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Notations

0.1 For abbreviations and expressions

’ The abbreviation H The meaning
s.t. such that
if f if and only if
RHS right hand side
LHS left hand side
ONB orthogonormal basis
"i.0.d” independent identically distributed
UMD unconditional for martingale difference
PDEs partial differential equations
SDEs stochastic differential equations
SPDEs stochastic partial differential equations
FSPDFEs fractional stochastic partial differential equations
’ The expression H The meaning
ri=yory:=ax x is equal to y by definition
aNb min(a, b)
aVb max(a, b)
a”, fora € RY the positive number a — k, for any, x > 0
arg z argument of the complex number z
Eq.(n.m) an equation of number m exists in chapter n
Prb.(n.m) a problem of number m exists in chapter n
IV P.(n.m) an initial value problem of number m exists in chapter n
Est.(n.m) an estimate of number m exists in chapter n
Cond.(n.m) a condition of number m exists in chapter n

vii



0.2 For sets and functions

’ The symbol H The meaning
No N — {0}
R, the interval [0, +00)
R the interval (0, +00)
RS {t = (t1,....,tq) €RY, st t; >0, Vi}
Domain D a non empty open set
oD the boundary of the domain D
(a,b), Fora <beR, an open interval
supp(f) support of the function f
1p the indecator function of the set B
f=0(g9), asx —xo || 3C>0s.t. |f(x) < Clg(z)], for all x sufficiently close to zg
r gamma function defined by I'(at) := [;° e ‘t* !dt, for all @ > 0
D(A) domain of definition of the operator A
A* the adjoint of the operator A
Ig the identity operator defined on some space E .
In chapters 6 and 7 we omit the subscript E for simplify
F and F! Fourier transform and its inverse respectively

0.3 For Stochastic analysis

’ The symbol H The meaning
(Q, F,P) Probability space
N The normal law
F = (F)epo,n Normal filtration
(Q, F,F,P) Filtered probability space
(Be)eeio Brownian motion
W= (Wi)iepo,n Wiener process
(Q,F,F,P W) Stochastic basis
E(X) = [ X(w) d P(w) Expectation of the random variable X
LP(Q, E), for a Banach space E Space of all p — th integrable
E — valued random variables on €2
ME(E) Space of all continuous square integrable
E — valued martingales
P—a.s Property holds exept for P — null sets

viil




0.4 For functional spaces
’ The symbol H The meaning
B(E) Borel o — algebra generated by all open sets
of the topological space F
(E,].|g) Banach space with its norm |.|g
E The dual space of E
(o )p'«E the pairing of £ and E’
(H,{., )n) Hilbert space with its inner product (.,.) g
Lr Lebesgue space, for the special case p = 2

we will denote it in chapter 6 by H

C and C™, for m € Ny

space of continuous functions and
space of all functions of class m respectively

Cyr, for m € Ny

space of functions of class m with compact support

Wy, meN1<p<oo

Sobolev space

Wy, s e Ri —Np, 1 <p<oo

fractional Sobolev space

HS and Hf, for a >0

fractional Sobolev space for p = 2
and the closure of C§° in H respectively

BS

Besov space

Holder space

pg
C?, for 6 € (0,1)
1

Zygmund space

C*, for s € (0,1)
L(E1, E»)

Banach space of linear bounded operators from E; to Fs
with its norm ||.||z(z, g,). For Ey = Ey we simply write L(E)

E, — Ey embedding of Fy in F,
(HS(Hy, Ha), ||| sca, 1)) space of Hilbert-Schmidt operators from Hito Ho
HS space of Hilbert-Schmidt operators from L?(0,1) to it self
Ly (Hy, Hy) space of nuclear operators from H; to Hy
Sand &' the Schwartz space and its dual respectively

o« Comment on the Constants. We employ the later C' to denote any constant that

can be explicitly computed in terms of known quantities. The exact value denoted by

C may therfore change from line to line in a given computation. The big advantage

is that our calculations will be simpler looking. If we write for example C = Cy,,

this means that C' depends on d and p.
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Abstract

This dissertation has provided a rigorous analysis of various numerical
schemes for a class of local and global Lipschitz nonlinear fractional stochas-
tic partial differential equations, driven by the fractional Laplacian in the
one dimensional space and perturbed by a Gaussian noise. The study
contains the elaboration of time, space and space-time schemes and their
different convergences. Specially, we express for every scheme the rate of
convergence in terms of the fractional power of the Laplacian.

The first contribution (Chapter 5) concerned the study of the fractional
stochastic Burgers-type equation in Holder space C°(0,1), with diffusion
dissipation index « € (g, 2]. We have proved the existence and the unique-
ness of a space-time Holder mild solution. Moreover, we have fulfilled the
pathwise convergence of the spacial and the full approximations, where
the spectral Galerkin method has been used for the spacial approximation,
whereas the exponential Euler scheme has been used for the temporal ap-
proximation.

In the second contribution (Chapter 6), we have considered the frac-
tional stochastic nonlinear heat equation in the Hilbert space L?(0,1),
with diffusion dissipation index o € (1,2]. By using the spectral Galerkin
method for the spacial approximation and the implicit Euler scheme for
the temporal approximation, we have established the strong convergence
in the space LP(Q, L?(0,1)) of the temporal, the spacial and the full ap-



proximations of the mild solution.

In the third contribution (Chapter 7), we have improved the diffusion
dissipation index obtained in Chapter 5 to a € (%, 2], by proving a weaker
convergence (i.e. convergence in probability) of the temporal approxi-
mation of the fractional stochastic Burgers equation in the Hilbert space

L2(0,1).

Key words and phraces: Fractional stochastic Burgers-type equa-
tion, fractional stochastic nonlinear heat equation, fractional Laplacian,
Gaussian noise, multiplicative space-time white noise, additive space-time
white noise, Holder spaces, fractional Sobolev spaces, Hilbert-Schmidt op-
erator, mild solutions, spectral Galerkin approximation, implicit Euler
scheme, exponential Euler scheme, full approximation, order of conver-

gence.



Introduction

As early as 1695, when Leibniz and Newton had just established the classical cal-
culus (i.e. calculus of derivatives and integrals of integer order), Leibniz and L’Hépital
had correspondence where they discussed the meaning of the derivative of order one
half. Since then, many famous mathematicians like Euler (1738), Laplace (1820), Fourier
(1822) and Lagrange (1849) have worked on this and related questions creating the field
which is known today as fractional calculus. Such calculus is a name for the theory
of derivatives and integrals of arbitrary order (fraction, rational, irrational, complex,...).
It generalizes the notions of integer-order differentiation and n-fold integration, where
the term fractional can be misleading and the fact that L'Hopital specifically asked for

the order n = § (i.e. a fraction), actually gave rise to the name of this field of mathematics.

As well known, in the classical analysis the integer-order derivative and integral are
uniquely determined, which is not the same case for the fractional derivative and fractional
integral. Indeed, there are many different definitions that do not coincide in general, it is
due to the fact that the different authors try to keep different properties of the classical
integer-order derivative and integral. However, the fact that there are obviously more
than one way to define such notions in the fractional calculus, is one of the challenges
of this mathematical field. Generally, there are two main approaches to the fractional

culculus. Namely, the continuous and the discrete. The former is based on the Riemann-



Liouville fractional integral, which is based also on the Cauchy integral formula, and the
latter is based on the Griinwald-Letnikov fractional derivative, as a generalization of the
fact that ordinary derivatives are limits of difference quotients. The Griinwald-Letnikov
derivative is defined as a limit of a fractional-order backward differences. For more details

on the fractional calculus we refer to [70, 80, 93].

In recent years, considerable interest in fractional differential equations has been sim-
ulated by the applications that they found in different areas of applied sciences. For
example, modelling of biological tissues [79] and modelling of neuron systems [81] in
medicine, and application of fractional calculus in continuous-time finance [94, 95| in fi-
nancial markets. Further, fractional Burgers equation has been introduced as a relevant
model for anomalous diffusions, like diffusion in complex phenomena, relaxations in vis-
coelastic mediums, propagation of acoustic waves in gaz-filled tube, see e.g. [75, 97, 98|.

The analytic study for such equation has been investigated e.g. in [5, 19, 71].

The numerical study of the fractional differential equations is still a modest field, due
to the fact that the fractional operator is nonlocal, see for a short list [21, 22, 42, 100].
For example, in [42] a discretization of the fractional operator, which is represented via
an integro-differential operator, is based on the disctretization of the integral, which leads
to a slow convergence of the elaborated scheme.
In contrast to the second order differential operators, to apply the finite-difference method
we need more than three points, and all the points of the grid have to be used in every
step. Further, it is not easy to find a concrete form to the discretized fractional operator,
and the discretization has been used for the Liouville and Riemann fractional operators,
see e.g [22, 100]. However, Debbi L. in [38] introduced a new idea to discretize the frac-
tional Laplacian (—A)z, by discretizing first the operator (—A) then taking the fractional

power of the discrete operator.

The main task of numerical study for stochastic partial differential equations (briefly

SPDEsS) is to elaborate schemes, generally based on the deterministic numerical methods,



such as finite difference and Galerkin methods, in order to provide approximations with
respect to time, to space or to both simultaneously, and proving convergence of such
schemes with or without rates. The classical results state that space or time discretiza-
tion schemes convergence strongly in the case of coefficients are globaly Lipschitz and/or
have linear growth property, see e.g. [38, 73, 87]. Wereas, the weak convergence has been
proved when the coefficients are only locally Lipschitz or have nonlinear growth see e.g.
[56, 58] for time discretization and see e.g. [54, 55] for space and full discretizations.

