 1

r0

)
eiki·r0 ψnlm(r1) dr0 dr1

(2.8)
using a Fourier transform scheme, equation (2.8) becomes ( see details in Appendix A)

Tif =
1

(2π)3
lim
λ→0
γ→0

∫ [∫
ϕ∗
c(ke, r1)ψnlm(r1)dr1

∫
ϕ∗
c(ks, r0)e

i(ki+p)·r0e−γr0dr0

×
∫

(2π)−3/2C
∗(α01,kse, r

′
01)

r′01
ei(k01−p)·r′01e−ikse·r

′
01e−λr

′
01dr

′

01

−
∫
ϕ∗
c(ke, r1)ψnlm(r1)dr1

∫
ϕ∗
c(ks, r0)

r0
ei(ki+p)·r0e−γr0dr0

×
∫

(2π)−3/2C∗(α01,kse, r
′

01)e
i(kse−p)·r′01e−ikse·r

′
01e−λr

′
01dr

′

01

]
dp

(2.9)

2.2.2.1 Application to Hydrogen and Helium:

Calculations of the TDCS have been performed for electron-impact ionization of hydrogen
and helium under specific kinematic conditions. For hydrogen, the TDCS was calculated
at an impact energy of 250 eV, with the projectile scattered at an angle of θs = 8◦ in
coincidence with an ejected electron energy of Ee = 5 eV. For helium, calculations were
conducted at an impact energy of 500 eV, with a projectile scattering angle of θs = 6◦

and an ejected electron energy of 74 eV. Results obtained from the BBK model are
presented in Figures 2.2 and 2.3 and compared with the experimental data from [5],
and [6] respectively.
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Figures 2.2 and 2.3 demonstrate the capability of the BBK model to reproduce TDCS
measurements on light targets. In the He case (Fig. 2.2), for these asymmetric coplanar
geometries, the BBK calculation exhibits a clear double-peak structure in the directions
of K and −K, where K = ki − ks is the momentum transfer. The theoretical prediction
shows very good agreement with the experimental data across the entire angular range.
Similarly, for hydrogen at Ei = 250 eV and Ee = 5 eV (Fig. 2.3), the model not only
reproduces the shape and position of the peaks, but also its magnitude. Overall, the
excellent agreement confirms the BBK approach as a reliable tool for describing electron-
impact ionization in such small atomic systems.

2.2.2.2 Application to Neon

We now compare the BBK results with the experimental data from Ref. [5], performed at
intermediate impact energy (approximately 600 eV) in an asymmetric coplanar geometry.
TDCS calculations are presented in Fig. 2.4 for the ionization of Ne 2p6 as a function of
the ejection angle at a scattering energy of 500 eV, with a fixed scattering angle of θs = 6◦,
in coincidence with the ejected electron energies Ee = 37, 74, and 205 eV, corresponding
to momentum transfers of K = 0.74, 0.87, and 1.44 a.u., respectively (panels (a), (b), and
(c)).
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Figure 2.4: TDCS for the ionization of Ne 2p6 as a function of the ejection angle at 500 eV
scattering energy, The projectile is scattered at an angle θs = 6◦ in coincidence with the ejected
electron with Ee = 37, 74 and 205 eV in panels (a), (b), and (c) respectively. Theoretical result
is the red solid line (BBK), and the normalized experimental data from [5] are black circles.

The theoretical TDCS exhibit a double peak structure across the three impact energies,
in the direction of transfer momentum K and −K, at Ee = 37eV (panel a), the BBK
model provides a good overall agreement, reproducing both the binary and recoil peaks.
As the ejected electron energy increases to Ee = 74eV (panel b), the model still follows
the binary peak well but starts deviating in the recoil region. At Ee = 205eV (panel c),
while the binary peak remains well-described, the recoil peak is underestimated.

2.2.2.3 Application to Argon

To further test the BBK model, the TDCS for two different kinematic conditions for
Argon 3p6 are compared with the experimental data [7, 8]. The first case corresponds
to an incidence energy of 1 keV, an ejection energy of 13 eV, and a scattering angle of
θs = 1.2◦: as shown in Figure 2.5 (a), the agreement between theory and experimental
data is moderately good in the binary and recoil regions, with no significant discrepancies
observed. The second case involves a scattering energy of 500 eV, an ejection energy of
205 eV, and a scattering angle of θs = 3◦: Figure 2.5 (b) shows that the outcomes differ
dramatically, the BBK model failing to reproduce all the experimental data in the recoil
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Figure 2.5: TDCS for the ionization of Ar 3p6 as a function of the ejection angle: (a) at 1 keV
impact energy, with a scattered angle θs = 1.2◦ in coincidence with the ejected electron of energy
Ee = 13 eV. The right panel (b) a scattering energy of 500 eV, a scattering angle θs = 3◦, and
an ejected electron energy of Ee = 13 eV. Theoretical results are shown as red solid line (BBK),
while the normalized experimental data from [7,8] are represented by black circles.

The kinematics in Figure 2.5 (a) involve a much smaller momentum transfer K ≈ 0.22

atomic units, reducing the influence of the residual ion. As a result, the BBK model
performs reasonably well in describing the process for this case. In Figure 2.5 (b), the
kinematics correspond to a large momentum transfer K ≈ 1.27 atomic units, resulting in a
significant recoil momentum q (up to 5.2 atomic units) absorbed by the target. This leads
to strong interactions between the outgoing electrons and the residual ion [9], making
the recoil region particularly challenging to model theoretically. In this regime, the BBK
model fails to accurately describe the kinematics.
The limitations of the BBK model, particularly in describing processes involving large
momentum transfers and strong residual ion interactions, highlighted the need for more
advanced theoretical frameworks. This led to the development of sophisticated models
that incorporate distortion effects, such as BBK1CWZ and BBK2CWZ.

2.3 The concept of variable charge

As discussed in the previous section, the BBK model is not sufficient to explain (e,2e)
experiments. Therefore, it is essential to account for additional interactions, such as dis-
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tortion effects which play a crucial role especially at lower impact energies. Differently
from conventional distorted wave approaches, in our work, distortion effects are rep-
resented by a Coulomb wave with a variable charge, and are therefore introduced in an
approximate manner. Specifically, the continuum electrons are described using a Coulomb
wave with a variable charge denoted Z(r), rather than a constant nuclear charge Z. This
radial-dependent effective charge is determined from the Hartree potential, which consists
of two components: a Coulomb potential representing the long-range interaction between
the target and the electron (at large distances from the nucleus, this potential retains its
Coulombic character), and a short-range potential that accounts for polarization effects
and additional electronic interactions within the target atom or molecule. We consider
the angularly averaged potential

Ui(r) =
1

4π

∫
V (r)dΩ (2.10)

of the Hartree potential

V (r) =
Z

r
−
∑
i

Ni

〈
φi

∣∣∣∣ 1

|r− ri|

∣∣∣∣φi

〉
(2.11)

where Z is the charge at the center of the target, Ni is the number of electrons in orbital i,
and φi(r) is the wave function of orbital i. The explicit form of the short-range potential,
U(r), is detailed in [4], written as:

U(r) =
1

r
+
∑
i

Ni

∑
k,k′

aikaik′Nnik′
Nnik

δlik,lik′δmik,mik′

nkk′ !

rξ
nkk′+1
kk′

e−ξkk′r

nkk′−1∑
s=0

(nkk′ − s)

s!
(ξkk′r)

s

(2.12)
We can express this potential as

U(r) =
Z(r)

r
(2.13)

where

Z(r) = 1 +
∑
i

Ni

∑
k,k′

aikaik′Nnik′
Nnik

δlik,lik′δmik,mik′

nkk′ !

rξ
nkk′+1
kk′

e−ξkk′r

nkk′−1∑
s=0

(nkk′ − s)

s!
(ξkk′r)

s

(2.14)
It is easy to verify that the charge function Z(r) satisfies:

Z(0) = 1 +
∑
i

Ni = Z, and Z(r → ∞) = 1 (2.15)
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2.3.1 Variable charge as a distortion approximation

To justify the use of the Coulomb wave model with a variable charge, we conduct a
comparative study between a distorted wave and a spherical Coulomb wave with a variable
charge. Specifically, we compare the radial part of the distorted wave function in equation
1.26, computed numerically, with the radial part of the Coulomb wave in equation 1.21,
which is knwown analytically and given by [9]:

ucw(r) = Cℓ(α) exp(ikr) (kr)
ℓ+1

1F1(ℓ+ 1 + iα, 2ℓ+ 2,−2ikr), (2.16)

with
Cℓ(α) = 2ℓ exp

(
−πα
2

)
|Γ(ℓ+ 1 + iα)|

(2ℓ+ 1)!
; α = −Z(r)

k
. (2.17)

Figure 2.6 presents the partial radial wave functions for the ionization of argon Ar 3p6

as a function of the distance r, for angular momentum quantum numbers ranging from
ℓ = 0 to ℓ = 5, and energy E = 74 eV.
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Figure 2.6: Partial radial wave functions for the ionization of Ar 3p6 as a function of distance
r, plotted for ℓ = 0 to ℓ = 5. The results compare a distorted wave (DW, solid black line) with a
spherical Coulomb wave of variable charge (CWZ, solid red line) at an ejection energy of E = 74
eV.

Clearly, for higher ℓ values, the Coulomb wave matches the distorted wave except at some
short distances; where distortion effects are more significant. For the lower ℓ values devi-
ations appear on the whole radial domain, and a clear phase shift is observed. However,
the overall agreement supports the idea that the variable charge model captures essential
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distortion effects to some degrees. Thus, this approach can lead to reasonable accuracy,
while offering significant advantages in terms of computational efficiency.

2.4 Previous theoretical models

The first model, known as BBKDW (or BBK1CWZ), is essentially a BBK model that
incorporates a variable-charge Coulomb wave to describe the ejected electron. This model
was introduced in 2016 by Chinoune et al. [10] and was tested under several kinematic con-
ditions for the ionization of various atomic targets and the methane molecule. While some
improvements have been observed with respect to the original BBK model, particularly
in amplitude, the differences were often not substantial. Consequently, this motivated a
further refinement where the model was extended as to describe also the scattered electron
using a variable-charge Coulomb wave. This led to the development of the BBK2DW (or
BBK2CWZ) model in 2023 by Attia et al. [11].

2.4.1 BBK2CWZ model

Building upon the previous BBKDW model, the model was extended. In the BBK2DW
framework, both the ejected and scattered electrons are represented by an approximate
distorted wave specifically, a Coulomb wave with a variable charge Z(r). The resulting
scattering amplitude is then expressed as follows:

Tif = − 1

2π

〈
ϕZ
CW (ks, r0)ϕ

Z
CW (ke, r1)C(α01,k01, r01

∣∣V (r0, r1)
∣∣ (2π)−3/2eiki·r0ϕi(r1)

〉
,

(2.18)
where

• ϕZ
CW represents the Coulomb wave functions for the scattered and ejected electrons,

• V (r0, r1) is the interaction potential.

• ϕi is the initial state wave function of the target electron.

The variable charge Z(r) for the two outgoing electrons behave as follows. The ejected
electron experiences a charge Ze = N at the center of the target, and asymptotically
reduces to Ze = 1. At the center of the target, the scattered electron perceives a charge
Zs = N , while asymptotically, two possible scenarios can be considered:

• The scattered electron experiences an asymptotic charge of Zs = 1, similar to the
ejected electron. In this case, the model is referred to as BBK2CWZ1.
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• Alternatively, if the scattered electron is faster than the ejected electron, it may feel
the screening of the ejected electron, resulting in an asymptotic charge Zs = 0. In
this case, the model is referred to as BBK2CWZ0.

These models have been applied in several situations for atomic targets [11]. For the sake
of comparison, we now consider the same scenario as depicted in Figure 2.5 (panel b),
where the kinematics correspond to a large momentum transfer.
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Figure 2.7: TDCS for the ionization of Ar 3p6 as a function of the ejection angle, at a scattering
energy of 500 eV, a scattering angle of θ = 3◦, and an ejected electron energy of Ee = 13 eV.
Theoretical results are shown as the red solid line (BBK2CWZ1), dashed blue line (BBK2CWZ0),
and dash-dot green line (BBK), while the normalized experimental data from [8] are represented
by black circles.

As previously noted in Figure 2.5 the BBK model fails to reproduce the recoil peak. In
Figure 2.7, we compare the refined BBK2CWZ1 and BBK2CWZ0 models to the experi-
mental data and the original BBK result. Clearly, the BBK2CWZ approaches show a very
good agreement with the experimental data, particularly in the recoil region, highlighting
the advantage of including an approximate distorted wave treatment for both outgoing
electrons. However, treating the incident electron as a plane wave limits the applicability
of this model to intermediate and higher impact energies only. We further refined this
model (Bechane et al. [1]) by representing the incident electron as well by a Coulomb
wave with a variable charge. This extension enables the variable-charge approach to be
applied in low-energy kinematics, where distortion effects become particularly significant.
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2.5 Three coulomb waves with a variable charge model

3CWZ

Building on the limitations observed in previous models, and the necessity to test the
variable charge approach at low energy kinematics, the 3CWZ model was developed to
provide a more comprehensive three-body description of electron-impact ionization. In
this model, the incident, ejected, and scattered electrons are all represented by Coulomb
waves with a variable charge, thereby enabling a more accurate treatment of exchange and
distortion effects, especially at low impact energies. Under strong kinematical asymmetry,
the fast scattered electron and the slower ejected electron are easily distinguished, so
exchange effects can be neglected. At low impact energies, in contrast this distinction
diminishes and exchange interactions must be taken into account. Therefore, the TDCS
for this model is written as follows:

σ(3) =
d3σ

dΩedΩsdEe

= (2π)4
keks
ki

(|Tdir|2 + |Texc|2 + |Tdir − Texc|2) (2.19)

The direct term Tdir and the exchange Texc term are respectively given by

Tdir = ⟨ϕz(−)
CW (ks, r0)ϕ

z(−)
CW (ke, r1)|C(α01,kse, r01)|

1

r01
− 1

r0
|ϕz(+)

CW (ki, r0)Φnlm(r1)⟩ (2.20)

Texc = ⟨ϕz(−)
CW (ks, r1)ϕ

z(−)
CW (ke, r0)|C(α01,kes, r10)|

1

r01
− 1

r0
|ϕz(+)

CW (ki, r0)Φnlm(r1)⟩ (2.21)

with
Tdir = T 1

dir − T 0
dir (2.22)

andT 1
dir =

∫
ϕ
z(−)∗
CW (ke, r1)ϕ

z(−)∗
CW (ks, r0)C(α01,kse, r01))× 1

r01
× ϕ

z(+)
CW (ki, r0)Φnlm(r1)dr0dr1

T 0
dir =

∫
ϕ
z(−)∗
CW (ke, r1)ϕ

z(−)∗
CW (ks, r0)C(α01,kse, r01))× 1

r0
× ϕ

z(+)
CW (ki, r0)Φnlm(r1)dr0dr1

(2.23)
where Φnlm is the initial bound state wave function of the target, while ϕz(+)

CWZ and ϕz(−)
CWZ

respectively represent the outgoing and incoming Coulomb waves [12], which are written
as ϕ

z(+)
CW (k, r) = eik·r

(2π)3/2
Γ(1− iα(r))1F1(iα(r), 1, i(kr − k · r))e−

πα(r)
2

ϕ
z(−)
CW (k, r) = eik·r

(2π)3/2
Γ(1 + iα(r))1F1(−iα(r), 1,−i(kr + k · r))e−

πα(r)
2

(2.24)
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with α(r) = Z(r)
k

. The amplitudes 2.23 involve a six-dimensional integral. Numerically
it requires significant computational time. We have used a technique, proposed by Ko-
rnberg and Miraglia [13], that employs Fourier transforms to substantially simplify the
calculations [4].

2.6 Molecular three coulomb waves with a variable charge

model M3CWZ

Currently, the most powerful approach for describing the electron-impact ionization of
molecular targets is the M3DW model. While the model provides a generally good de-
scription of differential ionization cross sections for various molecules, it remains compu-
tationally expensive.
In this thesis, we extended the 3CWZ model to molecular targets while preserving its
numerical advantages. The resulting model is named M3CWZ.
The ionization of the target can also occur via a capture process [14], in which the incident
electron is captured into a bound state while two initially bound electrons are ejected.
This process is generally not considered in (e, 2e) theoretical studies at intermediate to
high impact energies. Neglecting capture effects, the fourfold differential cross-section
(4DCS) for a specific molecular orientation is given by [15]:

σ(4) =
d4σ

dΩEulerdΩsdΩedEe

= (2π)4
keks
ki

(|Tdir|2 + |Texc|2 + |Tdir − Texc|2) (2.25)

with dΩEuler = sin β dβ dα dγ, where (α, β, γ) are the Euler angles.
In our approach, we adopt the frozen core and single active electron approximations for
the initial molecular bound wave function Φi(r1); the direct and exchange terms are given
by equations 4.7 and 4.8, respectively. For the initial molecular bound wave function of
the target, we use Moccia’s single center molecular orbitals expanded in a set of Slater-
type orbitals [16].
To compare with experimental data obtained from randomly oriented molecules, the 4DCS
must be averaged over all Euler angles.

