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Introduction

These notes constitute the core of the semester-long course in Analysis III offered to
second-year students in the Mathematics LMD program. They may also be useful for
second-year students in the physics program as well as for students in the common
engineering core. This course consists of five chapters: the first is dedicated to
numerical series, the second to sequences and series of functions, and the third to
power series, particularly important for the study of functions of complex variables.
Fourier series, which are useful in the third year, especially in problems governed by
parabolic equations, constitute the fourth chapter. Finally, the last chapter addresses
the convergence of integrals and is complemented by an introduction to integrals
dependent on one or more parameters. We hope that our dear students will derive

greater benefit from these notes.

1l



Chapter 1

NUMERICAL SERIES

1.1 Definitions

Let (U,) be a sequence of real or complex numbers. From this sequence, we

neN*

define a new sequence

(Sn)pen- as follows:

Sl :Ul
Sy =U + U,

(1.1)
Sk :U1+U2+-.-+Uk

Sn — 22:1 Uk

The general term .5, is called the partial sum of order n.

1. A numerical series, denoted by {(U,)nen+ (Sn)nen+}, is defined, where U, is

called the general term of the series.
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2. The series is said to be convergent with a sum S if the following limit exists

and is finite:

n—-+o00

S= lim S,=> U, (1.2)
n=1

Otherwise, i.e., if this limit is oo or does not exist, then the series is said to be

divergent.

3. The remainder of order n for the series > | U, is defined as the number

Ry=Upp1+Upszt...= Y _ U, (1.3)

p=n-+1

The series converges if the sequence (R,,)yen+ approaches 0 as n — 400 :

Z U, converge < Ve > 0,3ng € N Vn € N* n >ny = |R,| <e. (14)

n=1

If S is this limit, this is equivalent to

Ve >0,3ng e N Vn e N* n>nyg= 15— 5,| <e. (1.5)

Example 1 Consider the series a+ar+ar?+..+ar?..., which is called a geometric

series with the first term a and common ratio r. Assuming r # 1, we then calculate

Sy s
Cﬂ = a,
Uy, =ar,
U, =ar*!
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subtraction, S, — S, = a — ar?, so

a(l—r").

S, =
1—r

Discussion:

Ifjrl <1, lim ™ =0=S= lim S, = %, then the series Y >, U, is
-

n—-4oo n—-+o0o

convergent.

o If || > 1,7" — +00 as n — +00, 5O lirf S, = *oo and in this case, the

geometric series is divergent.

e Ifr =1, theseriesis a+a+...a+..., and in this case S,, = na = lirf S, = 400

and the series diverges.

e If r = —1, we have the seriesa —a+a—a+ ..., so

0 if n is even,
Sy =
a if n is odd,

The sequence (.S,,) has no limit; therefore, the series 3% (—=1)"""a di-

neN*

verges.
1.2 Operations on Series

Let (Un),en and (V3,),,cn+ be two numerical series, then:

1. If ">, U, converges and - | U, converges, then the sum series >~ (U, + V)

also converges.
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2. If one of the series converges and the other diverges, then the series Y>> | (U, + V,,) =

> Uy + V, diverges.

3. If both series diverge, there is no general statement about the sum (as one may

have a sum of +o00 and the other —o0).

The series > 2 U, and > >2 | V,, = > > aU,, where a € R* are of the same

nature.

1.2.1 Necessary Condition for Convergence

Suppose that the series Y ° | U, converges to S :

n—-+o00

S= lim S, = iUn,
n=1

so S = lim S, 1, but S, — S5,_1 = U,, which yields, in the limit:

n—-+00

lim (S, — Sn-1) = lim U,
n—-+4oo n—-+oo
— lim S, — lim S,y = lim U,

n—-+o00 n—-oo n—-+00
— lim U, =0
n—-+o0o

o . o . . .
so » > U, converges = nETOOU” = 0.We also have, by contrapositive reasoning;:

li i . 1.
n—lglooUn #0 = ; U, diverge (1.6)

Example 2 > <.

Let U, = <, then lim U, = 400, so the series > °° . < diverge.
n n——+o0 n=L n

Remark 3 A series can diverge even if its general term tends towards 0.
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1.2.2 The harmonic series diverges.

It is the series

1 1
1 — 1.7
+tytgt. + + .. E (1.7)
Note that hmTHH = 0. However, as we will see, this series diverges:

FIURITID SR D (R QI (L
2713 4 56 78 910 15 16f 7

Let’s then introduce the following auxiliary series:

IREED ) QPR (T I T R
2 4 4 8 '8 8 8 16 16 7 16f

By comparison, we have:

1
5221+§7
S>1+1+1+1—1+21

4= 9 "4 4 DX

1 1 1 1
>1+ -4+ -+ -+4-
Sg > +2+2+2+ 5

By induction

n
52n21+§.

Since lim (1 + g) = 400, then lim Ss» = +o00 and thus lim S,, = 400, There-

n—-+o00 n—-4o00 n—-+o0o

fore, the harmonic series diverges.

Another demonstration:



CHAPTER 1. NUMERICAL SERIES 6

Let f (z) = %, x> 0,then U, = f (z) = % According to the graph of the function

f, we have the inequalities

[CY Rt
VARV,

2
| &= |

|~
V

By addition:

1 1 oy
1+—+...+—>/ —, (1.8)
2 n 1 x

Meaning S,, > In(n + 1), nd by taking the limit, we have lim S, = 400, thus the

n—-+o0o

harmonic series diverges.

1.3 Ciriteria for Convergence of Series with Posi-
tive Terms

1.3.1 Comparison of Series

Theorem 4 Let > 7 U, and Y .-V, dbe two series with positive terms such that
U, <Vp,V, 21 (1.9)

then

oo e .°]
5 V., converge = 5 U, converge.
n=1 n=1

Proof. Let S, and G,, be the respective partial sums of the series > >, U,, and

> Vi Then (1.9) = Vpen+ = S, < G, < G because {G,,} is increasing, so the
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sequence {9, } is bounded by G, Moreover, {S,}, ., is an increasing sequence as the

terms U,, are positive. m

Conclusion 5 the sequence {Sn}n21 18 1ncreasing and bounded, so it is convergent.
We also have: if U, >V, ¥n > 1, and if the series Y -, V, diverges, then the

series Y - U, also diverges..

Example 6 Study the nature of the series y .~ (%)n n—*fl

Let U, = (l)n Vi then

2) n¥1?
1\" 1 1\"
V,eN:U,<|= <=1 .
ew 0.2 (5) < (3)

As the series with general term V,, = (%)n converges, the same s true for the series

Sl (3)"

1.3.2 Alembert criterion

Theorem 7 Let Y 7 U, be a series with positive terms. Suppose lim % =1,

n—+oo “N

then:

a) if | < 1, then the series converges,
b) if | > 1,then the series diverges,
c) if Ll =1, no conclusion can be drawn.

Proof.

a) If I <1,3r € RL: [ <r < 1.Therefore,

AN € N* such that Vn > N : Ugﬂ <.

n
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We obtain successively:

Un+1 < TUn:
Un+2 < Un+1 < 7’2Un,

Un+3 < TUn+2 < T3Un,

By adding term by term, we will have

Un+1+Un+2+Un+3+... <TUn—|—T2Un—|—T3Un...

=U,(r+r+r+..).

The bounding series is convergent because it is a geometric series with a ratio
r < 1, Therefore, the series U,, 11 + Uyt + ... is convergent. We deduce that

the series S °° . U,, also converges.
n=1+-n

b) If I > 1, then

de>0suchthat 1l < 14+e<.