One of the first results about the pathwise convergence for the stochastic Burgers equation
known to us is [2]. In this work, the authors used the finite difference method and proved
that the discretized trajectories converge almost surely to the solution in C;L%—topology

with rate vy < 1/2.

Recently, the field of numerical approximations for the stochastic differential equa-
tions (briefly SDEs) attracts another attention, due to the strange phenomena particu-
larly emerging in this case. For example in [60], Hairer et al. constructed a SDE for
which, nevertheless, the rate 1 is well known for the Euler approximation for the de-
terministic version, the Euler approximation for the stochastic version converges to the
solution, in the strong and in the numerically weak sense without any arbitrarily small
polynomial rate. In [62] the authors showed that different finite difference schemes to
stochastic Burgers equation driven by space-time white noise converge to different limit-
ing processes. Divergence of schemes can also occur if the stochastic noise is rougher than
the space-time white noise. One of the explanations for such strange behaviours is the
loss of regularity of the solutions of the stochastic differential equations (briefly SDEs),
which arises due to the roughness of the random noise. This loss of regularity even yields
for some cases the illposedness of the equations, see [59, 60, 61, 62]. Furthermore, a new
tendency for the numerical study of the SDEs has been developed, based on the idea to
elaborate numerical approximations for an abstract SDE with coefficients satisfying some
conditions, and then to show that this study covers some specific equations. For example,
in [12] the authors used Galerkin approximation to prove the wellposedness of an abstract

evolution stochastic differential equation, and calculated the rate of convergence to the



solution in abstract spaces. The authors applied this abstract theory on the multidimen-
tional heat equation, reaction diffusion equation and on classical Burgers equation deriven
by additive space-time white noise. In particular, they proved that the rate of the path-

wise convergence of the Galerkin approximation is of order v < 1/2 in the C;C,—topology.

The numerical study of the nonlinear fractional SPDEs has been affected by many
factors. For example, in the case of Burgers equation driven by the fractional Laplacian
and perturbed by a space-time white noise, we are going to face extra problems than the
classical deterministic case. Namely, on the one hand, the fractional dissipation is not
even strong enough to control the steepening of the nonlinear term, and on the other
hand, there is a difficulty to approximate the fractional operator, besides the negative
effects of the stochastic noise not only on the convergence of the schemes but on the rates
of convergences as well.

Our first contribution in this thesis makes part of this direction of study. In fact, we
consider a class of the fractional version of the stochastic Burgers-type equation studied

in [12, 59, 61, 62|, which is given by the following evolution form

du(t) = (—Aqu(t) + F(u(t))) dt + dW (t), t € (0,77, (1)
u(0) = uy,
where A, = (—=A)2, for a € (1,2] is the fractional power of the minus Laplacian
on D := (0,1) with homogeneous Dirichlet boundary conditions, F' is a nonlinear op-

erator given by F(u(t,z)) := 0,f(u(t,z)), x € (0,1) with f being locally Lipschitz.
Specially, the case when f is a polynomial; f(x) := ag + a1z + asx? + ...a,2", with
ag,ay,...,a, # 0 € R, n € N. It is easily seen that for n = 2 (i.e. as # 0) and
a1 = 0, we recuperate the fractional stochastic Burgers equation. This fact justifies the
name of Burgers-type, W is an L%(0,1)-valued I r2(o,n-cylindrical Wiener process, ug is
an L*(0,1)-valued Fy-measurable random variable and (u(t))ep,r is an L*(0, 1)-valued
stochastic process.

By applying the method used in [12] we generalize their results. Precisely, we prove the

existence and the uniquness of the mild solution of Prb.(1) in the C;C%-topology , where

v <=2 and § € (1 - ¢,223), for o € (£,2). In addition, we prove the pathwise con-

vergence of the obtained spacial and full approximations with the orders of convergence
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5 ) — K in time, for any & > 0.

) — K in space and (
To the best of our knowledge, this contribution is the first one proving these results in the
Holder spaces C°(0,1) not only for the fractional stochastic Burgers-type equations, but
for the fractional and classical stochastic Burgers equations as well. Moreover, the expo-
nential Euler scheme has been applied here for the first time for the fractional stochastic

equations. Recall that this method has been introduced in [69] and used in the approxi-

mation of the stochastic heat and reaction diffusion equations, see [68, 69].

In order to improve either the orders of convergence and the constraint on the diffusion
dissipation index «, we relax the condition imposed on the nonlinear term and we study
such equation in the Hilbert space L%(0, 1) instead of the Holder space C°(0,1). Precisely,
in our second contribution, we deal with the fractional stochastic nonlinear heat equation
with multiplicative noise. This means, we consider Eq.(1) with the nonlinear operator F'
being globally Lipschitz with nonlinear growth condition instead of locally Lipschitz. We

prove the strong convergence in the space LP(€, L?(0,1)) of the temporal, the spacial and

@

5 — K in space and

the full approximations of the mild solution with orders of convergence

“2—;1 — K in time, for any x > 0. In this contribution, we fill the gap « € (1, 2], but for the
heat equation only. For Burgers equation, we prove the convergence in probability, which
is weaker than the L” and the pathwise convergences, of the temporal approximation with

the same order %=1 — x provided that a € (3,2].

We close this introduction by a summary of the thesis.
In chapter 1, we collect some preliminaries related to the functional analysis. First,
we gather some notions and results of the linear spaces that are used frequently in this
thesis, namely fractional Sobolev spaces and Hoélder spaces. Second, we introduce some
definitions and basic results of the Linear operators such as the Hilbert-Schmidt opera-
tor, besides we give a short review on the semigroup theory. Since the classical calculus
can be regarded as a special case of the fractional calculus and some results in it should
contain the classical case in a certain way, we present the standard Laplace operator by re-

calling its definition and some of its properties before introducing the fractional Laplacian.



In chapter 2, some well known definitions and results about the stochastic processes
and stochastic integrals in Hilbert spaces have been collected, namely the Wiener pro-
cesses and the stochastic integrals with respect to them, because they are used in the next

chapters.

In chapter 3, we introduce some results about the classical and the fractional SPDEs.
As a starting point, we motivate our study by two important models from physics; heat
equation and Burgers equation, we move from the deterministic case to the stochastic one,
in order to introduce the stochastic nonlinear heat equation and the stochastic Burgers
equation. Next, we deal with an abstract parabolic SPDEs perturbed by a multiplicative
noise by giving different concepts of their solutions, after that we introduce the wellposed-
ness results in the two cases; globally Lipschitz and locally Lipschitz nonlinearities. We
close this chapter by one of the recent developments; the SPDEs driven by fractional
differential operators. Precisely, we deal with the SPDEs driven by the fractional Lapla-
cian, where we introduce the fractional analogs of stochastic nonlinear heat and stochastic

Burgers equations and we introduce some results about their wellposedness.

In chapter 4, some numerical approximations and results concerning the abstract
parabolic SPDEs introduced in Chapter 3 have been collected. In the first part, we deal
with the full approximation of the deterministic version of such problem by using the
finite difference method for temporal discretization and the spectral Galerkin method for
spacial discretization. In the second part, we use the same methods to approximate spa-
cially and temporally the stochastic term of the problem, after that we introduce different
notions of convergence in the probability context. We close this chapter by showing an
important results concerned the spacial approximation of the fractional sthochastic heat

equation.

In chapter 5 (our first main contribution), we consider the fractional stochastic

Burgers-type equation with additive noise in the Hélder space C°(0,1). The scheme



obtained by using the spectral Galerkin method, on the one hand, is used to prove the
analytic result concerns the wellposedness, the pathwise existence and uniqueness of the
mild solution, and on the other hand, to give the space approximation of the mild solution.
Moreover, we prove the pathwise convergence of such spacial approximation with a precise
order of convergence. The second numerical result concerns the space-time approximation,
which converges almost surely with precise orders of convergence. Such approximation is
achieved by combining spectral Galerkin and exponential-Euler methods.

The results of this chapter make the subject of the following paper:

e Arab Z. and Debbi L., Fractional stochastic Burgers-type equation in Hdélder space
-Wellposedness and Approximations-. Math Meth Appl Sci. Vol. 44, Issue .1,
pp.705-736. (2021).

In chapter 6 (our second main contribution), we deal with the full approximation for
the fractional stochastic nonlinear heat equation in the Hilbert space L?(0, 1), perturbed
by a multiplicative noise. Precisely, we establish the temporal, the spacial and the full
schemes by using the semi-implicit scheme in time and the spectral Galerkin method in
space. After that, we prove the strong convergence (i.e. in the space LP(€, L?(0,1)) ) of

such schemes with orders of convergence.

In chapter 7 (our third main contribution), we consider the fractional stochastic
Burgers equation in the Hilbert space L?(0,1). We prove the convergence in probability
of the temporal approximation obtained via implicit Euler scheme, with the same order

of convergence obtained in Chapter 6.

The results of Chapter 6 and Chapter 7 make the subject of the following manuscript:

e Arab Z. and Debbi L., Numerical approximations for some fractional stochastic

partial differential equations. To be submitted.

