DEMOCRATIC AND POPULAR REPUBLIC OF ALGERIA
UNIVERSITY FERHAT ABBAS SETIF 1
FACULTY OF SCIENCES
MATHEMATICAL DEPARTEMENT

Université Ferhat ABBAS Sétif 1

Thesis

Submitted in order to obtain the Degree of
Doctor in Mathematics
Option
Non Linear Analysis and Partial Differential Equations

Title

Theoretical analysis of different problems in a stationary
or dynamical regime in a three dimensional thin domain
with various friction law

Presented by
TAKLIT HANA LAHLAH

Examiner Committee members:

President: S. MESBAHI Prof UFA Setif 1
Supervisor: H. BENSERIDI Prof UFA Setif 1
Examiner: F. GUECHI Prof UFA Setif 1

Examiner: A. HOUAS MCA UMK Biskra



Thanks

First of all, we thank ALLAH who gave everything and who gave us the strength and
knowledge to carry out this work.

Allow me here to express all my gratitude to all those who have helped me to bring, to
present this thesis well.

I would like to particularly thank my mentor Mr. H.Benseridi for having accepted to
direct this modest work and to have lavished me with this advice and this encouragement
whenever it was necessary.

I also thank the members of the jury who honored me by their presence in this defense.

My thanks also go to my dear ones: parents, my farther and my mother who gave
me everything,without forgetting my dear husband and also i thanks my brothers and
my sisters as well as all the members of my family.

My warmest thanks also go to all the teachers and administrators of Ferhat Abbas
University.

Finally, my thanks finally go to everyone who has contributed directly or indirectly to
the development of this work.

I thank my friends and classmates.

Thank’s everyone.



Dedication

I dedicate this work To my dear parents: my mother and my father who have
always encouraged to go further in my life and in my studies.
I dedicate this work to my dear husband KHALIL who was my support to achieve it.
I dedicate this work my little girl (Miral).

I dedicate this humble work to my deceased grand mother and grand father and to my brothers
(Abdalhakim,Abdelhak and Hamza), and my sisters (Radhia et Souad),
without forgetting my aunt (Ghania) and my brothers wives (Hanane, Charihan),
my husband’s mother Dalila
without forgetting also the small children of the family
(Anfal, Amine, Abdalrahim,Aridj,Ritaj,Nourhane,Ibrahim,Adem,Asma)
to my uncles, aunts, my cousins, my cousins
and the whole Lahlah family, Harfouche and Guessab.

To my friends (Fahima, Hadjer, Nour alhouda, Ibtissem, Meriem, Mofida).

And finally to those who love me and my colleagues, as well as to all Universitys taff.

i



Table of contents

General introduction iv

General introduction viii

1 Required and preliminary 2
1.1 Functional spaces . . . . . . . . . . . 3
1.1.1 Functional analysis reminders . . . . . .. .. .. ... ... ... .. 3
1.1.2 Reminders on Sobolev’s spaces . . . . . .. ... ... 7
1.2  Reminders on the mechanics of continuous media . . . . . .. .. ... ... 12
1.2.1 Conservation equation of momentum . . . ... ... ... ...... 13
1.2.2 Linear constitutive laws of elastic materials . . . . . . . ... ... .. 14
1.2.3  Coulomb type friction law . . . . . . ... .. ... L. 16

2 Study of a generalized non-Newtonian fluid in a thin film with Coulomb’s
law 17
2.1 Description of the problem and basic equations . . . . ... ... ... ... 18
2.2 Weak formulation in the domain Q° . . . . . . . ... .. ... ... ... .. 21
2.3 Asymptotic analysis of problem in fixed domain . . . . .. .. ... .. ... 26
2.3.1 problem in transpose form . . . . . .. ... ..o 26
2.4 Main convergence results and uniqueness of solution . . . . . . .. ... ... 30
24.1 Convergenceresults . . . . . .. ... Lo 30

2.4.2 Uniqueness of the solutions . . . . . . ... ... ... ... ..... 41

iii



Table of contents

3 Study of a Non-Isothermal Hooke Operator in Thin Domain with Friction

on the Bottom Surface

3.1 Stating of the problem . . . . . . . ... ... oL

3.2 Variational formulation . . . . . . . . . ...

3.3 Change of the domain and some estimates

3.3.1 Scalechange . . . . . . . . ...

3.3.2  Weak formulation in Q

3.3.3 A priori estimates of the displacement

3.3.4 A priori estimate of the temperature

3.4 Convergence results . . . . . . . ..o

3.5 Study of the limit problem . . . . . . . ... .. oo oL

Conclusion

Bibliography

v

44
45

47
ol
o1
02
o4

56
99

61

72

72



General introduction

Frictional contact problems usually arise in everyday life and play a very important role
in many applications, technical and fluid systems such as brakes, machine tools, engines,
turbines or wheel systems.

Fluid mechanics is to provide a well-structured mathematical theory of different fields,
which shows its importance in several fields, especially in industry.

A fluid (liquid, gas or ionized gas) is considered as a continuous medium represented by
density, pressure and velocity fields corresponding to the famous Navier-Stokes equation.

During the last decades, many works have been done on the mathematical theory of
frictional contact. Well-known and common friction laws used in the mathematical literature
are Tresca’s law and Coulomb’s law.

These mechanical problems which are the subject of our study in this thesis are very
frequent in applications in nature and it is therefore important to be able to model these
phenomena.

Dynamic and static contact problems with Tresca’s law of friction which was applied to
linearly elastic bodies and fluid rigid bodies were studied in 1972, by , Duvaut and Lions
[22].

Under the assumptions of elasticity and viscoelasticity, for example the tire, the Lassa
hemorrhagic fever model and the groundwater model due in a leaky aquifer [2, 3]. Other
applications are associated with the mechanism of the balls.

A non-Newtonian fluid is a fluid whose flow characteristics are different from those of
any Newtonian fluid. The first mathematical results noticed at the border with friction

conditions were by Fujita et al [24,25] in the case of fluid



General introduction

Results concerning the study of the phenomenon of lubrication by Newtonian fluids
with sliding were obtained in [8], when the sliding is given by Coulomb’s friction law, and
by F. Saidi [12] when the temperature effect is also taken into account. The authors in
[3], studied the asymptotic analysis of any problem of the fluid in a thin domain. The
asymptotic behavior of the dynamical problem of non-isothermal elasticity with non linear
friction of Tresca type was studied in [6]. in [4] the authors studied the asymptotic analysis
of a dynamical problem of isothermal elasticity with non linear friction of Tresca type.

There are many phenomena in nature and industry that show the behavior of Herschel-
Bulkley medium. For instance, the flow of metals, plastic solids and some polymers. There
is a lot of literature on this subject, see eg. [23,42]. Recently, the authors of [32] have
theoretically studied the dam failure flow of viscoplastic fluids using the Herschel-Bulkley
constitutive law and the motion lubrication model.

The authors of [40] studied the asymptotic behavior of a rotationally coupled system of
an incompressible Bingham fluid and the thermal energy equation, in a three-dimensional
bounded domain with Tresca free boundary friction conditions. Asymptotic analysis of
solutions of a thin film lubrication problem with Coulomb fluid-solid interface law study in
[10]. In the case «of =0 , Numerical solutions of Herschel-Bulkley fluid flow problems are
studied, e.g. [28,30,35,36].

The object of the doctoral thesis is the study of the asymptotic behavior of some bound-
ary problems modeling the behavior of fluids and different materials in the stationary case
in three-dimensional bounded domains with the nonlinear friction conditions on the edge.
One of the goals of asymptotic analysis is to obtain and describe a two dimensional prob-
lem from a three dimensional problem, passing to the limit on the thickness of the domain
assumed to be already thin. That is, the physical domains are defined such that the height
is much smaller than the length.

In this work, we are interested in the study of the asymptotic analysis of a stationary
problem for the non-isothermal linear elasticity and the isothermal non-Newtonian fluid in
a domain bounded in thin film Q¢ The boundary (¢ is denoted by I'* and is composed
on three parts: the bottom and fixed part ), the later part I'; and the upper surface T';.

vi



General introduction

The normal displacement and the normal velocity are equal to zero on the bottom.
However, on the lateral surface the tangential displacement or velocity is unknown and

satisfies the Coulomb boundary conditions. We consider the boundary conditions of
Dirichlet and Neumann on the upper surface.

The main parts of this work can be summarized as follows.

In the first chapter, we introduce some necessary notations and we are interested to
recalling some basic definitions and theorems of functional analysis which allow us to better
understand the content of this job. Including Sobolev’s theorem, lower semicontinuity,
convex-base definitions, and differential functions. The basic tools presented in this chapter
are standard and can be found in many functional analysis books.

The second chapter, the Herschel-Bulkley fluid is a general model of a non-Newtonian
fluid. The name is associated with Winslow Herschel and Ronald Bulkle [26] , the first in
1926, where the relationship between the stress tensor and the rate of symmetric strain.
In this part we are devoted to the study of asymptotic behavior of the steady flow of the
incompressible viscoplastic fluid of Herschel-Bulkley in a thin domain, the viscosity of which
does not depend on the temperature.

The equation of conservation of momentum given by

dive* 4+ f =0 in Q°.

with the constitutive law of Herschel-Bulkley

D )

De = f <u€) + 21| D(uf)|["% D(uf), when D(uf) #0, r> 2,
[D(w)]
|oPe| < af | when D(u®) =0,

where the parameter r, 1 <7 < 2, is the exponent of the power law of the mater-
ial. When r = 2, we find the Bingham fluids, and when r = 2 and o® = 0, we find the
Navier-Stokes model (Newtonian fluid). The boundary conditions used are the homoge-
neous Dirichlet conditions on one part of the border and Coulomb’s conditions on the other
part. By looking for a priori estimates of speed and pressure and going to the limit for this
by using the inequalities of Poincaré, Young, Holder, Korn and Minty’s lemma, we get the

weak Reynolds equation.

vil



General introduction

Under the form :

h y
h3 - 8 (9
/ EVp( )+ F(&,h) +u//A*(a§,§)ag (£,&)dedy + & //|au ?az‘ i, )dédy | Vo(x)
w 0
h
h [ owyo: .
[ 5 [r@os@ons S / /0 (i, €)d€ | Vip(w) = 0,%p € W ().
w 0 0

h h h §
F(t,2) = /0 F(&,y)dy — §F(l’, h) and F(z,z) = /0 /0 f:5(2, a)dad€

We provide an exact characterization of the limit form of the Coulomb boundary condition.

(s < kR (65 (—p))| = 5" =5
i()E =k |R (65 (—p*))| = 38 > 0 such that s* = s — 8¢

where
ou*
*=T*(%,0 dr* = £, 0).
¢ =T7(#,0) and 7* = S (4,0)

In the last chapter, we will consider the following problem:

dive* 4+ f°=0 in Q°.

The constitutive law is given by
O'ij<u6) = 2M(T6)d17j (UE) + /\(Tg)dkk(ug)(;”

and as the strain in the non-isothermal case, by coupling the equation conservation of
momentum with the equation conservation of energy deduced from the following Fourier
law

—V(KeVT®) =0°: D(u®) + r<(T°),
3
o D(u®) = > 05 ;d;j(uf).
ij=1
where, 1¢ represents the field of displacements, 7¢ represents the temperature. The

boundary conditions are mixed, they are modeled by a condition of Dirichlet on part of

viii



General introduction

the border and the friction conditions Coulomb type nonlinear on the other side for the
equation of motion. As well as a homogeneous Neumann and Dirichlet condition for the

energy conservation equation, of shape

(
dive*+ fc=0 in QF,
0% (uf) = 2u(T°)d; j(uf) + A(T°)dpso(u) ;. in O,
uw =0 on I'5,
uw =g on ¢,
ut.n = on w,
07| < Felog| = uf = s, on w
|05 = Fe|og| = 38 > 0 such that ug = s — S0, !
= =0 on I';, UTY,
ore 0
- on w.
\ Jn

We give the related weak formulation of the problem. Then, we discuss the existence
and uniqueness theorem of the weak solution. Next, we study the asymptotic analysis
according to the change of the variables zz = & to transform the initial problem posed
in the domain )¢ which depends on a small parameter ¢ into a new problem posed on a
fixed domain () which is independent of ¢ . Then, we find some estimates on the velocity

and pressure. We obtain further the main results concerning the existence of a weak limit

(u*,p*) of (uf,p®) such that (y* p*) satisfies the weak form of the Reynolds equation

/ ( / / (T"( ) (g g)agdf‘/) Vipdd = / / (2,62 a% 9 pevpdi, v € H(w)

The study is based on the variational formulation, the Poincaré inequality, Cauchy-
Schwartz, Young, Holder, Korn. This study was carried out by H. Benseridi and M. Dilmi
[4] in the isothermal case and by H. Benseridi and A. Saadallah [6].

ix



Notations

Notations

Be () is a domain of R?(d = 2,3) and X a Banach space, we use the following nota-

tions:

the adhesion of €).

the total border of €.

the upper border of 2.

the side border of €.

the outgoing unit normal on .

the normal and tangential components of a vector v.

| d
the Euclidean norm of R?, with |.| = z?.
=1

the second order identity tensor on RY.
the symbol of Kronecker.

the distribution space .

the space of real functions continuously differentiable on w.

Sobolev space of order 1 on 2.
the adhesion of D (Q2) in H* (Q).
the dual space of H} ().
space {u = (u;)/ w; € L*(Q),
space {u = (u;)/ w; € H" (),
the norm of L? (Q)%.

the norm of H' (Q)”.

the norm of X.

space {z = (z;)/ 2, € X, i =1,d}.

T.d}.