σ
(3)
molecule =

1

8π2

∫
σ(4) dΩEuler. (2.26)
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In our theoretical framework, this integration is carried out analytically [17] using the
following property for the rotation matrix

1

8π2

∫
dΩEulerD

l
µ,m(α, β, γ)D

l′∗
µ′,m′(α, β, γ) =

1

l̂
δl,l′δm,m′δµ,µ′ (2.27)

where l̂ = 2l + 1.
The variable charge is obtained from

Ui(r1) =
1

4π

∫
Vi(r1,Ri) dΩ = −Z(r1)

r1
, (2.28)

where Vi(r,Ri) is taken here to be the standard Hartree potential defined for molecules
by

Vi(r1,Ri) = −
M∑

N=1

ZN

|r1 −RN |
+

N0∑
j=1

Nij

∫
|φj(r)|2

|r− r1|
dr (2.29)

where N0 is the number of occupied orbitals, Nij is the number of electrons in the orbital,
M and ZN are the number of nuclei and their charges respectively, and RN being their
positions with respect to the molecular center of mass.

2.7 Conclusion

This chapter provided an overview of the theoretical background of the variable charge
approach. The chapter begins by revisiting foundational models such as the One-Coulomb
Wave (1CW) and the BBK model, which were instrumental in understanding (e,2e) re-
actions. These models, while effective in certain scenarios, particularly at high energies,
revealed limitations when dealing with low-energy collisions and complex atomic targets,
especially in describing the recoil region. To address these limitations, the concept of
a variable charge was introduced, which approximates distortion effects. This led to
the development of more sophisticated models such as BBK1CWZ and BBK2CWZ. The
BBK2CWZ model showed significant improvements in reproducing experimental data,
particularly in the recoil region, highlighting the importance of distortion effects in ion-
ization processes, but treating the incident electron as a plane wave limited the appli-
cability of this model to intermediate and higher impact energies only, which required a
further refinement. We then extended the variable-charge concept also to the incident
electron, creating the Three Coulomb Waves with a Variable Charge (3CWZ) model,
which is particularly relevant at low impact energies, where exchange and distortion ef-
fects are crucial. Finally, we generalized this approach to molecular targets, resulting in
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the Molecular Three Coulomb Waves with a Variable Charge (M3CWZ) model.
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Chapter 3

Application on Atoms: Argon and Neon

3.1 Introduction

In this chapter 1 , we apply the Three Coulomb Waves with a Variable Charge (3CWZ)
model to atomic targets specifically neon and argon. The 3CWZ model incorporates vari-
able charge effects to represent the incident, scattered, and ejected electrons, aiming to
improve predictions of triply differential cross sections (TDCS) across a range of kinematic
conditions. Neon has an electronic structure simpler than argon, and serves as an initial
test to validate the model’s performance at high, intermediate, and low impact energies.
Notably, neon has been extensively studied in the context of electron impact ionization,
with comprehensive experimental and theoretical investigations reported in the litera-
ture [2–5]. We then extend our analysis to argon in intermediate and low energy regimes,
leveraging extensive experimental data for comparison [6, 7]. Like neon, argon has been
widely investigated in the context of electron impact ionization (see, e.g., [2, 6–8]), pro-
viding a robust benchmark for our theoretical predictions. Our results are compared with
experimental results and other theoretical approaches, such as the DWBA, DWB2-RM,
and 3DW, to evaluate its efficacy.

3.2 Neon

The 3CWZ model was initially tested on neon, for which extensive experimental data is
available [2, 3]. Although the tests were performed under a limited range of kinematic
conditions, they serve as an important bridge for extending the model to more complex
atomic targets.

1Parts of this chapter are reproduced from our publication [1]
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CHAPTER 3. APPLICATION ON ATOMS: ARGON AND NEON

3.2.1 Target wave function and variable charge

3.2.1.1 Target wave function

Let us consider the neon atom (Z = 10), whose electronic configuration is 1s2 2s2 2p6.
The active electron in neon is described using Clementi’s Hartree–Fock wave functions
with a Slater-type basis (see Equation 1.63). The parameters associated with these wave
functions, denoted as nik, lik, mik, ξik, βik, along with the corresponding ionization
energies, are summarized in Table 3.1.

n l m ξ (1s) (2s) (2p)
1 0 0 9.5735 0.93093 -0.23171
1 0 0 15.4496 0.04610 -0.00442
2 0 0 1.9550 -0.00085 0.18201
2 0 0 2.8462 0.00321 0.66106
2 0 0 4.7746 -0.00180 0.32372
2 0 0 7.7131 0.03537 -0.14244
2 1 m 1.4700 0.22430
2 1 m 2.3717 0.51826
2 1 m 4.4545 0.33902
2 1 m 9.4550 0.01765
Ionization energies (a.u.) 32.77248 1.93043 0.85044

Table 3.1: Parameters of Clementi’s wave functions and ionization energies of the atomic
orbitals of the neon atom.

3.2.1.2 Variable charge

The static potential in Equation 2.13 for the ionization of Ne 2p is calculated and written
as:

U(r1) =
1

4π

∫ [
− 10

r1
+ 2

∫
|ϕ1s|2

|r− r1|
dr+ 2

∫
|ϕ2s|2

|r− r1|
dr

+ 5

∫
|ϕ2p|2

|r− r1|
dr

]
dΩe

= −Z(r1)
r1

.

(3.1)

and the variable charge Z(r) can be expressed asZe/s(r) = 10− 2Z1s(r)− 2Z2s(r)− 5Z2p(r)

Zi(r) = 10− 2Z1s(r)− 2Z2s(r)− 6Z2p(r)
(3.2)
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Figure 3.1: Variable charge experienced by the incident electron, the scattered electron, and
the ejected electron during the ionization process of Ne 2p.

In the two panels of Fig. 3.1, we show the variable charge Z(r) for the continuum electrons.
Zs(r) and Ze(r) decrease from Z = 10 to Z = 1, while Zi(r) decreases from Z = 10 to
Z = 0. The asymptotic values of Z(r) are reached at about r = 3 a.u.

3.2.2 Results and Discussion

Figure 3.2 presents absolute TDCS data for the ionization of the neon 2s orbital at an
incident energy of E0 = 150 eV, at a fixed scattering angle θs = 10◦ for panel (a), and
θs = 15◦ for panel (b), and an ejection energy Ee = 10 eV.
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Figure 3.2: Absolute TDCS for the ionization of neon 2s at an incident energy of 150eV, as a
function of the ejection angle at scattering angles θs = 15◦ for panel (a), and θs = 5◦ for panel
(b), and ejected electron energy fixed at Ee = 10 eV. Theoretical results are represented by a
red solid line (3CWZ), the absolute experimental data are shown as black circles from [2].

Figure 3.2 shows that the 3CWZ model somewhat reproduces the shape and position
of the binary peak. However, since these data are provided on an absolute scale, the
TDCS can be compared not only in shape but also in magnitude. It is clear that the
3CWZ model strongly overestimates the data in the binary region in both panel (a) and
panel (b). In the recoil region, the model predicts a very large recoil peak; however, the
lack of experimental data in the range of θe = 140◦ to θe = 240◦ prevents a definitive
conclusion on the extent of this overestimation. This discrepancy should be attributed to
the frozen-core approximation used in this study, which is not justified for inner orbitals.
(see Chapter 1, Section 1.7).
Figure 3.3 presents absolute TDCS data for the ionization of the neon 2p orbital under
two distinct kinematic conditions: in panel (a), the incident energy is Ei ≈ 599.6 eV
with a fixed scattering angle of θs = 6◦ and an ejection energy Ee = 74 eV; in panel (b),
Ei = 150 eV with θs = 5◦ and Ee = 10 eV.
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Figure 3.3: Absolute TDCS for the ionization of neon 2p as a function of the ejection angle
at a fixed scattering angle θs = 6◦ for panel (a), and θs = 5◦ for panel (b). The incident and
ejected electrons have respective energies: (a) Ei = 599.6eV and Ee = 74eV , (b) Ei = 150eV
and Ee = 10eV . Theoretical results are represented by a red solid line (3CWZ), a blue dashed
line (DW2-RM) [2], a green dash-dot line (DWBA) [2]. The absolute experimental data are
shown as black circles from [2].

In panel (a), corresponding to an intermediate ejection energy regime, the 3CWZ model
reproduces quite well the overall shape of the TDCS in the binary and recoil peak seen in
the experimental data, the amplitude of the TDCS is reproduced perfectly in the binary
region, while in the recoil region the data are somewhat underestimated. In contrast,
although the DWB2-RM and DWBA models capture the overall shape, they underesti-
mate substantially the binary and recoil regions, resulting in poor overall agreement. In
panel (b), which represents a lower ejection energy, the 3CWZ model continues to cap-
ture the overall shape of the TDCS; however, discrepancies in peak magnitudes become
more evident, especially in the binary region. While the DWBA and DWB2-RM models
yield a reasonable fit in terms of shape, the magnitude predictions are underestimated by
both models. These results underscore the advantage of the 3CWZ model, which enables
a more precise treatment of post-collision interactions and better reproduces the subtle
features of both the binary and recoil regions.
A second test of the model was conducted under a lower impact energies, which can be a
challenge to most theoretical models. With the emergence of new techniques that offers
high quality measurements, such as the COLTRIMS reaction microscope (C-REMI) (see
chapter 1 section 1.3.1), the 3D TDCS was presented as cuts along the three orthogonal
planes (xz, xy, and yz) [3]; however, here we have selected only a few of the available kine-
matic settings from the scattering plane (xz). Figure 3.4 illustrates TDCS calculations
at a low impact energy of 65 eV [3]. Panels (a), (b), and (c) display the TDCS for the
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ionization of the neon 2p orbital at a fixed scattering angle of 20◦, with ejected-electron
energies of 2 eV, 4.5 eV, and 8.5 eV, respectively.
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Figure 3.4: TDCS for the ionization of neon 2p as a function of the ejection angle at a fixed
scattering angle θs = 20◦, and incident energy 65 eV, and ejection energies (a) Ee = 2 eV, (b)
4.5 eV, (c) 8 eV . Theoretical results are represented by a red solid line (3CWZ), a blue dashed
line (3DW) [3]. The relative experimental data are shown as black circles from [3].

Panel (a), Ee = 2 eV: Both 3CWZ and 3DW models, which treat exactly the (PCI),
capture the main shape in the binary and recoil regions. Minor discrepancies in peak
positioning suggest differences in how each model accounts for post collisional interactions,
or the limitations of the variable charge approximation at low impact energies. Panel (b),
Ee = 4.5 eV: the overall shape is again reproduced by both models, although 3DW
appears to track the binary region slightly better, and is more consistent in the recoil
region. Panel (c), Ee = 8.5 eV: the binary peak is well represented by 3CWZ, whereas
3DW shows a better agreement with experimental data, while both models overestimate
the recoil peak. Overall, each model reproduces the principal structures of the TDCS,
though subtle distinctions in binary and recoil peak positions remain. This underlines the
complexity of modeling electron-impact ionization at low impact energies.

3.3 Argon

In this section, the 3CWZ model is applied to calculate triply differential cross sections for
the ionization of argon 3p by electron impact. The approach is examined at intermediate
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and low energies, taking advantage of the fact that argon is a well-studied atom with
extensive experimental data available. Results from [1] are presented, highlighting the
model’s capability to handle various projectiles and collision energies under asymmetric
coplanar kinematics.

3.3.1 Target wave function and variable charge

3.3.1.1 Target wave function

Let us consider the argon atom (Z=18), whose electronic configuration is 1s22s23s22p63p6 .
The active electron in this atom is described using Clementi’s Hartree-Fock wave functions
with a Slater-type basis (Equation 1.63). The parameters associated with Clementi’s wave
functions noted as nik, lik, mik, ξik, βik, along with the ionization energies, are
listed in table 3.2

n l m ξ (1s) (2s) (3s) (2p) (3p)
3 0 0 18.000 0.97453 -0.27660 0.08642
3 0 0 21.2848 0.01878 -0.00224 0.00232
3 0 0 15.5021 0.02233 0.04716 -0.02369
3 0 0 11.2367 -0.00310 0.36490 -0.10542
3 0 0 7.5066 0.00215 0.63126 -0.28841
3 0 0 4.7029 -0.00094 0.04500 -0.05813
3 0 0 3.2138 0.00038 -0.00186 0.68983
3 0 0 1.9931 -0.00001 0.00088 0.47773
2 1 m 9.0000 0.64951 -0.18072
4 1 m 15.0000 0.01298 -0.01234
4 1 m 11.9644 0.02669 0.02183
4 1 m 8.7924 0.28421 -0.12559
4 1 m 6.3011 0.12881 0.10518
4 1 m 3.4327 0.00219 0.58041
4 1 m 1.9409 0.00008 0.46149
4 1 m 1.0309 -0.00002 0.02249
Ionization energies (a.u.) 118.61039 12.32219 1.27735 0.957150 0.59102

Table 3.2: Parameters of Clementi’s wave functions and ionization energies of the atomic
orbitals of the argon atom
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3.3.1.2 Variable charge

The static potential in Equation 2.13 for the ionization of Ar 3p is calculated and written
as:

U(r1) =
1

4π

∫ [
− 18

r1
+ 2

∫
|ϕ1s|2

|r− r1|
dr+ 2

∫
|ϕ2s|2

|r− r1|
dr

+ 6

∫
|ϕ2p|2

|r− r1|
dr+ 2

∫
|ϕ3s|2

|r− r1|
dr+ 5

∫
|ϕ3p|2

|r− r1|
dr

]
dΩe

= −Z(r1)
r1

.

(3.3)

and the variable charge Z(r) can be expressed asZe/s(r) = 18− 2Z1s(r)− 2Z2s(r)− 6Z2p(r)− 2Z3s(r)− 5Z3p(r)

Zi(r) = 18− 2Z1s(r)− 2Z2s(r)− 6Z2p(r)− 2Z3s(r)− 6Z3p(r)
(3.4)

In our model, the ejected and scattered electrons experience a charge of Z = N at
the center of the target, which gradually reduces to Z = 1 asymptotically. Meanwhile,
the incident electron perceives a charge of Z = N at the center but Z = 0 at large
distances. These varying charges are denoted as Zi(r), Zs(r), and Ze(r), corresponding
to the incident, scattered, and ejected electrons , respectively.

0 2 4 6 8
0

2

4

6

8

10

12

14

16

18

0 2 4 6 8

Z 
(r

)

 Ze=Zs  Zi

r (a.u.)

Figure 3.5: Variable charge experienced by the incident electron , the scattered electron, and
the ejected electron during the ionization process of Ar 3p.

In Fig. 3.5, we present the variable charge Z(r) for the continuum electrons. It is shown
that Zs(r) and Ze(r) decrease from Z = 18 to Z = 1, while Zi(r) decreases from Z = 18
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to Z = 0.