We close this thesis by some appendices. In Appendix A.1, we deal with several
versions of Gronwall Lemma. In Appendix A.2, we collect some useful results. Some
elementary inequalities have been gathered in Appendix A.3. In Appendix A.4, we recall

some basic definitions on functional spaces.



Chapter 1 —=——

On some functional aspects

The purpose of this chapter is to collect some concepts and results concerning various
aspects of functional analysis. In Section 1.1 we gather some notions and results of linear
spaces, especially some of the more important linear spaces such as Banach spaces, Hilbert
spaces, and certain functional spaces that are used frequently in this thesis. Namely,
fractional Sobolev spaces and Hoélder space. In Section 1.2 we introduce some definitions
and basic results of Linear operators such as Hilbert-Schmidt operator. Section 1.2.2
focuses on some generalities of the semigroup theory. The standard Laplace operator is
postponed to Section 1.2.3 for introducing it specifically in order to present the fractional
Laplace operator in Section 1.2.4 which is our case of interest in this thesis. The main

references of the presented chapter are [83, 92, 105, 106, 107].

1.1 Functional spaces and some of their properties.

We define functional spaces on R and on bounded domain D C R. Let 0 < p,qg < o0, s €

R, for simplicity reasons, we sometimes restrict these parameters for the required cases.

10



1.1.1 Functional spaces on R and on bounded domain

For the following definitions see [92, Section 2.1.2, ps. 11-12] and [105, Section 2.2.2, ps.
35-36], we omit R from the notations for the sack of simplicity.

Definition 1.1 (Lebesgue space). The LP-Lebesgue space is defined by:
LP :={f measurable s.t. |f|}, ::/ |f(z)Pdx < oo},
R

for 0 <p < oo and by

L :={f measurable s.t. |f|L~ = ess supr|f(z)| < o0},

where " ess sup " means the essential supremum, i.e.
ess supf = inf{e, u(f~ (e, +00)) = 0},
ce
with p the Lebesque measure.

Definition 1.2 (Sobolev spaces). For 1 < p < oo and m € N, we define the Sobolev

space:

Wytim {F € 1) it |flfy = D Dl < o),

k=0

where D* f represents the derivative of f of order k in the distributional sense.

Definition 1.3 (Fractional Sobolev space). Let 1 < p < oo and 0 < s # integer,
with [s], {s} are respectively the integer and the fractional parts of s. The fractional

Sobolev space (also called Aronszajn, Gagliardo or Slobodockij space) is given by:

Dk Dk: p
Wi = {f € Wi, st |l = IFE +Z//’ ]’;_ ’H{j;f D 1 dy < o).

Remark 1.4 Let us mention here that for p = 2, the spaces W3* and W3 are Hilbert

spaces and we will denote them by H3' and H5 respectively.
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In order to introduce Besov spaces we need first the following definition.

Definition 1.5 (Systems of functions), [92, Definition 1, p.7]. Let ¢ = (¢;)32, C S

be a system s.t.
1. for every x € R, 3252, ¢;(x) =1,
2. there exist constants cq, co, c3 > 0 with
supppo C{z € R: |z| < 1},

and

suppd; C{x € Ry 2771 < || <3 2711}, forj=1,2,...

3. for every nonnegative integer k there exists ¢ > 0 s.t.,

Definition 1.6 (Besov spaces), [92, Convention 1., p.11]. Let s € R and 0 < p,q <

00, we define the Besov space:
By, =S €8 st |l = 129 F (037 f)(aun) < o0},
where (¢;)52, is given by Definition 1.5, and 19 is the space of q-summable real sequences.

Definition 1.7 (Besov spaces on Bounded domain D), [92, Section 4.1.2, Defini-
tion 2., p.74]. For s € R and 0 < p,q < oo,

B, (D):={feD(D), Jge By, withg|lp=f, st |f

B3, (p) = Inf |g|p; < o0},
where D'(D) is the collection of all complez-valued distributions on the domain D.

Definition 1.8 (Spaces of continuous functions). The space of continuous func-

tion is defined by:

C := {f bounded and continuous, s.t. |f|c :=sup|f(z)| < oo}.
zeR
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Definition 1.9 (Spaces of differentiable functions of order m). Let m € N. The

spaces of differentiable functions of order m is defined by:
Cm:={feCst.d feC, foral a<m},

endowed with the norm

|flem ==Y |d*fle,

a<m
where d* means the classical derivative of order o, with the convention C° = C. The

notation C§' is reserved for the space of all functions in C™ with compact support.
Definition 1.10 (Holder spaces). For ¢ € (0,1), we define the Holder space by

C*:={feC st |fles :=|flc+ sup /(@) = /@)

syeRaty |7 — Y[ < oo}
Definition 1.11 (Zygmund spaces). Let s € (0,1), the Zygmund space is defined
by:
¢*i={f € Cstlfles = fle+ sup WA flo < oc),

with A2 f(x) == 37 o(=1) C? f(x + (2 — 1)h), with C? = u(227LZ)l

Definition 1.12 (Zygmund spaces on Bounded domain D), [106, Section 5.3.2]
€ [106, Section 1.10.3]. Let D be a bounded C*-domain, then for s > 0, we define
C*(D) := B3 (D). In particular, for s € (0,1)

C*(D) :={f € C(D) st |flespy = |flew) + h;}y}l?#o|h|_S|AZf(-,D)|C(D) < 00},

with
A2 f(x), if z+jheD forj=0,1,2
2 A h ) 5 Ly 4y
Apf(x, D) = { 0, otherwise.

1.1.2 Some properties of the functional spaces

In this subsection, we present the relationship between the differential spaces and we
study under which conditions a space can be a multiplicative algebra, and how to check
spaces that are relevant to gather, in order to deal with the factorisation of the pathwise

product.
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Lemma 1.13 We have:
o The identities, see e.g. [92, p.14] and [105].
— For 0 < s # integer, C° = B3 _ =C°".
— For 0 < s # integer and 1 <p <oo, B, =W.
— For1<p<oo, W)=1L>.

o The continuous embeddings:

By = Blith’ (1'1)

Pgo

fors>0,0<p<ooand0<qgy<q < oo, see e.g. [92, Proposition 2.2.1, p.29].
BZSQO = B;ith’ (1'2)

provided s1 < Sq, Sg — p% > 51 — pil and po < p1, see e.g. [92, Remark 2, p.31].

o As a consequence of Embedding (1.2), we have for s; < sg

Bloo — B3, (1.3)
C* — HJ', (1.4)

and for sy > Q_TO‘ and sy #integer,
C% = (% — Hy 2, (1.5)

o [105, Theorem 2.8.3, ps. 145-146], for 0 < p,q < 0o, s > %, By, is a multiplication

algebra. In particular, for s > 0, C* is a multiplication algebra.

Theorem 1.14 . Let s € R, 0 < p,q < oo and § > maz(s, (=~ — 1) — s). Then for

min(p,1)
every f € C° and every g € B, , there exists C' > 0 s.1.

f 9ls;, < Clfles lg

p,q —

B, (1.6)
Proof.See [105, Theorem 3.3.2]. =

Theorem 1.15 The results of Theorem 1.1/ are still valid for bounded domains, see, e.q.
[105, Section 3.3.2] and [106, Section 5.4].

14



Moreover, we have

Corollary 1.16 Let 0 < s # integer and § > s (in our study 6 € (0,1)), then for
f €C°(D) and every g € H3(D) there exists a positive constant C such that

\fg

H; S O ‘f‘c& |g|H§ (17)

Proof.The result is obtained by application of Theorem 1.14 and [92, Proposition
21.2P14]. =

Theorem 1.17 . Let D C R be an extension domain for W with no external cups and

letpe[1,00), r€(0,1) s.t. > %. Then 3 Cpp,r >0 s.t.
mc“% < Cpypslflwg, forany f € LP(D). (1.8)
Proof.See [40, Theorem 8.2]. m

1.1.3 UMD Banach Space & Banach Space of Type p

In this subsection we recall some notions concerning the UMD Banach Space and Banach

Space of type p, because they have properties like Hilbert spaces and Banach spaces.

Let (2, F, (Fn)n>0,P) be a filtered probability space, (€,),>1 be a sequence of "i.i.d'"

symmetric {41, —1}-valued random variables and let £ be a given Banach space.

Definition 1.18 (Martingale difference sequence, [4, 18, 85]). A sequence (d,,)n>1
of Bochner-integrable E—valued random variables is a martingale difference sequence
relative to the filtration (Fy,)n>0, if for all n > 1, the function d,, is F,—measurable and

E(d,/F,_1) = 0.

Definition 1.19 (UMD Banach space, [18, 85, 109, 110]). The Banach space E is
called UMD Banach space if for some (or equivalently for every) p € (1,00), there

evists Cpp > 1, s.t. ¥n > 1, for all martingale differences (d;)7_, and for all (e;)7_,

defined above, we have

n

(1Y i) < GBI 1) (19)

Jj=1
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Definition 1.20 (Banach space of type p , [4, 85, 109, 110]). A Banach space E
is called of type p, with 1 < p < 2 if there exists a constant C' > 0, s.t. for each finite

sequence (x;)iz; C E and for all (¢;)5_, defined above,
(I ali)* < (X laylh)" (1.10)
=1

Remark 1.21 Well known examples of UMD Banach spaces are; all Hilbert spaces,
The Lebesgque spaces LP(S,B,p), 1 < p < oo, with p being a o—finite measure and
LP(S;E), 1 < p < oo, with E being an UMD Banach space. The Hilbert spaces and the
LP— Lebesqgue spaces, with 2 < p < oo are also Banach spaces of type 2, but LP— Lebesque
spaces, with 1 < p < 2 are not. More precisely, an UMD Banach space can not be a

Banach space of type 2 and vise virsa, see [4, 85, 109, 110].