,d
L)

7=
1=

the weak convergence of the sequence (z,) to an element x in X.

the strong convergence of the sequence (z,) to an element z in X.

the partial derivative of f with respect to the component x;.

the gradient of f.
the divergence of f.



Chapter 1

Required and preliminary

To facilitate the reading of this thesis, this chapter will be divided into two sections to
describe the necessary mathematical and mechanical tools. The results are standard and
can be found in many references.

Recall functional spaces as well as Hilbert and Banach spaces, declare inequalities such
as Korn and Poincaré...

The second section is based on the theory of continuum mechanics and the essential
results of the constitutive law of linear elasticity, models the isothermal non-isothermal
evolution of homogeneous isotropic elastic bodies and determines the nonlinear friction of

the Coulomb type in the domain ) of R3.



1.1. Functional spaces

1.1 Functional spaces

A functional space is a space whose points are functions, the resolution of an analysis
problem often consists in choosing a functional space provided with an associated norm.

Sobolev spaces play an important role in the study of elliptic and hyperbolic partial
derivative equationes.

A Lipschitz domain or Lipschitz bounded domain is a domain in Euclidean space
whose boundaries are "regular enough" in the sense that it can be considered local being
the graph of a Lipschitz continuous function. Many of Sobolev embedding theorems require
that the domain of study is a Lipschitz domain.

As a result, many partial differential equations and variational problems are defined in

the Lipschitz domain.

1.1.1 Functional analysis reminders

We introduce in this subsection a summary of the functional analysis, and some results
which help us in the study of the problems of this thesis.
Let ) an open from R%, We must define some necessary spaces in ().

The space of D(Q)

Definition 1.1.1 We call D(Q) vector space on R or C, which contains the set of class

functions C'>°, with compact support in Q, that is to say:
CX(Q)=D(Q) ={ue C®Q); IK C Q, K compact; u =0 in K} .

The distribution space
We denote by D'(Q) the «dual» of D(Q), that is to say the space of continuous linear
forms on D(Q). We notice (T, ¢) = T(¢) the duality product between a distribution 7" ¢ D'() and

a function ¢ € D(Q) : this duality product generalizes the usual integral / Todx. Indeed,
o)

we check that if f is alocally integrable function in (), then we can define a distribution 7, through:

Ty 6) = /Q 16 da.



1.1. Functional spaces

We now define the derivation in the sense of the distributions : if T ¢ D/(Q)7 the

derivative Q € D'(Q) is defined by :
Z;
or . 0¢

We can also associate D'(£2) by a notion of convergence: we say that a sequence T,, € D' ()

Complete space

Definition 1.1.2 We say that a metric space (X, d) is complete if any Cauchy sequence

converges.
Banach space

Definition 1.1.3 That is E a normalized vector space, we say that it is a Banach space if

it is complete.
Hilbert space

Definition 1.1.4 Let H a real vector space and (., .)y a dot product on H that is to say :

(., )m:HxH—TR is a symmetric and positive definite bilinear map.

We denote by |.|,, the application of H — R, defined by:

161 = (6,0) 5,

and remember that |.|,, is a standard on H. We say that H is a Hilbert space if H 1is
complete for the standard defined previously.

Cauchy sequence

Definition 1.1.5 Let (u,) a real sequence, we say that (u,) is a Cauchy sequence or sat-

isfies the Cauchy criterion if
Ve > 0,3N € N,V(p,n) € N> p> N andn > N = |u, — u,| < e.

LP(Q) Spaces
We consider the Lebesgue space LP(Q)



1.1. Functional spaces

Definition 1.1.6 [14] Let p € R, with 1 < p < oo, the Lebesgue space LP(Q)) is defined to
be
LP(Q) = {u : 2 — R is measurable and/ lu(x) | de < oo}
Q

The space LP(Q2) is equipped with the norm

il = ([ e )

If p=o0o and u: Q — R is measurable then we define the L>(Q)
L>®(Q) = {u : Q@ — R is measurable and there exist a constant C such that |u(z)| < C, in .}

its norm 1s

||uHLv°°(Q) = inf {C} Ju(z)| < C, in Q.}.
Theorem 1.1.1 (Separability ).[14] L(Q) is separable space for any p € [1,00|.
Theorem 1.1.2 (Reflexivity).[14] LP(Q) is reflezive space for any p € |1, oo].

Definition 1.1.7 [1/] We denote by C. the space of continuous function in Q) with compact
support in ().

Ce() ={f € C(Q); f(z)=0,YVx € O\K C where K C 2 is compact} .
Ck(Q) is the space of function k times continuously differentiable in .
C>®(Q) = NC*Q)
Ce(Q) = CH)NC(Q)
Cr(Q) = C®(Q)NC(Q)
convergence
Strong convergence and Weak convergence

Let X is a Banach space and X’ the dual space of X and denote (.,.) the duality prod-

uct between X and its topological dual space X’.



1.1. Functional spaces

Definition 1.1.8 (Strong convergence) [14]. A sequence w, is said to be strongly con-
verge into  if

Up,u € X and lim ||u, —ul|x =0
n—oo
noted this convergence by u,, — u in X.

Definition 1.1.9 (Weak convergence) [14]. A sequence w, is said to be weakly con-

verge into v if

Up,w € X and Hm (un, V) v o = (U, )y v, VU € X'
n—oo

noted this convergence by u,, — u in X'.
Proposition 1.1.1 v, a sequence in X. Then

1. If u, — w strongly in X, then u, — u weakly in X.
2. If u, — w weakly in X, then|| u,||y is bounded and || u||y, < lim inf| w,|y -

3. Ifu, — w weakly in X and if v, — v strongly in X', then (un,vn) o xr = (U, V) oy -

Convergence on D(())
Let s, aseriesof D(Q) and » € D() wesay that s, — s for the topology of D(Q) if

supp s, C K, and supp » C K, K is a compact of ().

s, — » evenly on K and D%, — D% evenly on K.
converges in the sense of the distributions

towards T € D'(Q) if, for everything ¢ € D(Q),

lim (T, ¢) = (T, ).

n—-4o00

Weak convergence in a Banach space.

Definition 1.1.10 Let E a Banach space. Be <un)neN CFEanduy € E,

we say that u, weakly converges to v in E when n — oo, and we note u, — u, if :

T(u,) — T(u), YT € E', or E' is the dual of E.



1.1. Functional spaces

Weak convergence in a Hilbert space.

Let H a real Hilbert space and (.,.), adot product of /. Thatis (z,),cy a squence

H
in H and 2 also an element of H.
We say that the sequence (x,,),cy weakly converges to z ( z is the weak limit of the

squence (x,,) ) if :

T, ~x <= Vye H, lim (x,,vy)=(r,y), (weak convergence ).

We will denote this convergence by the symbol — to distinguish it from strong conver-

gence (that is to say for the Hilbert norm) :

u, — u<= lim |u, —u|y =0, (strong convergence).

n—:a«oo

u, — u <Y€ H, lim (u,,v)=(u,v), (weak convergence ).

n—m:~a0

Theorem 1.1.3 (Weak compactness theorem of the closed unit ball of Hilbert
spaces).
If H a Hilbert space, then any bounded sequence in H admits a weakly convergent sub-

sequence.

1.1.2 Reminders on Sobolev’s spaces

We define the Sobolev spaces which are the spaces of functions allowing to solve the varia-
tional formulations of partial differential equations.
Be ) an open from RY [2(Q) the space of measurable functions of squared summable

in (), provided with a scalar product:

(U, V) p2q) = /u(a:)v (x) dx,

Q

L?(2) is a Hilbert space. We notice :

N[ =

2
full sy = | [ Tuo)P dz
Q
the corresponding standard.



1.1. Functional spaces

Definition 1.1.11 Let Q an open from R?. The Sobolev space H'(Q)) is defined by :

ou

@xi

H'(Q) = {u € L*(Q)such as c L*(Q), Vi€ {1, ...,d}} ,

where

Y is the partial derivative of v in the meaning of distributions (1.1.1).

Proposition 1.1.2 The Sobolev H'(Q) endowed with the scalar product

(0, 0) g1y = /Q (w(@)o(z) + Vau(z).Vo(z)) do

and the standard

[l g2y = (/Q(IU(:E)I2 + [Vu(z)[) dfﬂ)Q

H1(Q) is a Hilbert space.
H}(Q) Space

Definition 1.1.12 H}(Q) denote the vector subspace of the functions of H(Q2) zero on T.

Hy(Q) ={ue H(Q), u=0onT}.

The norm of Hj () is defined by :

lollg = ([ [F0@E) = 19ull
Whr(Q) Space

Definition 1.1.13 [14] Let p € R, with 1 < p < oo, the sobolev space W'P(Q) is defined
to be

0
WP (Q) = {u € LP,dg; € L? such that /u8g0
Q

X4

Q

for w € WP we have

ox;

Ju Ju Ou Ou



1.1. Functional spaces

The space WhP(Q) s equipped with the norm

3
ullyrnay = ll oy +

=1

ou
ﬁmi

Lr(Q) .

Proposition 1.1.3 [1/] The space W'?(Q) is Banach space for 1 < p < oo. It is reflexive

for 1 < p < oo, and separable for 1 < p < oo.

Definition 1.1.14 [14] For 1 < p < oo, the space Wol’p(Q) desing the closure of C}(Q) in W'P(Q).
The space Wol’p(Q) equipped the same norm of WhP(Q) and is separable, Banach space

and it’s reflexive for 1 < p < oo.
Definition 1.1.15 [14] The dual space of W,*(Q) is denoted by W~14(Q).

Duality

Let V/ is a Hilbert space we denote V' its dual, which represents the set of continuous
linear forms on V/,

The dual of [2(Q) is identified with 72(Q)) . We can also define the dual of a Sobolev
space.

We are interested in the dual of F}(Q) which plays a particular role in the sequence.

Definition 1.1.16 The dual of Sobolev’s space Hj(Q) is called H1(Q).
We notice : (L, ¢) Q) = L(¢) the product of duality between H}(Q) and its dual
g

for any continuous linear form [, € H=*(Q) and any function ¢ € H}().

Proposition 1.1.4 (properties of spaces H=1(Q) )
(1) Space H=Y(Q) is characterized by :

) = {f w3

(2) H-Y(Q) is a Banach space when provided with the norm :

with vy, V1, ..., Vg € L2(Q)} )

||L||H*1(Q): sup <L7¢>H*1,H&(Q)'

Remark 1.1.1 H-1(Q) is a Hilbert space for the previous norm.



1.1. Functional spaces

Remark 1.1.2 For everything Q) an open from R¢, we have :
HYQ) c L3(Q) = (LX) € HY(9Q).
Theorem 1.1.4 (Density).[14] The space D(Q) is dense in [P (Q) for any 1 < p < co.

Theorem 1.1.5 (Dual of L?(Q) ). [1] Let p be a real number such that 1 < p < co. The
topological dual of LP () is (L? (Q)) = L7 ().

Proposition 1.1.5 [1] The dual of L' (Q) is L> (Q).

Proposition 1.1.6 (Poincare inequality). Let Q) a bounded open of R?, then there is a

constant Cq only depends on Q) such as for any function v € H}(S),
||U||L2(Q) < Cq ||Vu||L2(Q) .

Theorem 1.1.6 (Green’s formula). Let Q) a regular class bounded open C'. If v and v are

functions of H'(Q), they check :

/Q u(x>§;’i i = — /Q v(;c)g; do + /8 ol

18 the unit normal outside OX).

where n = (n;)

i)1<i<d

Theorem 1.1.7 (Cauchy-Schwarz inequality). Let H a prehilbertian space.
Then :
V(z,y) € H? [{z, )| < [lz] - |yl -

Lemma 1.1.1 (Korn inequality). [37] For everything w € V, we have :
V@l 2@y < CHID (W)l g2y, Jorw e V.

With V s a Hilbert space.

10



1.1. Functional spaces

Theorem 1.1.8 (Hélder inequality).[14] If p € 11, +oo[, the conjugate exponent of p is
the only one q €)1, +o0

1 1
such as 5 + 5 = 1. For everything u € L?(Q) and v € L), we have :

wo € LNQ) and [[uvl| ;1 gy < llull pooy - 101 pogey -

This is a generalization of the Cauchy-Schwarz inequality.

Theorem 1.1.9 (Young inequality).

b< P Y i er
a — — a, )
“p q -

Lax-Milgram theorem
We introduce in what follows some useful results which are valid in Hilbert spaces.

This concerns the Riesz representation theorem and Lax-Milgram Theorem.

Definition 1.1.17 (Bilinear form). Let X be a vector space. A scalar product (u,v) is

a bilinear from X x X with values in R such that

(v) = (), YuveX, (symetry),

=
=
Y

0, VYuelX, (positive),
(u,v) # 0, Yu#0, (definite).

Theorem 1.1.10 (Riesz representation theorem). Let X be a Hilbert space and o € X' there
exist unique f € X such that

(p,u) = (f,u),Yu € X.

Moreover

el = 11f1lx -

11



1.2. Reminders on the mechanics of continuous media

Definition 1.1.18 Let X be a Hilbert space. A bilinear form ¢ : X x X — R

1. Continuous, if there is a constant C' such that
la(u;v)| < Cul|v|,Vu;v € X -
2. Coercive, if there exists a constant ~ > 0 such that
la(u; v)| >~ |ul*,u e X.

Theorem 1.1.11 (Laz-Milgram). Assume that a(u,v) is a continuous coercive bilinear

form on X.