For this ¢, all the elements of the sequence {Ul’}—:l} are > 1 + ¢ except for a

finite number, i.e.,

IV eN I g, ¥n > N,
Un

By giving N the successive values N, N + 1, N + 2, we will have:

Un+1

>1—|—€:>UN+1>(1+€)UN
N

U
M s 14 e = Uysa> (146 Uynp > (14¢)* Uy,

N+1
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Thus, the series Uy + Unyo + ... is bounded below by the series (1 4 ¢) Uy +
(1+ 5)2 Un+-...which is a divergent geometric series because its ratio is 1+¢ > 1.
This implies that the series Uni1 + Uni2 + ...is divergent, and consequently,

the series Y~ | U, is also divergent.

c) If I =1 : There are examples that lead to convergence and others to divergence,

but this is demonstrated using other means.

1.3.3 Cauchy criterion

Theorem 8 Let Y >° U, be a numerical series with positive terms, and let | =

lim /U, = lim (Un)%. Then, we have the cases:

n—-+o0o n—-+o0o

a) if | <1, the series converges,
b) if l > 1, the series diverges,

c) if l =1, no conclusion can be drawn.
Proof.

a) For [ < 1, use a similar technique as in the Alembert criterion. For any Ve >
0,3N eN:Vn>N:|YU,—l|<e=1l-ec< YU, <l+e s0 Y¥n>N
U, < l+¢e. We can always choose € small enough so that [ +¢ is < 1. For suche

:Vn>N U,<(l+e)" <1, s0

UN+1 < (l + €)N+1 ,

UN+2 < (l + €)N+2

Y
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the geometric series (I + z—:)N+1 +(l+ 5)N+2+ ... converges. Therefore, the series
Uni1+Upni2+... is convergent as it is bounded by a convergent geometric series.

Hence, the series U; + Us + ... + Uy + Uy 41 + ... is also convergent.

b) If I >1:3N € N*:Vn > N : /U, > — ¢ and we can always choose ¢ such that
[ —¢e>1. Then

Vn>N:U,>(l—¢)">1.

Since >, (I+¢)" diverges (geometric series with ratio [ —e¢ > 1), then

Yoo U, diverges = > >, U, diverges.

c) If | = 1 no conclusion can be drawn: There is a possibility of convergence or

divergence depending on the series under consideration

1.3.4 Comparison with an Integral:

Theorem 9 Let ) ° U, be a series with positive terms and {U,}, n. a non-

decreasing sequence. Let f be a continuous, non-decreasing function on an interval
of the form [a, 400 such that Vn € N* f(n) = U,, Then, the series y ., U, nd the

integral f1+°° f(x)dx shave the same nature.

Proof. Considering the graph of this function for x between n and n + 1, and

assigning values 1,2, ..., to n, we have:
Uy =U; (2—1) > [7 f(x)da,
Uy=U;(2-1) > [J f(x)dz,

Up=U,(n+1—-n) > [ f(z)dr.
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By addition:

n+1
1

On the other hand, we also have:

Uy=Uy(2-1) > [ f(2)dz,
Us = Uy (3—1) > [ f(x)dz,

U1 =U,(n+1—n) > f:ﬂ f(x)dz.

By addition:

n+1
Uy +Us+ ...+ U,iq =S, > / f(:)?)d:)?,
1

Namely:

n+1
Sn+1 - U1 < / ’ f(a:)dx (111)
1

Two cases may arise:

1. If f1+°° f(z)dz converges, then according to (1.11)

n+1 +o0 +o0
Sn+1 </ f($)d$—|—U1 < (l’)dl’—i—Ul = 5, < (13)+U1
1 1 1

The sequence {S,},~, is bounded, and since it is also increasing, it converges,

ie., 7 U, converges.
2. If [ f(z)dx = +o0, then according to (1.10)

+o00
Sy > (x)dx ,¥n > 1. (1.12)
1

By taking the limit: > > U, > f;roo f(z)dr = >~ | U, diverges.
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1.3.5 Equivalence criterion

Let > >° U, and > >° V,, be two series with positive terms such that for n €

V(+00) : Uy ~ Vi, then Y2, U, and >~ | V], have the same nature.

1.3.6 Another comparison criterion:

Un

Let > 27, Uy and 3772 | V;, dbe two series with positive terms. By calculating lim 32,

n—--+00

three cases arise:

e Ist case: Ifnirglroo g—: =0, then Y >V, converges = >~ U, converges.

e 2nd case: If lim Y= = 400, then Y °° V, diverges = Y o0 | U, diverges.

n—->--+400 Vn

e 3rd case: If lim Y =] = Y >° U, and Yo7, V,, have the same nature.

n—--+00 Vn

Un

A lim n~“U, to conclude.

n—s-+oo

In general, one takes V,, = n%and calculates lim

n—s--+oo

1.4 Series with Arbitrary Terms

Let >>° U, be a numerical series that can take positive and negative values.

Definition 10 We say that the seriesy .., U, converges absolutely if the series of

positive terms y .| |U,| converges.
Theorem 11 FEvery absolutely convergent series is convergent.

Proof. Suppose that the series y ~  U,converges absolutely. Consider Y >, U,,

and show that its remainder |R,| — 0 as n — +o0. Now,

|Ro| = |Unis + Unsz + o] < [Unst| + |Una] + .. (1.13)
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but lir+n (|Uns1| + |Uns2| + ...) = 0 as it is the remainder of the convergent series
> Ul so liril |R,| =0= > U, converges.

Remark 12 As we will see from the study of alternating series, the reverse is not

always true, i.e., there are convergent series that are not absolutely convergent.

Alternating Series:

These are series of the following form:

Z (—1D)"U, =U; — Uy + Uz — Uy + ..., where all U; are > 0. (1.14)
n=1

Theorem 13 ( Leibniz’s Criterion) If the sequence {U,},~, is decreasing, and
lir+n U, = 0, then the series Y -, (—1)" U, converges, and its sum S is positive with

S < U.

Proof. Consider the sum .55, then
SZn = (Ul — Ug) + (Ug — U4) + ...+ (Uanl — Ugn)

By hypothesis, all these parentheses are positive, so S5, is also positive, and the
sequence {S,} is thus increasing. Let’s show that it is bounded. We write Sy, as

follows:
Son =Uy — (Uy = Us) — (Uy — Us) — ... — (Ugp—g — Usp—1) — Usy,

which means that Ss, < Uy, so the sequence {S3,} is increasing and bounded, so it
converges: lim Sy, = S.
n—-4oo

Now consider the sequence {S2,41},,;. We have

Sont1 = Son + U1 = lim Spppy = lim Sy, + lim Uppqy = S
n—-+o0o n—-+o0o n—-+o00
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The subsequences {S3,} and {Ss,,1} are convergent, so they converge to S,. As
{Son} = {San} U {Sans1} the sequence {S,} lso converges to S. Since Sy,11 =

Son + Uspi1 < Uy — Uy < Uyp, then S, <U; forallVn>1 c.qf.d. =

Remark 14 We have |R,,| < Upy1.

Example 15 Y °° U7

n

1

U, = . is the general term of a series with positive terms where U, 11 = n+r1 <
U,=2%and lim U,=0= >, =1 converges.
n n—-+oo n= n
The series > -, ‘% = > | Lois divergent, i.c., the series Y o | (_7? is not

absolutely convergent. Such a series is called semi-convergent.