3.3.2 Results and discussion

3.3.2.1 Intermediate energy

First, we start with the intermediate-energy kinematics. We have calculated the TDCS
using the 3CWZ model. The obtained results are now presented and discussed by consid-
ering various kinematic conditions in an asymmetric coplanar geometry (see Figure 1.3).
Figure 3.6 shows the calculated TDCS results with an incident energy of approximately
721 eV and an ejection energy of 205 eV, compared to experimental data for scattering
angles of 3◦, 6◦, and 9◦ [6], as well as with the DWB2-RM and DWBA-G [9] theoretical
models. The kinematics in Figure 3.6 are characterized by a large momentum transfer
(K = 1.27, 1.4, and 1.6 au) and a significant recoil momentum absorbed by the atom (up
to q = 5.48 au). This indicates that the recoil ion plays a crucial role in the reaction.
Therefore, in this case PCI is expected to strongly influence the TDCS, as the ejected and
scattered electrons have relatively close energies. A detailed analysis of Figure 3.6 reveals
that, overall, the DWB2-RM model provides a reasonable description of several aspects
of the TDCS. However, in all cases, it predicts a binary peak that is significantly larger
than that of the recoil region, which is in clear contradiction with the experimental data.
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Furthermore, it can be observed that the 3CWZ model reproduces the TDCS well across
most of the angular distribution, particularly in describing the peaks in both the binary
and recoil regions, which are much better captured compared to the DWB2-RM model.
On the other hand, the DWBA-G model (for which results are available only for certain
cases) appears to provide predictions that are relatively close to both the experimental
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data and the 3CWZ model, particularly in panel (b). To better interpret these findings, it
is important to recall that the DWB2-RM model is a powerful approach generally capable
of accurately describing the (e,2e) reaction. However, it does not account for (PCI), which
plays a significant role in this specific case. In contrast, the DWBA-G model is a fully
distorted wave approach in which PCI is incorporated through the Gamow factor. While
the Gamow factor’s strong violation of normalization makes DWBA-G unsuitable for
absolute measurements comparisons, the model remains effective for comparing relative
data, such as those considered in this study.
Now, we examine the ionization process under kinematic conditions of lower momentum
transfer. Figure 3.7 compares the 3CWZ model with absolute data at impact energies of
200 eV and 113.5 eV, using experimental data from [2], alongside the 3DW, DWBA, and
DWB2-RM models, clearly none of the models fully reproduces the absolute magnitude of
the TDCS. In general, the 3CWZ model qualitatively captures the double-peak structure
in the binary region, although the second binary peak is consistently larger than the
first across all examined kinematic conditions. At an impact energy of 200 eV (panels a
and b), all models tend to underestimate the measured data; however, the 3CWZ model
reproduces the double binary peak relatively well, with its predictions in the binary region
closely matching those of the DWB2-RM model. In contrast, the DWBA and 3DW models
yield nearly identical shapes and magnitudes for the TDCS. Surprisingly, the sophisticated
3DW model fails to reproduce the double binary peak in panel (a). While the DWBA
model exhibits similar behavior to 3DW at Ee = 10 eV (panel a), it manages to capture
the double binary peak at Ee = 5 eV (panel b). At a projectile energy of 113.5 eV,
similar trends are observed, although the absolute data are closer to the predictions of
all models. Additionally, the 3CWZ and DWB2-RM models tend to underestimate the
data, whereas the 3DW and DWBA models predict significantly higher intensities (panel
c). In summary, although the 3CWZ model does not precisely reproduce the absolute
magnitude of the TDCS, it qualitatively captures its shape particularly in the binary
region and its performance is comparable to that of other advanced theories. In order
to gain deeper insight into the dynamics of the (e, 2e) reaction, we study the ionization
process at an impact energy of 195 eV. At this energy, experiments have been performed
using a reaction microscope specifically designed for electron-impact measurements [7].
Consequently, new kinematic conditions beyond the coplanar geometry are examined
to provide comprehensive information on the ionization dynamics. A three-dimensional
TDCS image is presented as a function of the emission solid angle (θe, ϕe) for a fixed
scattering angle θs. For a more detailed comparison, TDCS cuts in three orthogonal
planes are also provided: the xz plane (scattering plane), the yz plane (half-perpendicular
plane), and the xy plane (full-perpendicular plane).
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at an incident energy of Ei = 195 eV, plotted as a function of the ejection angles (θe, ϕe). The
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shown as a black solid line (3CWZ) and a red dashed line (DWB2-RM), while experimental data
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Figure 3.8 presents absolute TDCS cuts in three perpendicular planes at an ejection energy
of Ee = 10 eV, with ϕe = 0 along the x axis, and for scattering angles of 5◦, 10◦, 15◦,
and 20◦. The 3CWZ results are compared with both experimental data and DWB2-RM
predictions. In the xz plane (left column), the 3CWZ model agrees well with experiment
at lower scattering angles, accurately reproducing the binary peak, and as the scattering
angle increases (and thus the momentum transfer), the model’s performance diminishes,
although it still captures the double-peak structure characteristic of the p shell in argon
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more effectively than DWB2-RM. The recoil peak, however, is slightly shifted to lower
angles. In the yz plane (center column), DWB2-RM more closely matches the overall
shape, while the 3CWZ model overestimates the recoil peak and struggles to reproduce
the binary region except at 5◦, where a peak nearly matching the experimental data
emerges. Although DWB2-RM better reproduces the binary and recoil peaks in shape,
it shows notable discrepancies in magnitude. Moreover, the 3CWZ results are shifted
and not symmetric about 180◦ in all cases. Finally, in the xy plane (right column), the
agreement with experimental data is mixed for both models. While DWB2-RM matches
the data reasonably well at lower scattering angles (5◦ and 10◦), it underestimates the
measurements by up to a factor of two at higher scattering angles. In contrast, the 3CWZ
model shows better agreement at θs = 20◦, indicating that none of the models provides
a uniformly superior description across all kinematic conditions. As observed in the yz
plane, the 3CWZ results are shifted and not symmetric about 180◦ in all cases.

3.4 Conclusion

The application of the 3CWZ model to the ionization of neon and argon atoms demon-
strates its potential for investigating electron impact ionization processes. For neon, the
model successfully reproduces key features of the TDCS and outperforms conventional
models such as DWBA and DWB2-RM, although it exhibits limitations in accurately
predicting peak details in the recoil region at low energies (e.g., 65 eV), indicating the
need for further refinement in this regime. For argon, the 3CWZ model effectively captures
the qualitative shape of the TDCS at intermediate energies. However, discrepancies in ab-
solute magnitudes and shifts in peak positions especially in the full and half-perpendicular
planes at 195 eV indicate that the model does not yet fully capture all kinematic com-
plexities. Overall, the 3CWZ model represents a promising advancement by balancing
computational efficiency with reasonably good results. Nevertheless, further development
is required to achieve quantitative precision across all energy regimes and geometries.
These findings provide a solid foundation for extending the model to molecular targets,
which will be explored in depth in the next chapter through an intensive study of water
molecule ionization at low impact energies.
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Chapter 4

Electron-impact ionization of water
molecule

4.1 Introduction

Compared to atoms, (e,2e) studies on molecules 1 are relatively scarce due to experi-
mental challenges, such as the close spacing of electronic states and contributions from
rotational and vibrational excitations, as well as the inherent difficulty in theoretically
describing multicenter continuum states. TDCS measurements have been reported for
small molecules [1–4] and, more recently, for increasingly complex systems [5–11]. Water
is especially important because it makes up about 70% of the tissue in many living or-
ganisms, including the human body [12].
In the previous chapter, we investigated (e,2e) processes on neon and argon atoms using
the 3CWZ model, which offers a significant computational advantage over some other
methods by providing TDCS predictions for arbitrary kinematics at low time cost. In
this chapter, we extend the 3CWZ model to molecular targets while maintaining this
numerical efficiency. The resulting model, named M3CWZ, is thoroughly tested by cal-
culating TDCS for the 1b1 and 3a1 orbitals of the water molecule. We analyze both the
well-known experiments of Lohman et al. [13], and recent experiments performed at low
impact energies. In the latter, the data cover nearly the entire 4π solid angle and are
reported on a relative scale at 81 eV impact energy [14] and on an absolute scale at 65 eV
impact energy [15]. These two low energy data sets correspond to the dipole regime, char-
acterized by small momentum transfer; and represent on one hand a stringent challenge
for theory, and on the other hand are of crucial practical interest for example in radiation

1Part of this chapter (in particular section 4.5) is reproduced from: A. Tamin, S. Houamer, T. Khatir,
L. U. Ancarani, and C. Dal Cappello, "Electron-impact ionization of water molecules at low impact
energies." J. Chem. Phys. 161, 164305 (2024), with the permission of AIP Publishing.
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damage in biological systems.
Finally, in the last section, we present an under development modified version of the
M3CWZ model, which uses a hybrid approach combining Coulomb waves with a variable
charge and distorted waves.

4.2 Importance of water molecules

Water molecule H2O is the most abundant molecular compound on earth, and also makes
up roughly 70% of the human biological tissue, so that it plays a central role in many
research fields such as biology, atmospheric chemistry, and planetary science.
The interaction of electrons with water molecules is of fundamental importance for un-
derstanding radiation-induced damage in biological tissues. When high-energy radiation
penetrates living systems, it generates a large number of secondary electrons, which can
inflict cellular damage either directly, through ionization of critical biomolecules, or indi-
rectly by inducing the formation of reactive chemical species by initiating rapid reactions
that often lead to the formation of stable molecules like H2 and O2, or ionic fragments
such as H+ and O− [16]. These products frequently result from the destruction of water
molecules surrounding DNA, which causes radiation-induced damage to DNA and other
cellular components. The assessment of the rate of radio-induced effects on living matter
requires the acquisition of both theoretical and experimental data on the single and mul-
tiple ionization cross sections of the water molecule.
Beyond biological systems, water plays a significant role in nuclear reactors [17] and ra-
dioactive waste management. There, it is commonly used as a coolant and moderator,
but its ionization under high-energy radiation generates radicals that can contribute to
material corrosion and hydrogen gas production, posing notable safety concerns. In atmo-
spheric and interstellar chemistry, electron impact ionization of water vapor contributes
to ionospheric reactions and astrochemical pathways [18], affecting both planetary atmo-
spheres and the chemistry of icy celestial bodies.

4.3 Theoretical description of the water molecule

The water molecule is formed through the following reaction:

H2 +
1

2
O2 → H2O (4.1)

The ground state electronic configuration of a molecule, is generally determined using
molecular orbital (MO) theory within the MO-LCAO framework. This method constructs
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molecular orbitals (MO) as linear combinations of atomic orbitals (LCAO) derived from
constituent atoms of the molecule. For water the method suggests that the most accurate
wave function description is achieved by forming hybrid orbitals by combining the hydro-
gen atom’s 2s orbital with the three 2p orbitals originating from the oxygen atom, leading
to four equivalent hybrid orbitals known as 2sp3. Such hybridization helps in explaining
the bent geometry and electronic distribution observed in water molecule. Furthermore,
leveraging the symmetry characteristics of the H2O molecule described comprehensively
by group theory principles the ten electrons in its ground state are organized into five
distinct molecular orbitals:

(1a1)
2(2a1)

2(1b2)
2(3a1)

2(1b1)
2 (4.2)

Figure 4.1: Molecular orbital diagram of water H2O (Adapted from ChiralJon , licensed under
CC BY 2.0) .

The ionization energies required for removing electrons from each molecular orbital of wa-
ter are as follows: 558.5, 32.2, 18.5, 14.7, and 12.6 eV [19].The 1b1 orbital represents the
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highest occupied molecular orbital (HOMO), whereas the next higher-energy orbital, 4a1,
represents the lowest unoccupied molecular orbital (LUMO). Higher-energy orbitals, such
as 4a1, 2b2, and 3b2 (Fig. 4.1), remain unoccupied in the ground state. These unoccupied
orbitals become particularly relevant in studies of excited states, spectroscopic proper-
ties, and chemical reactivity. The electronic configuration given by Eq. 4.2 and presented
in Fig. 4.1 aligns closely with experimental observations and theoretical predictions of
molecular electronic structure [20]. The MO-LCAO construction frequently involves sub-
stantial computational complexity, particularly when dealing with larger or structurally
complicated molecules. A prominent challenge in such calculations arises from evaluating
multicenter integrals. Even for relatively small molecules, accurately determining these
integrals can pose considerable numerical difficulties due to their complex spatial depen-
dencies and mathematical formulations. To effectively address this computational issue,
two main strategies have been widely adopted:

• Transforming the integrals into more computationally manageable forms by intro-
ducing suitable coordinate changes or mathematical substitutions, thereby simpli-
fying the evaluation of multicenter interactions.

• Reducing the complexity of the multicenter molecular system by reformulating the
problem into an equivalent atomic scenario, often by employing a simplified, mono-
centric (single-center) basis set. This approach significantly streamlines integral
calculations and provides more straightforward numerical tools.

Within the context of the Born–Oppenheimer approximation, where nuclear and electronic
motions are treated separately, the multicenter Hamiltonian for a general polyatomic
molecule can be explicitly represented as follows:

H = −
∑
i

∇2
i

2
−

∑
α,i

Zα

|ri − rα|
+
∑
i<j

1

|ri − rj|
+
∑
α<β

ZαZβ

|rα − rβ|
(4.3)

the indices (i, j) represent electrons, while (α, β) denote atomic nuclei. For some molecules,
one may consider a monocentric approach whereby all contributions are expressed in terms
of a single set of spherical coordinates around a single center. While the choice of the
center of coordinates is not strictly unique, it generally corresponds to the position of the
heaviest nucleus in the molecule. This simplified, monocentric approach has proven par-
ticularly effective for molecules of the type AHn, such as methane (CH4), ammonia (NH3),
and water (H2O) [21]. For these molecules, calculated properties like total molecular en-
ergy and bond lengths have shown excellent agreement with experimental observations.
Table 4.1 provides a comparison for the water molecule.
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Property Values reported by Moccia Experimental values
µ (a.u.) 0.8205 0.728

O–H (a.u.) 1.814 1.810
H–H (a.u.) 2.907 2.873

H–O–H bond angle (degrees) 106.53 105.5

Table 4.1: Comparison of calculated molecular properties of H2O from Moccia [21] with corre-
sponding experimental values. (more deatils in [22]).

In this study, we use the Moccia [21] monocentric functions (see subsection 1.7.2.1), and
the values of the coefficients aij and ξij corresponding to the various quantum numbers
nij, lij, and mij, are reported in table 4.2

nij lij mij ξ 1a1 2a1 3a1 1b2 1b1
1 0 0 12.600 0.05167 0.01889 -0.00848
1 0 0 7.450 0.94656 -0.25592 0.08241
2 0 0 2.200 -0.01708 0.77745 -0.30752
2 0 0 3.240 0.02497 0.09939 -0.04132
2 0 0 1.280 0.00489 0.16359 0.14954
2 1 0 1.510 0.00107 0.18636 0.79979
2 1 0 2.440 -0.00244 -0.00835 0.00483
2 1 0 3.920 0.00275 0.02484 0.24413
3 2 0 1.600 0.00000 0.00695 0.05935
3 2 0 2.400 0.00000 0.00215 0.00396
3 2 2 1.600 -0.00004 -0.06403 -0.09293
3 2 2 2.400 0.00003 -0.00988 0.01706
4 3 0 1.950 -0.00004 -0.02628 -0.01929
4 3 2 2.950 -0.00008 -0.05640 -0.06593
2 1 -1 1.510 0.88270
2 1 -1 2.440 -0.07083
2 1 -1 3.920 0.23189
3 2 -1 1.600 0.25445
3 2 -1 2.400 -0.01985
4 3 -1 1.950 0.04526
4 3 -1 2.950 -0.06381
2 1 1 1.510 0.72081
2 1 1 2.440 0.11532
2 1 1 3.920 0.24859
3 2 1 1.600 0.05473
3 2 1 2.400 0.00403
4 3 1 1.950 0.00935
4 3 3 1.950 -0.02691

Table 4.2: Values of coefficients aij and exponents ξij for the molecular orbitals of water as
provided by Moccia [23].
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4.4 Theoretical model

The ionization of a water molecule by electron impact, assuming it is in its ground state,
is illustrated as:

ei +H2O → H2O
+ + ee + es (4.4)

where ei, es, and ee represent the incident, scattered, and ejected electrons, respectively.
Their associated momenta are denoted by ki, ks, and ke, and they are required to fulfill
momentum ki = ks+ke+q, and energy conservation laws Ei = Es+Ee+Binding energy.
For highly asymmetric kinematics, the outgoing electrons can be clearly distinguished: one
as a fast scattered electron and the other as a slow ejected electron. In this case, exchange
effects between the scattered and ejected electrons can often be neglected. However, at
low impact energies, this approach is no longer valid, and exchange effects between the
scattered and ejected electrons must be taken into account. The ionization of the target
may also proceed via a capture process [24], whereby the incident electron is captured into
a bound state while two initially bound electrons are emitted. The fourfold differential
cross section (4DCS) in the M3CWZ is given by Eq. 2.25 (see chapter 2 section 2.6 for
details). In the case of ionization from the orbital 3a1 the static potential is written as:

U(r1) =
1

4π

∫ [
− 2

R
− 8

r1
+ 2

∫
|ϕ1a1|2

|r− r1|
dr+ 2

∫
|ϕ2a2|2

|r− r1|
dr + 2

∫
|ϕ1b2 |2

|r− r1|

+ 2

∫
|ϕ1b1|2

|r− r1|
dr+

∫
|ϕ3a1|2

|r− r1|
dr

]
dΩe = −Z(r1)

r1
, r1⟨R

(4.5)

U(r1) =
1

4π

∫ [
− 2

r1
− 8

R
+ 2

∫
|ϕ1a1|2

|r− r1|
dr+ 2

∫
|ϕ2a2|2

|r− r1|
dr + 2

∫
|ϕ1b2 |2

|r− r1|

+ 2

∫
|ϕ1b1|2

|r− r1|
dr+

∫
|ϕ3a1|2

|r− r1|
dr

]
dΩe = −Z(r1)

r1
, r1⟩R

(4.6)
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Figure 4.2: Variable charge Z(r) felt by the incident electron (a) and the outgoing electrons
(b) during the ionization process for the 3a1 molecular orbital of H2O.