Then, given any o € X', there exist a unique element y € X such that
a(u,v) = (u,v),Yv € X.
A semi-continuous,monotone
Soit X un espace de Banach et X’ son dual.
Definition 1.1.19 Let A be the operator X — X'
A is called semi-continuous if for all sequences (),,), converging to X :

(A(u+ M), w) — (Alu + M), w),V(u,v,w) € X3

A is called monotone only if:

(A(u) — A(v),u —v) > 0,¥(u,v) € X?

1.2 Reminders on the mechanics of continuous media

This section consists in establishing the mathematical model describing the evolution of a
deformable body having a linear elastic law under the action of the external forces in the
presence of conditions of friction on a part at the edge of the field. This results math-

ematically by the establishment of a system of partial differential equations in a domain

12



1.2. Reminders on the mechanics of continuous media

of R(d = 2,3). This system includes the constitutive law of the material, the equation of
conservation of the momentum of the body as well as the boundary conditions to which it
is subjected.

Consider a continuous medium which occupies a bounded domain ) of R3,

1.2.1 Conservation equation of momentum

Let u(x) the field of displacement of the elastic body at the point z = (z, 2o, 13) €  of
the continuous medium in motion with respect to the reference Oz.
An elastic body: is a body that spontaneously returns to its original shape when external
forces are removed.
Stress field : is a representation used in the mechanics of continuous media to characterize
the state of stress, that is to say all the internal cohesion forces exerted on a part of the
solid under the effect of external loads. The term was introduced by Cauchy around 1822.

As the internal forces are defined for each surface intersecting the medium, the tensor is
defined locally, at each point of the solid.

There are several formulations of the fundamental law of mechanics. According to the
chosen statement. All of these formulations are equivalent.

For our part, we state the law which expresses the equivalence between external forces

and the acceleration tensor for any system, leads to the equation of motion.

2

pa—g —divo+f, inQ (1.2.1)
where
! 9o,
D = Lo (d=2.3).
o i:1a$i,( ,3)

2
In this equation, p denotes the mass density, and % the field of accelerations, f represent

the external forces applied on the body and which are data of the problem, (diveo) is the
divergence of the stress field.

The process modeled by (1.2.1) is called dynamic process. In some situations the

equation (1.2.1) can be simplified, for example in the case where % = 0, itis a balancing

13



1.2. Reminders on the mechanics of continuous media

process, or in the case where the speed field % varies very slowly with respect to time, that

2
is to say the term p% can be over looked. In these two cases the equation (1.2.1) becomes:
t

dive + f =0, in Q.

The laws of conservation of the momentum are insufficient to describe the motions of
continuous media, because we have several unknowns with respect to the numbers of the
equations in the mathematical point of view, so we are obliged to treat other relations which

characterize the behavior of the material called the constitutive laws of linear elasticity.

1.2.2 Linear constitutive laws of elastic materials

The constitutive laws express the relations which exist between the stress tensor o and
D the strain tensor, thier relations depend on the nature of the material. One will generally
impose that the stress is linearly related to the strain.

The linearized strain field is defined as follows:

1 /0u; Ou, .
D) = dy(w) = 5 (52 + 52 ) 1<y <
j )

d;;j(u) indicate the displacement of the strain field ¢ compared to the displacement
field 4.

Generalized Hooke’s Law

Hooke’s law was generalized by Cauchy (1789-1857), who proposed to express each com-
ponent of the stress tensor as a linear function of the components of the strain tensor.

Hooke’s law is therefore often written today in the form:
oij (u) = Cijit dut (u) (1.2.2)

with (' is the symmetric tensor of the fourth order called stiffness tensor or elasticity
tensor.

Components (};y, are called elasticity coefficients.
In the case of a homogeneous material

The coefficients C;;, are constants (independent to the point x of (0 ).

14



1.2. Reminders on the mechanics of continuous media

In the case of an isotropic material
In practice, this law is often too general and it is possible to simplify it. If we consider

an isotropic material, then the elasticity tensor (' is defined by :

C i = p(0ikdj1 + dadjk) + Adyjon. (1.2.3)

By using (1.2.2) and (1.2.3), we can then prove that the stress tensor ¢ of a homogeneous

elastic and isotropic body is completely described by the two parameters:

o(u) =XTrD (u) I +2uD (u),

where :

0;;  : denotes the Kronecker symbol.
A, p : are the independent coefficients and are called the Lamé constants.

They are homogeneous at pressures.
Rheological tests make it possible to determine these constants, which are specific

to a given material. These tests actually directly measure two other values: Young’s
modulus £ and Poisson’s ratio ¢. These last values are related to the Lamé coefficients

by the equations :

Ev FE

)\:(1—22))(1—1—1)) ATy

with
E : intuitively corresponds to the stiffness of the material.

v @ measure its incompressibility.
According to the establishment of all these laws we are now looking for the partial differ-

ential equations modeling the evolution of a linear homogeneous body in a three dimensional
bounded open domain ().
Then, it is assumed that there is a tangential force on part of the border noted by w, we

say that we have a contact with friction. One is brought to introduce a friction law which

15



1.2. Reminders on the mechanics of continuous media

connects this tangential component to the other variables of the system. In this thesis, we

will consider the nonlinear friction of the Coulomb type.

1.2.3 Coulomb type friction law

This contact force comprises a normal component o, perpendicular to the contact plane
between the two solids, and a tangential component o7, belonging to the contact plane.
Coulomb shows, from experiments, that the sliding between the two solids occurs if o, and
0% satisfy the relation of proportionality: ¢5. = F ¢ |0¢|, where F ¢ is the coefficient of friction
which characterizes the state of the two surfaces in contact. As long as the force o7 is less
than f ¢ |0 |(we say that the contact force remains inside the Coulomb cone), the slip does

not occur, and we speak of adhesion between the two solids.

07| < Flos| = uz = s,

|o%| = F¢|og| = 38 > 0 such that u§. = s — fo5,
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Chapter 2

Study of a generalized
non-Newtonian fluid in a thin film

with Coulomb’s law

Abstract. The objective of this chapter is the study of the isothermal flow of an incom-
pressible Herschel-Bulkley fluid in the stationary regime in a thin domain with the nonlinear
friction conditions of Coulomb type on part of the boundary and the Dirichelet conditions

on the other part.
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2.1. Description of the problem and basic equations

2.1 Description of the problem and basic equations

We consider a nonlinear model which describes the behavior of a Herschel-Bulkley fluid in
the isothermal case in thin domain Q¢ Where ¢ is a positive real belonging to 10, 1] and
which tends towards zero.

The border of Q¢ will be noted I'* =G UTS UTS.

'Y the upper border of Q¢ with equation x3 = eh(x1, x2).
I';  the side border of °.
w is a bounded domain of R3, with equation 3 = 0,

and it’s the bottom of the domain and it’s supposed that has a Lipschitz boundary.

We notice = (71,72, 23) € R? and 7 = (11, 25) € R2

The domain ()¢ is given by
Q°F = {(£,23) € R?, (£,0) €w, 0 < w3 < ch(f)).
Where } is a function of class ¢! defined on  with
0 < h, <h(z) <h*, V(£,0) € w.

Let o¢ denotes the total Cauchy stress tensor

0° = —p°l +oP*, (2.1.1)

where p¢ the pressure and ¢ is the deviatoric part. This type of fluids is supposed
to be viscoplastic.
We give the Herschel-Bulkley model which gives the relation between o< and D(u?)
D(uf)

oPf =t — L p |D(u5)\T_2 D(uf), when D(u®) # 0,
D(ue)] }m o,

(2.1.2)
loPe| < af when D(uf) =0,

where
a® > 0 is the yield stress,

> 0 is the constant viscosity,
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2.1. Description of the problem and basic equations

the notation |D| represents the matrix norm,

1
u® is the velocity field and D(u®) = §(VuE + (Vud)T), and 1 < r < co.

The law of conservation of momentum is given

—div(c®) = f° in OQF, (2.1.3)

where f¢ = (ff);<;<3, denotes the body forces.

The incompressibility equation

div(u®) =0 in O, (2.1.4)

we first introduce the vector function ¢ = (g;, go, g3) such that:

/ g.nds = 0.

There exists a function ¢ ([22]) such that:

G° € (I/I/I’T(Qs))3 with div(G°) =0in Q°,G* =g on I'
The boundary conditions are described as

o On TI'¢, the upper surface is assumed to be fixed, therefore

w = 0. (2.1.5)

o On T | the velocity is known and is parallel to the w—plane

u® = g with g5 = 0. (2.1.6)

o On w, there is no-flux condition across w so that

u®.n = 0. (2.1.7)

the tangential velocity on  is unknown and satisfies Coulomb boundary conditions:

05| < kf|lot| = u& = s,
75| < ¥l = o on w. (2.1.8)
|o%| = k¢ |05 | = 3\ > 0 such that u5. = s — \o7,
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2.1. Description of the problem and basic equations

Where k¢ > ( is the coefficient of friction (see [22]) , |.| is the Euclidean norm, n = (n;, ny, ng) is
the unit outward normal to T¢.

One defines the normal and tangential components of velocity by

U, = u; — Uy
In the same way, the normal and tangential components of the tensor of the stresses

are defined by

o, = (0°.n;) .n;

IR — 13 R & .
o7, = 03N — 0y,

The complete problem (P¢) consists to find a velocity field
u = (uf)1<i<3 : 2 — R3, which checks the following equations and boundary condi-

tions:

—div(o®) = f*© in Q°

0f = —p°l +oP=, in Q°,

div(u®) =0 in 0°,

u* =0 on I'],

(F)

u® = g with g3 = 0. on I'7,

u*n =20 on w,

07| < k& oy | = up = s, -
07| = kf|o¢| = dA > 0 such that v7. = s — Ao 5,
L T n T T

Before giving the variational formulation of the strong problem (P¢) we set up the fol-

lowing lemma.
Lemma 2.1.1 The condition (2.1.8) is equivalent to the relation:
(ug — s) o+ k% |og| |ur —s| =0, onw (2.1.9)
Proof. -Assume that 4 meet the boundary conditions of Coulomb (2.1.8).

— If ’g%’ < k¢ ’02’ then u% = 3.
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2.2. Weak formulation in the domain §)°

(w5 — 5) 0% + K |05 [u — 5] = (5 — )5 + (5 — )kF 05| = 0
— If o5 | = kf ot |, there is A > ( such as
Up =8 — Ao,
from where

(up — 8) 0% + k7 |05 | [ug — s| = =Alo7|* + Aog [ = 0

-Conversely, suppose that

(up — ) o7 + K" [op| lup — 5| = 0

= If |05 = |03 s0

(up = s)op = —|og| juz — 5],

hence the existence of a \ > ( such as

13 — 13
up — 8 = \os,

g __ €
Up =8 — Ao

— It |o7| < k07| so

(up —s)or + K |op|luz —s| = 02 —|uz = s|lop| + £ oy ] |uz — s

> |up = s[ (k" |o| = loz]).

2.2 Weak formulation in the domain ()°

In this section we define the functional framework in which we are going to work, and we
obtain the weak formulation of the problem (P¢).

To get a weak formulation, we introduce
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2.2. Weak formulation in the domain §)°

Let L" (Q2°) be the usual Lebesgue space with the norm denoted by ||.| ;. @)

8Ui

L

(WL’“(QE))?’ = {v c (L"(Q9))% c L"(Q¥); Vi,j= 1,2,3} ,

WL (QF) is a Sobolev space with the following norm

S 1e

dfd%g

3 3
v dv

||U||LT(QE): Z/M diUdiU?,*FZ/'%
i=1 &e i=1 e J

W&’T(Qe) is a vector subspace of the functions W17 (Q¢) nulls on I'*, and it’s the clo-

sured of D(€¥) in leT(QE)

1 1
we denote by 17/~14(Q¢) its topological dual where, - + a =1
Moreover, we need

K* = {‘P S (Wl’T(Qg))?) cp=G"onlS, ¢p=0o0nTI7 and p.n =0 on w},
Kg ={p € K% div(p) =01},

LI(r)=<qc¢€ Lq(Qa);/leﬁdﬁEg =0,
Qe

The variational formulation of the problem (P¢) we noted by (pb,) and is written

Find v € K§;, and p° € Lj(€° such that
a(us, o —us) — (p°,div(p)) + j(u, @) (pb1)
—3(u€,u€) >(fe,p—u®), VoeKE°.

where

o) = Y / 1D D)D), (2.2.1)
(p°,div(p)) = /8 p° div(p)didzrs, (2.2.2)
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2.2. Weak formulation in the domain §)°

3
(f50) = | frodides =Y [ fipdidrs, (2.2.3)
@ i—1
Jus, ) = / kol | — s|dt + \/§aa/|D(g0)\ didxs, (2.2.4)
w o

The integral j(u,v) has no meaning for +* € K*. Indeed, o2 is defined by duality as an
element of W—%vT(w) and |g¢| is not well defined on . So following ([22]) we replace o= by
some regularization R (%), where R is aregularization operator from W—%ﬂ“(u}) into Lg‘r(w) can

be obtained by convolution with a positive regular function and defined by

¥r € Wb (), R(r) € L), Rr)(@) = (o ple =),y o |
w),Wso (w

¢ is a given positive function of class ¢ with compact support in w and W-3z" (w) is

the dual space to

Woo {90|w e WM (Q); p=00nT7UTL;}.

After the regularization, we get the new problem:
Problem 2.2.1 (P;?) .Find (u, p°) € K5, x Li(QF), such that

a(u 67 ¥ — ug) - (pe, diV(gO)) + j(uev QO) - j<u€7 UE) > (f€7 Y—-u €>’ VQO €K €<Q€> (pb?)

where

Jus ) = / kR (o5)| | — s|dt + \/§aa/ |D(¢)| didxs.
w Qe

Lemma 2.2.1 if (u%,p°) € K, x L§(€2), are solutions of the problem (P?) then they

check (pb2).