1.4.1 Abel’s criterion

This criterion is a generalization of Leibniz’s criterion. We have

Theorem 16 Let {a,} -, and {b,},—, be two numerical sequences satisfying the

following three conditions:

1. The sequence {By}.., is bounded, where B, = ,_, by,

2. The sequence {ay}. -, is decreasing, and liIf U, = 0, then the series ZI“OO by,
n—-roo

converges.
Remark 17 If b, = (—1)", Abel’s criterion reduces to Leibniz’s criterion.

Example 18 Let’s study the series of terms U,, = ¢"%a,, where o # 7k, k € Z
Here, b, = €™ s0 let B, = > _, e’ be the partial sum corresponding to the

series

“+o00 “+o00
b _ eina
n=1 n=1
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Thus, for a # nZ, we have

By =e” e —1
As |By| < |ei%||e’§—e—’%| < ‘Sii%‘ —> the sequence {B,} is bounded.
For{a,} sa decreasing sequence such that nirglroo a, — 0, we have Y 7 e"a,
converges.
Special cases: the series S 5 6:8&,0 < s < la € R\{nZ}, Y cosne o
fogsinna > 1,0 < s < 1,a € R\ {7Z} are all convergent.

For a > 1 all these series are evidently convergent.



Chapter 2

SEQUENCES AND SERIES OF
FUNCTIONS

2.1 Sequences of functions.

Consider a sequence of functions f, - (a, b) — R such that z — fn (x), possibly

Y

with @ = —o0, or b = 400. In the following, («, () denotes an interval C (a, ).

2.1.1 Simple convergence

Suppose that for each x € (a, (), the sequence {f, (z)} has a limit. This limit is
then a function f of = defined on (a, ). We say that the sequence of functions { f,,}
simply converges (S.C) to f on (a, ) :

fo — [ simply on (a, ) & Vz € (o, f): lim f,(z) = f ()

This is equivalent to:

Vo e (a, f),Ve > 0,3IN (z,e) e NNVneN:n>N=|f,(z) — f(2)] <e. (2.1)

16
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Example 19 a) Let f, : R — R be defined by

na?

=Tz el

Jn ()

o Forx #0, hrf fo(x) =1

e Forx =0, we have f, (0) =0= lim f,(0)=0.

n—-+o0o

1 six+#0,
Thus, the sequence { f,,} S.C to the function f defined by x — f (x) = 4

0stx=0.

b) Let f, : R — R be defined by
fo (2) = nwe™™ + 1.

Vo € R, we have lim f, (x) = x. Thus, the sequence {f,} S.C to the function

n—-+o00o

f defined by v — f(x) =z, Vx € R.
c) Consider the sequence of functions

fn (1‘) _ SlIl?’L.Z’7 reR.

n

We have Vx € R, lirf fn(x) = 0, Therefore, the sequence of functions {f,}

simply converges to the zero function f (x) =0, Vz € R.

d) Consider the sequence of functions

fo(2) = 2n2%e % z € R.
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This S.C sequence towards the null function. Nevertheless, we have

1

[ (i)
0

n—-+o0o
0

1 1
but [ < hgl fn (x)) dx = [0dz =0, ie.,
0 \"7Tee 0

1

i ]nmm:¢/Qg&nm)m
0

0

e) Let’s return to example c¢). We note that f] (x) = cosnz and RETOO fl (x) does

not exist in general and yet f'(x) = 0; in other words:

d . i d
iz (o) # i (0 0).

Finally, returning to the first example, the functions f,, are all continuous on [0, 1]

but the function f is not.

Conclusion 20 In general, simple convergence does not preserve continuity and

does not allow the symbols % and [ with lim . To remedy this defect of simple

n—-+00

convergence, we introduce a new type of convegence for sequences of functions.

2.1.2 Uniform convergence

Definition 21 We say that the sequence of functions {f,} converges uniformly

(C.U) on (a, B) to the function f to mean:

Ve >0,3dN () e N\Vz € (a, f),VneN:n>N(e) = |fu(z) — f(2)] <e. (2.2)
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This time, N () depends only on € and does not depend on x.
It is clear that

C.Uon (a, f) = C.Son (a, B).

Example 22 Let’s revisit example a). We have uniform convergence of the sequence

{fn} to f on[c, + oof for a given ¢ > 0. Indeed, on this interval:

na? 1
o) = P =| 2 ] =

Tt1<fll>‘tﬁith 1<' 2>11:>
0 ge e for all x > c. it suffices to have ——— < ¢, i.e., nc* > = —

I a2 - 1+nez 7777 5

_ 1—
n > 28. Therefore, fornEN(a):[ ;] + 1, we have |f, (x) — f (z)| < e.

nc nc

Can we get U.C on [0, c[? If yes, then we will have U.C on [0, + ool.

Suppose this is the case; then Ye > 0,dN (¢) € N,Vn > N et Vo € [0, ([ :
|[fn (z) = [ (2)] <&

Choose n such that x = \/iﬁ € [0, c[, which is possible; it suffices that n > 2.

Then, for this choice of n and x:

1 1 1
fa (%) —f (%> ‘ = §does not tend to 0 as n — +o0.

Therefore, there is no uniform convergence on [0, c¢| and consequently not on [0, + oof.

Remark 23 In the definition of U.C, it is specified that N is independent of © €

(v, B), but N obviously depends on the interval (o, (3) itself.

Stating that {f,} — f uniformly on («, ) is equivalent to saying that

Ve > 0,3dN () e N\Vz € (a, B),VnomeN:n>m> N (¢) = |fn(z) — fr (2)] <

Interpretation of U.C using a norm:
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Let E be the vector space over R of functions defined on («, /3), taking real and

bounded values on (c, ). The norm ||.|| on E is defined as: if f € £

[fllee = sup |f(x)]. (2.3)

z€(a, B)

Stating that the sequence {f,} — f uniformly on (o, () means that

1o = flle = sup |fu(z) = f(2)] = 0if n — +o00. (2.4)

z€(a, B)

2.2 Series of functions

Let the sequence of functions U, : (a, §) — R, where eventually a = —o0, or

b = +00. Consider the series

Uy () + Uz (z) + ..U, (z) + ... (2.5)

and the sequence of partial sums:

Si(z) = Uy (z), S, (2) = Uy (z) + Uy () + ..Uy (2) . (2.6)

This series is called a series of functions. The set D, of real numbers x for

which this series converges is called the domain of convergence.

Theorem 24 The remainder R, (x) of a convergent series of functions tends to 0

as n — —+o0.

Proof. It suffices to use the fact that R, (z) = S (z) — S, (z). Now, for all x € D, :

lim S, (z)=95(z) = lim R, (x)=0.

n—-4o0o n—-+4o0o
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2.3 Simple, uniform and normal convergence of a

series of functions

+o0
Definition 25 a) We say that the series of functions Z U, (z) stmple conver-

n=0
gence (S.C) to its sum S (x) on an interval I = («, [3), to express that the
+oo

numerical series g Uy, () is convergent :

n=0

+o0
Vrel: lim S, (x) — S(z)= Z; U, (z), (2.7)

the relation (2.7) is equivalent to

Ve € [,Ve > 0,3N (z,¢) e NNVn € Non > N (z,€) = |5, (z) — S ()| < e.