1.2 Some useful operators

In this section, we deal with some useful operators like Hilbert-Schmidt operator, which
plays an important role in the construction of the stochastic integrals and the fractional
Laplacian which is our case of interest in this thesis. For this end, we fix two real-
Banach spaces (X, |.|x), (Y,|.]ly) and two separable real-Hilbert spaces (U, (., .)v, |.|lv),
(H, (s ).

1.2.1 Basic notions and some useful results

Definition 1.22 (Bounded operator). Let A: D(A) C X — Y be a linear operator.
Then, we say that A is bounded if there exists C' > 0 s.t.

|A(z)|y < Clz|x, Vo € D(A).

Definition 1.23 We denote by L(X,Y") for the Banach space of all linear bounded oper-

ators defined from X to'Y endowed by the norm
1Al cxyy = sup{la[X" |A(@)ly, © € X,  # 0}

If X =Y, we write L(X,X) = L(X). Moreover, if Y =R we call A a linear bounded

functional on X. We denote the collection of all such functionals by X', which is the
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dual space of X. The symbols ||.|[x+ and (.,.)x x denote the norm in X' and the duality
(pairing) of X' and X respectively.

Definition 1.24 (Compact operator). An operator A € L(X,Y) is said to be com-
pact if for all bounded subset B C X, the closure of A(B) is compact.

Definition 1.25 (Closed operator). We say that, a linear operator A : D(A) C X —
Y is closed if its graph is a closed subspace of X x Y.

Theorem 1.26 FEvery linear bounded operator A on X satisfies D(A) = X. Moreover,

A is closed.

Definition 1.27 (Pseudo-inverse). Let A € L(U,H). Then, we define the pseudo-

inverse of A as
A7 = (Algerayr) " A(ker(A)T) = A(U) — ker(A)™,

where ker(A) denotes the kernel of A and ker(A)* its orthogonal complement.

N

Definition 1.28 (Nonnegative operator). We say that, the linear operator A : D(A)

U — U is nonnegative if
(Au,u)y € [0,400), Yu € D(A).

Definition 1.29 (Symmetric operator). A densely defined linear operator A : D(A) C

U — U is said to be symmetric if
(Au,v)y = (u, Avyy, Yu,v € D(A),
where (., )y denotes the inner product in U.

Lemma 1.30 /45, Lemma 13.3, p.488]. Let A: D(A) CU — H s.t. D(A) is dense in
U. Then, A admits a closed operator A* called the adjoint, which is defined on D(A*)

into U where
D(A*) :={v € H, s.t. D(A) > u— (Au,v)y is continuous},
such that for all uw € D(A) and all v € D(A*) it holds
(u, A"v)y = (Au, v)g.
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Definition 1.31 (Self-adjoint operator). Let A : D(A) C U — U be a densely
defined linear operator. Then, we say that A is self-adjoint if D(A) = D(A*) and
A= A*

Corollary 1.32 [11/4, p.199]. Let (A, D(A)) be a symmetric operator on the Hilbert space
U. If D(A) = U, then A is self-adjoint.

Next, we introduce a useful result concerning a linear, self-adjoint and nonnegative

operator and its spectrum. It is necessary to define first such spectrum.

Definition 1.33 (Resolvent set of an operator). Let the operator A € L(U). The
resolvent set of A denoted by p(A) is defined by

p(A) :={X € Cs.t. (A— My) is invertible}.

Definition 1.34 (Spectrum of an operator). Let the operator A € L(U). The

spectrum of A, denoted by o(A) is the complement of the resolvent set in C.
The spectrum of A is subdivided as follows

Definition 1.35 Let the operator A € L(U).

1. The discrete spectrum of A consists of all A € o(A) s.t. (A— Ny) is not one-

to-one. In this case X is called an eigenvalue of A.

2. The continuous spectrum of A consists of all A € o(A) s.t. (A— Mly) is one-to-

one but not onto and range(A — Xy ) is dense in U.

3. The residual spectrum of A consists of all X € o(A) s.t. (A— My) is one-to-one

but not onto and range(A — M) is not dense in U.

Lemma 1.36 [104, Chapter 7; Est.(7.5) and Est.(7.6), p.112]. Let A be a linear (not
necessarily bounded), self-adjoint and nonnegative operator defined on D(U) C U, which

has eigenvalues {,uj}é-vzl, for 1 < N < oo corresponding to a basis of orthogonormal
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eigenfunctions {; §V:1- Then, for an arbitrary function G defined on the spectrum o(A) =

{n;};L, of A, it holds

N
G(A)w =Y G(u;) (v, 05)uep;, Yvel. (1.11)
j=1
and
1G(A)llcw) = sup |G (uy)l- (1.12)
1<j<N

Definition 1.37 (Nuclear operator). Let A € L(X,Y), if there exist two sequences
(Zn)nen € X and (yn)new C Y s.t.

> Nl ynly < 4oo.

n€Nyp

Then, A defined by
Alz) =Y Yo xzp(x), V 2 € X

n€eNg
is called a nuclear operator, where "x " denotes the scalar multiplication operation.

We denote by Lx(X,Y) the space of all nuclear operators from X to Y, which is a
Banach space (see [31, Appendix C., p. 436]) endowed with the norm

Al ywm = inf {2 lzallxlynly, ¥V oz € X}

Zn)nenC X', (Yn)nenCY SN
Definition 1.38 (Finite trace operator). Let (e,)nen, be an ONB of U, and let
Ae LU) if
trA = Z (Aep, en)y < +oo.

n€eNg
Then, we call A a finite trace operator, where trA is called the trace of A, which is

independent of the choice of the ONB (e,)nen, -

Proposition 1.39 [31, Proposition C.1, p.436]. Let A € Ln(U). Then, A is finite trace
operator satisfies

tr Al < [ All ey

Proposition 1.40 [101, Proposition.6.6, p.497]. Let A € L(U) be a compact and self-
adjoint operator. Then, the spectral theorem for compact and self-adjoint operators ensures
the existence of an orthonormal basis (e,)nen of U and a sequence of nonnegative real

numbers (Ap)nen S.t. Ae, = Apen, Vn € N, with only 0 as an accumulation point.
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Definition 1.41 (Hilbert-Schmidt operator). Let (e,)nen,, be an ONB of U. An
operator A € L(U, H) is said to be Hilbert-Schmidt if

> |Aen| < +o0.

neNg

We denote by HS(U, H) the set of all Hilbert-Schmidt operators from U to H. In the
special case U = H we shortly write HS(U,U) = HS(U). The definition of a Hilbert-
Schmidt operator and the induced Hilbert-Schmidt norm in HS(U, H)

Al msw,my = (D |Aenl?)?, (1.13)

n€eNg

are independent of the choice of the basis (e, )nen, (see [86, Remark. B.0.6(i)]).

Proposition 1.42 [86, Prop. B.0.7]. The space HS(U, H) endowed with the inner prod-

uct

<\I]76D>HS(U,H) = Z <\I/6n,(136n>[_[, A \IJ,(I) € HS(U, H)

n€eNp

is a separable Hilbert space.

In the next proposition we collect some important properties of such type of operators,

for more details see for instance [86, Remark. B.0.6].

Proposition 1.43 [86]. Let V € HS(U, H) be a Hilbert-Schmidt operator. Then, the

following statements hold

LAY cwmy < 1¥Yasw.m)-

2. Let V' be another separable Hilbert space and ¥y € L(H,V), ¥y € L(V,U) and
Ve HS(U,H). Then, V0¥ € HS(U,V) and ¥ oWy € HS(V, H). Moreover

W1 0¥ | gswyvy < ¥l asw,m Vil e vy,
W o Wsllgsv,my < Vol cevon |V msw,m)-

Regarding the importance of the finite trace operators and their role in the construction

of the stochastic integral, we add the following results.
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Proposition 1.44 [86, Proposition. 2.3.4, p.28]. Let Q € L(U) be a symmetric and
nonnegative operator. Then, there exists a unique symmetric and nonnegative operator
Q: € L(U) satisfies Q2 0 Q2 = Q. Moreover, if Q with finite trace, then Q2 € HS((U),
s.it. |Q2||%s = trQ and for all W € L(U, H) it holds ¥ o Q2 € HS(U, H).

Corollary 1.45 Let Q € L(U) be a symmetric and nonnegative operator and {e,, n € N}
be an ONB of U, consisting of eigenvectors of QQ with corresponding eigenvalues {\,, n €

1
N}. Then, the operator Q3 admits the family {(e,, \2), n € N} as an eigenpairs.

Proof.Let {e,, n € N} be an ONB of U, consisting of eigenvectors of @) with corre-
1
sponding eigenvalues {\,, n € N}. Let A € L(U) defined by Ae,, := A\ie,, for any n € N.
The operator A is symmetric. Indeed, for all u,v € U we have

(Au,v)py = (A Z(u,en>U6n, Z(v,em>Uem>U = Z (u, en)u (v, em)u{Aen, em)u

neN meN n,meN

- Z <u> 6n>U<U’ BM>U<)‘%€M 6m>U = Z )\1% <U, €n>U<U, 6n>U-

n,meN neN
By the same manner it holds that
1
(u, Av)y = > M (u, en)v (v, endu,
neN
In Addition, A is nonnegative since we can get easily for all u € U,
1
(Au,u)p = Y A {u,en)p > 0.
neN

Moreover, for any € N we have

Consequently, for all u € U it holds (A o A)u = Qu. Thus, by virtue of Proposition 1.44
we obtian that A = Q%. [ ]

The next proposition introduce an important linear subspace of U, namely the image
of Q%, which is also a separable Hilbert space when equipped with an appropriately chosen

inner product.