Proof. By multiplying (2.3.1), by ¢ — u®, where ¢ € K¢ and using the Green’s for-

mula, we get

/ 3 0 (@i_uf)dfd$3—/ s)ds = /f ©; — u; )didzs.
Qs 83:1 Ie
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2.2. Weak formulation in the domain §)°

According to the boundary conditions (2.1.5) — (2.1.6) we find

[oimito—uyis = [ aine, - ui)as

Ie w

We know that: ong = 0q, +onn; then we get

[ oimston— s = [ oite —uds + [ oimto, - i
Ie w

w

as n;(p, —us) = 0, we have

| gt indidny — [ oo —uinde = [ foo - udides (229)
Qe 8IZ w Qe

In (2.2.5), we add and subtract the term fw koS | (lor — s| — |ug — s|)dt, we obtain

/ o, 0 (p; — uS)didxg — / o, (¢ — u;)dt +
0Oe al’z w

/ K105 (lop — 5| — |5 — s|)di — / K105 (Jop — 5| — v — s])dé,

= /fiE(SOi - U?)dfdﬂ%-
QE

set
7= [ tor =)~ = )i+ [ K107 (o = 5| = 15— s,
then
7= [ oilor =i+ [ 10 lor - ol d,
thus
O—%(QOT —5)>— |U€Ti| lop — 8| > =Ko}, | [¢or — s[ > 0, on w,
and

T:/aam—s)dm/kwam|<,oT—s|dfzo,

w

which gives

0
| o tomiddidast [ K loidlor —sldi= [ 1 loil s = slai > [ fGpimui)aiaos
Qe i w w Qs
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2.2. Weak formulation in the domain §)°

Replacing ¢F; by the expression which given in (2.1.2)

dij(w)
| D(uf)|

(913

/ p° div(p — u®)didrs + / kR |o:| |pp — s| di —
- / k® |of | |ug — s| dt

> f fpdtdrs, Yo € K*
Qe

a(u®, ¢ —u) +a dij(p — u¥)didrs —

according to the inequality of Cauchy Swartz, we deduce

dij(w)dij(¢) < |[D(u)] [D(¢)|

we get

D(uf) )
a(u®,p —u’) + af / ————d;;i(¢ — u°)didrs —
| D(us)|
QE
/ p° div(p — u®)didxs + / ko | | — s| dt —
—/k€|a;||u;—s|d¢

> f Spdidrs, Yo € K¢
QE

then (pby) =

Remark 2.2.1 If p € K§;,, the problem (pbl) becomes:

iv?

Find v e K S such that
a(us’ 2 UE) +j(u€’ 90) - j(ue’ue) > (f 5790 —u E)’ V(p € Kd?v(QE%

(pb3)

Theorem 2.2.1 If f¢ € (L%(02°))® and the friction coefficient k¢ is a non-negative function
in L>(w) then there exists (uf, p°) € kS, x LI(SX°) solution to the problem (pyb) )

Moreover, for small k* the solution is unique.
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2.3. Asymptotic analysis of problem in fixed domain

Proof. To proof the existence and uniqueness result of (pb1), we define the following

intermediate problem

a(u, o — ) + / Y (g — s — [uF — s|)dé + g (i) — bxs_(uF)

2 (f Eu "2 UE), ch € Wdilx’/r(QE)7

(2.2.7)

where, Y is the mapping defined from L"(w) into L"(w) by Y — k°R(c%) and
Wil (QF) = {v e (W (Q))% div(v) =0},

0if o € K5,
+oo if ¢ & K§,

0 ke,
div

- a(u®, p — uf) is bounded, coercive, hemicontinuous and strictly monotone ([30]) .

Y + Ok is a proper, convex and continuous function in "(w) , then we apply Ti-
chovo’s fixed point theorem (as in [15]) -

-We show the existence and the uniqueness of ¢ € K¢, satisty (2.2.7). The proof of the
existence of p° L) such that (v, p°) satisfy (pbl) is given in Reference ([40]). =

2.3 Asymptotic analysis of problem in fixed domain

The object of this section is the asymptotic analysis of the previous problem by changing
the scale, to bring the study back to a domain ) independent of ¢, on which we set new
unknowns.

We obtain the variational formulation in the fixed domain, we prove a priori estimates
on the independent solution of ¢, by different inequalities and we deduce the results of

convergence.

2.3.1 problem in transpose form

For the asymptotic analysis of the problem (P¢), we use the approach which consists in
transposing the problem initially posed in the field ¢ which depends on a small parameter ¢ to

an equivalent problem whose fixed domain () independent of ¢,
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2.3. Asymptotic analysis of problem in fixed domain

To do this, we introduce a small change of variable z = E, so (&,z3) in QF wehave (£, 2) in Q
€
with
Q={(£,2) €R? (£,0) €w, 0 <z < h(%)}.
We designate by I' = w U T, UTy, the fixed domain boundary.

We now set in () new functions independent of ¢

(2.3.1)

(2.3.2)

Let G(i"z) such as
div@=0andézgonf‘.
The vector (& introduced previously is defined as follows

Gi(#,2) = G5(#,23), i = 1,2, (2.3.3)

Gls(#,2) = e 1G5 (&, 3).

Let

K= {@ € (Wl’r(ﬂ))g; p=GonT, U and $.n =0 on w},

Koy ={p € K; div(¢) =0},

(k) = {p e (M(@)"5 ¢, =Gon L UTy i=12},
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2.3. Asymptotic analysis of problem in fixed domain

(K) = {gb e II(K); { satisfies (D)} :

The condition ( D) given by

.00 00 L . . ) .
/ ((pla—xl + 9028—:C2> didz =0, Yo € (L" (2))"and 0 € C5° ().
Q

We denote by

~ ~ ~ T aA’i r . ~
Vz:{soz(%,%)E(L @) el (Q),@=1,2;¢=00n1}}.

0z
1
L"@)) '

V., = {@ € ﬁ(K); ¢ satisfies the condition (D)}

It is clear that V/, is a Banach space with the norm

2
~ A T a@z
I, = (Z 1605+ | 5
=1

and define its linear subspace

By injecting the new data and unknown factorsin (pb1), and after multiplication by ¢! the

variational problem ( P§v¢) is equivalent to the following

Problem 2.3.1 (P,) .Find (i,p) € Kg, x L3(S2), such that

(2.3.4)

Where
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2.3. Asymptotic analysis of problem in fixed domain

2 _ 21 (008  OuS
~E - 2 7 J
+ILLZ/Q D(ir) (2 <6 8xj+ 82)

J=1 i
(5, div( — i) = / 5 div(((p — i))didsz, (2.3.5)
Q
(F.p =)= [ Flo—iddids+ [ ooy - i5)did (2.3.6)
i=1 /9 Q

didz, (2.3.7)

2 . Lo 2 2 . e 2 o\ 212
|1 o (OUS  OUS 1 ous 005 5 (015
N [4”2:16 (8953-—{—81’2- +2; 0z Te ox; te 0z '
We introduce some inequalities which will be used in the next. Can found in ([2]) the

detail description

Korn inequality

||vu€||LT(QE) <C ||Du€||LT(QE) (2.3.8)
Poincaré inequality
5 ||
K ||Lr(Qs) <eh (2.3.9)
L7 (Q9)
Young inequality
a b 9
ab < —+ —,¥(a,b) € R (2.3.10)
ro 7
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2.4. Main convergence results and uniqueness of solution

2.4 Main convergence results and uniqueness of solu-
tion

In this section, we prove the following convergence results of (4, p°) to (u*, p*) and give
the limit problem in the fixed domain ().

Finally, we prove the uniqueness of the solution.

2.4.1 Convergence results

Theorem 2.4.1 Under the assuptions as in Theorem (2.2.1), then there exist u* = (u},u}) € V,
and p* € Li(Q) such that

s —ar  (1<i<2) weakly in V, (2.4.1)
au . .
, (1<i<2) weakly in L™ (Q) (2.4.2)
8333
oug :
£ — 0 weakly in L" (2) (2.4.3)
0z
Zaag : ; r
o 0, (1<i<2) weaklyin L" () (2.4.4)
€
etz — 0 weakly in L™ (Q) (2.4.5)
pF—p* weakly in LE(Q) (2.4.6)

Proof. The proof of (2.4.1) — (2.4.6) is based on the following lemma m

Lemma 2.4.1 Let (45, p%) € K5, (Q) x Li(Q) be the solution of variational problem (2.3.4), then

there are constants C,C" independent of ¢ such that

2
oaz | aa; (HW (R )
gt e + <C (2.4.7)
2]21 0z ||, 0z Z 0z || (‘3@- I
‘ gii s O fori=1,2 (2.4.8)
o ,
P (t)HWm <eC (2.4.9)
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2.4. Main convergence results and uniqueness of solution

Proof. choosing o = G in (pb3) and using the fact that G° = s on w, we find
a(u®,u’) < a(u®,G%) + (f5,u°) — (f°,G) (2.4.10)
From Korn’s inequality, we have 'y > 0 independent of ¢ ,such that
a(u®,u%) > 2uCk [V ey (2.4.11)

Using Holder and Young inequalities, we get

9(r-1)
a(uf, GF) < % 1| D)"Y didas + T“ / 1| D(GO)|" didxs (2.4.12)

Qe m\ K)qns

By (2.3.8), the inequality (2.4.12) becomes

€ eT 2(,,‘71)/11 T
a(u®, ) < [Vu|lzrqe + = VeIl (2.4.13)

r(¢Ck)
Applying (2.3.9) — (2.3.10), gives the analogue of (2.4.13)

(eh) e

(7)) < “9K v
2 1
q (§MTCK)T

27'((25) +

€ € ILLCK e T (sh*)q €
(7,60 < BB IV G gy + — 2 1 (24.15)
¢ (31rCx)"
From (2.4.10) — (2.4.15), we get
eqr 2(7"71)“ ,LLCK T Q(Eh*)q €
nCk ||Vu ||LT(Q€) < T 9 ||VG ||LT(Q€) + Tl A N\e ||f ||qu(96) (2'4'16)
7 (¢Ck)e q (E,uTC'K)*
Multiplying (2.4.16) by ¢"~! hen using the fact that
NG ous || ous ||
as el || f N oy =" |f and ‘ : S ,fori=1,2,
17 ) La() 0x3 Lr(92) 0z Lr(Q)
we deduce (2.4.1) with
1 9(r-1) C AT 2 (eh*)? A (19
C= Lo 28 ) e L 2ERT g
pCr |\ r (qCk)a 2 L@ g (Lurcg) La(Q)
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2.4. Main convergence results and uniqueness of solution

For get the estimate (2.4.8), we choose in (2.34); =0+, € I/Vol"’(Q)7 we obtain

a(as, ) — (p°,dive)) —|—oz/‘D 4+ 1) dxdz—a/‘D (fg,w)
then

(p°, divep) < a(a®, ) +\/_oz/‘Du +@/J‘dxdz—\/_oz/‘

(F.v).

as
|D(ae + )| < V2| D D(w)|

we get

(77, divep) < (@, ) + / d:)édz + (2 - \/§> a/ ‘D(af) didz — /fwdfdz.
Q Q Q
As
[2@)], < lhwiecoy
Using Holder formula
Fodive) < nl[D@) Tl + 281907 [Wllwany

+(2-v2 )a|sz|q||a5||W1,T(m+HfH o Wl (2417

According to (2.4.7), there exists a constant C' does not depend on ¢ such that

op° . o
Q

o= aiat ool Wl

(2.4.18)
In a similar manner, we choose in (2.3.4), ¢

o=
[
ox;

= 0F —1p, 1) € Wy (Q), we obtain
bdédz < u HD(@
Q

||1/)||w1r + 26|97 [l o)

+(2- \5) @ |Q|% C+ HfHLq(QS) [ = (2.4.19)
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2.4. Main convergence results and uniqueness of solution

From (2.4.18) — (2.4.19), we deduce

r
q

Lr(Q)

O Hz/}HWLT(Q) (2.4.20)

/%wwm g;ﬂﬂﬁ)
Q
20 |05 [y + (2= V2) 1020 O |||l

When ; = 1;2 we choose 1) = (¢,0,0) then ) = (0,,,0) in the inequality (2.4.20),
then

[

gettin (2.4.8) follows for = 1,2.

fi

ap° ., il
ax'zpd:cdz < | pC +2&|Q)7 +

) Wl + (2 V2) aloc

La()

For (2.4.9), we take in the inequality (2.4.20), 1 = (0;0;,), we find

1| [opf

€ 0z
Q

1 ~ N 1
Pdidz| < <M0+2@|qu + HﬁHLW)) [llyre + (V2= 1) al0f C,

This completes the proof of Lemma 2.4.1
Now, the convergence (2.4,1) — (2.4,6) of Theorem 2.4.1,
are a direct result of inequalities (3.4.7) — (3.4.9) .