(2.8)
+o00o

b) We say that the series of functions Z U, () converges uniformly (C.U) to
n=0

its sum S (z) on I when the sequence of partial sums {S,},., converges uni-

“+oo
formly on I to the function S (x) = Z Un (x), which is equivalent to:
n=0
Ve >0,dN () e NyVn e Nyon > N (e) = |S, () — S (z)| <e Vx e I, (2.9)
In a more concise and practical form, this is equivalent to:

liril |Sn =S|l =0, ot ||S, =S|, = sup |Sn(z)—S(z). (2.10)

[e.e]
ze(a, B)
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Using Cauchy sequences, uniform convergence is equivalent to:

Ve >0,3N(e) e NNVn e NVm e Nym >n > N (e) = |S, (x) — S, (z)] <e Vx € I.

(2.11)
c) Sufficient Conditions for Uniform Convergence
Let’s first give the following definition:
+oo
Definition 26 We say that the series ZU” (x) is bounded on the interval
n=0
“+o0o
I, if there exists a convergent numerical series with positive terms Zvn such
n=0
that
Vn e N: |U, (z)| <v, Vx € I. (2.12)
+0o0
We also say that the series Z U, () converges normally on I.
n=0
+00 +oo
Theorem 27 (C.N) ZU” (x) converges mormally on I = ZU” (z) con-
n=0 n=0
verges uniformly on I.
“+oo

Proof. Suppose that the series Z U, (x) converges normally on I, then there exists

n=0
a sequence {v,},~, such that Vn € N : U, (z)| < v,. Therefore, we have:

’UnJrl (x)‘ S Un+41,

’Un+2 (1’)| < Uny2,

By summing term by term, we get:

+oo +00 +0oo +oo
2@ D ve=| Y Uk@)| < D) w
k=n-+1 k=n-+1 k=n+1 k=n+1
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+o0 +00
This inequality involves the remainders of both series Z U, (x) and Z Up. As the

n=0 n=0
+00
latter series converges, its remainder E vy — 0, so we can write:

n—-4o0o
k=n+1

—+o00

>

k=n-+1

Ve > 0,3N () e N,YVn € Nn > N (¢) = <e

so also that

> Uk ()

k=n+1

Ve >0,3N (¢) e N,Vn e Nn > N (¢) = <e, Vxel,

This precisely means that we have uniform convergence of the series of functions
+00

ZUn(x) onl. m

n=0

Corollary 28 Fvery normally convergent series is absolutely convergent.

+o0o
Theorem 29 The series Z U, (x) is normally convergent on I if and only if the
n=0
+00
numerical series Z 1Unllo » where || Uyl = sup Uy, (x)], is convergent.
n—0 el

+oo
Proof. If the series Z Uy, (z) is normally convergent on I, there exists a convergent

n=0

+o0
numerical series with positive terms Zvn such that Vn € N : |U, (z)| < v, Vx € I.
-0
n .
Now, Vn € N : ||U,|l, < v, , and therefore, the numerical series Z |Unll, is
n=0
convergent.
The converse is obvious; one can simply take v, = [|U,[| . ®
+o0
Theorem 30 (Integration) If the series of functions ZU” () converges uni-

n=0
formly on I, and if, moreover, all functions n — U, (x) are continuous on I, then

its sum S (x) is a continuous function on I.
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Proof. Let xy be any element in 7. In terms of the remainder R, (x) = U,41(x) +

Upo () + ..., the difference S () — S () is expressed as:
S (z) — S (xg) = Sy (x) — Sy (x0) + R () — Ry, (20) -

Taking absolute values, we have successively:

15 (2) = S (xo)| < [Sn () = Sn (wo)| + |Bn () — R (z)]
< [Sn (2) = Sn (wo)| + [ (2)] + | R ()]

Now, S, is continuous at ¢ < Ve > 0,39, (¢) > 0/ |[x — x| < d1 = |5, (z) — Sy (z0)] <
e/3
+o0
But Z Uy, (z) converges uniformly on I so there exists 3N (¢) such that we have
n=0

both for z and X
Ve >0,3N;(e) e N/ n> N (e) = |R, (z)] <e/3 and |R, (z0)| < &/3.
Combining these, we get for |S (z) — S (z9)| and for n > N (¢)
Ve >0,301(e) >0/ |x — x| <1 = |S(x) — S (x0)| <e/3+¢/3+¢/3=c¢,

which means that the sum S (z) is continuous at xy. As zg is arbitrary in the interval
I, S (z) is therefore continuous on I. c.q.f.d. m

We present above, without proof, the two theorems.

+o00

Theorem 31 (Integration) Suppose the series of functions ZU" (x) converges
n=0

uniformly on I to its sum S (x). If, for every n € N, the functions v — U, (z) are

integrable over I = [a, B], then
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i) the function x — S (z) is integrable on I,

B
ii) the numerical series with general term v, = [ U, (z)dx is convergent, and more-
«

over, we have

[0}

+

oo

+oo
Vag, a; € [a, f]: Z
n=0

1Un(x)dx:7<

aQ @Q

Un (m)) dz,

n=0

iii) the series of functions with general term wy, (z) = [ U, (t)dt is uniformly con-
o

T

+o00
vergent on [a, ] to its sum Z [ U, (t)dt and we have:

f/Un (t) di = / (f U, (t)) dt. (2.14)

+oo
Theorem 32 (Differentiation) Let Z Un (z), x € N be a series of functions such

n=0

that:

a) Vn €N, the function x — U, (z) is a C* function on [, B];

+oo
b) the derived series Z %Un () converges uniformly on [a, [];
n=0
+o0
c) dxg € [, B] such that the numerical series Z Un (x9) is convergent,
n=0

then we have:

+oo
i) Z U, (x) converges uniformly on [«, B3],
n=0
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“+oo
ii) the function v — S (z) = Z Uy, () is differentiable on o, (], and we have
n=0

% (nz U, (@) = %Un (z). (2.15)

At « and 3, it involves semi-differentiability.

Theorem 33 (Leibniz’s Theorem for Alternating Series) Let {U,} be a

neN*

sequence of non-negative functions defined on an interval o, [] satisfying:

i) Vn e N*Vz € [a, 5] : Upy1 < Up;

ii) the sequence {U,}, .. converges to the zero function on [a, S];

+oo
then the series Z (—=1)" U, (z) converges uniformly on [a, f3].
n=0

Proof. According to Chapter I, we know that Vo € [«, 5] : |R, (2)| < Upyq (),

but we also have Vz € [o, 8] Ups1 (2) < ||[Unta]l, - According to ii), we have
Ve > 0,3ng () EN* /Vn e N*:n>ng(e) = ||Un <e.
By combining, we obtain
Ve > 0,3ng(e) e N*/Vn e N :n>ng(e) = Vr € o, f]: |R, (2)| <e,
or equivalently
Ve > 0,3ng(e) e N*/Vn e N* :n>ng(e) = Vo € [, f]: |[|Ra|| <e,
+oo

meaning the uniform convergence of the series Z (-1)"U, (z) on [, £]. m

n=0
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2.4 Applications

By way of applications:

Exercise 34 Show that the series given by the general term

1 1
Up () =221 — g1 ne N

18 simply convergent but not uniformly convergent on R.

Solution 35 We find that this series simply converges to S (x) such that

—1—z, <0
S@)=4 0, z=0

1—2, z>0.

Exercise 36 Consider the series of functions with the general term

Un(x):(—l)"ln(1+ ),xZOetnEN*.

x
n(l+x)
1. Show that this series converges simply on R .