Figure 4.2 illustrates the variable charges employed in the present model for the ionization
of the 3a1 orbital of H2O (the figure is similar for the 1b1 orbital). The charge decreases
from Z = 8 at r = 0 to an asymptotic value of Z = 1 for the outgoing electrons (Ze and
Zs) and to Z = 0 for the incident electron Zi(r). Near r = R = 1.814 au, where R is
the bond length of the molecule, the positive charge of the hydrogen nucleus generates a
small kink, a feature obviously not observed in the case of atomic targets. The validity
of using a variable charge approach in a three Coulomb waves model has been discussed
in [25–27]. The transition amplitudes, as defined in equation 4.7, are evaluated using the
Fourier transform formalism, which considerably streamlines the intermediate stages of
the calculation (see Appendix A for details).

4.5 Results and discussions

The first step in this study is to test the proposed model for individual orbitals (i.e.,
1b1, 1b2, 3a1, and 2a1). For this specific purpose, but without conducting an extensive
comparative study, we consider the experiments performed at an impact energy of 250 eV ,
where the projectile is scattered at an angle θs = 15◦ in coincidence with an ejected
electron of energy Ee = 10 eV for the 2a1, 1b2, and 1b1 orbitals, and Ee = 8 eV for
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the 3a1 orbital [13]. In these measurements, the momentum transfer is approximately
1.1 a.u.; all orbitals were resolved, and TDCSs were measured—on a relative scale—for
the 1b1, 1b2, 3a1, and 2a1 orbitals separately. The calculated TDCSs are presented in
Figure 4.3 and compared to the experimental data, which are normalized, in each panel,
at the binary peak. While no conclusion can be drawn regarding the absolute values, the
overall shape agreement is good for the outer orbitals. However, for the inner 2a1 orbital,
the recoil peak is not well reproduced. This discrepancy in the case of inner orbitals for
H2O is attributed to the frozen-core approximation used in this study (see chapter one
section 1.7), in which the outer valence electrons are treated as part of a frozen core and
thus remain inactive [28].
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Figure 4.3: TDCS for electron-impact ionization of molecular orbitals of H2O at 250 eV impact
energy. The projectile is scattered at an angle θs = 15◦ in coincidence with the ejected electron
with energy Ee = 10 eV (except for 3a1 orbital where Ee = 8 eV ). Theoretical results of
M3CWZ model (red solid line) [29] are compared with the relative scale measurements [13]
normalized to the M3CWZ calculation in the binary region.

From Figure 4.3, we observe that the angular distributions for the 1b1 and 3a1 orbitals,
considered separately, are very similar both experimentally and within the M3CWZ model.
This similarity is attributed to their close ionization energies and the use of an orientation
average, which minimizes the influence of the orbital shape. For the 1b2 orbital, the
M3CWZ model produces an overall shape in good agreement with the measured data,
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including a recoil peak as pronounced as the binary peak.
Next, we examine the experiments performed at an impact energy of 81 eV [14]: 3D
images of the TDCS have been measured as a function of the emission solid angle Ωe =

(θe, ϕe) for scattering angles θs = 6◦ or θs = 10◦, and ejected energies of Ee = 5 eV and
10 eV . To make the comparison with the data more comprehensive, three cuts of the
3D TDCS are presented in three orthogonal planes, namely the scattering xz plane, the
half-perpendicular yz plane, and the full-perpendicular xy plane, as shown in Figure 4.4.

xz yz xy

Figure 4.4: The orthogonal planes: the scattering (xz) plane, the half perpendicular (yz) plane
and the full perpendicular (xy) plane.

Our results are displayed in Figure 4.5 and compared with the measured data [14] and
the results calculated with the MTCDW and M3DW models [30]. We recall here that
M3DW treats PCI exactly, whereas in the MCTDW approach PCI is modeled by a simple
multiplicative Gamow factor (see Chapter One, Section 1.6). Here, the experimental data
are on a relative scale and inter-normalized across all ejection energies as well as scattering
angles. In other words, a single common factor is used to fix the relative magnitude of
the measured data and the theoretical results. The global scaling factor is obtained by
achieving a good visual fit of the data and the M3CWZ results in the full perpendicular
xy plane at θe = 10◦ and Ee = 10 eV (the choice was already made in [30]). This scaling
factor is found to be 0.285 and is subsequently applied to the three orthogonal planes
in all other kinematics; all experiments are thereby consistently cross-normalized to each
other.
In the full perpendicular xy plane (Fig. 4.5, left-hand column), the observed angular
distributions are overall well reproduced by the M3CWZ model, with the best agreement
observed in panel Fig. 4.5(d) for θe = 10◦ and Ee = 10 eV . Although no firm statement
can be made regarding the magnitude agreement, once inter-normalized, the measured
data and our theoretical results exhibit an overall agreement that can be considered
acceptable. When comparing our TDCS with those obtained with the MCTDW and
M3DW models, the situation is rather mixed: in most cases, our results show better
agreement with the measured data, except for the kinematics of panel Fig. 4.5(b), where
the MCTDW shape appears better. In the case of panel Fig. 4.5(d), the M3CWZ model
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reproduces the data in a manner almost similar to MCTDW, while the M3DW model
significantly underestimates the TDCS in the emission angle regions from 0◦ to 10◦ and
from 250◦ to 360◦. Concerning the absolute scale, the three theoretical calculations are
of the same order of magnitude (the largest difference being a factor of about 1.5); our
results are closer to those of the M3DW model at an ejection energy of Ee = 10 eV (panels
Fig. 4.5(c) and Fig. 4.5(d)).
In the scattering xz plane (Fig. 4.5, central column), all the kinematical arrangements the
experimental data exhibit features of binary and recoil lobes, a characteristic of dipole
regimes. In these regimes the momentum transfer K = ki−ks is rather small (in our case
K ≈ 0.37−0.54 au); as a consequence, the residual ion strongly participates in the collision
dynamics and elastically backscatters the ejected electron in the direction opposite to that
of the momentum transfer. Furthermore, it has already been pointed out in [14] that non-
first-order effects in the electron-target interaction are present since the observed binary
peaks are shifted with respect to the direction of the momentum transfer K; one such effect
is included in our modeling via the PCI to all orders of perturbation theory. One initial
observation from the figure is that the M3CWZ model exhibits a strong recoil peak in all
kinematics, in quite good agreement with the experiments. The binary region is also fairly
well reproduced, except for panel Fig. 4.5(f), corresponding to θe = 10◦ and Ee = 5 eV ,
for which the ratio of the binary to recoil heights is underestimated. When comparisons
are made with the M3DW and MCTDW models, it is evident that the latter features
larger recoil peaks. Keeping in mind the way the measured data are inter-normalized,
we may state that they overestimate the recoil relative to the binary region. A further
notable difference among the models appears in the binary region: the M3DW model
consistently presents a double binary peak across all kinematics, the M3CWZ model does
so only in the kinematics of panel Fig. 4.5(f), and the MCTDW model does not display
a double binary peak in any of the configurations.
In the half perpendicular yz plane (Fig. 4.5, right-hand column), we first notice that the
data are symmetric about θe = 180◦, with two symmetric maxima located near θe = 90◦

and θe = 270◦. The M3CWZ calculations reproduce the overall TDCS shapes quite
well; we also observe reasonable agreement in relative magnitudes at a scattering angle of
θs = 6◦ [Figs. 4.5(i) and 4.5(k)], whereas for θs = 10◦ [Figs. 4.5(j) and 4.5(l)] the data are
somewhat underestimated in the regions of low and high emission angles. In addition, the
comparison with M3DW and MCTDW calculations indicates that the three theoretical
models predict practically the same TDCS shapes and magnitudes, except for the case
θs = 6◦ and Ee = 5 eV [Fig. 4.5(i)], where the M3DW model substantially overestimates
the TDCS in the central part (from 120◦ to 220◦).
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Figure 4.5: Summed TDCS (presented as cuts of the 3D image) for the ionization of 1b1 and
3a1 orbitals of H2O as a function of the ejection angle at 81 eV impact energy. The projectile is
scattered at angles θs = 6◦, or θs = 10◦ in coincidence with the ejected electron with Ee = 5 eV or
10 eV . Left-hand column in the full perpendicular (xy) plane. Central column: in the scattering
(xz) plane. Right-hand column: in the half perpendicular (yz) plane. Theoretical results are red
solid line (M3CWZ) [29], blue dashed line (M3DW as rescaled in [30]) and green dashed-dotted
line (MCTDW) [30]. The cross normalized experimental data are black circles taken from [14].
In the central column (scattering plane), the direction of the momentum transfer K and its
opposite direction −K are both indicated by an arrow.
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To summarize the results presented in Fig. 4.5, it can be stated that the M3CWZ model
is generally able to reproduce the measured TDCS shapes at 81 eV impact energy in most
kinematical configurations. Moreover, it yields relative peak heights and overall magni-
tudes in the 12 considered configurations that satisfactorily match the inter-normalized
experimental data. In the comparison of shape and magnitude with the M3DW and
MCTDW results, some common characteristics emerge. However, no definite and general
trend can be identified, as certain features are better described by one model or another,
depending on the specific cut and kinematic configuration.
We now consider the second set of measurements, at 65 eV impact energy [15]. Since these
data are provided on an absolute scale, the TDCS can be compared not only in shape but
also in magnitude, providing an even stronger test of the present M3CWZ model (or any
other model). As in the first set of measurements (at 81 eV impact energy), the present
kinematics are characterized by a fairly low momentum transfer (from 0.5 to 0.87 au)
and, thus, by the dipole regime. Figures 4.6–4.8 show the TDCSs in the scattering xz

plane, the half perpendicular yz plane, and the full perpendicular xy plane, respectively.
Figure 4.6 displays the TDCS as a function of the polar ejection angle θs in the scattering
xz plane for several sets of scattering angles (θe = 10◦, 15◦, and 20◦) and ejection energies
(Es = 5, 10, and 15 eV ). Our M3CWZ results are compared with experimental data as
well as with the TDCS calculated using the M3DW and MCTDW-WM models [15]. We
note that while the PCI is included and treated exactly in both the M3CWZ and M3DW
approaches, in MCTDW-WM it is included approximately through the Ward–Macek fac-
tor [15]. Since this factor is known to violate the normalization, it is not recommended for
comparisons with absolute measurements. However, the MCTDW-WM model has been
used for comparison purpose in these particular kinematics by applying a scaling factor
of 1.8 to achieve the best visual agreement with the data; in other words, the MCTDW-
WM is used solely to test its ability to reproduce the TDCS shape qualitatively. It can
be clearly observed in Fig. 4.6 that both experimental and theoretical TDCSs exhibit a
pronounced recoil peak in all cases. The three models yield rather similar shapes and
magnitudes, except that the M3DW calculations clearly overestimate the results of the
M3CWZ and MCTDW-WM models in the emission angle range of approximately 180◦ to
220◦ in the kinematics of Figs. 4.6a–4.6e.
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Figure 4.6: Absolute summed TDCS (presented as a cut of the 3D image in the scattering xz
plane) for the ionization of 1b1 and 3a1 orbitals of H2O as a function of the ejection angle at
65 eV impact energy. The projectile is scattered at angles θs = 10◦, 15◦, or 20◦ from top to
bottom, respectively, in coincidence with the ejected electron with energies Es = 5 eV (left-hand
column), Es = 10 eV (middle column), and Es = 15 eV (right-hand column). Theoretical results
are red solid line (M3CWZ) [29], blue dashed line (M3DW), [15] and green dashed-dotted line
(MCTDW-WM). [15] The absolute experimental data are black circles taken from Ref. [15]. The
direction of the momentum transfer K and its opposite direction −K are both indicated by an
arrow.

In the binary region, the peak is strongly shifted relative to the momentum transfer
direction. For some kinematics, the M3CWZ and M3DW models exhibit a hint of a double
peak structure, which is related to the p-character of the 1b1 and 3a1 orbitals; however,
this feature is not observed experimentally. In terms of magnitude, the three theoretical
models predict practically the same TDCS amplitude in the binary region at 5 and 10 eV

ejection energies, with the exception of the kinematics in Fig. 4.6f, where the M3DW
model slightly underestimates the results compared to the other two models (keeping
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in mind that, following Ref. [15], the MCTDW-WM calculations have been multiplied
by a global factor of 1.8). On the other hand, at 15 eV ejection energy, the M3DW and
MCTDW-WM results agree better with the measured data than the M3CWZ predictions.
To summarize, in the scattering xz plane the experimental data in the recoil region are
overall better reproduced by the M3CWZ and MCTDW-WM models than by the M3DW
model. In the binary region, all theoretical results are quite similar, except at 15 eV

ejected energy, where the M3DW and MCTDW-WM models are closer in magnitude to
the experiments.
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Figure 4.7: Same as Fig. 4.6 for the half perpendicular yz plane.

Figure 4.7 compares the TDCS in the half perpendicular yz plane. The first observation is
that both the measured data and the theoretical results exhibit symmetry about θs = 180◦

(a feature that was absent in the case of argon for 3CWZ in [Fig. 3.8]). Unfortunately,
the lack of experimental points around a 180◦ ejection angle does not allow us to firmly
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confirm the presence of the clear and broad theoretical maximum; however, a hint of such
a maximum can be perceived in Figs. 4.7d and 4.7e. Quantitatively, the M3CWZ results
slightly overestimate those of the MCTDW-WM model in all nine cases. When compared
with M3DW, the M3CWZ cross sections are rather close in most cases except for Figs. 4.7a
and 4.7d although the M3DW model exhibits a sharper maximum in the region around
θs = 180◦. Overall, the experimental data are reasonably well reproduced by all three
models, except at a 5 eV ejection energy [Figs. 4.7a–4.7c], where the theoretical angular
distributions differ and substantially underestimate the experimental data for θs ≤ 100◦

and θs ≥ 250◦.
Figure 4.8 shows the TDCS in the full perpendicular xy plane; here, the measured data
cover the entire range of the azimuthal ejection angle φe. At a 5 eV ejection energy
[Figs. 4.8a–4.8c], the data exhibit up to three maxima. Among the three theoretical
models, the M3CWZ model appears to better reproduce both the shape and magnitude
of the data, especially in the regions near φe = 0◦ and φe = 360◦. At higher ejection
energies, Ee = 10 and 15 eV , the peak observed at φe = 180◦ for 5 eV progressively
disappears and is replaced by a plateau in the region between φe = 90◦ and φe = 250◦.
This evolution in the angular domain is better reproduced by the M3CWZ model and, to
some extent, by the MCTDW-WM model, while the M3DW model still yields a clear peak
around φe = 180◦. Outside this middle angular range, the M3CWZ and MCTDW-WM
results are similar, but both significantly overestimate the measured data as well as the
M3DW calculations.
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Figure 4.8: Same as Fig. 4.6 for the half perpendicular xy plane.

The theory–experiment comparison at 65 eV clearly shows that some TDCS features do
not match, and no theoretical model achieves perfect agreement with the reported data
in all configurations. Although simpler in its formulation and with a lower computational
cost, our M3CWZ model globally performs as well as the more sophisticated approaches
M3DW and MCTDW.
Now we would like to address a complementary issues concerning the proposed M3CWZ
model. The incident, scattered and ejected electron wave functions are represented by
Coulomb functions with variable charges and they vary from Z=8 to Z=0 when describing
the incident electron wave function and to Z=1 for the outgoing electrons (as seen in
Figure.4.2). Another option consists in using instead constant asymptotic charges (Z=0
and Z=1): the M3CWZ reduces then to the well known BBK model [31].
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Figure 4.9: Absolute summed TDCS for the ionization of 1b1 and 3a1 orbitals of H2O as a
function of the ejection angle at 65 eV impact energy. The projectile is scattered θs = 10◦ in
coincidence with the ejected electron with Ee = 5 eV. Left-hand column: in the full perpen-
dicular (xy) plane; central column: in the scattering (xz) plane; right-hand column: in the half
perpendicular (yz) plane. Theoretical results are red solid line (M3CWZ) and dashed blue line
(BBK). The absolute experimental data are black circles taken from [15].

A question arises: would such asymptotic charges be sufficient to produce acceptable
TDCS angular distributions? The answer is negative. To show the importance of taking
into account the molecular distortion, we present in 4.9 a comparison, on absolute scale,
at 65 eV impact energy for 1b1 + 3a1 orbitals [15] for Ee = 5 eV and θs = 10◦ in the
three orthogonal planes (xy, xz and yz planes). It appears that, in all cases, the M3CWZ
reproduces quite well the experiments, while the BBK model underestimates both the
M3CWZ results and the data. As already mentioned, such kinematics correspond to the
dipolar regime for which it is known that the BBK manages to reproduce the shape but
not the absolute magnitude. Outside this kinematical regime, the BBK model fails to
reproduce the TDCS angular distribution, in particular in the recoil region as illustrated
for the argon atom in [32]. On the other hand the variable charge scheme manages to
describe quite well the TDCS shape. Whether for the atomic or the molecular case, the
effectiveness of variable charges is, thus, even more visible when the residual ion plays a
substantial role in the reaction.

4.6 Ongoing work: developing a hybrid approach

In an effort to overcome certain limitations of the M3CWZ, we investigated a modifica-
tion that incorporates a distorted wave description for the slowest electron. This hybrid
strategy is designed to preserve the computational efficiency of the original model while
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potentially yielding better agreement with experimental data at low-energy kinematics.