Indeed, from (2.4.7) there exists a fixed constant ' which does not depend on ¢ such

i

It is clear that (2.4.1) deduces directly from (2.4.21) and the using of the Poincaré’s

that
ou;

0z

<Ci=1,2 (2.4.21)

Lr(Q)

inequality in the fixed domain () .
Also (2.4.2) — (2.4.4) follows from (2.4.7).
The obtaining of (2.4.5) is done as in ([12]).
Finally, it is easy (2.4.6) follows from (2.4.8) — (2.4.9). =
To be able to pass to the limit in the problem (P,), we must prove the strong conver-

gence of the integral term defined on (, .
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2.4. Main convergence results and uniqueness of solution

Lemma 2.4.2 There exists a subsequence of R(&%(uf,p%)) converging strongly towards

R(—p*) in L"(w).
Proof. From the equilibrium equation (2.1.3), we have
—div(c®) = f¢ in Q°,

with fe e L9(Q) .
By the convergence Theorem 2.4.1 we deduce that (¢, p°) are bounded in V. x L)

then &¢ is bounded in

Hyy = {v € L"(Q) : div(v) € LYQ), Vi, j = 1,...,3},

which shows that there exists a subsequence converging weakly towards o*.
Now, we show that &¢ (¢, p°) converges weakly to (—p*) in Wsr (w)

Indeed, as of = o%n;y,,, 1 < i,j < 3, we have
=2 0u;

ai+faQD@a

€T

2

ol i7) = 3 (2ou] D)
=1

-2 g

3 ~ DA&
" +<€Oé(‘ (aF)

55
) 0. " )

Since ¢° is bounded in Hy, (), then there exists a subsequence converging weakly

+ <€2,u ‘D('&e)

towards o* in Hg;, ().

The continuity of the trace operator from Hy;, (©2) into Wz (w)

give 6° (4°, pf) weakly converges towards 6° (u*, p*) in Wsr (W) .

Using the convergence results of Theorem 2.4.1 in the expression of 4 (4°, p%), we
get the desired result.

For the rest of proof, using the same techniques as in ([3],[26],) we get the result. m

Theorem 2.4.2 Under the same assumptions as in Theorem 2.4.1,

the solution (u*, p*) satisfies relations

0 — (1 <i<2) strongly in V,,V1 <r < 2. (2.4.22)
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2.4. Main convergence results and uniqueness of solution

ui/z(éi(

1:19 =1

—i/p u)ddz+ \/_/<
+/i%|R<—p*>|<|¢—s| jur — s])d il/(ﬁ,@—u:) didz, ¥ € TI(K).

w Q

r—2

2 2 ~
Ou” 9 (@i —uj) .
> > 5, P didz

ou*
0z

) ditdz (2.4.23)

Proof. For ¢ the solution on (pb3), we obtain for y € K S

&

a(u®,u” =) —alp,u” =) = ju, ) +j(u,u’) < (f50 — ) +alp,u” — ). (24.24)
Using the inequality ([37])

|T72 Y, T — y) > (r—1)(|z| + |y|) 2|z — y|2 V1< r<?2, forz,y € R”

-2 6 2
) (‘8_33] (uf — @) )di'dxs

—j(us, ) + j(us, uf) < (f5, 0 —uf) +ale,u® — ).
Multiplying the last inequality by ¢"—! then by the convergence of Theorem 2.4.1 we

(|l 22 — |y

and the Korn’s inequality, we deduce

(r—1) u@Z/(

i,7=1

r—2

ou;
Oz,

a%‘ '
aflfj

get in the fixed domain ()

Lm(Q)

<y / (foniis — pr)didz + (@, — ).
=10

hlllSup [(T - 1) ,UCk; o (ﬂa — Q@z) — j(ﬂE’ gp) + j(ae’ ,ag)]
o Lr(©)
1 3 02:\*\ * 9% 0 2
< - _
_”/<2 1(32)> 328z( u) didz E:/fz: = @,;)didz
Q i= =/
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2.4. Main convergence results and uniqueness of solution

Consequently
(T_ 1) ch 8_(ﬂ6 _sz) —j(ﬂs’@)+j<ﬂ57ﬂ5)
L ()
1 & 0\ T op
< - - 22 (5 —u*)di
_M/<2;(az)) azaz(go u*) didz+
Q =

2
+Z/(fi,u;-* — @;)didz + § for e < £(0)
i=1

Q

where § > () is arbitrary.

So there exists a sequence of functions @ e I1(K) which has ¢* is a limit in V., which

gives
T

— )@, @) + j(us, u*)
L™(2)
<0,Ve<e(d).

(r—1) uCy s —u®)

5,

Using the fact that j is convex and lower semi-continuous, (liminf j(@°) — j(u*)), we
deduce the strong convergence of 7 to y* in V, as well as j(we, uf) — j(u,u*) for
e — 0, which gives the convergence (2.4.22).
If r =2, we follow the same techniques but (2.4.24) we will be replaced by

. . 1 ) )
(|22 — |yl *y.a —y) = (G a—yl", for .y €R (2.4.25)

The proof of the inequality (2.4.23) needs the following lemma. =

Lemma 2.4.3 (Minty). [25] Let E be a reflexive Banach space,
A be a nonempty closed convex subset of E. and E' be the dual of E.
Let T:FE — E' be a monotone operator which is continuous on finite dimensional
subspaces (or at least hemicontinuous).
Then, the followings are equivalent:
uwe A (Tuv—u)p, p+j)—ju) > {(fiv—ug.p ,YveEE
wE A (To0—u) o +j(0) = (1) = (Fro—u) oy VU € B
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2.4. Main convergence results and uniqueness of solution

By using Minty’s Lemma and the fact that div(4°) = 0 in Q, then (2.3.4) is equivalent

to

2
e . 09 . 09 oo s\ aiee
M%w—U)—§:<p%h)——Qu55>+AU#ﬂ—ﬂuw)

2
> Z/ (@, — 06 diddz + /6]%({03 —ug)ditdz,Vp € K
=19

Q

We apply the convergence of Theorem 2.4.1, Lemma 2.4.2 and the fact j is convex

and lower semi-continuous, we obtain

r—2

8(,01 N a(pz a( Yi — :) .
Z < % ) ) % didz
Y Yy 0P, 6902 \/_/ ,
/p (£) <6$1 + a5 didz + & didz
Q

+ [RIREI (25l = fu = sl)d Z/

w

ou*
0z

0z
9%
0z

p* independent of 7z, then using again Minty’s Lemma for the second time, we deduce (2.4.23),

like (lemma 5.1 in [§]).

Theorem 2.4.3 With the same assumptions as in Theorem 2.4.1,

and if Ou # 0 then (u*, p*) satisfy
p* e Wh(w) (2.4.26)
0 |1 1< [ our)? %&L* V2 ou* /82 A
——|lZyul = L -— = f—Vp*, in LIQ 2.4.2
9= 2“(22(02)) 9 VO e o | =/ TV i L) (2427)

Proof. we can choose § in (2.4.23) as in ([10], lemma.3) such that
G, =ul + i =1,2, with Y, € WOM(Q) we find
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2.4. Main convergence results and uniqueness of solution

using now the Green’s formula, and choosing ¢, = 0 and v, € W, (Q)
then ¢, € W, () and ¢, = 0, we get (2.4.26).
Now, for the prove of (2.4.27).

Y

For this, we use the following techniques.
Firstly, we choose ¢ in (2.4.23) by ¢ = u* + Ay then ¢ =u* — Xy, ¥ € W;7(Q), we

obtain
r—2

E (5 () S [
+a—/ (b

11 8u;‘228u8)\w e O (Ay)
DML (52((%) ) 3 Z/ﬂ (F) =g, s
) i—1 . i=1 (2.4.29)
_@\/7_ <'a(“ + W)‘ _ > didz < Z; /f (M) didz, Yp € Wy (Q)
=10

i2) didz

(2.4.28)

ou*
0z

)dg;dz>2/f, ;) didz, ip € Wy ()

zlQ

r—2

ou*
0z

0z

Secondly, dividing (2.4.28) and by the passage to the limit when ) tends to zero, we

find
i/l li ou;\* 28“8@%61—2/ 1dd
a — ) 2\2=\ 0z 0z 0z © e ( )
o = 2.4.30
2 0z 9z 0z - ' 0
Q =1q
22:/1 122: our\ ? 2‘9“‘%%“1—2/ de
u, <) 2\24% 0z 0z 0z - vz ( )
i=1 ) i= =g 2.4.31
+@Q/ A AP <Z/f¢dmdz Vb € WAT(Q)
2 0z 0z 0z ‘
Q
So the last two formulas, we give:
MZ/— <%Z (au ) ) %u awzdxdz—Z/ Zd:zcdz
—\/_ =l (2.4.32)
V2 ou ou* o L
+a=- (g) azadxdz—Z/fﬂ/zda:szzbEW (Q)
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2.4. Main convergence results and uniqueness of solution

By the Green’s formula, we get (2.4.27). =

Theorem 2.4.4 Under the same assumptions of the previous Theorems, the traces t*, s* satisfy

the following inequality

Z/MR Gn (—p")| @; (55 — ;) di: — /,&T*go(s* —s)dt >0,Vo € L"(w)  (2.4.33)

w

and the following limit form of the Coulomb boundary conditions

~ *| < ]% R 5 (—p* = 5" = S,
A Q] |R (67, (—p"))| on w. (2.4.34)
pilm| = kR (67, (=p"))] = 38 > 0 such that s = s — B7".

r—2

. ou*(£,0) 1< 2\ ° . oo out
§°(#) = =5 A =—(§Z< ) T = A(£,0) 5 (£,0)
. ATy , " h .

Fléy) = [ / fetd v, Pli)= [ Flady—5 F(b).

0o Jo 0
Another u*and p* satisfies the following weak form of the Reynolds equation

h y
B3 Ou* /O
/ V(@) + F(#,h) +u//A* a:fdfder //Ia ?82‘ ¢, €)dedy | V(x)
w 0
wh . ou* | 8u [0z, B -
-/ 2/A (695 (&) — 5 a6 | Teto) =0.¥p o)
w 0

(2.4.35)

Proof. We take in (2.4.23), ¢, =uf + \¥;,i=1,2, forall ¥, € Wl Sorg (82)
with
Welle, (@) = {¥ € WH(Q), 0 = (¥, ¥2), ¥ =0 on [y UT, }
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2.4. Main convergence results and uniqueness of solution

then

SIS (2)) T s
-3 [ (@ ag“)dmzm_g/(‘ O, 4 2)

+//2; IR (—p")| (N + 5% — 5| — |s* — s|) di
2

0y
0z

) didz

(]

(firw).

i=1

Dividing the last inequality by )\ and the passage to the limit when )\ tends to zero,

D (éi(%

w\?\ * Ourov, s
z 0z 0z

2

ur |t our 0w, \
_Zl/p Z/(@z 0z 8z)dxdz
=ta
N U, (s*—s) ., N
+ /k R (=) =y dé 2 Z <f \11) . (2.4.36)
=1

w

Finallly, using the Green formula in (2.4.36) and from (2.4.27), we find

Z/MR Gn (—p")| p; (87 — s;) di — /[M'*cp(s* —s)di >0,V € W;;LFL (Q)
This inequality remains valid for any ¥ € D (w)2 ,
and by the density of D (w) in L"(w) we deduce (3.4.33).
To prove (2.4.35), we integrat (2.4.27) from ( to z we obtain:

z

. V2 ou*/0z
- [ 40 (6, - /\(’M/az] )t

. (2.4.36)
2
S (#)z + g - () // &, t)dtde — —vp ,

ZL’
0




2.4. Main convergence results and uniqueness of solution

for » = h we have

h
o [ 402, G (8.0 — f/‘gujgj, (&, €)de

23
5 ) - . (2.4.37)
p (& :
+ut*(T)h + a— h = //fxtdtdf——v,o
D ) &
00
By integrating (2.4.36) from ( to h we obtain:
h y
V2 ou* 82 p h?
—u//A*(x ) ag< £ —a //|a i ey 4 ur (@)
2 (2.4.38)
—i—éz % / // f Z,t) dtdfdy——v,o
From (2.4.37), we deduce
h
V2 p(£) \ h? h/
&) + a—— . — =pu— | A*(z T, &)dE+
(u @)+t L ) =g [ 460G e
0 (2.4.39)
au /az p h/h/y s, h?
£)d¢ + f(z,&)dedy — —Vp*
[ ow ol TS fy TS
By (2.4.38) — (2.4.39), we deduce (2.4.35). =
2.4.2 Uniqueness of the solutions
Theorem 2.4.5 There exists a positive constant sufficiently small k* such that H HLOO( < k* the

solution

(u*, p*) in V. x (Li(w) N Whi(w))? of limite problem (2.4.27), is unique.
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2.4. Main convergence results and uniqueness of solution

Proof. suppose there are two solutions (u*!, p*!) and (u*?2, p*?) of the problem (2.4.27)

2 1 54wl asn 1
au ou;” 0(p, —uw;”) ,, B 3% 0Py .
= Q

‘ Tl 1

) didz+ [RIR=p )| =] = ot = s

-y (fiti—uit) Vo e K(@)

.
—_

(2.4.40)

1 a“?z N\ 7 du *28( ;k2> ., L 0Py Oy ,
“Z/(QZ((?Z)) 0: 0z dxdz_/(p’a_asl+a_x2)d$dz
Q Q

0 ou*?

0z

) didz+ [FIRCD] (5 - o] — e = s i

w

> Y (ot —ui®) Vo € K(@).