2. Show that this series converges uniformly on R, .

3. Is the convergence normal on R, .

Solution 37 1. Apply the alternating series criterion: lim U, (z) = 0 and we

n—-+o00

have |U, 11 (x)| < |U, (z)| because

i D(t2) “nlte)  Tornaty St aara
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Since the In function is increasing, we get

|Uns1 (2)] < |Un (2)] .-

2. We have

T 1
B ()] < 100 @) < oy i) S wg

which comes from the fact that In(1+t) < t fort > —1. As n%l — 0 if

n — 4o, then |R, (z)| — 0 if n — +oo independently of x. Therefore, the

convergence 1s uniform.

3. There is no absolute convergence, hence no normal convergence.



Chapter 3

POWER SERIES

3.1 Radius of Convergence of a Power Series

Definition 38 A power series, or series of power, is any series of functions of
the form

ap + a1 + agr? + .aa™ + ..., (3.1)
where ag, a1, as, ...ay,, ...are constants called the coefficients of the series.

Theorem 39 (Abel) 1. If the series converges for every xoy # 0, it converges

absolutely for every x € |—xq, x| .
2. If the series diverges for x1 # 0, it diverges for every x such that |z| > |x1|.
Proof.

1. The series (3.1) converges at xy means that the numerical series ag + ajz +

asx? + ...ap,x" + ... converges, and therefore, lim a,z" = 0, Thus:

n—-+o00

aM > 0,Yn € N, |a,z"| < M. (3.2)

29
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Theorem 40 To any power series Z QnT

Counsider the series

2 n
x x ol
|lao| + |a1zo] x—o‘—k{agm%‘ v + oo+ |anzl] —| + (3.3)
According to (3.2), the series (3.3) has the upper bound
x 2 "
M+M|—|+M|—| +...+M|—| +.., (3.4)
Zo Zo Zo

Now, = € |—xq,x0[ = ‘xio’ < 1, so the geometric series (3.4) is convergent.
Therefore, the series (3.3) is also convergent, and consequently, the series (3.1)

is absolutely convergent.

. Assume the opposite, i.e., 3z such that |z| > |z1| for which the series (3.1)

converges. Since |z1| < |z| = 21 € |—|z|,|z|[. according to part 1 of the
theorem, the series converges (3.1) at x1, which is a contradiction. Therefore,

this series diverges for all x such that |z| > |zy].

+o0
" we can associate a positive real number

n=0

R, epossibly zero or infinity, such that:

a) The series converges absolutely for every x such that |z| < R;

b) The series diverges for every x such that |x| > R.

Proof.

+oo

a) Apply the d’Alembert criterion to the series Z la,z"| for © € |—R, R|. Then

n=0
1
. |anpa™t | ang
lim [——| = lim ezl
n—-+00 Ay L™ n—+oco | Qy,
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a
There is convergence if lim |[“| . |z| < 1, i.e., if [z] < lim “—|. The
n—+oo | n n—+00 | (py1
sought-after number R is thus
) a
R = lim = 1. (3.5)
n—+00 | Ay
a
b) Of course, the series diverges for lim |*21||z| > 1; hence, for [z| > lim 1,
n—-+00 n n—+00 | (p41
ie., for |z| > R.
+oo
The number R is called the radius of convergence of the power series Z a,x". With
n=0
the Cauchy criterion, this number is calculated using the formula
1
R - -—]./'I’L' (3-6)
lim |a,|
n—-—+00
The series converges absolutely in the interval (—R, R) .
For x = —R or x = R, we cannot conclude immediately; it will be necessary,
+oo
of course, to study the convergence of the two numerical series Z a, R" and
=0
+o0 !
> (=1)"a,R".
n=0

Remark 41 In the appendix at the end of this chapter, we provide the extension of
the notion of power series to the complex variable, as well as that of the radius of

convergence when the coefficients a,, are not given by a single formula.

Theorem 42 On any interval of the form [—a,a| contained in the convergence
+oo

domain D. = (—R, R), the power series Z a,x" is bounded.
n=0
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Proof. For any x € [—a,a], we have: |a,z"| < |a,|a™. Now, the numerical se-

+00 +oo
ries E la,| a™ is convergent since o < R, Therefore, the power series E a,x" is
n=0 n=0

bounded, and we can deduce that it is uniformly convergent on the interval [—«, ] .

Theorem 43 1. On any interval [—a,a] C D,., the sum of a power series is a

continuous function.

2. If the bounds— R and R of the convergence domain D, belong to D., then

j (f anx”> dz = :i; 7 anz"dx (3.7)

0 n=0

3. If D. = (—R,R) is the convergence domain of the power series S(x) =
+o0o

E a,z", then the derivative series

n=0
—+o00

P (@) =3 (n+ 1) apa” (38)

n=0

has the same convergence domain, and additionally, %S (z) = ¢ (z) or

Proof. Calculate the radius of convergence of the derivative series:

.|+ 1) ang . |ant
lm |——————| = lim
n—+oo | (N + 2) (p42 n—+00 | (p42
. a
= lim -
n—+00 | Apy1
= R.

We thus have the same convergence domain, and the derivative series is therefore

normally convergent within D,.. The series (3.1) is thus differentiable, and we can
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write:
d —+oo —+o0o d —+o0o
I (Z an:v") = Z e (apx™) = Z (n+1) aps12". (3.9)
n=0 n=0 n=0

The series (3.8) can be further differentiated, and the process can be continued
indefinitely.

In conclusion, the function x — S (x) is C'™ on any interval contained within the
convergence domain. m

+oo
Example 44 a) The power series Z x™ converges in D. =]—1,1] and

n=0

+o0

1
Y = (3.10)
n=0

1—x

Differentiating both sides, we get

1 +oo . +oo
= nx" " = n+1)a" 3.11
within D, = ]—1,1].
We also have in |—1,1]
+oo
n(l-z)=-Y —. (3.12)
n
n=1
+o00o
b) = = Z (—=1)" 2?™ in |—1,1[, and integrating both sides, we get
n=0
oo 22+l
arctan r = nz; (-1)" 1 (3.13)

Functions Expandable in Power Series

In the neighborhood of a point z¢ € |—R, R[,we can affirm that
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a) The sum of a power series is a C* function on |—R, R[. Conversely, can we
consider that a C*° function is the sum of a power series? The answer is

yes under certain additional conditions. Indeed, let f : |a, ] — R be a C*
+o0o

function. When we can associate a power series E a, (x — x0)", with f, where

n=0
a, and zo € R are such that we have

+o0
f(z) :Zan(x—azo)",V$ €|z —a,z0+al Cla, 8.
n=0

We say that f is expandable in a power series in |zg — a,x¢ + a| around z.
+o00

The sum Z a, (x — x0)" is then called the power series expansion of f . This

n=0
expansion, when it exists, is unique because these coefficients a,, are uniquely

determined by
f (z0)

n!

(3.14)

Ay =

b) Existence condition:
Necessary condition:

f is expandable in a series in |rg —a,z9 +a] = f is C®in |zg — a,z¢ + a| and

f(n) (o)

a, = ——.

n!