4.6.1 Theory

The TDCS for this model is the same in Eq.(2.19) with the direct and exchange terms
are written as

Tdir = ⟨ϕz(−)
CW (ks, r0)ϕDW (ke, r1)|C(α01,kse, r01)|

1

r01
− 1

r0
|ϕz(+)b

CW (ki, r0)Φnlm(r1)⟩ (4.7)

Texc = ⟨ϕz(−)
CW (ks, r1)ϕDW (ke, r0)|C(α01,kes, r10)|

1

r01
− 1

r0
|ϕz(+)

CW (ki, r0)Φnlm(r1)⟩ (4.8)

where ϕDW is the ejected electron’s distorted wave, given by

ϕDW (ke, r1) =
4π

(2π)3/2

∑
ℓ,m

iℓei(δℓ+σℓ)
χℓ(ke, r1)

ker1
Y ∗
ℓ,m(k̂e)Yℓ,m(r̂1) (4.9)

the normalization of ϕDw, and the phase shift calculations are detailed in [33].
Initially, this approach was tested for ionization of the inner 2a1 orbital, where the
M3CWZ model failed to reproduce the recoil peak illustrated in Figure 4.3. Maintaining
the same kinematical conditions, Figure 4.10 displays the TDCS and compared with the
normalized experimental data from [13].
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Figure 4.10: TDCS for electron-impact ionization of 2a1 of H2O at 250 eV impact energy. The
projectile is scattered at an angle θs = 15◦ in coincidence with the ejected electron with energy
Ee = 10 eV (except for 3a1 orbital where Ee = 8 eV ). Theoretical results of M3CWZ model
(red dashed line), and MDCWZ model (blue solid line) [29] are compared with the relative scale
measurements [13] normalized to the M3CWZ calculation in the binary region.

Figure 4.10 shows that although both models exhibit good agreement in the binary peak
region, the new approach manages to reproduce very well the angular distribution, with a
very good agreement for the binary to recoil peak ratio, a significant difference from the
M3CWZ model, which fails entirely to predict the data in that region.
Another test for the MDCWZ model was performed for low-energy kinematics (Ei = 65

eV) in Figure 4.11, specifically the case where M3CWZ showed significant discrepancies
with experimental data (see panel (i) in Figures 4.6, 4.7, and 4.8).
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Figure 4.11: Absolute summed TDCS in the xy (a), yz (b), xz (c) planes for the ionization
of 1b1 and 3a1 orbitals of H2O as a function of the ejection angle at 65 eV impact energy. The
projectile is scattered at angles θs = 10◦, in coincidence with the ejected electron with energy
Es = 15 eV. Theoretical results are red dashed line (M3CWZ) [29], blue solid line (MDCWZ).
The absolute experimental data are black circles taken from Ref. [15].

Figure 4.11 clearly shows that both models yield rather similar shapes in the xz plane.
However, the MDCWZ calculations overestimate the binary peak and show a deeper dip at
the 120◦ emission angle, a feature not observed in the M3CWZ model in any case, as shown
in Fig. 4.6. Similarly, for the yz plane, both models exhibit the same shape and magnitude
without a noticeable difference. The situation is different for the xy plane: the observed
peak at ϕe = 180◦ is completely missing in the M3CWZ calculations, appearing instead
as a plateau. In contrast, the MDCWZ model shows very good agreement, specifically in
the range ϕe = 90◦ to ϕe = 260◦. Further tests are clearly required to validate this model.

4.7 Conclusion

To summarize this chapter, a model called M3CWZ has been used to investigate the
ionization of the 1b1 and 3a1 orbitals of the water molecule at low impact energies. The
model is based on a full Coulomb wave description with variable charges derived from
the molecular target properties, and it accounts for both PCI and exchange effects. The
proposed M3CWZ approach can be readily applied to any other molecule with a heavy
center, provided that the variable charges are calculated from a spherically averaged po-
tential associated with the relevant molecular orbital.
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The TDCSs calculated using this model have been compared with recent experiments
obtained using a COLTRIMS reaction microscope (C-REMI), which covers the full emis-
sion solid angle. The data are subsequently presented as cuts in three orthogonal planes
providing a 3D image of the TDCS, thereby offering deeper insight into the ionization dy-
namics. Our results have also been compared with those from the M3DW and MCTDW
(or MCTDW-WM) models, which currently represent the best available theories for molec-
ular ionization. Initially, the model was tested at higher-energy kinematics, and then the
TDCS was calculated at an 81 eV impact energy; in these kinematics the experimental
data were inter-normalized across the measured scattering angles and ejected energies.
Our calculations were found to correctly predict the experiments in most configurations,
showing overall agreement with the M3DW and MCTDW models and in certain cases,
even outperforming them. In a second step, at a 65 eV impact energy the situation is
more challenging since the measured data are absolute. In this case, the MCTDW-WM
model can be used only for a qualitative comparison of the TDCS shapes, so that the
comparison is reduced to the M3CWZ and M3DW models. The results indicate a rea-
sonably good agreement between our theory and the experimental data in both shape
and magnitude; the M3CWZ and M3DW models are globally equivalent. This implies
that, for the water molecule at least, Coulomb waves with appropriately chosen variable
charges derived from a central potential are capable of reasonably describing the multi-
center distortion effects of the molecular continuum. The main advantage of the M3CWZ
approach is its low computational cost, as one data point can be obtained in a few hours
rather than the several days required by the M3DW model.
Since a number of experimentally observed features are not described correctly by any of
the available theoretical models, it is clear that more investigations are needed. New abso-
lute scale measurements in other kinematical regimes could provide further stringent tests
to challenge theoretical descriptions, and finally lead to a more complete understanding of
the ionization dynamics in small molecules. Let us close this chapter by recalling that the
study of water molecule continues to attract significant attention due to its radiobiological
importance. In this context investigations involving clusters of water molecules instead
of single water molecules offer a more realistic picture, in order to better estimate the
damage in living tissue [34].
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Chapter 5

Electron-Impact Ionization of the
Methane Molecule

5.1 Introduction

In the previous chapter, the M3CWZ model was successfully applied to the ionization of
water molecules, demonstrating a satisfactory agreement with experimental data. Build-
ing on these findings, it is natural to investigate other molecular targets and different
kinematics. This chapter focuses on electron-impact ionization of methane (CH4), one of
the simplest yet most significant hydrocarbons. Beyond its fundamental scientific interest,
methane has attracted considerable attention in recent years due to its strong influence
on global warming. Not only is methane a potent greenhouse gas surpassing carbon diox-
ide in short-term warming potential but climate change itself is causing larger releases
of previously trapped CH4 into the atmosphere. Furthermore, methane is of practical
interest in several other fields, such as astrophysics, radiobiology, and plasma physics [1].
This dual effect underscores methane’s growing importance as a research target. Another
reason for selecting methane is the abundance of studies and available data (see [2,3] and
references therein).
Accordingly, we calculate the triple differential cross section for ionizing the 1t2 and 2a1

orbitals of methane under various kinematic conditions, ranging from intermediate [4, 5]
to lower impact energies [6].
The theoretical background of the model was covered in detail in the previous chapter;
therefore, this chapter adopts a simpler layout. We provide a brief description of the
methane molecule and the employed wave function before moving directly to the results
and discussion.
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5.2 Theoretical description of the methane molecule

Within the MO-LCAO framework, molecular orbitals of methane are constructed as linear
combinations of carbon and hydrogen atomic orbitals, accounting for the tetrahedral
geometry of CH4. Following this theory, the ten electrons in methane’s ground state
(six from carbon, four from hydrogen) occupy a set of bonding molecular orbitals often
labeled as (1a1)

2, (2a1)
2, and (1t2)

6. Here, 1a1 and 2a1 largely reflect the symmetric
combinations of C(2s) and H(1s), while 1t2 captures the degenerate bonding interactions
involving C(2p) orbitals. The highest occupied molecular orbital (HOMO) is the 1t2 set

1a21 2a
2
1 1t

6
2. (5.1)

The orbital 1t62 is degenerate and written as:

1t62 = 1t22x 1t
2
2y 1t

2
2z (5.2)

Figure 5.1: Molecular orbital diagram of methane CH4 (Adapted from ChiralJon , licensed
under CC BY 2.0) .

5.2.1 The wave function

Similarly to water molecule, we use Moccia monocentric functions (see Chapter 1 section
1.7.2.1). For the CH4 molecular orbitals, their parameters (nik, lik, mik, ξik, aik) along
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with the ionization energies are provided in table 5.1

n l m ξ 1a1 2a1 1t2x 1t2y 1t2z
1 0 0 9.500 0.00877 0.05838
1 0 0 5.500 -0.21248 0.93837
2 0 0 1.500 0.98204 0.07150
4 0 0 2.000 0.05076 -0.03310
4 0 0 2.000 -0.01799 -0.03118
7 3 -2 2.900 0.14254 0.00039
2 1 1 1.373 1.25996
3 1 1 2.950 -0.05760
4 1 1 2.950 -0.26740
7 3 1 2.900 0.05331
7 3 -3 2.900 -0.06875
4 2 1 2.400 -0.06694
4 2 -1 1.900 0.32784
2 1 -1 1.373 1.25996
3 1 -1 2.950 -0.05760
4 1 -1 2.950 -0.26740
7 3 -1 2.900 0.05331
7 3 -3 2.900 -0.06875
4 2 1 2.400 -0.06694
4 2 -1 1.900 0.32784
2 1 0 1.373 1.25998
3 1 0 2.950 -0.05762
4 1 0 2.950 -0.26738
7 3 0 2.900 -0.08695
4 2 -2 2.400 -0.06691
4 2 -2 1.900 0.32775
Ionization energy (a.u.) 11.1949 0.9204 0.5042 0.5042 0.5042

Table 5.1: Parameters of Moccia’s wave functions and ionization energies for the molecular
orbitals of CH4 [7] .

5.2.2 Variable charge

In the case of ionizing the 1t2 molecular orbital, the average potential can be written as

U(r1) =
1

4π

∫ [
− 4

R
− 6

r1
+ 5

∫
|ϕ1t2|2

|r− r1|
dr+ 2

∫
|ϕ2a1|2

|r− r1|
dr

+ 2

∫
|ϕ1a1|2

|r− r1|
dr

]
dΩe = −Z(r1)

r1
, r1⟨R

(5.3)

U(r1) =
1

4π

∫ [
− 4

r1
− 6

R
+ 5

∫
|ϕ1t2|2

|r− r1|
dr+ 2

∫
|ϕ2a1|2

|r− r1|
dr

+ 2

∫
|ϕ1a1|2

|r− r1|
dr

]
dΩe = −Z(r1)

r1
, r1⟩R

(5.4)
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Figure 5.2: Variable charge Z(r) felt by the outgoing electrons (a) and the incident electron
(b) during the ionization process for the 1t2 molecular orbital of CH4.

Figure 5.2 presents the variable charges for the ionization of the 1t2 orbital of CH4. It
shows a trend similar to that observed for water, where the charge decreases from a
maximum value of Z = 6 at r = 0 to Z = 1 for the outgoing electrons and Z = 0

for the incident electron. Additionally, near r = R = 2.08 au, a kink corresponding to
the C-H distance is observed (similarly to the water molecule as presented in Chapter 4,
Section 4.4).

5.3 Results and discussions

For the intermediate energy range the theoretical study is performed in two energy
regimes, several sets of experimental data were used for comparison. We first calculated
the TDCS for the ionization of the 1t2 orbital under the kinematic conditions presented
by Lahman Bennani et al. [4]. In this experiment, the geometry is coplanar asymmetric:
the projectile is scattered with an energy of 500 eV at a scattering angle of θs = 6◦, while
the ejected electron energies are 12 eV , 37 eV , and 74 eV . Under these kinematical and
geometrical conditions, the TDCS exhibits two distinct peaks: a binary peak and a recoil
peak.
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Figure 5.3: TDCS for the ionization of the 1t2 orbital of CH4 as a function of the ejection
angle at 500 eV scattering energy, with scattering angle of 6◦. The ejected electron energy are
12 eV , 37 eV , and 74 eV .Theoretical results are represented by the red solid line (M3CWZ),
green dot-dashed line for (cGTOs-dist) [2], blue dashed line for (CKM) [8], and experimental
data are shown as black circles [4]. The dot-dashed vertical lines indicates the direction of the
momentum transfer K and its opposite direction −K.

The M3CWZ results are presented in Figure 5.3 and compared with the experimental data
from [4], and two other theoretical approches, namely the Complex Gaussian-Type Or-
bitals with a distorded wave (cGTOs-dist) [2], and the Complex Kohn Method (CKM) [8].
All results are normalized to the binary peak of each panel.
Figure 5.3 shows that all three theoretical models accurately reproduce the binary peak
across the examined ejected electron energies and overall follow a similar trend. However,
none of the models capture the recoil peak, except for the lowest ejected electron energy
(12 eV , as shown in the first panel), where the cGTOs and CKM models recover the recoil
peak, which is underestimated in the M3CWZ results.
Another test was conducted under a different kinematical setup, where the incident elec-
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tron energy was 250 eV [5], in this part only the outer 1t2 orbital is investigated. The
scattering angles were fixed at 20◦, 22.5◦, 25◦, 27.5◦, and 30◦, with the ejected electron
energy set to either 50 eV or 30 eV . Figure 5.4 shows the M3CWZ results, which are
compared with recent experimental data from [5] as well as with the GSF and M3DW
results from [9]. Note that the focus is on the binary region only (i.e., θe = 0◦–140◦), and
the data have been normalized to the M3CWZ curve corresponding to θs = 20◦.
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Figure 5.4: TDCS for the ionization of the 1t2 orbital of CH4 as a function of the ejection angle
at 250 eV impact energy. The scattering angles are 20◦, 22.5◦, 25◦, 27.5◦, and 30◦. The ejected
electron energy is 30 eV for the left panel and 50 eV for the right panel. Theoretical results are
represented by the red solid line (M3CWZ), blue dashed line (M3DW) [9], and green dash-dot
line (GSF) [9], while experimental data are shown as black circles from [5]. The dot-dashed
vertical line indicates the direction of the momentum transfer K

The first notable feature in the TDCS shown in Fig. 5.4 is the splitting of the binary peak
into a double-peak structure, which gradually vanishes as the scattering angle increases a
behavior observed both experimentally and theoretically. However, at the lower ejection
energy of 30 eV , the experimental data indicate that this double-peak structure begins
to fade starting from a scattering angle of 22.5◦, whereas all three theoretical models
maintain the double peak until 27.5◦, only fully disappearing at 30◦. Conversely, at
the higher ejection energy of 50 eV , both experimental and theoretical results exhibit
similar behavior. Overall, the M3CWZ results compare favorably both in shape and the
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relative magnitude with the experimental data and align closely with the predictions of
the M3DW and GSF models. However, the M3DW model shows slightly better agreement
with experimental results, particularly at higher scattering angles.
The final test investigates ionization at even lower-energy kinematics, namely 54.4 eV
incident energy, which pose significant challenges for theoretical modeling.
Figure 5.5 presents TDCS for the electron impact ionization of the 1t2 orbital of methane
at an incident energy of 54.4 eV , with scattered and ejected electron energies fixed at 30 eV
and 10 eV , respectively, for scattering angles (θs) of 20◦, 25◦, 40◦, and 55◦. Here, each
theoretical calculation and the experimental data set have been independently normalized
to unity at the maximum intensity of their respective binary peaks. The performance of
our proposed M3CWZ model is evaluated against experimental data [10] and compared
with theoretical results obtained using the Molecular 3-Body Distorted Wave (M3DW)
model employing both Proper Averaging (PA) [6] and Orientation Averaged Molecular
Orbital (OAMO) [10] approaches.
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Figure 5.5: TDCS for the ionization of the 1t2 orbital of CH4 as a function of the ejection
angle at 54.4 eV impact energy, with scattering angles of 20◦, 25◦, 40◦, and 55◦. The scattered
and ejected electron energies are 30 eV and 10 eV , respectively. Theoretical results are red solid
line (M3CWZ), blue dashed line (M3DW-PA) [6], and green dash-dot line (M3DW-OAMO) [10],
while experimental data are shown as black circles [10].