=1

(2.4.41)
We take ¢ = *? in (2.4.40) and ¢ = u®' in (2.4.41),
2 2 1 3 1 2 1 2 2
0u* ou;” O(u;” —u;™) uyt o uy
: : ———didz — =+ =— | did
MZ/<Z ) 0z 0z vz /(p’8x1+8x2 was
=1 Q =1 Q
u® ou*t .
+@§ + ) didz + /k |R(—p* )| (Ju*2 — s — [u** — s|) dit
82 0z
9 ) w
> Z ( Ll — u;kl) Vo e K(Q)
i=1
(2.4.42)
2 2 *,2\ 2 7;2 *,2 *,1 *,2 *,1 *,1
1 ou;’ ou;” O(u;™ —u;™) Juy Ouy
1 i i i i didy — did
MZ/(ZZ(&Z) 0z Dz e /(p’8x1+8x2 e
i=1 ¢ i=1 Q
8u*’1 au*,Q R
ANV2 ‘ %2 *,1 k2
+a /( P + P >dxdz+/k:|R( )] (|Ou s| —|u s|) di
Q

>3 ( foourt — uf’2> Yo e K(9Q).
=1

(2.4.43)
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2.4. Main convergence results and uniqueness of solution

then by summing the two inequalities, we find

o\ T o P 0w\ T owrt] 0
MZ/ (( ) ( 0z > ) 0z << ) Z( ) 02 &(Ui’l—uzﬁ) dtdz
i=1

- [RIRG) = Bp )t - w2 i <

w

(2.4.44)

we use the following inequality

(Jz" 2z =y P y2—y) > (r = V(2| + ly))" 2|z —y[* .2,y e R\, VI < 7 < 2,

we get
0 r )
u‘ o (= u?) < Hk“ / |R(—p™") = R(—p™2)| [u™! — w?|di.  (2.4.45)
z L7(Q) L°°w
So that
1 %27 * || 2 >‘k,1 . ’f‘72
e Y (Pl Gl @)

Now, we apply the Holder inequality on the second term of (2.4.45), we have

(u*,l o u*,Z) '

pflust — U*’2”2r(g) < ph”

0z (@)
<1, Co [ (RG-p) = R=p1%) 3 di ot = w2,
whence
|k T (2.4.46)
* u® L (w * * SE.
st — w2, < [R(=p"1) = R(=p"2) || s

Using the fact that R is a linear continuous operator W—%v’"(w) into L"(w), there exists

a constant C'1 depending on R, such that

IR = R o < Ca [l —

HL‘I(w) -

(2.4.47)

p

Combining (2.4.46) and (2.4.47) we deduce that if Hl%HLoo( : < k* for sufficiently small k* then

we have

*1 *,2

This ends the proof of the Theorem m

P V.
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Chapter 3

Study of a Non-Isothermal Hooke
Operator in Thin Domain with

Friction on the Bottom Surface

Abstract. This chapter is devoted to the achievement of the mathematical model in a thin
domain (¢ of R3, such that the height is smaller compared to the other two lengths. This
problem related with deformations of a non isothermal elastic homogeneous body " depends
on a temperature coefficient", with nonlinear friction conditions of the Coulomb type.

It’s made up of five sections. Firstly, we give ratings, boundary conditions, and then we
formulate the variational formulation of the strong problem. Finally, we concern ourselves

with the study of the existence and uniqueness of the solution of the weak problem.
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3.1. Stating of the problem

3.1 Stating of the problem

Consider the problem of uniform elasticity in the thin domain ¢, and steady-state defor-
mation of an isotropic body (a material with the same behavior in all directions). Where ¢ positive
real numbers belonging to |0, 1[ and it tends towards zero.

Denote the boundary of ¢ by I'* =wuUT5 UTS.

I’y is the upper bound of Qf with equation x5 = eh(z1, xs).
I’ is the side border of 2°.
w is a bounded domain of R?, with equation x5 = 0,

and is the bottom of the domain.

We notice # = (21, 22, 73) € R3 and £ = (21, 22) € R2.

The domain ¢ is given by :
OF = {(£,23) € R®, (£,0) € w, 0 < w3 < ch(&)}.
Where } is a function of class ¢! defined on y with :
0 < h, <h(z) <h*, V(£,0) € w.

f ¢, represents the mass density of the external forces in the field (¢,
The momentum conservation equation in domain )¢, is determined by non-isothermal

steady flow:

dive® + f€=0 in Q°. (3.1.1)

We represent the stress tensor by o¢ = (o)} <ij<3 and the deformation tensor by D = (d;;)1<; j<3-.

(u) = = < <3.
dij(u) 2<axj+ami)’1—“—3

The law of behavior is believed to follow Hooke’s law.

0% () = 2u(T%)di j () + ATy (). (3.1.2)

.3

Define the normal and tangential components of the displacement as follows:
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3.1. Stating of the problem

g __

u;, = u°.n

E __ € __ o
us = ut —u;.n

Similarly, the normal and tangential components of the stress tensor are defined as:

£

On

= (c°.n).n
o =o0°n—o,.n

The law of conservation of energy is:

—V(KeVT?) = 0° : D(u®) + r=(T"),
3 (3.1.3)
o : D(u) = 3 o7 ;di(uf).

2,j=1
Where K¢ is the thermal conductivity and »¢(7*) is the heat source.

Before describing the limiting conditions, first let us introduce the vectorial function

9= (91,92, g5) like:

/ g.n.ds = 0.
I‘E

There is a function @G¢ such that:

G* € H'(9)? with G° = g on I.

Assume that the displacement on the upper surface I', is given by:

u®*=g=0onTY. (3.1.4)

On T¢ the displacement is known and parallel to the w-plane

u; = g; with g3 =0,7=1,2, (3.1.5)

Now let’s talk about the condition on .

Bilateral contact is given by :

u®.n =0 on w, (3.1.6)
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3.2. Variational formulation

Also assume the friction on the common plane (),
this friction is unknown and is modeled by a nonlinear Coulomb’s law:
loS| < Felog| = us = s, (3.17)
loS| = F¢lot| = 36 > 0 such that us = s — So¢,
with f¢ > ( is the coefficient of friction.
For temperature, we make the following assumptions

homogeneous Dirichlet

T7°=0 onI5UTlY, (homogenous Dirichlet)

ore (3.1.8)
o 0 on w, (homogenous Neumann)
n

The complete problem (3.1.9), is to find the displacement field

u® = (uf)1<i<3 : Q° — R3, check the following equations and boundary conditions:

dive*+ fc=0 in QF,
o5 (u) = 2p(T%)d; ;(u®) 4+ A(T€) i (uf) 535 in QF,
w =0 on T,
uw =g on 'S,
ut.n =0 on w, (3.1.9)
05 < £ 03] = ut = s, N
w
02| = F<|o5| = 38 > 0 such that us = s — o<, )
=0 on T, UTS,
oT* 0
- on w.
\ On

3.2 Variational formulation

In this section we define a functional framework in which we are going to work, and we

obtain a weak formulation of the problem (3.1.9).

For the open )¢, define the spaces and sets:

Define spaces and sets of open ()¢,

47



3.2. Variational formulation

HY(F)? = {v e L2(F)? - % € L2(QF)% Vi, j = 1, 3} ,
Lj

Defined the closed convex nonempty of H!(QF)3 :

VE:{QOE(HI(Q€>)3§ p=gonlf g0:00nFiand<p.n:00nw}.

Denote by H1. the vector subspace of H1(Qe) :
1—‘L

ure
H%iuri(ﬂa) ={pe H () :¢p=00nT7 UL }.
The spaces Qf, H 1((2&)3, Ve and H 12 UF%(QE) are the domains in which we study the
asymptotic behavior of elasticity.
The Sobolev spaces, the closed convex, and vector subspaces of H!(Q)¢) are given with
their natural norms and inner products.

In order to simplify drafting, we note:

a5 0) = 3 / 24 (1) () () s + / N(T?) div(uf) div(v)didzs, (3.2.1)

ij=1 :

3
(fov) = | foodides=Y [ fvdides, (3.2.2)
0 i=1 /O
Tf:‘
b(Te, 1) = gl 0Y didas, (3.2.3)

Q= 01’1 8$Z

3

c(us, T¢, ) = Z/

=1

290" (1) dit / N(T) div(u) div(u)dd st /Q r(T)didas,

(3.2.4)
J (v) = / F<S(o}) vy — s|di. (3.2.5)
Since the integral j¢(v) has no meaning for v € V¢, wereplace o5 by S (0¢), where § is

the regularization operator from H _%(w) into L2 (w) is defined by
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3.2. Variational formulation

Vr e H 3 (w),S(r) € L2 (w), S(7)(x) = |(1, 0(x = 7))

1 1
H é(w)aH()Qo(W)
where p is a given positive function of the class ¢ with compact support on w ,

here H *%(w) is the dual space to the

1
HE(w {Q|w o€ H'(¥); 0=0 on FiUFi}.

is the subspace of L?(w) of non-negative functions from ([20], [21]) -

Lemma 3.2.1 if y* and T are solutions of the problem (3.1.9) then they verify the fol-

lowing variational problem:

To find < € Ve(QE) and find T¢ € Hliuri(Qg) such that:

a(T 0,0 — ) + (9) = 5) > (f S0 —u), Ve Ve (3:2.6)
b(Te, ) = c(us, T¢,v), Vi € Hliuri-

Proof. By multiplying the equation (3.1.1) by (¢ — u®) where p € V¢ and using the

Green formula we get

/ 5 0 (90¢_uf)d$,d$3—/ dS—/f ;— ug)didxs.
Qe aZL‘Z Ire

According to the boundary conditions (3.1.4) — (3.1.5) we find

/ o5 (05 — ) ds = / 0% ;i — ) dé.

Ie w

We know that: o< nj =05+ o, then we get

[ oimto—uiris = [ o2, —uiddi + [ oim(o, — s
Ie w w

as n;(p; —uf) =0, we have

| it —iytidns — [ (=i = [ foe—iidns, gV 32)
= :U’L' w ‘ (93
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3.2. Variational formulation

In (3.2.7), we add and subtract the term f FS(08)(Jp, — s| — |us — s|)dit, we obtain

/ 050 (o — ul)didrs — / 0% (s — )i+
Qe 3x,

w

/ F2S(0%) (s — 5| — s — s|)di — / F25(0%) (s — s| — |2 — s))di

/f ; — ui)didxs.

Putting

B= [ on(er =9~ = s)ai + [ S le, — sl ~ us ~ sl)d

then
B [ oo -9+ [ 17803, sl di
thus
O—f’i(ng - S) > — |U$’Z} ’SDT - 8‘ > _FES(O—Z) ‘SOT - S| > 05 on w,
and

B= [ oo, -9+ [ FoS(a3) g, sl di 20,

which gives

0
| rtgteididees [ S0 e~ sldi- [ FS(o) s - sldi = [ (s
€ i w w Qe

Then we get the (3.2.6)
By multiplying the equation (3.1.3) by ¢ where, ¢ € HL. - (92°)
L 1

and using the Green formula we get

3
0T <oy ]
; QEK Ox; 8midxdx3 o Z /52“ (T°)d3; (v )Ypdidzs +

4,7=1
/ A (T7) div(u®) div(u®)pdidrs +

aT €
Te 8711

s + / re(T%)dddzs,

now the boundary condition (3.1.8), we give

50

—ug)didzxs.
(3.2.8)



3.3. Change of the domain and some estimates

3

- 3
S [ kO Gy — Y / 2 () (w)pdts +
i=1 )

Q= (%Z 8IZ i1

/ A (T°) div(u®) div(u®)Ypdides +

/ e (T% ) didas, (3.2.9)

that is to say b(T=, ) = c(us,T¢,v), Vo € Hliupi. u

Theorem 3.2.1 If f¢ e (L*(¢))3 and the friction coefficient F¢ is a non-negative func-
tion in [>°(w) then there erists u¢ € V¢ solution to the problem (3.2.6) .

Moreover, for small [¢ the solution is unique.

Proof. The proof is similar to that in ([3],) and we shall not reproduce it in full
giving only a sketch here, for the existence of a solution ¢¢. Firste, we apply Tichonov’s
fixed point theorem ([17]), then uses the same procedure to prove the uniqueness of ¢ as

in ([3],[34]). =

3.3 Change of the domain and some estimates

The goal of this section is to make an asymptotic analysis of the previous problem by
rescaling the study back to the domain () independent of ¢, on which we set unknown
news.

We obtain a variational formulation in the fixed domain and prove a priori estimates of
independent solutions of ¢, by various inequalities from (Korn, Poincaré, Young, etc.).

Finally, we derive the convergence results.

3.3.1 Scale change

Asymptotic analysis of the problem (3.1.9), we use an approach that transforms the problem
originally posed in the field ¢ which depends on a small parameter ¢ into an equivalent

problem in which the fixed domain () does not depend on ¢.

o1



3.3. Change of the domain and some estimates

. . . . €3 .
For this reason, we introduce a small change in variable z = —, then (%, z3) in Qf
€

become (£, z) in Q, and it’s given by

Q={(t,2) €R? (#,0)€w, 0<z<h(£)}.

We denote the fixed domain boundary by ' = o UT, UT;.

Add a new functions in ), independent of ¢ :

Ui (€, 2) = ui (2, 23), 1 = 1,2,

“(£,2) = T°(%, z3), (3.3.2)

Let G(x',z) such as :

A

G:

onl.

Na)Y

The vector (¢ introduced earlier is defined as:

Gi(t,2) = G5(&,23), i =1,2, (3.3.3)

Gs(#,2) = e 1G5 (&, 3).

3.3.2 Weak formulation in ()

Here we introduce the functional framework in .
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3.3. Change of the domain and some estimates

( V:{gpe(Hl(Q))3; o=G onT,, p=0o0nT% andap.n:()onw},

H(V)={soeHl(Q)z:w:(sol,%), p;=CGonTyand g, =0onTy ,i=1,2},
81)1-
0z
Hlliuri(Q):{goeﬂl(Q):gpzoon r,ury }.