Sufficient condition:

fis C*in |zg — a,z¢ + a[, and there exists a constant M > 0 such that

Mn)!
an

+oo
Vn e N: ‘f(”) (a:)! < = f(z) :Zan(x—xo)",Va:G]:r:o—a,a:o+a[.
n=0
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c) Examples:

+oo
r T
+oo 2n +oo n_2n
x (—1)"x
coshz = ; o) et cosx = nZ:O W,Vw (3.16)
+0o 2n+1 +00 (_1)n 2n+1
. X . X
sinhx = nZ:; m et sinx = nzzg W,VQ? (317)
-1 —1)... — 1
(1+2z)" = 1+mx+mx2+...m(m Jo-(m—nt )x”—i- (3.18)

21 n!

m < _17 Dc = ]_171[7
under the conditions: -1<m<0, D, =]-1,1[;

m >0, D.=[-1,1].
3.2 Function C'* not developable in series

Let f be the function defined by

b (x)

It is shown by induction that f is a C* function on R* and f™ (z) = -~ exp (—%2) ,

l=3n

where P, is a polynomial of degree 2n — 2. Therefore, lir% fM(z)=0=VneN:
™ (0) = 0. It follows that the Taylor series of f is the zero series. Consequently,

there exists no real number a > 0 such that on the interval |—a, af, we have

Vo € |—a,af : f(2)

because f does not vanish at 0.



CHAPTER 3. POWER SERIES 36
3.3 Additional information on power series

Accumulation Points and Radius of Convergence

Let {U,}, .y be a numerical sequence. We say it has a finite accumulation

neN
point [ if:

Ve > 0, there exists an infinite number of U, in |l — ¢, +¢][.
Similarly, we say it has +o0o (resp. —00) as an accumulation point if:

VA > 0, there exists an infinite number of U, in |A, +o00[ (resp. in |—oo, A[).

The largest accumulation point of the sequence {U, }, .y (denoted as L) is called the

upper limit of the sequence. We write

L= Tim U,. (3.19)

n—-+o00

Considering the sequence { V/ |an|} , we then have the general formula for calculating

the radius of convergence

Rew ' (3.20)

im {/|an|

n—-+o00

Example 45 Determine the radius of convergence of the following power series:

1. 24+ 22+ 2+ 22+ 27+ 21 4 218 + 2P + ..., p prime number;

2. Consider the sequence {\,} defined by

1 S
Pyl sin=3p
Ap = z%’ sin=3p+1

(—a)?, sin=3p+2n, a>0 cste.
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. o _ , 0, st n non premier;
Solution 46 1. This is a power series with a, =

1, st n = p premier;
0, st n non premier;
Therefore, {/|a,| =
1, st n = p premier;
and the sequence {\"/ |an|} has two accumulation points, which are 0 and 1.
Thus, lir+n Ya=1=R=1.

2. It is clear that

(
1
——, Sin=23p
X/p+/p
n n ]- .
an| = /|| = ——, sin=3p+1
pm
aﬁ, sin=3p+2.

\

These three expressions tend to 1, 0 and a'/? respectively as p — +00 =

1
- sup{1,a’/3}

Extension of the Notion of Power Series to the Complex Variable
+0o0

We consider power series Z a,z" of the complex variable z. Its radius of con-
n=0
vergence is calculated in the same way as in the case of the real variable, only the

study at the boundary differs since the convergence domain D, is now a disc in C.

+oo  n
Example 47 Study of the series Z =
n=1 n
It is clear that R = 1. For z such that |z| = 1, we have z = exp (i0) . The study at
, , . <= exp (inf) ,
the boundary thus amounts to studying the numerical series Z ————= for which
n

n=1
we apply Abel’s criterion:



CHAPTER 3. POWER SERIES 38

The sequence {%}n 1s positive, decreasing, and tends to 0 as n — +oo while

EN*

k
for 0 #+ ;, k € Z, the sequence {exp (inf)}, .y« is uniformly bounded, i.e., IM > 0,

N
Zexp (inf)| < M

n=1

k
VNEN*,V&;&H%;,ICGZ:

+oo .
exp (1n6
The series E M converges for the corresponding values of z and diverges for
n
n=1

z of the form z = exp (z%”) )
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FOURIER SERIES

Definition 48 A Fourier series is any series of functions of the form

L + qycosx + bysinz + ag cos2x + by sin2x + ... + a,, cosnx + b, sinnx + ...
oo

= @ 4 > a,cosnx + b, sinnz,

n=1

[\

(4.1)
where the real constants ag,a, and b, fot n > 1, are called the coefficients of the

series.

Remark 49 When the Fourier series converges, its sum is a function with a period

of 2.

4.1 Determination of Fourier Coefficients

Let f be a 2r—periodic function. Can it be represented by a convergent Fourier
series (4.1) in the interval (—m, 7)? In other words, we seek real numbers ag, a,, and

b,, n > 1, to have

f(x)=%+alcosx+blsinx+ ...... + a, cosnx + b, sinnx + ... (4.2)

39
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It is clear that if the numerical series @ + > |an| + |bn| converges, then the Fourier
n>1

series is bounded on (—m, ), Therefore, by integrating (4.2) on (—m, 7), we obtain

successively:
[ f@)dz = [ (“30 + > a, cosnz + by, sinnx) dx
- - n=1
n - . - (4.3)
= f Qdr + > (an f cosnxdx + b, f sinnxdx).
—T ’n,:l —Tr —T
but _
/cosm;dw = [smnm] =0Vn > 1,
n —m
and

™

— g 1
/sin nrdr = [M} = —— [cosnm — cos (—nm)] = 0Vn > 1
n - n

—T

Therefore, (4.3) leads to [ f(x)dz = mao, so

ap = %/f(:v)dx (4.4)

To find the expressions for a,, and b,,, we will use the trigonometric identities:

sinma cosnx = 3 [sin (m + n) x + sin (m — n) 2],
cos max sinna = 3 [cos (m + n) x + cos (m —n) ], (4.5)
sinma cos nx = 3 [cos (m — n) x + cos (m + n) ],

which immediately give:

For n #m:
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s
[ sinma cosnadx = 0,

—T
s

[ cosmax cosnazdr = 0, (4.6)

[ sinma sinnazdr = 0,

—Tr

Forn=m:(n>1)

s 1 ™
/cos2 (nx)de = 3 / (1 —cos(2nx))dr =7

To find a,and b,,, we consider the two integrals respectively:

[ f(x)cosnzdr = [ [(‘12—0 + > a, cosmx + by, sin nx) cos mx] dx

—T —T T'Lz].
s s s
=% [ cosmadx + Y. [ a,cosnzcosmadr + Y b, [ sinnxcosmadx
-7 n>1—m n>1 -7

According to the identities (4.5) and (4.6) above, we find

™

/f(:v) cosnxdr = an/cos2 (nx) dx,

—Tr

which gives

a, = %/f(x) cos nxdx. (4.7)

To find the coefficients b,,, we consider [ f(z)sinnzdz, and we obtain

—T

b, = %/f(x) sin nxdx. (4.8)

Remark 50 If f is a periodic function, the same value is obtained by integrating on



CHAPTER 4. FOURIER SERIES 42

an arbitrary interval with a length equal to the period. Indeed, if T' = 27 for example,

we have o
Ve eR: | f(z)dr = f(z)dz. (4.9)
=]

This is because the integral on the right decomposes into

A2 A2

/ da:—/f da:+/f dx—{—/f Ydx + / f(x)dx.

™

Now, if we substitute t = x — 2m in the last integral, then

A+27

| # dx—/f27r+t /f )t = /f

™

Definition 51 We say that f is piecewise monotonic on the interval [a,b], if it
18 possible to decompose it into points: xo =a < 11 < 19 < .... < x, = b; such that
on each interval (x; x;+1), the function f is either increasing or decreasing. If f is
monotonic and bounded, these possible discontinuity points are of the 1st kind. To

determine if xqy is such a point, we have

Ly = lim f(z) = f(zo — 0) # La = lim f(z) = f(z0 + 0),

< >
T—=x0 T5T0

and L, and L, are finite numbers.