Across all scattering angles, the experimental TDCS exhibits the characteristic two peak
structure (binary and recoil), which is qualitatively reproduced by all models. Regard-
ing the binary peak, the M3CWZ model shows good agreement with the experimental
peak position at lower scattering angles (20◦ and 25◦). Under these conditions, both the
M3CWZ and M3DW-PA models follow similar trends and demonstrate reasonable agree-
ment with the experiment. In contrast, the OAMO approach fails to adequately describe
the binary peak in these low-angle cases illustrating the limitation of preforming an or-
bital angular average versus a proper TDCS average. At higher scattering angles (40◦

and 55◦), the discrepancy between the predicted and experimental binary peak positions
becomes more pronounced, and none of the three models accurately capture the experi-
mental peak location. In the recoil region, the model performance is more varied. The
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M3CWZ model reproduces a recoil peak at low scattering angles; however, as the scat-
tering angle increases, the recoil peak gradually diminishes, and it is completely absent
at 55◦. This deficiency is also seen in the OAMO approach. In contrast, the M3DW-PA
model consistently reproduces the recoil peak across all scattering angles; however, while
the peak’s position is reasonably well reproduced, its relative magnitude is consistently
and significantly overestimated when compared to the experimental data. Overall, while
M3DW-PA provides the most consistent description across all angles, particularly for the
recoil peak, none of the models produces a satisfactory agreement with the experimental
TDCS. This clearly calls for further theoretical refinement.
Now we would like to address a brief study of the inner 2a1 orbital of CH4, we consider the
same kinematic conditions discussed in Figure.5.3, and compare with the experimental
data presented in [4].
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Figure 5.6: TDCS for the ionization of the 2a1 orbital of CH4 as a function of the ejection
angle at 500 eV scattering energy, with scattering angle of 6◦. The ejected electron energy are
12 eV , 37 eV , and 74 eV respectively. Theoretical results are represented by the red solid line
(M3CWZ), and experimental data are shown as black circles [4].

Figure 5.6 shows that the M3CWZ model reproduces the binary peak shape and position
across the examined ejected electron energies and overall follows a similar trend, except
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at the energy of 74 eV. However, the model does not capture the recoil peak at any of
these energies. This discrepancy, which was previously observed for the inner 2a1 orbital
of the water molecule (Figure 4.3), confirms the limitation of the M3CWZ model for inner
orbitals.

5.4 Conclusion

This chapter investigated the electron-impact ionization of the 1t2 orbital of methane
CH4 using our M3CWZ model, comparing theoretical predictions against experimental
data and other computational approaches (cGTOs-dist, CKM, GSF, M3DW-PA, M3DW-
OAMO) across intermediate and low impact energies. At intermediate energies (500 eV
and 250 eV ), the M3CWZ model successfully reproduced the main binary peak features
observed experimentally. Notably, it captured the characteristic splitting of the binary
peak, attributed to the p-type nature of the 1t2 orbital. The model showed favorable
comparison in shape and relative magnitude with GSF and M3DW results in the binary
region. However, M3CWZ generally underestimates or fails to capture the recoil peak at
these energies, similarly to some other models. At the lower impact energy of 54.4 eV , a
more challenging regime, the M3CWZ model qualitatively reproduced the characteristic
two peak (binary and recoil) structure. It provided good agreement with the experi-
mental binary peak position at lower scattering angles, performing comparably to the
M3DW-PA model. However, agreement deteriorated at higher scattering angles, where
none of the models accurately matched the experimental peak location. In the recoil
region, M3CWZ captured the peak at lower angles but failed for higher scattering an-
gles, a limitation shared with the M3DW-OAMO approach. Overall, while the M3CWZ
model demonstrates its capability in capturing key qualitative features of methane ion-
ization, particularly the binary peak structure and its splitting, the comparisons highlight
limitations in accurately describing the recoil region across all kinematics, especially at
lower energies. The results underscore the complexities of modeling electron-impact ion-
ization for molecular targets like methane. Further theoretical investigations are needed,
in particular to explain the large recoil peaks at low impact energy.
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Conclusion

This thesis presents a comprehensive theoretical investigation into the dynamics of electron-
impact single ionization ((e,2e) processes) for both atomic and molecular targets across
various kinematic regimes. The central objective was to develop and rigorously evaluate
theoretical models capable of accurately describing the complex three-body interactions,
while also considering computational feasibility. Our study provides an in-depth analysis
of the mechanisms involved in electron-impact ionization, highlighting both the theoreti-
cal advancements and the ongoing challenges in modeling these intricate phenomena. In
particular, the triple differential cross section (TDCS) serves as a critical tool for the de-
tailed description of ionization processes, as it is derived from scattering amplitudes that
capture the transition between the initial and final states of the collision. This measure-
ment is essential for exploring both the reaction dynamics and the structural properties
of the target. The first part of our research was devoted to the study of ionization by
electron impact on atomic and molecular targets in their ground state, a subject of con-
siderable importance in various scientific fields, notably for its strategic applications in
studying living matter.
The main focus of our research was the study of molecular target ionization specifically,
the water molecule. However, to develop a theoretical model that can be reliably ap-
plied to molecular systems, it was necessary first to refine an approach that works well
for atomic targets. As such, our initial efforts focused on improving the 3CWZ model
for atoms before generalizing it to more complex molecular targets. The efficacy of the
3CWZ and M3CWZ models was systematically evaluated through the calculation of the
TDCS. Extensive comparisons were performed against available experimental data for
noble gas atoms (neon and argon) as well as key molecular targets (water and methane).
These comparisons spanned a range of incident energies from intermediate to low im-
pact energies and diverse kinematic conditions, including both asymmetric coplanar and
non-coplanar geometries (scattering, half-perpendicular, and full-perpendicular planes).
Furthermore, the performance of the proposed models was benchmarked against predic-
tions from other prominent theoretical approaches, such as the Distorted Wave Born
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Approximation (DWBA), the Three-Body Distorted Wave (3DW), the Molecular 3-Body
Distorted Wave (M3DW), the Multicenter Three-Distorted-Wave (MCTDW) approach,
and the Generalized Sturmian Function (GSF) method.
In Chapter 1, we reviewed the fundamental principles of scattering theory, differential
cross sections, and various theoretical frameworks including 3DW, and M3DW. This
chapter set the stage by establishing the key concepts and mathematical tools required
to analyze collision dynamics.
Chapter 2 delved into the core theoretical development underpinning this work. It traced
the evolution of models incorporating variable effective charges, starting from simpler
asymptotic descriptions (1CW, BBK) and progressing through intermediate refinements
(BBK1CWZ, BBK2CWZ), and revisiting the Three Coulomb Waves with a Variable
Charge (3CWZ) model, which had been developed in earlier work. We detailed the
model’s derivation and highlighted its ability to incorporate variable charge effects in
the description of the incident, scattered, and ejected electrons. The primary theoretical
contribution of this thesis, the Molecular Three Coulomb Waves with Variable Charge
(M3CWZ) model, was formally presented. The methodology for calculating the variable
charges based on Hartree potentials and the analytical treatment of molecular orientation
averaging within the M3CWZ framework were detailed, highlighting the computational
advantages inherent in this approach compared to other treatments.
In Chapter 3, the model was applied to atomic targets namely neon and argon. Exten-
sive experimental data were used to benchmark our calculations, allowing us to assess
the model’s performance across various kinematic regimes. Our analysis revealed that
while the 3CWZ model generally reproduces the binary peak accurately, discrepancies in
the recoil peak remain, particularly at higher scattering angles. Comparative studies with
other theoretical approaches underscored both the strengths and limitations of the model.
Chapters 4 and 5 represent the core of this research, focusing on molecular targets. Chap-
ter 4 presented the major original contribution of this research: the application of the
newly developed M3CWZ model to the electron-impact ionization of the water molecule
H2O. Given the paramount importance of water in biological systems and radiation
physics, this served as a critical test case. The M3CWZ model was employed to calculate
TDCS for the outer valence orbitals (1b1 and 3a1), comparing results extensively with re-
cent experimental data obtained via COLTRIMS reaction microscopy at low impact ener-
gies (81 eV and 65 eV ) across the three orthogonal planes (scattering, half-perpendicular,
and full-perpendicular). The M3CWZ results were benchmarked against two of the most
powerful, but computationally intensive, molecular theories (M3DW and MCTDW-WM).
The M3CWZ model demonstrated a remarkable ability to reproduce experimental data
both in shape and magnitude across most kinematic conditions studied. Its performance
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was found to be overall comparable and in some cases even surpassing the M3DW model,
which is particularly impressive given M3CWZ’s simplified, single-center treatment of
the molecular potential and its significantly reduced computational cost (hours vs. days
per data point). This chapter strongly validated the M3CWZ approach as a viable and
efficient tool for investigating ionization dynamics in molecules. Chapter 5 further ex-
tended the application of the M3CWZ model to another fundamental molecule, methane
(CH4). TDCS calculations for the 1t2 orbital were performed for intermediate and low
impact energies and compared with available experimental data and theoretical results
from GSF, M3DW (PA and OAMO variants), and other models. This investigation con-
firmed the model’s ability to capture characteristic TDCS features for the outer orbital.
While generally showing good agreement for outer shells, particularly at intermediate
energies, comparisons at the lowest energy (54.4 eV ) for methane’s outer orbital also
revealed challenges where discrepancies and limitations emerged. However, a significant
limitation was identified as the M3CWZ model failed to reproduce the data for the inner
orbitals of both H2O and CH4, specifically for the recoil region. While the qualitative
agreement with experimental data for outer orbitals was strong, achieving precise quanti-
tative correspondence under certain conditions remained challenging, particularly at very
low impact or ejection energies and in the case of the methane molecule. Discrepancies
in peak magnitudes, positions, and the exact reproduction of subtle structural features,
combined with the failure for inner orbitals, indicate that further refinement is needed
in the variable charge approximation. Overall, while the 3CWZ/M3CWZ model shows
considerable promise as a tool for modeling (e, 2e) processes, our findings also highlight
areas for further theoretical refinement. To address these limitations, a new model is
under development which improves the theory by representing the ejected electron as a
true distorted wave. Preliminary results show this enhanced model was able to reproduce
the data for the inner orbitals; however, further testing is needed to fully validate it.
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Appendix A

The scattering amplitude in BBK
model

We consider the matrix element Tif , which can be expressed as

Tif = ⟨Ψf |V |Ψi⟩ (A.1)

where V = − 1
r0
+ 1

r01
is the Coulomb potential between the incident electron and the active

electron, Ψf and Ψi are the final and initial states wave functions respectively, which can
be written as Ψi(ki, r0, r1) = ϕp(ki, r0)ψnlm(r1)

Ψf (ks,ke, r0, r1) = ϕc(ks, r0)ϕc(ke, r1)C(α01,kse, r01)
(A.2)

with ϕp(ki, r1) = (2π)−3/2eikir1 , ϕc and C(α01,kse, r01 are coulomb wave and the post
collision interaction term respectively:ϕc(k, r) =

1
(2π)3/2

e
πα
2 Γ(1− iη)eik·r1F1(iη, 1, i(kr − k · r))

C(α01,kse, r01) = e
−πα01

2 Γ(1− iα01)1F1(−iα01, 1,−i(kser01 + kse · r01))
(A.3)

where η = Z/k, α01 = Z01/kse, and kse =
1
2
(ks − ke). Thus, Eq.A.1 can be rewritten as

Tif = ⟨ϕc(ks, r0)ϕc(ke, r1)C(α01,kse, r01)| −
1

r0
+

1

r01
|ϕp(ki, r0)ψnlm(r1)⟩

=

∫ ∫
ϕ∗
c((ks, r0)ϕ

∗
c((ke, r1)C

∗((α01,kse, r01)(−
1

r0
+

1

r01
)ϕp(ki, r0)ψnlm(r1)

(A.4)
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APPENDIX A. THE SCATTERING AMPLITUDE IN BBK MODEL

To get rid of the terms in r01 , we apply the method of Kornberg and Miraglia where the
Fourier transforms are used: 

ϕ(r) = 1

(2π)
3
2

∫
eiprϕ(p)dp

ϕ(p) = 1

(2π)
3
2

∫
e−iprϕ(r)dr

(A.5)

with using the Fourier transform scheme on the PCI term C(α01,kse, r01)

C∗(α01,kse, r01) =
1

(2π)3

∫
eipr

∫
e−iprC∗(α01,kse, r

′

01)dr
′
dp (A.6)

Eq.(A.4) becomes

Tif =
1

(2π)3

∫ ∫
ϕ∗
c((ks, r0)e

ikir0dr0

∫
ϕ∗
c((ke, r1)ψnlm(r1)dr1

×
∫

(2π)−3/2eip,r01
C∗((α01,kse, r

′
01)

r′01
dr′01

− 1

(2π)3

∫ ∫
ϕ∗
c((ks, r0)

eikir0

r0
dr0

∫
ϕ∗
c((ke, r1)ψnlm(r1)dr1

×
∫

(2π)−3/2eip,r01C∗(α01,kse, r
′

01)dr
′
01

(A.7)

by introducing two parameters γ → 0, and λ→ 0, the matrix element Tif can be expressed
as

Tif =
1

(2π)3
lim
λ→0
γ→0

∫ [∫
ϕ∗
c(ke, r1)ψnlm(r1)dr1

∫
ϕ∗
c(ks, r0)e

i(ki+p)·r0e−γr0dr0

×
∫

(2π)−3/2C
∗(α01,kse, r

′
01)

r′01
ei(k01−p)·r′01e−ikse·r

′
01e−λr

′
01dr

′

01

−
∫
ϕ∗
c(ke, r1)ψnlm(r1)dr1

∫
ϕ∗
c(ks, r0)

r0
ei(ki+p)·r0e−γr0dr0

×
∫

(2π)−3/2C∗(α01,kse, r
′

01)e
i(kse−p)·r′01e−ikse·r

′
01e−λr

′
01dr

′

01

]
dp

(A.8)
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ABSTRACT
The electron-impact ionization of water molecules at low impact energies is investigated using a theoretical approach named M3CWZ. In
this model, which considers exchange effects and post-collision interaction, the continuum electrons (incident, scattered, and ejected) are all
described by a Coulomb wave that corresponds to distance-dependent charges generated from the molecular target properties. Triple differ-
ential cross-sections for low impact energy ionization of either the 1b1 or 3a1 orbitals are calculated for several geometrical and kinematical
configurations, all in the dipole regime. The M3CWZ model is thoroughly tested with an extensive comparison with available theoreti-
cal results and COLTRIMS measurements performed at projectile energies of Ei = 81 eV [Ren et al., Phys. Rev. A 95, 022701 (2017)] and
Ei = 65 eV [Zhou et al., Phys. Rev. A 104, 012817 (2021)]. Similar to other theoretical models, an overall good agreement with both sets of
measured data is observed for the angular distributions. Our calculated cross-sections’ magnitudes are also satisfactory when compared to
the other theoretical results, as well as to the cross-normalized relative scale data at 81 eV impact energy. The 65 eV set of data, measured on
an absolute scale, offers a further challenging task for theoretical descriptions, and globally the M3CWZ performs fairly well and compara-
bly to other theories. The proposed approach with variable charges somehow allows to capture the main multicenter distortion effects while
avoiding high computational costs.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0225885

I. INTRODUCTION

Ionization of molecules by electron impact represents one of
the most fundamental interactions in nature, whose interest is rele-
vant to a wide range of applications. Kinematically complete (e, 2e)
experiments, in which the energies and momenta of all final-state
particles are determined, provide the most detailed information on
the ionization reaction through the triple differential cross-section
(TDCS). Compared to atoms, (e, 2e) studies have been more scarce
for molecules. Experimentally, this is due to the difficulties related
to the close spacing between electronic states, as well as to the
contributions of rotational and vibrational states. Theoretically, the
quantal description of multicenter continuum states is quite chal-
lenging. This said, during the last decades, there has been significant
experimental progress that stimulated the development of power-
ful theoretical models. Measurements of TDCS have been reported
for small molecules1–4 and gradually for more complex ones.5–11

Molecules of biological interest have, in particular, become privi-
leged targets in several strategic fields, from fundamental science
to technological applications in medicine. In biological media, for
example, it is established that the production of low-energy electrons
is responsible for much of the damage to DNA in living tissue.12 In
the majority of track structure simulations, the focus is on water
as the primary species in the system. In addition to the biological
interest, the interaction between electrons and water molecules is
a topic in various fields such as plasma physics, radiation physics,
and chemistry.13–15 Thus, accurate electron-impact ionization cross-
sections are needed for all these practical applications; in the last
20 years, the great progress achieved in measuring accurate (e, 2e)
TDCS has been complemented by the development of a handful of
theoretical models.

At high impact energy, electron momentum spectroscopy
(EMS) is a powerful technique for the study of atomic and molecu-
lar structure. Pioneered by Weigold and McCarthy16 and performed
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under high-energy Bethe ridge conditions, the EMS has been used
for many atoms and molecules, including H2O.17 It is well estab-
lished now that this technique can provide direct information on
momentum densities of each electron bound in a molecule or look
at spatial patterns of individual molecular orbital in momentum
space; the ionization process is simple enough to be investigated
by simple first-order models.18 At lower impact energies, (e, 2e)
experiments are used to study the ionization dynamics, and more
comprehensive modeling of the process is needed; this category is
usually characterized by asymmetric kinematics, where the outgoing
electrons are detected at very different energies and the momen-
tum transfer is small (e.g., see Ref. 19 and references therein). TDCS
on the water molecule have been investigated in various asymmet-
ric kinematics and selected geometrical configurations.20,21 With the
emergence of new instrumentations, more efficient measurements,
with very high resolution, have become possible. The COLTRIMS
reaction microscope (C-REMI) is an imaging device developed to
perform (e, 2e) measurements with high efficiency;22–24 with multi-
coincidence high-resolution momentum equipment, a nearly full
solid angle TDCS collection is achieved. From the 3D pattern, one
may simultaneously extract cuts in the scattering plane as well as out
of the scattering plane, offering a more severe test for theory, and
thus gaining further insight into the collision dynamics.