Proposition 1.46 [31, p.96] and [86, Proposition. C.0.3, p.147]. Let Q € L(U) be a

symmetric, nonnegative and finite trace operator and let {e,, n € N} be an ONB of U,
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consisting of eigenvectors of Q) with corresponding eigenvalues {\,, n € N}. We define
S:={neN, \, > 0} the indez set of non-zero eigenvalues. Then, the space Uy := Q2 (U)
defined by

Uo—{ueke'r’( ) Z)\ (u,e,)f < +oo},

nes
is a Hilbert space endowed with the following inner product

(u,v)y, := (Q_%u, Q‘w Z M e (v, ey, Y u,v e U,

nes

where Q_% is the pseudo-inverse of Q%. In addition, the space Uy admits the family
{Men, n€ S} as an ONB.

Corollary 1.47 For any A € HS(Uy, H), it holds

1
||A||HS(U0,H) =||AoQ> ||HS(U,H)«

Moreover, let the space Lo(U, H) = {A|U0, Ae L(U, H)} Then, we have Lo(U, H) C
HS(Uy, H).

Proof.Let A € HS(Uy, H). Then,

1Al zzs o,y = D_ 1A e[l = D_ 1A(Q2en)l

nes nes

As {Q2e,, n € S} is an ONB of Uy and Qze,, = 0y for all n not in S yields,

|Allswom = Y- [Ao Q2 (e)h+ X 1A0Qi(en)ly = |40 Q?||msw,m.

nes n not in S

Moreover, from the statement 2. in Proposition 1.43 it holds

1
Al zswo,my < Al zw,m Q7 |asw)

The fact that ||Q%||12LIS(U) =Y nes ||Q%en||%] =trQ)Q <ooleadsto Ae HS(Uy,H). =

1.2.2 Generalities on the semigroup theory

The semigroup theory became an essential tool in a great number of areas of mathematical
analysis. The aim of this section is to present basic notions and useful results on this
theory. Throughout this section we fix a Banach space (X, |.|x) and a linear operator

(4, D(A)).
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Definition 1.48 (Semigroup). A collection (S(t))icr, in L(X) is called a semigroup
if

1. S(0) = Ix, where Ix is the identity operator on x.

2. S(t+s)=5(t)S(s), for allt,s € Ry.

Further, if the family satisfies the above conditions for all t € R, we call it a group.

Definition 1.49 (Uniformly continuous semigroup). A semigroup (S(t))icr, on

X is said to be uniformly continuous if

lim S(t) = [X;

t—0t

where the limit is taken in the topology of L(X).

Definition 1.50 (Strongly continuous or Cy-semigroup). A semigroup (S(t))icr,

on X 1is called strongly continuous or Cy for short if for every x € X it holds

lim S(t)r = =.

t—0t

The limit is taken with respect to the norm |.|x.

Theorem 1.51 Let (S(t))icr, be a Cy-semigroup. Then, there exist two constants a > 0
and C > 1 s.t.
1S()||cx) < C e™, for allt € Ry.

Proof.See [83, Theorem 2.2, p.4]. m

Definition 1.52 (Semigroup of contraction). We call (S(t))icr, a semigroup of
contraction if

1S lleco < 1, for everyt € R,

Definition 1.53 (Analytic semigroup). Let 6 > 0. A collection (S(2)).cz € L(X),
where

Z2:={z€C, |argz| < 0},
is said to be analytic semigroup if
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1. S(0) = Ix and S(z1 + z2) = S(21)S(22), for all zy, 2 € Z.
2. lim, 0 S(z)x = x, for everyz € X.
3. z+— S(z) is analytic in Z.

Definition 1.54 (Infinitesimal generator of semigroup). Let (S(t))icr, be a semi-

group. We define an operator A as the infinitesimal generator of (S(t))ier, by

i -1 _
Az = tl_l)I(% t(S(t)r — x),
where, D(A) = {x € X, s.t. lim;_o+ t*(S(t)x — x), exists in X }.

Remark 1.55 Due to the fact that D(A) contains at least zero, it is evidently non-empty.

Theorem 1.56 Let A be a linear operator on X. Then, A is an infinitesimal generator of
uniformly continuous semigroup (S(t))ier, iff A is bounded, (see [83, Theorem 1.2, p.2]).
Moreover, any A € L(X) is a generator of unique uniformly continuous semigroup, (see

[83, Theorem 1.3, p.3]).

Theorem 1.57 (Hille-Yosida) Let (A, D(A)) be a linear (not necessarily bounded)

operator on X. Then, the following assertions are equivalent
1. (A, D(A)) generates a Cy-semigroup of contraction (S(t))icr, -

2. (A, D(A)) is densely defind, closed and for every A > 0 one has A € p(A) and
INALx = A) e < 1. (1.14)
Proof.See [83, Theorem 3.1, p.§]. m

Proposition 1.58 [101, Proposition 9.4, p. 519]. Let (A, D(A)) be a nonnegative and

self-adjoint operator. Then, (—A) is an infinitesimal generator of semigroup of contraction

(S(t) == e7")er, -
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1.2.3 Laplace operator

In this section, we deal with the Laplace operator (or Laplacian). The Laplacian
is a differential operator represents the simplest elliptic operators occur in differential
equations that describe many physical phenomena, such as the diffusion equation for heat
and fluid flow. It is denoted by A and is given in the d-dimensional case by

4 9%u(x)

2
ox;

Au(z) == , €D CRY

i=1
where the derivatives are given either in the classical sense for a class of sufficiently smooth
function or in the weak sense for a class of less smooth functions.

In our study we will concentrate on the one-dimensional case, for this let D := (0, 1),
and let the space Hj(D), which is the closure of C}(D) in Hj(D) (see [14, Section 8.3,
p.217]).  Now, let us denote the minus Laplacian on D with homogeneous Dirichlet
boundary conditions (i.e., the function is nul on the boundary dD) by A := —A. Then,
we can define A as an operator from D(A) := Hj(D) N H2(D) to L*(D).

Proposition 1.59 [14]. The Laplacian A : D(A) — L*(D), is unbounded, nonnegative

and self adjoint operator.

Proposition 1.60 [101, Section 5.1, ps. 303-304]. The Laplacian A : D(A) — L*(D),

is an isomorphism, its inverse A™! is self-adjoint and compact on L*(D).

Proposition 1.61 [101, Proposition 6.6, p. 497] and [1], Theorem 6.1, p. 167]. There
exists an orthonormal basis (e;) en, of L*(D) consisting of eigenfunctions of A~' and such
that the sequence of eigenvalues (A;1>jeN0 with A\; > 0, converges to zero.

Moreover, (e;)jen, is also a sequence of eigenfunctions of A corresponding to the eigen-

values (Aj)jen, -

Remark 1.62 Throughout this thesis, we choose the basis (e;(.) = v/2sin(j7.)) en, -

Then the corresponding eigenvalues of the operator A are given by (N; = (§7)?) e, -

1.2.4 Fractional Laplacian

The presence of the long range interactions appear in various applications like nonlocal

heat conduction allows to arise the nonlocal diffusion operators to replace the standard
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Laplace operator. The new operators act by a global integration with respect to a singular

kernel instead of acting by pointwise differentiation, in that way the nonlocal character

[e3

of the process is preserved. The fractional Laplacian denoted here by A, := (—A)z,
for oo > 0 is one of the famous nonlocal diffusion operators. We can find in the literature
many definitions of A, which reflects its extensive use in applications. Throughout this

section we let a € (0, 2].
Fractional Laplacian on R

The fractional Laplacian can be defined in several equivalent ways in the whole space R,
see for example [76]. However, when these definitions are restricted to bounded domains,
the associated boundary conditions lead to different operators. Here, we introduce two
equivalent definitions of the fractional Laplacian, the first is represented via Fourier trans-

form and its inverse, whereas the second is based on the singular integral representation.

Definition 1.63 (Pseudo-differential representation, []0, 76]). The fractional Lapla-

cian A, is defined as a pseudo-differential operator,
Aqu(x) == FH([E1*F (u(2): €); 2), (1.15)
where u € LP(R), forp > 1.

Definition 1.64 (Singular integral representation, [0, 76]). We define the frac-

tional Laplacian A, as a singular integral operator

Agu(z) :=C, lim ko(z,y)(u(z) — u(y))dy, (1.16)

r—=0T JR\B(z,r)

for any u € S, where ko(x,y) == |z —y|~@*Y for any x € R and any y € R\ B(x,r),
a20ir(24L)

T s a constant
m20(1-%)

with B(x,r) is the open ball of center x and radius r, and C,, :=

with ' is the gamma function.

Theorem 1.65 The two defintions Identity.(1.15) and Identity.(1.16) of the fractional

Laplacian A, are equivalent.