‘/;:{v:(vl,vQ)ELz(Q)2; ELZ(Q),z’:LQ;v:OonFl},

\

It is clear that V, is a Banach space with norm:

(%i
0z

lv

2 9 3
2
L= (Z ol 2oy + \ ) -
i=1 L2(Q)

The problem (P,) became with scale change defined in (3.3.1) — (3.3.3).
Find a displacement field ¢ € VV and find a temperature field 7= ¢ H. 1€UFE(Q) such
L 1
that:

a(T°, 45, — ) + j () — j (@) > (f5,p—a%), VpeV, (3.3.4)

b(T%, ) = (i, T°,¢), Vi € Hie e (), (3.3.5)

where

2 .
. . ot 0us 0
TE ~AE /\_/\E — 2 /\TE 7 ¥l A.—Aa,d,d
(i, — i) e;’j::l/fzu( ) (G + 52 ) 7 6 — i +

2
~ (e aﬂf 28@% 9 . ~e 2 d .. _ nE .
Z/QMT)(&Z e aﬂ) [azm )+ ()| i +

g / 24(T*%) %“3 2(403 — 05)dddz + €2 / MT ¢ div(a°) div(p — @) didz.
Q

z 0z Q

2
(f5, ¢ — @) :Z/ﬂff (@i—aj)dx’dz+5/ﬂfgs 6y i) did.
i=1
j(@)z/ﬁS(az)y@—sws@.
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3.3. Change of the domain and some estimates

N o1 o . 0T 00
b(T*® Ke? did K——Zdidz.
)= Z/ ox; 0 sz—'—/ﬂ 92 92

LRSS 3 [ ( + 5

i,7=1

N2
) @/)dxdz—l—Z/ (T°) (8u gzg> Wdidz +

2~ (e 8113 9 3 23 (e A (e T
/026 a(17) ( 82’) ¢d:1:dz+/ﬂs ANT*) div(a®) div(u )gbdxdz—{—/T(T Yhdidz.

Q

In the next, we make an estimate of the displacement ¢ and temperature 7°¢ solution

of the variational problem in fixed domain.

3.3.3 A priori estimates of the displacement

Lemma 3.3.1 Assume that f ¢ (L? (Q))?’, the coefficient of friction F¢ >0 in L*(w) and

there is a strictly positive constants ., u*, \,, \* such that
0<p, <pla)<p" and0 <A < A(b) <\ Va,beR. (3.3.6)

Then there is a strictly positive constant C' that does not depend on ¢ such that

2 NE 2 ~NE ’\g 2 ~e 2
58% sau?’ H Ot 62% < C. (3.3.7)
Proof. Let be ¢ the solution of the problem (3.2.6) so
a(Te,uf,u® — @)+ j5(@) — j5(u°) > (f5,u°) — (f5,0),Vp € VE. (3.3.8)

Because j¢(uf) is positive

a(T¢,u®,u”) < a(T%,u’, ) + (o) + (f 5 u%) — (f 5, 0), Yo € VE.

with

a(Te, u,u) :/ 2p°5(T°)d;j(u®)d;;(u®)dtds +/ A (T7) div(u®) div(u®)didrs,
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3.3. Change of the domain and some estimates

and as ,

> Jdii(u)? < |Ve|* and | div(u®)[* < |[Vul]?,
ij=1
so, according to the inequality of Korn (from [33]), there exist ('} independent of ¢ such
that:
a(T, u®

u) 2 21,0 ||V | 2 0ey - (3.3.9)

Applying the inequalities of Holder and Young we find the following inquiries

a(Te,u’, ) < / 20°(T%) |dij (u®)| |dij ()| didas +/ X(T9) | div(u®)|| div(e)|didzs
s Qs
< [ o (@) ) () i+ | N(T%) | dio )| div()] i
Qe Qs
*C 2 (V2 ,
< [ (VBT e ) | S o) ) dides +
: V. Cre
\/,M*OK . 2\ . .
| div(u®)| | div(p)| | didxs
/E ( 2 vV 1.Crxe
M*OK NP 4 (M*)z 2
< ||dw( )”LQ(QE) + m ||dij<90)||L2(Qs) +
2(A\*)?
“*CK | div(u®)|? didxs + () | div(p)|? didxs
8 Qs LK JQe
SO
€ € 3 :U’*CK el|12 4 (M*)Q 2(/\*)2 2
a(T%,u’, ) < s [Vu ||L2(Q€) + 1.Cx + 1.Cr ||V90||L2(QE)- (3.3.10)
Since ,
= &€ (8h*) 15 M*CK €
(f5u’) < 2 1.0 va ||iQ(QE) + 5 Vu ||i2(96)- (3.3.11)
. (8h*) M*C
(15,9 < g IV “liean + =5 IVelliagar (33.12)

We used (3.3.9) —
alent to (2.3.8)

20,0k |V |2 i0e) <

L) 2N

7
a(Te uf,uf) < M*OK ||VUE||L2 @) T 0.C

(3.3.12), and we choose o = (¢ we get the variational equation equiv-

ch*
( ) 19 Wy +

*

wCr  1Ck

(

95

2

) IVGE 22 -



3.3. Change of the domain and some estimates

9 . (eh")? o pe 4 () 2(\)? | mCk .
gM*CK Vu ||i2(Qs) < IV f ||i2(§26) + ( + + VG HiQ(QS)

As
IS 2 — €
eIvf 72000 =€ ' £2(9¢) and  £[|VG HLQ(QE - HVG) 12(02)’
then
9 C Vut 2 < (h*)2 v Fe 2 Vs 2
glneK IVellzzes < 1. Ck H / L2(Q¢) eVl +
4wy 2N +M*CK H
/'I’*CK /'I’*CK L?(¢)
< C,
thuse
2 e 112 o112 e 12 e 112
ous 005 ous o
e |Vull|? s 00 = &2 — +e? 3 H L <C,
with
8 (F*) 11 5112 4 (w)* | 200  mCk 5|12
C= d o = . : HVG .
op.Cr MO O pey  \ mCr | wCr 2 L2(9¢)

3.3.4 A priori estimate of the temperature

In this subsection, we look for a priori estimate of the temperature 7. For that, we need

to state the following lemma, which is a direct result of Poincaré’s inequality.
Lemma 3.3.2 The temperature T¢ is increased by

o1

< h*
0z

L2(Q) ~

Ly

(3.3.13)

L2(Q)

Lemma 3.3.3 Assuming further verification of the hypothesis of the Lemma (3.3.1), suppose

we have

o6



3.3. Change of the domain and some estimates

two strictly positive constants K, and K* such that:
0<K,<K(t,2) < K" V(&,z) € Q (3.3.14)
a positive constant 7#* such that:
Fla) <7 (3.3.15)
then there is a positive constant C, independent of ¢ such that:

oT*
0z

oT*

< ..
o Cy (3.3.16)

L2(Q)

2
>
i=1

L2(Q)

Proof. Choosing T¢ = 1, in the variational equation (3.2.9), gives

i oTe oTe oTe ot
Z[ —Z/ 9%, 01, dtdz + /K 9 0s dzdz,
with
2

1 2~ (e 8115 87:6; ’ re 7.+
L = Zé/gg'u(T)<8xj . Tedidz +

ij=1

NE
ous

2 0w ,0u5\> 2
Oui | 29U3\ e /2 20(T Tedtd
Z/ﬂ(az—ke 8@) tdz + A (1) P tdz,

i=1

I, = / P(T°)Tedddz,
Q

]3:/62;\<T6) div(tF) div(a®)T*didz.
Q

By the Cauchy-Schwartz inequality, we obtain

2 2

LI 1 N ,.
! =t Ox; L2(9) L2(Q) 0z 12(9) L2(Q)
ae (2 2 2 aie |12 2
+282,U,* ﬂ £ ) + ,u* Z aU3 Te i )
z L2(Q) L2(Q) i Z; L2(Q) L2()
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3.3. Change of the domain and some estimates

From Young’s inequality

|1 2¢* Z ‘ | 2 ' ol
< € * 8 7 15
! H Oz, L2 L2(Q) 0z L2(9) L2(Q)
ohE 112 2 ohE 112 2
42t s ’Ta + 2% s c .
9z || 12 () L2(Q) 9z || 120 L2(Q)
By the inequality (3.3.7) and the Lemma (3.3.2), we find
oT*
L] <2 CHTe e 3.3.17
11| < 2p Ly = 2 P ( )
12(Q)
The analog of I, gives
oT*
L] <7 < 7*h* (3.3.18)
12(Q) 0z
L2(Q)
Is] < X\ div(a)])?
o] < i) 77
since g2 HVﬁEHiz(m < C, then
I5| < \* . 3.3.19
HE e (3:3.19)
On the other hand, using (3.3.14) — (3.3.15), gwves
2 9 ofe|’
b(T=,T°) = ’K did K didz.
(T%,77) Zzl/ﬂe o xz—l—/ﬂ 55| dddz
Whaich implies
ot ot
K*€2 + K* S b(T67T€>
&ri
ot ot ot
<2u*h*C + 7R + \N'Ch*
0z 0z
L2(Q) L2(Q) L2(Q)
then
ot ot ot
K,é? K, C , 3.3.20
c ox; + 0z oz ( )
2(Q) () 12(9)
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3.4. Convergence results

where C; 1s a constant that does not depend on ¢ and is given by
Cy = 2u*h*C + #*h* + \ Ch*

thus

~ 2
ore
< K;'Cy. (3.3.21)

12(9)

Using this last estimate of (3.3.20) we derive

2

.2 .
oTe orTe
2
<
c aIZ ‘ 0z - 02
L2(Q) L2(Q)
with
Co =K1 (C)*

3.4 Convergence results

In this part, we set up the convergence theorem.

Theorem 3.4.1 Under the same assumptions as in Lemma (3.3.1) and (3.3.3) there ex-
15t
u* = (u,u3) inV, and T* in V, such as for subsuites of af(reSpTE)

noted again af(respfg) we get the following convergence results:

u; —u;  weakly in V,,1<i<2 (3.4.1)
ous . 9 o
€ —0 weakly in L*1<1i,7<2. (3.4.2)
896]-
58%’ — 0 weakly in L* (3.4.3)
0z Y o
2 03 12 ~
ef—= =0 weakly in L°,1<i<2 (3.4.4)
T
ety — 0 weakly in L? (3.4.5)
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3.4. Convergence results

T° —~T* weakly in V, (3.4.6)
oT*
8$i

£ — 0 weakly in L*/1<i<?2 (3.4.7)

Proof. According to Theorem (3.3.1), there exists a constant C' independent of ¢, which

2

%P% <Ci=12

0z

L2(Q)

Using this estimate with the Poincaré inequality, we get:

NE
ou;

lllo0 <+ |5

J1<i<?,

which means ¢ is bounded in V, for = 1,2, this implies the existence of
* ] NE * ]
u? in V, such as ¢¢ converges weakly to ¢} in V.

Using the Theorem (3.3.1)

<C.

0,0

€

‘ dis
)
8@-

ou; ou;
converges to on the other hand, we have:
833'j 8xj

So ¢

1@ ]lo0 < €

ous ou;
converges to

@l’j 8xj
i |
5. 0 (0,0) in L2(€) x L2(Q).
j
Ditto for the inequality

then

which makes the weak convergence of

<,
0,0

NE
‘ U
(9%1‘

we have the convergences

OUE out O *
aAE
Which shows that &2 8U3 converges weakly to (0,0) in LQ(Q).
The proof of the convergence temperature is based on this estimate

2

ey

=1

oT ¢
8:52-
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3.5. Study of the limit problem

where (), is a constant independent of ¢ .

Using the lemma (2.3.1) we deduce

oT €
0z

~

TE

< h*

< h*Cs.

So, 7' ¢ is bound in V,(2) which shows the existence of T * in V,(€2), such that T ¢ converges

weakly to T'*in V,(£2),

Y

£

again, using the same estimate to show ¢ < (s,
oT © oT * ) e
so, | € converge to and like 7° converge to T* in V,(Q) then gaT weakly

converges to (0 in V,(Q2). =

3.5 Study of the limit problem

The rest of this section requires previous convergence results to achieve the desired goal.

Lemma 3.5.1 There is a subsequence of S(o¢(u)) that strongly converges towards

S(o%(u*)) in L*(w).

n

Proof. To prove this lemma, the use of identical techniques in ([3]; Lemma5.1) and

in ([10; Lemmab.2). =

Theorem 3.5.1 ¢ — u} strongly in V, i = 1,2 and with the same assumptions of the

Theorem (3.3.1), the solutions y* and T* satisfy

2

> [ TG e it i) i) 2 3 (- ui) Ve eTV) (351

0z 0z pt
0 (., ..our
2

_9 (K@g) =S ) (%f)Q + AT in L2 (Q) (3.5.3)

f.5, fori=1,21in L*(Q) (3.5.2)
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3.5. Study of the limit problem

Proof. For 4 — v} strongly V,, we use the same methods in ([10]; proof of Theorem 4.2)
The variational equality (3.3.4) can be written as

4

Zfi(e) —1—52/ AT div(6f) div($p

— 4f)dtdz + / FS(0%)|p — s|di — / FS(o%) |af — s| di
=1 Q w w
2 A A
2 Z (fiea@i - af) +e€ (f3€7§03 - ﬁ;) )
=1
where

‘) 0
I = Z/euT (a% >a 2)didz,

xa

o (06 ,0u5 8
= Z/ T ( Oml) & ; — u;)dtdz,
]3 2/5 M T‘S (au 8U3> a

5% axz — u3)dtdz,

. ouz\ 0
I, = ) 2 A Te 3\ Y (e , '
o= [ 20 (52) 5 - ) dis
By the convergence Theorem (3.3.1), we find
w3105 s (%
lin(l)g / AT div(6f) div(p — 0f)didz = 0,

hn(1)5/f3 @3 — Uu5)didz =0,

and as j is convex and lower semi-continuous, we obtain

lim <inf/ FS(0%)|af — s da:~> > /ﬁS(oz) [0 — s|d

) aaz( u)didz,

so we have

2
Z/ (T") 8,282 @; — ul)didz + j(@ Z(fl,goz—u>
From ([11]; Lemma5.3) ,we choose in (3.5.4)

i =uj £y, € Hy(Q) for i = 1,2 and §3 = uj
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3.5. Study of the limit problem

then we get
2

Z/ (T%) f Sdid: Z(fl,w)

i=1

Using Green’s formula and choosing ), = 0 and ¢, € H&(Q) then ¢, = 0 and ¢, € H&(Q) we

obtain:
/M(T*) 0 (a“ >wdxdz— / fopdidz,
0z
thus:
N d aur __ fe . : -1
—iu(T )& < P ) = f,ffori=1,2in H (), (3.5.5)

and as fie € L*(Q), then (3.5.5) is true in L2((Q).
On the other hand, going to the limit in (3.3.5) and using the convergence results of the

theorem, we find

oT* 9 ul
/K o (,;ﬁd dz—Z/ (T*) ( ) ¢dmdz+/f(T*)¢d:tdz,V¢€ Hf, op, ().