Dirichlet’s Theorem: If the function f is periodic with a period of 27, piecewise
monotonic, and bounded, then its Fourier series converges everywhere. Its sum S(x)
is equal to f(z) if f is continuous at x, while at discontinuity points, its sum is equal
to the arithmetic mean of the left and right limits, i.e., if x = zq is a discontinuity

point of f , then
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Example 52 Let f be a function with a period of 2, given by f(z) = 2% —7 <

z < T.

For the calculation of coefficients:

- -
aoz—/f(x)dx: —/x2dx:
m m

—T

-
| — |
w| 8,
_ 1
| 3
3
I

[\
qﬂ

w

™

1 7 1 4(—1)"
anz—/f(x)cosm:dx:—/xQCosnxde (=1) ;
T T

—Tr

1 ™
b, = — /f(:v) sin nzdz = 0.
0

As f is piecewise monotonic, bounded, and continuous, it is equal to its Fourier

series:
3

I‘2:

o _1)
—1—42 ( n2) cosnz, x € [—m,m.
n=1

Forxz =0 : 022—34—42 (7”#; we deduce the sum
n>1

I
n2 12

For x = m, we obtain

- (4.12)
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4.2 Fourier Series of Functions with Arbitrary Pe-

riod

Let f be a periodic function with period w. With the change of variable x = %,

the new function f (%) ebecomes periodic with period 27. In its Fourier series, it

develops as follows:

Wt Qo

f(—) = 5 +ajcost + bysint + ... + a, cosnt + b, sinnt + ...,

™

where a,, = f(t) cosntdt et b, =L [ f(t)sinntdt

Returning to the variable x, we have: ¢

3=
|
5 =3

I = dt = {;dz, then

W w
1 nWax 1 . (nWzx
an—a/f(x)cos< - >dxandbn—w/f(x)sm( = )dw,
W -w
and therefore,
_ag > nWx . nWx
f(z) = 5 + ; <an cos — + by, sin - ) : (4.13)

4.3 Fourier Series of Even and Odd Functions

1. If f is an even function, then: [ f(x)dz =2 [ f(x)dz, which gives:
-7 0
f(z) cos nxdz,

For f(z)cosnz even = a, = £ [ f(x)cosnads = 2

i\kﬁi
O—x

For f(z)sinnz odd = b, = 0.

2. If f is an odd function, i.e., [ f(z)dz = 0,which gives:

For f(z)cosnz odd = a,, = 0,
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For f(z)sinnz even = b,, = 2 [ f(z) sinnadz.

3 o
C—y

4.4 Complex Form of Fourier Series

Let f be a periodic function with period 27 represented by its Fourier series:

flx) = % +;ancosn:p—l—bnsinnx.

inT__ ,—inc
“——, then

etnz _,’_efzna:

5 and sinnz =

Since cosnr =

f(x) _ (12_0 + Z an (einz_gefinz> + bn (einz_QZcffinz>

n=1

0

__ ag an—ibn inx an+ibn ,—inx

—2—|—Zl—2 R
n=

By letting ¢g = 9,¢, = 5 and c_, = — the Fourier series of f is

written as:

flx) =co+ D cpe™ +c e,

n=1

or in a more compact form:

fa) = % caet™, (4.14)

which is the complex form of the Fourier series with

17 .
Cn = oo / f(x)e ™™ dz, n € Z. (4.15)
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4.5 Approximation of a Function by a Trigono-
metric Polynomial

Consider the function f(z) on the interval [a, b]. If we approximate f(x) by another

function g(x), the error can be evaluated by the maximum deviation ¢,, given

by:

Om = max |f(z) — g()], (4.16)

a<z<b

or more commonly and widely used, by the mean square deviation ¢ defined as:

¢ = [ (7(e) ~ g(a))* do (1.17)

a

Now, consider f as a 2mr—periodic function. Among all trigonometric polynomials

P, (z)= % + Z ay, cos kx + by, sin kx (4.18)
k=1

where aqg, ag, by, k = 1,2,...n, are arbitrary real coefficients, it is shown that the
polynomial that gives the best possible approximation (i.e., the smallest 0) is the
one where ag, a,, and b, are the Fourier coefficients. This polynomial,

G taicosr + bysinw + ... + a, cosnx + b, sinnx is then called the Fourier

polynomial. It is shown that:

™ 9 n
6 = %/fg(x)dx — (% +) ai+ bi) : (4.19)
o n==k

which leads to the Bessel’s inequality:



CHAPTER 4. FOURIER SERIES 47

n

1] 2
- / f(x)dr ~ % + Zai + b3, (4.20)
et k=1
and if n — oo (§ = 0), it results in the Parseval-Liapounov equality:

[e.e]

1] 2
;/ﬁ@m=%+§)$mg (4.21)
g n=1

Example 53 Let’s revisit the previous ezample f(x) = 2. Then [ z*dx = 25,

—T

The Parseval-Liapounov equality reads:

9 (27‘(‘2>2 0o 4< 1)71 2
3 J—
571'4 = 2 -+ E_l ( n2 ) )

and after simplification, it yields the formula:

- (4.22)
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IMPROPER INTEGRALS

5.1 Definitions

Definition 54 A function f is said to be locally integrable on I if it is integrable

on every interval [a,b] C I
Definition 55 Let [ be a function defined on the interval [a,b] = I (where b = 4+00)

b
and locally integrable on I. We say that the integral / f (z) dx converges at b if the

function F (x) = /f (t) dt defined on [a,b] has a finite limit as x — b (this finite

b
limit is called the integral of f on [a,b] and is denoted as / f(t)dt); otherwise,

a
b

/ f(t)dt is said to be divergent.

a

b
- Let f be a function defined on I = |a, b] (where b = —o0) can be /f (x) dxr and

b
locally integrable on I. We say that the integral F' (x) = / f (t) dt converges at a if

x

48
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the function F'(x / f (t) dt defined on ]a,b] ahas a finite limit as z — a.

“+oo
dx
z

a

Example 56 [ =

+oo
I.Foroz#l,lz/d—x: |
z® (@ —1)ze-1],

a

Ifa>1=1= , so I converges.

If o <1 =1 diverges.

—+00

d
2. Fora=1,1= /_x = [In2];*° = +o0, so I diverges.

X

a

Example 57 Study the convergence of the following integrals:
+oo

a) /etdt:

0
+o0

/ e~tdt is convergent and equals

0

T

We have /etdt =1—e7%, and as 1ir+n e =0,

0
1.

—+00

b) / costdt :

0
—+00

/ costdt 1s divergent.

0

T

We have / costdt =sinx, as lim sinxz does not exist,
T—+00

0

c) /—dt

We have /—dt —In(x—1)ifz>1 Aslim —In(x — 1) = —oo, the integral

>
r=1

/ t——ldt 18 divergent.
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- Let f be a function defined on I = |a, b[ except possibly at isolated points; a or

b could be —oco or +00 . Suppose that the function f is locally integrable on I. We
b

say that the integral / f (t) dt is convergent (at both a and b) if there exists ¢ € ]a, b]

c b
such that / f(t)dt and / f (t) dt are both convergent. By definition, we set
b c b
/f(t)dt:/f(t)dt+/f(t)dt.
/ d
Example 58 [ = t—tl
0
1 dt 2 dt
I =
We have /t—1+/t—1
0 1
1 2
a a . o
P 18 divergent and 1 15 divergent = 1 1is divergent.
0 1

5.2 Absolute Convergence of Improper Integrals

b
Definition 59 We say that the integral / f (t) dt is absolutely convergent if / |f (t)|dt

a
18 convergent.