Proof.See [40, Proposition 3.3, p.530] and [76, Theorem 1.1, p.9]. =
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Fractional Laplacian on bounded domains

On bounded domains there are many non-equivalent definitions of the fractional Lapla-
cian, according to the particular boundary conditions used. However, it still of great
importance, not only from the mathematical point of view, but from the applied sciences
part as well. To shed further light on this operator, we deal in this subsection with the
fractional Laplacian represented via the spectral approach. Precisely, we focus on the
case of homogeneous Dirichlet boundary conditions, because it is our case of interest in
this thesis. The case of inhomogeneous versions is considered recently in the literature,
e.g., [1, 7].

Let us mention that, the spectral approach to define the fractional Laplacian on D := (0, 1)
is based on the spectrum of A and Lemma 1.36 . To this end, first we need some additional

functional spaces.

Definition 1.66 Let a € (0,2]. Then, we have

N _

H (D) = {u € H(R), s.t. supp(u) C D}, (1.17)
and
H3 (D) = {u € L*(D), s.t. [uljapy = > X {u,e;)2(p) < 00}, (1.18)
J€N

where (A;, ej)jen, are the eigenpairs of the operator A.
In Addition, the space denoted by HS (D) is the closure of C3°(D) in the Hilbert space
H$(D).

Theorem 1.67 It holds that, the two spaces H§ (D) and Hg (D) are equals iff oo < 3.

Proof.See [107, Theorem 1.4.3.2]. m

As noted in [107, Section 4.4.3], the following relationship exists between the spaces

Hg(D), H§(D), HY(D), Hg (D) and Hg (D).

Lemma 1.68 Let o € (0,2]. Then

Hg(D), if0<a<i,

oy _ ) HS(D), ifoa=3,

1= o) fleast (119
H$(D)N HY(D), ifl<a<?2.
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Definition 1.69 (Spectral fractional Laplacian, [1, 7]). The spectral fractional
Laplacian is an operator A, : D(A,) := HY(D) — L*(D) defined in terms of eigen
expansion,

Agu = Ak% (u,er)r2pyer, for allu € D(A,). (1.20)
k=1

From the definition (1.20), it can easily see that for all n € Ny,
Agln = Z )\k%<€n7 €k>L2(D)€k = )\§€n7
k=1

and 80, (€,, A3 )nen, Tepresents the eigenpairs of the fractional Laplacian A,.

Remark 1.70 The spectral fractional Laplacian coincides with the standard Laplacian if
a = 2. Indeed, for all w € D(Ay) = D(A) we have,
Au = Z)\k<u,€k>L2(D)€k. (121)
k=1
Lemma 1.71 [47]. The operator A,, for a € (0,2] is the infinitesimal generator of an
analytic semigroup (e=*4*)>o on L?(D) satisfies for all v € L*(D),

w\p

oo t
(e’tA Z M (v, er) r2(pyex(). (1.22)

Furthermore, such semigroup on the bounded interval (0,77, for 7' > 0 be fixed, has

the following no classical results.

Lemma 1.72 Let o € (1,2] and t € (0,T]. Then
o Forall B> 0, there exists Co 3 > 0, s.t.

B _ _B
||A26 tA"‘“L(LQ(D)) < Caﬁt o, (1.23)

o Forall ¢ €]0,a], there exists Cp >0, s.t.

_< _ <
JA72 (I — e )|l Lr2()) < Caycts. (1.24)

Proof.For the first estimate, let § > 0, the use of Identity.(1.12) in Lemma 1.36, and
Lemma A.8 (with v = g), leads to

B 5 oF,_ 8 _8
1A% e | 22 (py) = sup AZe ™ | =t"« sup |(t)\ )ee i | < Cupta
)00

1<j<00
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About the second estimate, we argue as above. Then, we use Identity.(1.12), and Lemma,

A9 (with g = g), to get

R

_< 5 a
A5 T—e )| £ 120y = sup |\, 2 1—e™™ :L‘é sup |(tA? —a 1—e )| < O, té.
(L2(D)) : J J €

1<j<o00 1<j <00
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Chapter 2

Introduction to stochastic calculus
on functional spaces

We start this chapter by some useful preliminaries. In Section 2.2 we recall some basic
notions and facts about the stochastic processes in Hilbert spaces. In Section 2.3 we give
definitions of the stochastic It6 integral in Hilbert spaces, which allows us to introduce
the concept of stochastic differential equations in the next chapter. The main references

for the material presented here are [31, 86].

2.1 Preliminaries

Let (€2, F,P) be a probability space, (E,|.|g) be a separable Banach space and B(F) be
the o-field of its Borel subsets. We fix T > 0.

Definition 2.1 (Normal filtration). Let F := (F;)icon be a filtration (i.e., an in-
creasing family of o-fields defined on (2, F,IP)). We say that (Fi)icjor] i a normal

filtration or say that, it satisfies the usual conditions if
o forall B € F s.t. P(B) =0, then B € Fy.
o forallt €[0,T], Fi+ := Fr = Ng=tFs.
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Moreover, we call the space (0, F,F,P) a filtered probability space.

Definition 2.2 (F-valued random variable). Let the mapping X : (0, F) — (E,B(E)).
We say that X is an E-valued random wariable if it is measurable, i.e. for any

B € B(E) it holds X~Y(B) € F.

Definition 2.3 (Gaussian random variable). Let (U,(.,.)y) be a separable Hilbert
space. An U-valued random variable X on § is said to be Gaussian if the R-valued
random variable (X, u)y, for any u € U is Gaussian.

Hence, Am € U called the mean and a nonnegative and symmetric operator Q) : U — U
called the covariance operator s.t. the law P* := Po X! : B(U) — [0,1] of X is
denoted by N (m, Q).

Definition 2.4 (Stopping time). Let © be an R, -valued random variable defined on
the filtered probability space (2, F,F,P). Then, we say that © is an F;-stopping time
if

{w e Q, O(w) <t} eF, foreveryte[0,T]. (2.1)
Definition 2.5 (p-th integrability). Let p € [1,00) and X be an E-valued random
variable defined on ). We say that X is p-th integrable if,

E(|[) = [ |¥(w)l} d Pw) < s,

The space of all p-th integrable E-valued random variables on (2 is denoted by LF(Q, E)
and it is a Banach space equipped with the norm || X[z ) = (E (|X|’}3))% For the spe-

cial cases p = 1 and p = 2 we say that X is integrable respectively square integrable.

Definition 2.6 (Stochastic process). A family X = (X;)icjo,n of E-valued random

variables Xy, t € [0,T] defined on Q is called a stochastic process.

The stochastic process X depends on two variables, the temporal variable ¢ € [0, T

and the probabilistic variable w € €.

Definition 2.7 (Trajectory). Let X be an E-valued stochastic process. The sample
path X (w) := X (.,w) depends on t € [0,T], for fired w € § is called the trajectory of
X.
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Definition 2.8 Let X := (Xy)icpo,r) and Y := (Y3)icpo,r) be two E-valued stochastic pro-

cesses defined on the same probability space (2, F,P). Then,
o the process Y is called a modification of X if,

P{w € Q, s.t. Xy(w) # Y, (w)} =0, Vtel0,T],

o The processes X and Y are indistinguishable if,

P{w € Q, s.t. Xy(w) =Y (w), Vt€[0,T]} = 1.

Of course, the last property implies the first one.

Definition 2.9 (Adaptation, continuity and measurability of stochastic pro-
cess.) Let F := (Fi)wcor) be a normal filtration and X = (Xi)icpo,r) be a stochastic

process.
1. X is F-adapted (or simply adapted) if each X, is measurable with respect to JF; for

every t € (0,71,

2. X is continuous with probability one if its trajectories are continuous almost surely,
i.€.

P{w € Q, t — X;(w)is continuous on [0, T]} =1,

3. X is measurable if the mapping X(.,.) : ([0,T] x Q, B([0,T]) ® F) — (E,B(E))
is measurable with respect to B([0,T]) ® F (which is o-algebra generated by the
product).

The regularity of stochastic process has been first studied by Kolmogorov in the 1930’s,
and extended by Centsov in the 1950’s, as the following Kolmogorov-Centsov theorem

stated.

Theorem 2.10 (Regularity Theorem). Let X = (X,)icpo,r) be an E-valued stochastic

process which satisfies for some C,~v >0 and § > 1,

E (\X(t) — X(s)\%) < Clt —s|"*7, for everyt,s € [0,T].
Then, X has a modification X satisfying for every § € (0, %), P-a.s.

|X (t)(w) — X(s)(w)|g < C|t — s|°, for everyt,s € [0,T].
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Proof.See [33, Theorem. 3.3, p.73]. =

Definition 2.11 (Gaussian process). Let (U, (.,.)i) be a separable Hilbert space. An
U-valued stochastic process X on € is called Gaussian if for any k € Ny and any

t, ...ty € [0,T], the U*-valued random variable (Xy,, ..., Xz, ) is Gaussian.

Definition 2.12 (Predictable o-field). Let Qr :=[0,T] x Q endowed with the o-field
B([0,T]) ® F. The o-field Pr generated by the sets of the form

((s,t] x Fs;0< s <t <T,F, € Fy) and ({0} x Fy), Fy € Fo,
1s called a predictable o-field and its elements are called predictable sets.

Definition 2.13 (Predictable process). An arbitrary measurable mappingY : (Qr, Pr) —
(E,B(F)) is called a predictable process.