On the theoretical side, available models for molecules are
based on perturbative treatments. Currently, the seemingly most
powerful one to describe the electron-impact ionization of molec-
ular targets is the M3DW (molecular three-body distorted waves)
model.25 It is based on a full distorted wave description of the contin-
uum with an isotropic distorting potential and includes PCI (post-
collision interaction), which is treated exactly at all orders of pertur-
bation theory. In another recently developed model, called MCTDW
(multicenter three-distorted-wave),26 the continuum wave functions
are obtained as solutions of a multicenter potential but PCI is not
treated exactly. These two theoretical models provide an overall fair
description of differential ionization cross-sections on a number of
molecules; however, they are computationally expensive.

In a previous publication,27 some of the present authors
reported an investigation of the (e, 2e) process on argon atom, using
a model called 3CWZ. In this model, which includes PCI exactly,
all the continuum electrons are described by Coulomb waves with
variable charges that somehow manage to capture the effect of the
atomic distortion potential. Such an approach offers the substan-
tial advantage of obtaining the TDCS for any kinematics at a low
computational cost. In this work, we extend the 3CWZ model to
molecular targets, maintaining the same numerical advantage. The
model, named M3CWZ, is tested here thoroughly with TDCS cal-
culations on the 1b1 and 3a1 orbitals of the water molecule. We
analyze recently reported sets of experiments performed at low
impact energy, where the data cover nearly the 4π solid angle: they
are given on a relative scale (at 81 eV impact energy) and on an
absolute scale (at 65 eV impact energy). Both cases correspond to
the dipole regime, characterized by small momentum transfer. These
low-energy kinematics represent, on the one hand, a stringent chal-
lenge for theory and, on the other hand, are of crucial practical
interest for example in radiation damage in biological systems.

The paper is organized as follows. A description of the M3CWZ
model and its implementation is outlined in Sec. II. The calculated
TDCS, presented in Sec. III, are confronted with the measured data

and two other theoretical results. Finally, Sec. IV summarizes and
concludes this work. Atomic units (a.u.) are used unless otherwise
specified.

II. THEORY
The electron-impact ionization of water molecule, assumed to

be in its ground state, is schematized as

ei +H2O→ H2O+ + e1 + e2, (1)

where ei, e1, and e2 represent the incident and the two outgoing
(scattered and ejected) electrons with corresponding momentum
k⃗i, k⃗1, and k⃗2, required to fulfill conservation laws.

For highly asymmetric kinematics, the outgoing electrons can
be distinguished as one fast scattered and one slow ejected, so that
exchange effects can be omitted. At low impact energy, this approach
no longer holds, and exchange effects between scattered and ejected
electrons have, therefore, to be included. The ionization of the tar-
get may also occur through a capture process,28 whereby the incident
electron is captured into a bound state while two initially bound elec-
trons are ejected; this process is generally not considered in (e, 2e)
theoretical studies at intermediate to high impact energies. Neglect-
ing capture effects, the fourfold differential cross-section (4DCS) for
a particular orientation of the molecule is then given by29

σ(4) = d4σ
dΩEulerdΩ1dΩ2dE1

= (2π)4

× k1k2

ki
(∣Tdir ∣2 + ∣Texc∣2 + ∣Tdir − Texc∣2), (2)

with dΩEuler = sin β dβ dα dγ, where (α, β, γ) are the usual Euler
angles.

In our approach, we make the frozen core and single active elec-
tron approximation for the initial molecular bound wave function
Φi(r⃗1). The direct (Tdir) and exchange (Texc) transition amplitudes
are given by

Tdir = ⟨φZ1(−)
c (k⃗1, r⃗0)φZ2(−)

c (k⃗2, r⃗1)

× C(α21, k⃗21, r⃗01)∣
1

r01
− 1

r0
∣φZi(+)

c (k⃗i, r⃗0)Φi(r⃗1)⟩, (3)

Texc = ⟨φZ2(−)
c (k⃗1, r⃗1)φZ1(−)

c (k⃗2, r⃗0)

× C(α21, k⃗21, r⃗01)∣
1

r01
− 1

r0
∣φZi(+)

c (k⃗i, r⃗0)Φi(r⃗1)⟩, (4)

where φZ(+)
c and φZ(−)

c , respectively, represent the incoming and
outgoing Coulomb waves given by30

φZ(+)
c (k⃗, r⃗) =

exp (ik⃗ ⋅ r⃗)
(2π)3/2 1F1(iα(r), 1, i(kr − k⃗ ⋅ r⃗))

× exp(πα(r)
2
)Γ(1 − iα(r)), (5)
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φZ(−)
c (k⃗, r⃗) =

exp (ik⃗ ⋅ r⃗)
(2π)3/2 1F1(−iα(r), 1,−i(k⃗ ⋅ r⃗ + kr))

× exp(πα(r)
2
)Γ(1 + iα(r)), (6)

with α(r) = Z(r)
k being the Sommerfeld parameter; the variable

charge function Z(r) is Zi(r), Z1(r), or Z2(r) according to which elec-
tron wave function (incident, scattered, or ejected) one is describ-
ing. The details about how these variable charges are obtained
for the ionization of a given molecular orbital will be given
below. C(α21, k⃗21, r⃗01) is the final state projectile-ejected electron
interaction, the so called PCI, written as

C(α21, k⃗21, r⃗01) = exp(−πα12

2
)Γ(1 − iα12)

× 1F1(−iα21, 1,−i(k⃗21.r⃗01 + k21r01)), (7)

where k⃗21 = 1
2(k⃗2 − k⃗1) and α21 = 1

2k21
, and r⃗01 = r⃗0 − r⃗1 is the

projectile-electron vector. 1F1 is a confluent hypergeometric func-
tion, while Γ is the Gamma function.31

For the initial molecular bound wave function of the target, in
this study, we use Moccia’s molecular orbitals expanded on a set of
Slater-type orbitals centered on the oxygen atom.32 The use of single-
center wave functions for molecules of type XHn centered on atom
X is fairly justified because of the light hydrogen mass (for more
details, we refer to Refs. 33–35). The quality of the molecular orbitals
for H2O can be assessed by comparing some ground-state prop-
erties as calculated by Moccia32 to the values reported by NIST:36

Moccia’s first ionization potential 0.4954 a.u. is close to the reference
0.463 a.u. value;36 the dipole moment 0.8205 a.u. differs by about
12% with the reference 0.730 value36 (Ref. 37); the H–O bond length
1.814 a.u. and H–O–H bond angle 106○32′ agree fairly well with the
values 1.809 a.u. and 104○48′36 (Ref. 38). Furthermore, the accuracy
of these molecular orbitals has been probed previously through an
EMS study:33 the observed good agreement with experimental TDCS
was similar to that obtained with an orbital expanded over more than
100 Gaussian-like terms.17

To compare with the experimental data obtained with ran-
domly oriented molecules, we need to integrate the TDCS over all
Euler angles,

σ(3)molecule =
1

8π2 ∫ σ(4)dΩEuler. (8)

Within our theoretical framework, this integration is carried out
analytically (e.g., see Ref. 33 for more details). As a consequence,
in our approach, the TDCS for one emission angle (one point in
the angular distributions) is obtained in a few hours: this makes the
proposed method very convenient to study the (e, 2e) dynamics for
molecular targets. The evaluation of the transition amplitudes (3)
and (4) makes use of the Fourier transform formalism, which greatly
simplifies the different intermediate calculation steps (e.g., see
Ref. 34 and references therein).

The variable charge Z(r) is evaluated analytically by using the
spherically averaged potential,

Ui(r1) =
1

4π ∫ Vi(r⃗1, R⃗i)dΩ1 = −
Z(r1)

r1
, (9)

where Vi(r⃗1, R⃗i) is taken here to be the standard Hartree potential
(or static potential) defined for molecules by

Vi(r⃗1, R⃗i) = −
M

∑
N=1

ZN

∣r⃗1 − R⃗N ∣
+

N0

∑
j=1

Nij ∫
∣φj(r⃗)∣2

∣r⃗ − r⃗1∣
dr⃗, (10)

with N0 being the number of occupied orbitals, N ij being the num-
ber of electrons in the orbital, M being the number of nuclei, ZN
being their charges, and RN being their positions with respect to the
molecular center of mass, which is approximately the oxygen atom
for H2O; φ j(r⃗) are the molecular orbitals that describe the target. In
this work, as we are using N0 = 5 molecular orbitals centered on the
oxygen atom, Eq. (10) reads explicitly:

Vi(r⃗1, R⃗1, R⃗2) = −
8
r1
− 1
∣r⃗1 − R⃗1∣

− 1
∣r⃗1 − R⃗2∣

+
5

∑
j=1

Nij ∫
∣φj(r⃗)∣2

∣r⃗ − r⃗1∣
dr⃗,

(11)

where R1 and R2 are the bond lengths for H2O (R1 = R2 = 1.814 a.u.).
The spherically averaged potential (9) has been widely used in
modeling the interaction between the continuum electrons and the
molecular core (e.g., see the ionization studies of H2O, NH3, and
CH4 by the impact of photons,39–42 electrons,39,40,43 or ions44).

As indicated in a previous work27 for the argon atom, the
variable charge felt by the continuum electrons is Z = N at the
center of the target, and asymptotically either Z = 1 (for the outgo-
ing electrons) or Z = 0 (for the incident electron). The difference
is that the model is applied here for molecules through Eqs. (9)
and (10); from the spherical potential obtained for a given molec-
ular orbital, we obtain the variable charges, called Zi(r), Z1(r), and
Z2(r), attributed to the incident, scattered, and ejected electron wave
function, respectively. The incident electron feels the field induced
by all ten electrons of the neutral H2O molecule, and the correspond-
ing charge is Zi(r). On the other hand, the scattered and ejected
electrons move in the field of the residual ion H2O+, where only
nine electrons contribute to the potential, inducing variable charges
Z1(r) and Z2(r), with Z1(r) = Z2(r). Expressions of the variable
charges Z1(r) and Z2(r) in the exit channel depend on the ionized
orbital.

In Fig. 1, we present the variable charges used in the present
model for the ionization of the 1b1 orbital of H2O (the figure is sim-
ilar for the 3a1 orbital). The charge decreases from Z = 8 at r = 0
to an asymptotic value of Z = 1 for the outgoing electrons [Z1(r)
and Z2(r)], and to Z = 0 for the incident electron [Zi(r)]. Near
r = R = 1.814 a.u., where R is the bond length of the molecule, the
positive charge of the hydrogen nucleus generates a small kink—a
feature obviously not observed in the case of atomic targets. The
validity of using a variable charge approach in a 3 C waves model has
been discussed and justified in previous publications.27,45 The model,
in which the PCI is treated exactly and accounted to all orders of per-
turbation theory, developed here for H2O (and similarly for other
molecules XHn with a heavy center) is called M3CWZ. In Sec. III, its
soundness is thoroughly tested by comparing the calculated TDCS
with recent experimental data for low impact energies, and for sev-
eral kinematical and geometrical arrangements corresponding to the
dipole regime; the analysis is completed with a comparison with two
other theoretical approaches, namely, the M3DW and the MCTDW,
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FIG. 1. Variable charge Z(r) felt by (a) the incident electron and (b) the outgoing
electrons during the ionization process for the 1b1 molecular orbital of H2O.

which are currently the best available theories to study molecular
ionization.

III. RESULTS AND DISCUSSION
A water molecule consists of five molecular orbitals which,

classified in the ascending order of binding energies, are 1a1, 2a1,
1b2, 3a1, and 1b1. In this study, we investigate the electron-impact
ionization TDCS for a projectile energy of either 81 eV (measure-
ments published in Ref. 46) or 65 eV (measurements published
in Ref. 47). The ionization of one of the two highest orbitals 1b1
and 3a1 leads to the stable cation H2O+, which does not dissociate.
Since the binding energies of 1b1 and 3a1 are, respectively, 12.6 and
14.7 eV and the energy resolution in the experiments is about 2.5 eV,
these orbitals are not resolved. For a meaningful comparison with
measured data, we present an equal weight sum of the TDCS cor-
responding to the two molecular orbitals (as done in Refs. 26 and
46). Both measurements were performed with the COLTRIMS reac-
tion microscope (C-REMI); by achieving a nearly 4π collection solid
angle, TDCS were obtained in three-dimensional space for several
kinematic arrangements (ejected energies E2 and scattering angles
θ1). Measurements at low impact energies provide a strong test of
theoretical models and our understanding of the processes involved
in the reaction.

First, we examine the experiences performed at 81 eV impact
energy:46 3D images of the TDCS have been measured as a function
of the emission solid angle Ω2 = (θ2, φ2) for scattering angles θ1 = 6○

or 10○, and ejected energies E2 = 5 or 10 eV. To make the compari-
son with the data more comprehensive, three cuts of the 3D TDCSs
are presented in three orthogonal planes, namely, the scattering xz
plane, the half perpendicular yz plane, and the full perpendicular xy
plane.

Our numerical TDCSs are displayed in Fig. 2 and com-
pared with the measured data46 and the results calculated with the
MTCDW and M3DW models, as presented in Ref. 26. We recall here
that M3DW treats the PCI exactly, whereas within the MCTDW
approach, the PCI is modeled by a simple multiplicative Gamov

factor. Since the measured data are on a relative scale, here, the
TDCSs are internormalized across all measured ejection energies
as well as scattering angles. In other words, a single common fac-
tor is used to fix the relative magnitude of the data and theoretical
results. The global scaling factor is obtained by achieving a good
visual fit of the data and the M3CWZ results in the full perpendic-
ular xy plane at θ1 = 10○ and E2 = 10 eV, according to the choice
already made in Ref. 46. This scaling factor is found to be 0.285 and is
subsequently applied to the three orthogonal planes in all other kine-
matics, all experiments are thereby consistently cross-normalized to
each other.

In the full xy plane (Fig. 2, left-hand column), the observed
angular distributions are overall well reproduced by the M3CWZ
model, the best agreement being observed in Fig. 2(d) for θ1 = 10○

and E2 = 10 eV. Although no firm statement can be made about
the magnitude agreement, once internormalized, the measured data
and our theoretical results present an overall agreement that can
be considered acceptable. When we compare our TDCS with those
obtained with the MCTDW and M3DW models, the situation is
rather mixed: in most cases, our results show a better agreement with
the measured data except for the kinematics of Fig. 2(b), where the
MCTDW shape looks better. For the case of Fig. 2(d), the M3CWZ
model reproduces the data in an almost similar way to MCTDW,
while the M3DW relatively underestimates the TDCS significantly in
the regions of emission angle from 0○ to 60○ and from 250○ to 360○.
Concerning the absolute scale, the three theoretical calculations are
of the same order of magnitude (the largest difference being a factor
of about 1.5); our results are closer to those of the M3DW model at
an ejection energy E2 = 5 eV [Figs. 2(a) and 2(b)], and to those of the
MCTDW model for E2 = 10 eV [Figs. 2(c) and 2(d)].

In the scattering xz plane (Fig. 2, middle column), in all four
kinematical arrangements, the experimental data exhibit features of
binary and recoil lobes, a characteristic of dipole regimes. In these
regimes, the momentum transfer K⃗ = k⃗i − k⃗1 is rather small (in our
case, K ≈0.37 − 0.54 a.u.): as a consequence, the residual ion strongly
participates in the collision dynamics and backscatters elastically the
ejected electron in the direction opposite to that of the momentum
transfer. Furthermore, it has been already pointed out in Ref. 46 that
non-first-order effects in the electron-target interaction are present
since the observed binary peaks are shifted with respect to the direc-
tion of the momentum transfer K⃗; one such effect is included in
our modeling via the PCI to all orders of perturbation theory. One
first observation of the figure is that the M3CWZ model exhibits a
strong recoil peak in all kinematics, in quite good agreement with
experiments. Furthermore, the binary region is fairly well repro-
duced except for Fig. 2(f), corresponding to θ1 = 10○ and E2 = 5 eV,
for which the ratio of the binary to recoil heights is underestimated.
When a comparison is made between M3DW and MCTDW models,
it is clearly seen that the latter features larger recoil peaks. Keeping in
mind the way the measured data are internormalized, we may state
that they overestimate the recoil with respect to the binary region.
A notable difference between the three models appears in the binary
region: the M3DW presents a double binary peak in all kinematics,
the M3CWZ only in the kinematics of Fig. 2(f), and the MCTDW in
none of the four configurations.