Theorem 60 / f (t) dt absolutely convergent = / f () dt convergent. Indeed, since

forall realt : —|f (t)| < f(t) <|f(t)], then /f t)dt </]f )| dt.

As / |f (t)| dt < 400, we have /f (t) dt| < +o0, so /f (t) dt is convergent.

+oo
Example 61 / et sin tdt

0
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+oo +o0o +o0
We have / le"tsint|dt = /et sint|dt < /etdt < +o0,
0 0 0

+oo +oo
S0 / e~'sintdt is absolutely convergent, and therefore, / e~tsintdt is conver-

0 0
gent.

5.3 Some Convergence Criteria

b

Majorization Convergence Criterion: If f is positive, then the integral / f(t)dt

converges at b if the function F' (z) = / f (t) dt is bounded on [a, b|.

Comparison Criterion: Let f ;nd g be two positive functions, defined and
locally integrable on [a, b].
If there exists M > 0 such that f (z) < Mg (z) Yx € [a, b], then:

b

/g(t)dt <+oo:>/bf(t)dt < +o0.

a

Equivalence Criterion: Given two positive functions f and g defined and

locally integrable on [a,b]. Let [ = lim£% . Then

T
xﬁbg( )
b b

-ifl =0, /g (x) dx converges = /f (x) dx converges.

b b
- if [ = 400, then if /f (x) dz diverges = /g (x) dz diverges

a a
- if [ is finite, both integrals are of the same nature.

1
Remark 62 In applications, the function g (x) = — is frequently used.
.I-Oé

+oo
Example 63 a) Convergence of / e " dt (comparison with ")
0
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+oo
b) Show that /to‘tetzdt converges for a > 0 (compam’son with t%)

1

+oo
c) Show that /tatetht converges for a > 0 (comparaison with t*~1)

1

5.4 Reference Integrals

- Riemann Integrals:

+oo
/%7 (a > 0), converges if o > 1.
a
a

/f—j, (a > 0), converges if o < 1.

0

- Bertrand Integrals:

Let o, € R

—+00

/ta(lz’ét))ﬁ, (a > 0), converges if (¢ > 1) or (¢ =1and g > 1).

- Gauss Integrals:
+o0

The integral / e~ dt converges and equals \/TE

0
- Dirichlet Integrals:

+oo
The integral / %dt converges and equals 7.

0
- Fresnel Integrals:

—+00 “+o00

T
The integrals / sint?dt and / cost?dt are convergent and equal ——.

2v2

0 0

52
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Let’s show that the first integral converges:

+o0 +o0

sin t2
sint?dt = [ 2t dt.
2t
0 0
1 |
Wesetu—ﬂﬁu =
’ sin t2 . 2
= — v =gsInt
2t
+00 +o00 “+oo

sin 2] sin t? sin t2
/ sint?dt = — / dt = —/ dt
2t |, Iz 2
0 0
_ / sin t2 / sin t2
1

sint2 __
2 1

The first integral converges because lim

t——+o00
+oo
< tl? Since / t%dt is convergent, it follows

1
“+00 —+o00

that / sint? it is convergent. In conclusion, / sin t?dt is convergent.

1 0

sin ¢4

For the second integral, we have |

5.5 Integral depending on a parameter

5.5.1 Limit passage under the integral sign

We study lir+n fu () dt
T

If I = [a, b] , we know that if f,, are continuous and f,, — f (CU), then /fn — /fdt.

Let {f,} be a sequence of functions from / to K (K=R or C).
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1) f, are piecewise continuous on I;
2) f, — f simply, where f is piecewise continuous on [;

3) 3o : I — R* piecewise continuous on I and integrable, verifying Vn € N

|[fn ()] < @ (2);

then the functions f,, are integrable on I, and thus / fn— / fdt.
T T

+o0o
14+2sin( L)
1+¢2

Example 64 Study lim dt.

n—-4oo

Let f: R — R, defined by

B 1+281n(%)
142

()

We have f, — f, simply with f (t) = 1J+t2 The functions f, and [ are piecewise

continuous. Moreover,
3

14 ¢2

o ()] < =@ (t).

By dominated convergence, the functions f,, and f are integrable, and

+oo +o00o
. 1+ 2sin (1) . / "
n—1>I—I|—1c>o 1+ ¢2 n 1+¢2

5.5.2 Continuity of a parameter-dependent integral

We study functions of the form

g:a:EX—>/f(:1:,t)dt,
T

where X s often an interval in R.
Continuity by Domination:

If f: X x 1 — Kissuch that
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1. For all x € X,t — f(x,t) is piecewise continuous on I;
2. Forallt € I,z — f(x,t) is piecewise continuous on X;

3. There exists ¢ : [ — R™, piecewise continuous and integrable, such that
V(wt) € X x I, |f (2.0 <o (t):

then the function g : v — / f (z,t) dt is well-defined and continuous on I.

+oo
Example 65 Definition and continuity of g (z) = / Sp e dt with x € Rt

0

Consider f (z,t) — defined onr R x [0, +o0].

1+t2
For all t € [0,+o00[,z — f(x,t) is continuous on R*.

For all (z,t) € R x [0, +oo[,|f (z,t)] < ¢ (t) = where ¢ : [0, 400 — R

1
1+t20

is piecewise continuous on [0, +oo[ because ¢ (t) ~ t% when t is very large.

By domination, the function g is well-defined and continuous on RT.
5.5.3 Differentiation of a parameterized integral
We study functions of the foom g : z € X — / f (z,t)dt where X is an interval in

R.

Definition 66 Let [ : (x,t) — f(x,t) be defined on X x I. We say that f has a
partial derivative a—£ if Vt € I, the function x — f(x,t) is differentiable. In this
case, we deﬁne (:U t) ==L =f(x,t). Let f: X x I — K be such that f has a partial

derwatwe If, in addition,

1. Forall x € X t — ¢ (x,t) is piecewise continuous and integrable on I;
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2. Forall v € X t— f(x,t) is piecewise continuous on I;

3. Forall € X t— % (x,t) is piecewise continuous on I

4. Forall v€ X t— g—x (x,t) is continuous on X;

5. There exists p : I — RT that is piecewise continuous and integrable, such that

V(zr,t)e X x1I: ’%(m,t)' <@ (t);

then the function g : x — / f(x,t)dt is well-defined and C* on X, with
T

(@) = [ty
T
+0o0
Example 67 Calculation of g (v) = /etz cos (xt) dt with x € R.
0

Let f (x,t) = e cos (xt), here X =R, I = [0, 4o00[. f is defined on R x [0, 4+00]

and has a partial derivative % (z,t) = —te " sin (at),

For all x € R, 1D 50 gst — +00, sot — f(x,t) is piecewise continuous on

t2

0, +o0] ,
Forallz e R, t — g—£ (x,t) is piecewise continuous on [0, +oo],

For allt € 0,400, x — % (x,t) is continuous on R,

Moreover, for all (z,t) € R x [0,400[ : %(m,t)‘ < te™” = @(t) where ¢ :

[0, +00[ — R is piecewise continuous and integrable on [0, 400 .
+o00

By domination, the function g is C*, and g (z) = / — te~" sin (at) dt.

0
Let V' = —te™” and U = sin (xt) , then

—+00

g (z) = Bﬁ sin (m)} -2 / e~ cos (xt) dt,

0
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resulting in the first-order linear differential equation for g

g 1S a solution to a first-order linear differential equation with the initial condition

g(0) = \/TE, and we obtain
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