Definition 2.14 (p-integrable process). An E-valued stochastic process X = (Xy)iejo,r]
is called p-integrable, for p > 1 if the random variable X (t), for all t € [0,T] is p-th

integrable.

Definition 2.15 (Martingale). An E-valued stochastic process M := (My)icom s

called an F-martingale (or simply martingale), if M is F-adapted, integrable and satisfies
E[M(t)|Fs] = M(s), P—a.s for all0 < s <t <T,
whith B[M (t)|Fs] is the conditional expectation.

Definition 2.16 (Submartingale/Supermartingale). An F-adapted and integrable
stochastic process M = (My)sejo.1] @5 called submartingale (respectively, supermartin-
gale) if

E[M(t)|Fs] = M(s), P—a.s for all0 < s <t <T,

respectively

E[M(t)|Fs) < M(s), P—a.s forall0 <s<t<T.
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Proposition 2.17 [86, Proposition.2.2.9, p.24]. The space of all continuous square in-
tegrable E-valued martingales denoted by M2(E) is a Banach space endowed with the

norm

M| pzz) == sup |M(#)]L2(0.5)- (2.2)
te(0,7)

Definition 2.18 (Random field). A family X = (X¢)eera of E-valued random vari-
ables X¢, € € R? defined on Q is called a random field.

Definition 2.19 (Strongly continuous operator). Let (U, (., )u,|.lv), (H,{., Yu,|-|n)
be two separable Hilbert spaces, and let G : H — L(U, H) be an operator. We say that
G is strongly continuous, if for any u € U, the mapping h — G(h)(u) is continuous

from H to H.

2.2 Wiener processes on Hilbert spaces

There are many types of stochastic processes, among them Wiener process, Markov pro-
cess and Poisson Process. However, Wiener process without any doubt is one of the most
important processes both in the theory and in the applications. Originally it was intro-
duced by the mathematician Norbert Wiener in 1920 as a mathematical model of the
Brownian motion !. The current section gives a short review on such process which is
a generalization of Brownian motion taking values in a general functional space. To do
so, we need first to fix some tools; let 7" > 0, (U, (., .)u, |.|u) be a separable real Hilbert

space and (€2, F,P) be a complete probability space.

2.2.1 ()-Wiener processes

Fix @Q € L(U) be a symmetric, nonnegative and finite trace operator.

Definition 2.20 (Standard Q- Wiener process). Let W := (Wy)ico.1) be an U-valued
stochastic process on (2, F,P). Then, W is said to be a standard Q- Wiener process

if the following holds

1. P(W(0) =0) =1,

!The Brownian motion is named after the biologist Robert Brown who observed in 1827 the irregular
motion of pollen particles floating in water.

34



2. the trajectories of W are continuous,

3. for any finite increasing sequence ()%, C [0,T], the increments (Wy,,, — Wi,)i

are independent,
4. for any 0 < s <t <T, it holds PMW:="s) = (0, (t — 5)Q).

Remark 2.21 Let us mention that, the R-valued random variable (W (t) =W (s),u)y, for
all0 < s <t <T andallu € U is Gaussian, with mean zero and variance (t—s){(Qu, u)y,
and so E(|W(t)|3) = t trQ. Hence, this is a reason why the assumption trQ < oo is

essential.

Proposition 2.22 [31, Proposition 4.3.(i), p.81]. An U-valued Q-Wiener process, W =

(Wi)iep,r) s a Gaussian process with mean zero and covariance operator tQ, ¥Vt > 0.

Proposition 2.23 [31, Proposition 4.4., p.82]. For any symmetric, nonnegative and

finite trace operator Q@ € L(U), there exists a Q-Wiener process on U.

A question may arises here about the construction of such QQ-Wiener process. The next
proposition answers to this question. Moreover, it gives the presentation of the ()-Wiener

process.

Theorem 2.24 Let (e,)nen be an ONB of U consisting of eigenvectors of Q) corresponding
to the nonnegative eigenvalues (A, )nen, and let S :={n € N, A, > 0} be the index set of
non-zero eigenvalues. Then, an U-valued stochastic process W, is a QQ-Wiener process iff
it can be written for any t € [0,T] as
W(t) = A ubult)en, (2.3)
nes

where (B),cs 15 a sequence of independent R-valued Brownian motions on (2, F,PP) s.t.

1
VAn

The series in (2.3) converges in L*(Q,C([0,T],U)), where C([0,T),U) is equipped with

Bn(t) == (W(t),en)u, foranyn € S. (2.4)

the supremum norm.
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Proof.See [86, Proposition 2.1.10, p.17]. =
In the case of filtered probability space (€2, F,F,P), we need to know how the Q-
Wiener process behaves in connection with the filtration F. This is leads to the next

definition.

Definition 2.25 (Q-Wiener process with respect to a filtration). LetF = (F;)icio,r
be a normal filtration on (Q, F,P), and let W be an U-valued Q- Wiener process. We say
that W is a QQ-Wiener process with respect to F if the following statements hold

1. W is F-adapted,

2. forall0 < s <t <T the increment (W(t) — W(s)) is independent of Fs.

Theorem 2.26 FEvery U-valued QQ-Wiener process with respect to a normal filtration F

on (Q, F,P) is an element in the space M3 (U).
Proof.See [86, Proposition 2.2.10, p.25]. =

Definition 2.27 (Stochastic basis). Let (U,{(.,.)u,|.|u) be a separable Hilbert space.
We call (0, F,F,P, W) a stochastic basis if, (2, F,F,P) be a filtered complete probabil-
ity space with respect to the normal filtration F := (F})scm, and (Wi)iepo,r) be a U-valued

Wiener process on it.

2.2.2 Cylindrical Wiener processes

Cylindrical Wiener process appears in many models in infinite dimensional spaces as a
source of random noise or random perturbation. In this subsection, we introduce by fol-
lowing [86] a result which ensures the existence of such type of processes. To do so,
let (U,(.,.)u) be a separable Hilbert space, @) € L(U) be a symmetric and nonnegative
operator, possibly with ¢tr@) = +00 and let (e,),en be an ONB of U that consists of eigen-
vectors of () with corresponding eigenvalues (A, )nen. Additionally, let (Uy, (., Yoy, |-lvy)
be an arbitrary separable Hilbert space with U C U; embeded continuously and let
J (U, (., Yv,) — (U, {.,.)u,) be a Hilbert-Schmidt embedding, besides we define the
operator @y := JJ* : Uy — Uy.
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Remark 2.28 [t is important to note here that the space Uy and the operator J as above
always ezist as explained in [86, Remark 2.5.1].

Proposition 2.29 [86, Proposition 2.5.2, p.50]. Let Qy := JJ*. Then, @ is a linear,
bounded, nonnegative, symmetric and finite trace operator on Uy, and the operator J :

1
Up — J(Up) = Q3 (Uy) is an isometry, i.e.

[uollvg = [1Q1 *J (uo)lw, = [IJ (uo) oy 107 @l € U,

1
Qf (
Moreover, let &, := Qze,, where (eén)nen be an ONB of U and let (5,)nen be a sequence

of independent, real-valued Brownian motions. Then
W(t) := Z B.(t)J(e,), Vtel0,T], (2.5)
n=1

is a Q1-Wiener process on Uy with trQ); < 400, where the series in (2.5) is convergent

Remark 2.30 Let us mention that, in Proposition 2.29 we distinguish two cases, namely
if the operator Q) is finite trace, and so Q% is Hilbert-Schmidt operator, we can choose
U, = U to arrive at the classical concept of the Q-Wiener process. Whereas, in the case
if tr@Q = +oo (e.g. Q = Iy) we will call the constructed process a cylindrical Wiener

process on U.

2.2.3 Some notions in the one dimensional case
In this subsection we recall two usefull notions of real-valued processes.
Definition 2.31 (White noise). Let (£,B(E),u) be a o-finite measurable space and

let the random set function W defined on {B € B(£), s.t., u(B) < oco}. Then, we call W

a white noise ? if it satisfies

1. for any B € B(E), W(B) is a Gaussian (or normal) random variable with mean 0

and variance ju(B).

2The term "white noise" arises from the spectral theory of stationary random processes, according to
which white noise has a "flat" power spectrum that is uniformly distributed over all frequencies like white
light.
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2. for any two disjoint sets By, By € B(E), the random variables W(B;) and W(By)
are independent and W(By N By) = W(By) + W(By).

Definition 2.32 (Brownian sheet). Let d € Ny, € =R% = {t = (t1,...,ta), s.t., t; >
0, Vie{l,...d}} and u be a Lebesque measure on R%. The process (Bt)teRj_ is said to be
Brownian sheet if it is defined by
d
By = W(H]Oa ti),
where W is a white noise. This means that, it is a zero-mean Gaussian process with

covariance function defined for t = (t1,...,tq) and s = (s1,...,84) by

d
E(ﬁtﬁs) - H t; N\ s;.
=1

Remark 2.33 There is another way to define white noise. In the special case; £ = R
and p is Lebesgue measure, it is informally described as the weak derivative of Brownian
motion, since such motion is nowhere-differentiable in the classical sense. Such descrip-
tion is also possible in higher dimensions, but it involves the Brownian sheet instead of

Brownian motion.

2.3 Stochastic integrals in Hilbert spaces

In this section, we deal with the stochastic integral in Hilbert spaces with respect a Q-
Wiener process and a cylindrical Wiener process. We take a close look at these notions

by following the approach of Section 4.2 in [31] and Chapter 2 in [86].