In the half perpendicular yz plane (Fig. 2, right-hand column),
we first notice that the data are symmetric about θ2 = 180○, with
two symmetric maxima located close to θ2 = 90○ and θ2 = 270○.
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FIG. 2. Summed TDCS (presented as cuts of the 3D image) for the ionization of 1b1 and 3a1 orbitals of H2O as a function of the ejection angle at 81 eV impact energy. The
projectile is scattered at angles θ1 = (6○ or 10○) in coincidence with the ejected electron with E2 = (5 or 10 eV). Left-hand column: In the full perpendicular (xy) plane.
Middle column: In the scattering (xz) plane. Right-hand column: In the half perpendicular (yz) plane. Theoretical results are red solid line (M3CWZ), blue dashed line (M3DW
as rescaled in Ref. 26), and green dashed-dotted line (MCTDW).26 The cross-normalized (see text) experimental data are black circles taken from Ref. 46. In the middle
column (scattering plane), the direction of the momentum transfer K⃗ and its opposite direction −K⃗ are both indicated by an arrow.

The M3CWZ calculations reproduce overall quite well the TDCS
shapes; we also have a reasonable agreement in relative magni-
tudes at a scattering angle θ1 = 6○ [Figs. 2(i) and 2(k)], while for
θ1 = 10○, [Figs. 2(j) and 2(l)] the data are somewhat underestimated
in the regions of low or high emission angles. In addition, the com-
parison with M3DW and MCTDW calculations indicates that the
three theoretical models predict practically the same TDCS shapes

and magnitudes except for θ1 = 6○ and E2 = 5 eV [Fig. 2(i)], where
M3DW overestimates substantially the two other models in the
central part (from 120○ to 220○).

To summarize the results presented in Fig. 2, one can state that
the M3CWZ model is overall able to correctly reproduce the mea-
sured TDCS shapes at 81 eV impact energy in most kinematics.
Moreover, it yielded relative peak heights and overall magnitudes
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in the 12 considered configurations that match satisfactorily the
internormalized experimental data. In the shape and magnitude
comparison with the M3DW and MCTDW results, some common
characteristics were observed. However, no definite and general
trend could be identified since some specific features seem better
described by one or the other of the three models, according to the
considered cut and the kinematic configuration.

We now consider the second set of measurements, at 65 eV
impact energy:47 since these data are now provided on an absolute
scale, the TDCS can be compared not only in shape but also in mag-
nitude. This provides an even stronger test of the present M3CWZ or
any other model. Like the first set of measurements (at 81 eV impact
energy), the present kinematics are also characterized by fairly low
momentum transfer (from 0.5 to 0.87 a.u.), and, thus, to the dipole
regime. Figures 3–5, show the TDCSs in the scattering xz plane,
the half perpendicular yz plane, and the full perpendicular xy plane,
respectively.

Figure 3 displays the TDCS as a function of the polar
ejection angle θ2 in the scattering xz plane for several sets of

scattering angles (θ1 = 10○, 15○, and 20○) and ejection energies
(E2 = 5, 10, and 15 eV). Our M3CWZ results are compared with
experimental data as well as with the TDCS calculated with the
M3DW and MCTDW-WM models.47 We note that while the PCI
is included and treated exactly within the M3CWZ and M3DW
approaches, in MCTDW-WM, it is included approximately through
the Ward–Macek factor.48 Since this factor is well known to violate
the normalization, it is thereby not recommended for comparison
with absolute measurements. However, the MCTDW-WM model
has been used to investigate ionization under these particular kine-
matics but with a scaling factor of 1.8 for the best visual agreement
with the data (see Ref. 47 for more details); in other words, the
MCTDW-WM is used only to test its ability to reproduce qualita-
tively the TDCS shape. It can be clearly observed in Fig. 3 that both
experimental and theoretical TDCSs exhibit an important recoil
peak in all cases. The three models yield rather similar shapes and
magnitudes, except that M3DW calculations overestimate clearly
M3CWZ and MCTDW-WM results from nearly 180○ to 220○ emis-
sion angle in the kinematics of Figs. 3(a)–3(e). In the binary region,

FIG. 3. Absolute summed TDCS (presented as a cut of the 3D image in the scattering xz plane) for the ionization of 1b1 and 3a1 orbitals of H2O as a function of the ejection
angle at 65 eV impact energy. The projectile is scattered at angles θ1 = (10○, 15○, or 20○) from top to bottom, respectively, in coincidence with the ejected electron with
energies E2 = 5 eV (left-hand column), E2 = 10 eV (middle column), and E2 = 15 eV (right-hand column). Theoretical results are red solid line (M3CWZ), blue dashed line
(M3DW),47 and green dashed-dotted line (MCTDW-WM).47 The absolute experimental data are black circles taken from Ref. 47. The direction of the momentum transfer K⃗
and its opposite direction −K⃗ are both indicated by an arrow.
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FIG. 4. Same as Fig. 3 for the half perpendicular yz plane.

FIG. 5. Same as Fig. 3 for the full perpendicular xy plane.
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the peak is strongly shifted with respect to the momentum trans-
fer direction; for some kinematics, the M3CWZ and M3DW models
feature a hint of double peak structure that is related to the p-
character of the 1b1 and 3a1 orbitals; experimentally, this is not
observed [at best we see a shoulder in Fig. 3(c)]. In terms of magni-
tude, the three theoretical models predict practically the same TDCS
amplitude in the binary region at 5 and 10 eV ejection energies
except for the kinematics of Fig. 3(f), where M3DW underestimates
somewhat the two other models (noting anyway that we have kept
the choice made in Ref. 47 in which MCTDW-WM calculations
have been multiplied by the global factor 1.8). On the other hand,
at 15 eV ejection energy, M3DW and MCTDW-WM results are in
better agreement with the measured data than M3CWZ. To sum up,
we can state that, in the scattering xz plane, the experimental data
are overall better reproduced by M3CWZ and MCTDW-WM than
by M3DW in the recoil region. In the binary region, all theoreti-
cal results seem to be quite similar except at 15 eV ejected energy
where M3DW and MCTDW-WM are closer in magnitude to the
experiments.

Figure 4 compares the TDCS in the half perpendicular yz plane.
The first observation is that both the measured data and the theo-
retical results exhibit a symmetry about θ2 = 180○. Unfortunately,
the lack of experimental points around 180○ ejection angle does
not allow us to firmly confirm the presence of the clear and broad
theoretical maximum; however, for Figs. 4(d) and 4(e), one may
perceive a hint. Quantitatively speaking, the M3CWZ results over-
estimate slightly those of the MCTDW-WM model in all nine cases.
When compared with M3DW, it is seen that, except for Figs. 4(a)
and 4(d), the M3CWZ are rather close to the M3DW cross-sections
although the latter present a sharper maximum in the region around
θ2 = 180○. The experimental data are somewhat well reproduced by
the three models except at 5 eV ejection energy [Figs. 4(a)–4(c)]

where theories present a different angular distribution and sub-
stantially underestimate the experimental data for θ2 ≤ 100○ and
θ2 ≥ 250○. Figure 5 shows the TDCS in the full perpendicular xy
plane (corresponding to a fixed polar angle θ2 = 90○); here, the mea-
sured data cover nicely the whole range of azimuthal ejection angle
φ2. At 5 eV ejection energy [Figs. 5(a)–5(c)], the data exhibit up to
three maxima. Of the three theoretical models, the M3CWZ appears
to best reproduce the shape and magnitude, especially in the regions
near φ2 = 0○ and φ2 = 360○. At higher ejection energies E2 = 10 and
15 eV, the peak observed at φ2 = 180○ for 5 eV progressively disap-
pears and is replaced by a kind of a plateau in the region between
φ2 = 90○ and φ2 = 250○. The evolution in this angular domain is
better reproduced by M3CWZ and somewhat by MCTDW-WM,
while M3DW still yields a clear peak around φ2 = 180○. Outside this
middle angular range, the M3CWZ and MCTDW-WM results are
similar but seriously overestimate the measured data and also the
M3DW calculations.

As for the 81 eV set of data, the theory–experiment comparison
at 65 eV clearly shows that some TDCS features do not match, and
no theoretical model achieves perfect agreement with the reported
data in all configurations. Although simpler in its formulation, and
with a lower computational cost, our M3CWZ model globally per-
forms as well as the more sophisticated approaches M3DW and
MCTDW.

Before summarizing the presented investigation, we would
like to address two complementary issues concerning the proposed
M3CWZ model.

The incident, scattered, and ejected electron wave functions are
represented by Coulomb functions with variable charges obtained
from the molecular properties. As shown in Fig. 1, they vary from
Z = 8 to Z = 0 when describing the incident electron wave func-
tion and to Z = 1 for the outgoing electrons. Another option consists

FIG. 6. Absolute summed TDCS for the ionization of 1b1 and 3a1 orbitals of H2O as a function of the ejection angle at 65 eV impact energy. The projectile is scattered θ1 = 10○

in coincidence with the ejected electron with E2 = 5 eV. Left-hand column: in the full perpendicular (xy) plane. Middle column: in the scattering (xz) plane. Right-hand column:
in the half perpendicular (yz) plane. Theoretical results are red solid line (M3CWZ) and dashed blue line (BBK). The absolute experimental data are black circles taken from
Ref. 47.
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in using instead constant asymptotic charges (Z = 0 and Z = 1):
the M3CWZ reduces then to the well-known BBK model.49 A ques-
tion arises: would such asymptotic charges be sufficient to produce
acceptable TDCS angular distributions? The answer is negative. To
show the importance of considering the molecular distortion, we
present in Fig. 6 a comparison, on the absolute scale, at 65 eV
impact energy for 1b1 + 3a1 orbitals47 for E2 = 5 eV and θ1 = 10○

in the three orthogonal planes (xy, xz, and yz planes). It appears
that, in all cases, the M3CWZ reproduces quite well in the exper-
iments, while the BBK model underestimates both the M3CWZ
results and the data. As already mentioned, such kinematics cor-
respond to the dipolar regime for which it is known that the BBK
manages to reproduce the shape but not the absolute magnitude.
Outside this kinematical regime, the BBK model fails to reproduce
the TDCS angular distribution, in particular, in the recoil region as
illustrated for example in a previous work on the 3p orbital of atomic
argon.45 On the other hand, the variable charge scheme manages to
describe quite well the TDCS shape. Whether for the atomic or the
molecular case, the effectiveness of variable charges is, thus, even
more visible when the residual ion plays a substantial role in the
reaction.

Another interesting issue is to find whether the proposed
M3CWZ model performs well also for the individual orbitals (i.e.,
1b1 and 3a1 separately), for the inner orbitals, and for larger impact
energies. For this specific purpose, but without making an extensive
comparative study, we have considered the experiments performed
at 250 eV impact energy, where the projectile is scattered at an
angle θ1 = 15○ in coincidence with an ejected electron with energy
E2 = 10 eV for the orbitals 2a1, 1b2, and 1b1, and E2 = 8 eV for
the 3a1 orbital.20 In these measurements, the momentum transfer
is about 1.1 a.u.; all orbitals were resolved, and TDCSs have been
measured—on a relative scale—for 1b1, 1b2, 3a1, and 2a1 orbitals
separately. The calculated M3CWZ cross-sections are presented in
Fig. 7, and compared to the experimental data normalized, in each
panel, at the binary peak. While nothing can be stated about the
absolute value, the shape agreement is overall good for the outer
orbitals, while for the inner orbital (2a1), the recoil peak is not
reproduced. As a matter of fact, the case of inner orbitals such as
2a1 for H2O has been discussed in a previous publication:35 the
observed disagreement is attributed to the employed frozen core
approximation in which the outer valence electrons are treated as
part of the frozen core and are thus inactive. The study of inner

FIG. 7. TDCS for electron-impact ionization of molecular orbitals of H2O at 250 eV impact energy. The projectile is scattered at an angle θ1 = 15○ in coincidence with the
ejected electron with energy E2 = 10 eV (except for 3a1 orbital where E2 = 8 eV). Theoretical results of M3CWZ model (red solid line) are compared with the relative scale
measurements20 normalized to the M3CWZ calculation in the binary region.
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orbitals requires further treatment, beyond the frozen core approxi-
mation. No comparison with the M3DW and MCTDW models can
be made since, as far as we know, no results have been published
for such kinematics. An extensive comparison with other models is
beyond the scope of the present manuscript. However, we can briefly
and qualitatively compare with the TDCS obtained, e.g., with the
complex Kohn50 or the DS3C33 (a BBK model with dynamic screen-
ing charges) approaches; also available are the less-sophisticated
Coulomb–Born calculations in Refs. 33, 40, and 50. Note that in
the Kohn or Coulomb approaches, the incident and scattered wave
functions are described by plane waves, and exchange effects are
ignored; the resulting TDCSs are necessarily symmetric with respect
to the momentum transfer direction. In the DS3C and our M3CWZ
calculations, this symmetry is broken. Concerning the TDCS mag-
nitude, we observe in Ref. 33 that, for all four orbitals, the M3CWZ
and DS3C models produce quite similar values. On the other hand,
the magnitude obtained with the Kohn method,50 is about 1.5 times
larger than the M3CWZ result in the binary region, except for the
2a1 orbital for which it is 2.5 smaller. From Fig. 7, we observe that the
angular distributions for the 1b1 and 3a1, considered separately, are
pretty similar both experimentally and within the M3CWZ model.
For the 1b2 orbital, the M3CWZ model manages to produce an over-
all good shape, including a recoil peak as important as the binary one
in agreement with the measured data; this feature is not observed, for
example, in Ref. 50. On the other hand, for the inner orbital 2a1, the
complex Kohn calculation manages to reproduce very well the angu-
lar distribution, with a very good agreement for the binary to recoil
peak ratio; this may probably be attributed to an initial molecular
state description, which is superior to Moccia’s single-center wave
function. The cases presented in Fig. 7 show that the M3CWZ model
is also applicable to individual orbitals and kinematical situations
other than those of the COLTRIMS data (at 81 and 65 eV incident
energy) investigated in detail in this manuscript.

IV. SUMMARY
To summarize this work, a model called M3CWZ has been put

forward and used to investigate the (e, 2e) reaction for the 1b1 and
3a1 orbitals of the water molecule at low impact energies in a series
of kinematical configurations. The model is based on a full Coulomb
wave description with variable charges issued from the molecular
target properties; it takes into account PCI and exchange effects.
The proposed M3CWZ approach can be easily applied to any other
molecule with a heavy center, once the variable charges are calcu-
lated from a spherically averaged potential associated with a given
molecular orbital. The TDCSs calculated using this model have been
compared to recent experiments obtained with a COLTRIMS reac-
tion microscope (C-REMI), which can cover the full emission solid
angle. The data are subsequently shown as cuts in three orthog-
onal planes enabling more insight into the ionization dynamics.
Our results have also been compared to M3DW and MCTDW (or
MCTDW-WM) models, which represent currently the best avail-
able theories for molecular ionization. In a first step, the TDCS
has been calculated at 81 eV impact energy; in such kinematics,
the experimental data have been internormalized across the mea-
sured scattering angles and ejected energies. Our calculations were
found to correctly predict the experiments in most configurations,
and they are overall at the same level of agreement when compared

to M3DW and MCTDW models, and even better in certain cases.
In a second step, at 65 eV impact energy, the situation is more
challenging since the measured data are absolute. In this case, the
MCTDW-WM model can be used only for comparison in TDCS
shapes, the competition is then reduced between only the M3CWZ
and M3DW models. The results show overall a reasonably good
agreement between our theory and the data in shape and magni-
tude; the M3CWZ and M3DW models are globally equivalent (it
is worth recalling that both treat PCI exactly). This means that, for
water molecule at least, the Coulomb waves with adequate variable
charges issued from a central potential somehow manage to describe
reasonably the multicenter distortion effects of the molecular con-
tinuum. The main advantage of the M3CWZ approach is the low
cost in computation time since one point is provided in a few hours
instead of a few days for M3DW.

The present study suggests that further investigations in other
kinematics and on other molecular targets should be carried out.
From an experimental point of view, absolute measurements of
TDCS provide the most stringent test. Theoretically, although they
are not expected to change substantially the present results, it would
be interesting to explore the role of the capture process in which the
incident electron is captured into a molecular bound state and the
two initially bound electrons are ejected into the continuum through
a double ionization of the target. This entails, in the calculation
of the fourfold differential cross-section (2), adding appropriately
(see Ref. 28) a capture amplitude Tcapture on top of the direct Tdir
and exchange Texc amplitudes. When the incident energy is rela-
tively larger than the target bound state energies, this process is not
expected to contribute significantly. Thus, capture effects are not
considered in any of the theoretical approaches currently used to
study (e, 2e) reactions. However, they could play a role especially
should one go to lower incident impact energies.

Let us finish by noting that water molecule still attracts increas-
ing attention due to its radiobiological importance. More realistic
modeling are currently being developed where, for example, clusters
of water molecules instead of single water molecule are investigated
to estimate damage in living tissue.51
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