Q

Now the formula of Green, we give

e (R et =5 [y () vt [ a0

Consequently

o (.oT* (0N |
— (K o ) - ZM(T ) < az) +#(T*),in € HE o, (). (3.5.6)

The formula (3.5.6) is valid in L2(Q), since f; and # are two bounded functions in R

o\ 2
and (%ul) is an element of L2(2). m
2

Theorem 3.5.2 Under the same assumptions as in the previous Theorem, we have

/ F1S(on (s ([ + 5° — 8] — |s* — s]) di — / A(s)E wdi = 0, € L2(w)  (3.5.7)

and
iE < F(S(oh(s*) = 5" =s

. . (3.5.8)
()¢ = F(S(o%(s*)) = 3B > 0 such that s* = s — B¢

63



3.5. Study of the limit problem

Another u* and T* satisfies the following weak form of the Reynolds equation:

/ ( / / (T*(&,€) (”; Oagdy) de:c_/ / (1 (4,62 E:8) (5 & pevipds, v € H(w)
(3.5.9)

where
. h h hor&
F(é.2) = [ Flé.o)dy— 5P 0) and F(g.2) = [ [ fo(d.a)dadg
0 0 0

Proof. The variational inequality (3.3.4) becomes

ous  0us\ 9
2 3
Z/ (%) (8% o )W 85 dédz +

ou;  ,0us a ., . , 0 7.
Z/ ( e axz) {@(%—uw o (@; — 05) | didz +

52/2,&(T5)au3 0 (5 ﬁg)daﬁdz—i—sz/)\( %) div(af) div(p — 0°)didz +
Q Q

0z 0z
/ﬁS( 5)]¢T—s|d:é—/FS( °) a5 — s| di

> Z/f6 ; — U dxdz+€/f3 3 — U5) didz,
choosing the next change
@i = Uf + 1/}1'7 L= 17 27 with wz € Hlllul“L (Q) )

then

oul 0 A
Mz / 6uz 501 didz + +j(, + s*) — j(s*) > Z /ngl¢z did

Using Green ’s formula on the domain () we find

Z/( l‘laz)w d$d2+/ﬂlaauin¢d3

1<i<2

/Fs< Y (Joy + 5° — 8] — 5" — ) dé
Z /fw didz.

1<0<2
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3.5. Study of the limit problem

/ Ou nwds——/,ua Wdi.
r w 02

2 / ( “8622*> Vi di"dz—/wuﬁ*wid:é

1<i<2

/rs< ) (Jy + 5° — 8| — |5* — ) dé
/le) dzdz.

We know that

So

1<i<2

On the other hand

0 ou! P
&( az) fi,2—1,2.

According to (3.4.4) and for ¢ € H%luFL (Q)Q7 getting

/FS( ) (|, + 5" — 5| — |s*—s\)dae—/ﬂg*¢d;ézo. (3.4.10)

Inequality (3.5.10) is also valid for all ¢) € D(w), and by the density of D(w) in L*(w),

we deduce
/FS( ) (s + 5" — 5| — |5*—S|)df—/ﬂf*¢df20, Vi € L2(w).

Which implies (3.2.7).
To demonstrate (3.5.9) by integrating twice the equation (3.5.2) from 0 to ~z ,we find

z a *( 4 z "
- / a1 (5,625 pe 4oy = / f(#, a)da, (3.5.10)
0 23 0
with
a *
¢* =T*(%,0) and 7" = a—uz(a’:,O).
By integrating (3.5.10) from ( to h, we obtain
h
_/ ,&(T*(:i',ﬁ)auéz e + p(cyrth = / / F5(#, a)dade, (3.5.11)
0
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integrating (3.5.11) between (0 and h, we have

// (T*(# a(gg)agawg ///f (%,a)dadedy.  (3.5.12)

From (3.5.11) we derive
h * (4 h 13
A~ * * A * ’ au ‘IJ AE z
(ST h=/ (T (w,i)ﬁaﬂr/ / [i£(&, y)dydé. (3.5.13)
0 a£ 0 0
By (3.5.12) and (3.5.13), we obtain

// T*x&au(zg)ﬁgdy—ﬁ/h( (/,g)%?f)ag:o.

Before giving the existence and uniqueness of the solution, we need the following sets

0%
W, = {UE‘/Z;%EZ?(Q)},

ov }
<c,.
V.

Bc = {UGWZXWZ; a_
0z
Theorem 3.5.3 Under the assumptions of Theorem (3.3.1) and if there is a small enough

positive constant f* such that ||ﬁHLOO(w) < F*, then the solution (u*,T*)
of the problem limit (3.5.1) — (3.5.3) s unique in B, x W,.

Proof. For solution uniqueness, follow the sam procedure, in ([3] and [12]) -
Assuming that for each 1) ¢ H%Lurl (Q2) there are (ul, Tl) and (uQ7 Tz) solutions to the
problem limit (3.5.1) and (3.5.3) we have

/ Ka_Tla_wd dz-Z/ ) (8“> wdxder/ HTYYVdidz. (3.5.14)
Q

oT? i 2 (0w o
/ K, iz = ;/Q“(T ) (g) WWJF/QT(T Yodidz. (3.5.15)

By subtracting of (3.5.14) — (3.5.15) we get

o fouN o (0uR\?
Q u(T)<aZ) —M(T)(az>]¢dxdz

0 oy O S
/Q—K& (T —T)dedzizl/

T /Q [#(TY) — #(T?)] Wdédz. (3.5.16)
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2\ 2
In (3.5.16), we add and subtract the term j(7") (%u’ ) , we find
2

0 - 12) Wy = L SN R ,
/QK(?Z (T T ) 8zdxdz = Z/Q [M(T )az (ul —I—ui) % (uZ uz) Ydidz +
ou2\?
> / [A(T") = i(T%)] <—) Ydidz + / [F(TY) — #(T%)] wdide.
By choosing ¢ = T' — T2 ¢ H%LUIH () we get

0 ) i
/QK& T — 12| ditdz = ; Ry, (3.5.17)

2 2 2
. ou?
Ry=Y Rj= Z/Q [A(T") = p(T?)] (52) (T" — T?) ditdz,
=1 =1
R3 _/ [F(T") = #(T?)] (T" — T?) didz,
Q
as 5
/Qf( % (T = T%)| dédz > K, [1+ (n*)] || T - 7, . (3.5.18)
On the other hand
Ry < p / 3(u1+u2) 4da’:dz Z / 2(ul—u?) 2dm’dz 5 /|T1—T2\4d:edz %
! - QO 32 ¢ ¢ Q 82 ' ¢ Q
* 3 1 2 2 1,2 1_ 2
S w5 (u; + ) Ly 1192 (u; —uf) . |T" - T HL“(Q)’

using the Holder inequality, and as the compact injection of V,(Q) in L*(Q2) is contin-

uous, then there is a constant « > 0, such that

* 2 2 1 2 2 1 2 1 2
L PR I F ] I
< war| )| -l 7 -7
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3.5. Study of the limit problem

And since y! and y? are two elements of B, then

[Ru] < 2pr’c || (wi =) | |77 = T2, .

Iv. |

using inequality a; + ay < \/5(041 + 042)% for oy, 00 > 0,

we have
2
R < e -1, 3 (- ),
i=1
2 2
< aviratelr -2, (St -l)
i=1
< Vel [T = T2, || (uwl = ud) |y, s s
then
|Ri| < 2V2p e ||T" — TQHVZ [ (u' - UQ)”szVZ ' (3:5.19)
And
|Ry| < Cu/Q|T T‘ 5% ditdz
1 92 |* 3
< CA TI_TQ 4)2 / ¢ did
<o (fr-rr) ([5]) e
Nt 2|2 Ou; i
< C/LHT THL4(Q) Oz @)
ou||®
< Ouat||T — T2 ||
s
< Gt ||[T =127 [Jud]7,.
< Gua'd T -T2
then

|Ry| < 2Cs0tc | T =17, . (3.5.20)

as the function ¢ is Lipschitzian on R report C; then

|Rs| < C3 || T — TZHiQ(Q) :
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3.5. Study of the limit problem

|Ry| < C; | T = T2

Iy, - (3.5.21)

By injecting (3.5.16) — (3.5.21) in (3.5.15) we have

K1+ @] 1 =T < (2Guate + G |7t -T2,

+2v2pta’e [T = T2, ||(u' = w®) [\, .. -
then

(K[ 0] = @2Cp0'e 1 0) ) |7 =T, < 2V e |7 = T2, || (! =)

we suppose that
1
¢ < co=[2Chx }71 (K* [1+ (h*)2]71 - Cf)2 :
provided that
K. > [1+ (h*)*] Cy,
then
|7 - T2||?/Z < \/5;;*0720[:10(03 — )7 (ut —u?) Hvzxvz : (3.5.22)
We also have the following two inequalities
8u Ou; 0 B b)) |5l — -
D1 fQ az a (90 i )d{L‘dZ - f FS ‘ ‘901‘ S} di (3.5.23)
fwfs ub)) [u} = s|di = Y20, (£, 9 —u)
) 2( —u?) didz + [ F S(op(u?)) |@F — | di—
izt Ja z 0z ' (3.5.24)
f SO —aldé > T (e 8 —u?)

We choose that @} = uf in (3.5.23) and % = u in (3.5.24) and summing up the two

inequalities, it comes to W = u? — u}

8u aw 8u2 aw . /

/ﬁs<g;<ug) ([u2 — 5| — [u} — s]) dit > 0,
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3.5. Study of the limit problem

so for the next term we have

/MFS( () (|uf —s| — !u}—s|)d:ﬁ—/wFS( s?) (|uf = s| = |ul — s|) di
< [ 17 (S(optad) = Stosd))||u? - ot ds:

Using the Cauchy-Schwarz inequality, we have

2
Vz

2
V.

< FAC||uf — v

[ 1F (60t = Stor )] i = ot < | € - o

By the previous Theorem, this term is f*C ||u — u1||v tends to ( then we have
oul oW ou? OW
T1 (T2 5.2
Z/ [ 9z 0z — M) 0z 0z 1 dtdz, (3:5.25)
8u ow

add and subtract term f —— from the equation (2.5.25), we get

% 5
au ow ou? OW 8u2 oW
Z/{ 0z 0z M(T)ﬁz z}ddejLZ/ 82’ 0z

2
Z/ﬂ(Tl ala_wd tdz > 0.
, Q

0z 0z
So
2 2
oW oW ou? OW
oW ow ey Oud QW §
;/ﬂ —(T") % s dacdz—{—;/Q(M(T) w(T?)) 5 5a didz > 0, (3.5.26)
oW oW 2 ou2 OW
B < Al A2
Z/ (T) 5,5, % dz—;/g(u(T) fT?)) 5= diddz.
As
Z/ ) 8_W6_Wdde > S W, (3.5.27)

Due to Holder’s inequality, and the result of ([10]) we fined

()G it < 0 -1 ||| ase
< Cpul||Th - HL4(Q) 3;; L4(@) %_2/ L2(Q)
< |1 - 17 |22 5 o)
< Gy ||T - 88_2/
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3.5. Study of the limit problem

From Young’s inequality

& 1 2 du; OW 2 1 2
Z/Q(ﬂ(T ) = i(T7)) == didz| < V2ca?Cy [T = T2 [[Wlly.. (3.5.28)
i=1

Inserting (3.5.27) into (3.5.26) gives
Fy
oY W1, < V2ea®Cy T = T2, W],
LWy, < V2 ||T" = T2, (3.5.29)
Returning to (3.5.22) we fined

|7 — 17 2V2p*ca (R — )7 |u?* — u!

IN

VyxVy

z

IN

8,u*_1,u*0§102(cg — @)t HTI _ 72

v, o
then
(8/1:1#*0;02(03 _ Cz)—l) HTl _ T2Hvz <0,
on condition that
O<ec<e = (]. + SMII/JJ*)_%CO,

Consequently
17" = 12|l =0,

then we obtain 71! = 72 almost everywhere in V. (w).

From (3.5.29), we conclude y! = y? almost everywhere in V,(w).
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3.5. Study of the limit problem

Conclusion

In the firste work, we are examined the strong convergence of the velocity of a non-
Newtonian incompressible duid whose viscosity follows the Power law with Coulomb fric-
tion.We are assumed that the duid coefficients of the thin layer vary with respect to the thin
layer parameter ¢ . We are interested for the main convergence results.Finally we give the
detail of the proofs of this results.

In the second work, we are focused on the study of the asymptotic behavior of a cou-
pled problem that consists of an elastic body and the change of the heat.We proved some
estimates then we gave convergence results. At the end the uniqueness of the weak solution

is given and proved.
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