2.3.1 Stochastic integral with respect to ()-Wiener process

Throughout this subsection, we fix 7" > 0 and a filtered probability space (Q, F,F,P).
Further, we consider two separable Hilbert spaces (U, (., .)v, |.|v) and (H, (., .)u,|.|x). Let
Q € L(U) be a symmetric, nonnegative and finite trace operator and let W = (W (t)),c(o 1
be a U-valued ()-Wiener process with respect to the normal filtration F. In order to shed
a light on the notion of stochastic integral with respect to W, we give first the meaning

of an elementary process.
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Definition 2.34 (Elementary process). Let o = (p(t)),cor be a L(U, H)-valued
process defined on (Q, F,F,P). We say that ¢ is an elementary process if there ezists

a partition 0 = tg < t; < ... <t, =T, m € N and a sequence (p1)"~y of LU, H)-valued

random variables that are taking only a finite number of values in L(U, H) s.t. py is F, -
measurable for any k € {0,....,m — 1} and o(t) = g, fort Elty, tir1] with the convention
©(0) = 0. Mathematically, we write

m—1

o(t) = Z Ok Lt tra)(t), fort € [0,T7].
k=0

We denote the class of such processes by E.

Now, we are ready to give the meaning of the stochastic integral on E.

Definition 2.35 (stochastic integral on E). Let o € E. Then, the stochastic integral
Z(p) = ((Z(9)) () sepor of ¥ with respect to W is an H-valued stochastic process defined
for allt €10, T] by

T = [ W) = X Wl A= WA, (26)
such that ¢y is acting on (W (tgi1 At) — W (te At)) as an operator in L(U, H).

Proposition 2.36 Let ¢ € E. Then, the stochastic integral Z(p) defined by (2.6) belongs
to M2(H) (see [86, Proposition 2.5.2, p.26] and [31, Proposition 4.20, p.96]), where its

norm is given by

IZ O g = E ([ 1906) 2 @ lrsinds) 2.1

see [86, Proposition 2.5.5, p.29]. Moreover, if p be a Lo(U, H)-valued elementary process,
then according to Corollary 1.47 it holds that

T
IZ O g =B ( [ 166 Frsiamds ) 28)
Remark 2.37 The mapping defined on the class E by
2 T L2
Il :=E( [ llpls) o Q rswmds | . for any T >0,
18 just a seminorm.
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In order to define a norm on E we define the equivalence relation R between two
elementary processes ¢ and ¥ as ¢ R ¢ iff ||¢ — ¢|[g = 0, and for simplicity sake, we
denote the space of equivalence classes on which ||.||g is norm by E as well, and we
write ¢ for its corresponding equivalence class. With this norm on E the linear mapping

7 :E — M?3(H) defined for any ¢ € E by

Z(¢) i= [ ols) dW(s),

0
is an isometry (see [31, Remark 4.21, p.97]).
It is well known that, since Z is linear and bounded operator, then it admits an unique

extension defined on the closure E, which is also isometric.

Our object now is to make precise the right representation of E. We remark from
Identity.(2.8) in Proposition 2.36 that the integrand must be a random variable defined
on Qp = [0,7] x Q endowed with the product o-field B([0,7T]) ® F, without forgetting
its adaptability. For this, the best guess is to take the integrand to belong in to the
predictable o-field Pr. Hence, the convenient choice of the class of integrands is the space

of the HS(Uy, H)-valued predictable processes, let us denote it by PZ,. Then
Pi = 1{p: Qpr — HS(Uy, H); s.t. ¢ is predictable with ||¢||g < 0o} .

The fact that (HS(Uy, H), (., .)usws,m)) is a Hilbert space ensures that, the space P, is

also a Hilbert space its inner product defined for all ¢, € PZ, by

(v, = ([ (o000 6 msnan).

Moreover, P2, represents the closure of E (i.e. P2, = E) as it is proved in the following

result.
Proposition 2.38 [31, Proposition 4.22, ps.97-98].

1. Let ¢ ba an elementary process defined from Qr into L(U, H). If ¢ is predictable
then it is HS(Uy, H)-valued predictable process as well.

2. For any ¢ € P, there exists a sequence (¢n)nen of Lo(U, H)-valued elementary

processes s.t. g, — @ as n — oo with respect to the norm ||.||g.
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Definition 2.39 (stochastic integral on P}, ). Let ¢ € P3,. Then, the stochastic
integral of ¢ with repect to W is defined for every t € [0,T] by

@) = [ ()W () = lim [ u(s)atV (s), 2.9

n—o0

where the limit is taken with respect to the norm ||.|| v -
Theorem 2.40 Let p € P3,. Then, () € M3(H).

Proof.See [31, Theorem 4.27, p.103]. m
Last but not least, by following [31, Section. 4.2, ps.99-100]) we introduce the defini-
tion of the stochastic integral for a richer class of HS(Uy, H)-valued predictable processes

which satisfy the following weak condition

T
([ 166 s s < o0 = 1. 210)

Let us denote such class by Py .

Lemma 2.41 [31, Lemma. 4.24, p. 99]. Fix T > 0. Let © be an F;-stopping time s.t.
P(© <T)=1 and let p € Pi,. Then, the following equality holds P-a.s.

t OAL
/0 (Lio.019) () AW (s) = /0 o(s)dW (s), for all t € (0,T].

Let ¢ € Py and let for all n € N the sequence of stopping time

t
0, == inf{t € [0, T], /0 () s mds = 1},
such that
t
E ([ 100006 s nds) < oc.

Then, for all n € N the process ((1[0,9n]g0)(t))te is an element in PZ,, and so for

[0.7]
all t € (0,7 the following stochastic integral

[ (o) s)aw (s),

is well defined for all n € N.
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Definition 2.42 (Stochastically integrable process). Let ¢ € Py. Then, the
stochastic integral of @ with respect to W is defined for every t € [0,T] by

t t
| e@aw(s) = [ (Lpee))dW(s), (2.11)
on the set {©,, > t}, for every n € N, and we say that ¢ is stochastically integrable.

The consistency of definition (2.11) is ensured. Indeed, let m € N s.t. m > n. If
©,, > t, then

t

/O t (1pe,19)(s)dW (s) = /0 (10,001 (10.0,09) ) ()W (s).

According to Lemma 2.41 we have

OnAt

[ Guosp@a(s) = [ Guo.e) v s)

and since ©,, > t we get

t

[ (pee)©)awW(s) = [ (o0 (s)av(s)

for every n,m € N s.t. m > n.

2.3.2 Stochastic integral with respect to cylindrical Wiener pro-
cess

Let W be a cylindrical Wiener process given by (2.5), and let (H,(.,.)n) be a separable
Hilbert space. A predictable process ¢ will be integrable with respect to W if it takes
values in HS(Q?(Uy), H) and

T
P / s)|I? 1 ds| = 1.
( 0 It )HHS<Q?(U1),H> )

Lemma 2.43 Let (éx)res be the ONB of Uy. Then, (Jéy)res is an ONB of J(Uy) =
Q:(Uy). Further, for all o € HS(Uy, H) it holds

fr— Jfl .
lellmswom =l o 7 od

Proof.Let (é;)res be the ONB of Uy and let u, v € Uy. Then, owing to the polarization

identity (A.14) besides the isometry property of J it holds

1
ol = (100 + 0l g, = 19000 = )l gy, ) = o )
(Ul) 1

1 .
Qf (Uh) ok Q1 (Uh)
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Consequently, the orthogonormality of the family (Jé)res is ensured. To prove that such
family is ONB of J(Up) it remains to prove that is generated it. To do so, let J(ug) € J(Up)

where ug 1= > ,,cq{to, €4)v,n € Up. The linearity of J yields

J(uo) = (uo, €n)uyJ (€r).

nes

In addition, let ¢ € HS(Uy, H) then

olz el =2 llpoJ (el =l J'I° 4 '
[l 75 w0, %” I = %” i =1 ‘HS(Q%(UH,H)

Thus, it follows that ¢ € HS(Uy, H) is equivalent to po J~' € HS(Q?(U;),H). m
By the help of Lemma 2.43, we are able to introduce the notion of stochastic integral

with respect to cylindrical Wiener process as follows

Definition 2.44 Let o € Py,. Then the H-valued stochastic integral of ¢ with respect to
W the Q-cylindrical Wiener process is defined by

/Ot o(s)dW (s) := /Ot o JJ 1 (s)dW(s), Vtel0,T], (2.12)

where the RHS of (2.12) is understood as the stochastic integral of ¢ with respect to W
the Q- Wiener process defined by (2.11).

Remark 2.45 All the stochastic integrals introduced in this thesis are called stochastic

Ité integrals since all have a Wiener process as integrator.

We close this chapter by an important result; the Burkholder-Davis-Gundy in-

equality, which is very useful in the estimation of higher moments of stochastic integrals.

Theorem 2.46 . Letp > 2, and let T > 0. For any 0 < s <t <T, and any p € P, it
holds

NS

[ ot o < O B ([ 1ot s, mdr) (213)
where C), 1= (g( 1)) (p 1)p(§71).

Proof.See [74, Proposition 2.12, p.24]. =
There is another version of Burkholder-Davis-Gundy inequality, as the following result

proves.
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Theorem 2.47 Let p > 2, and let t > 0. For any p € PZ,, we have

(s | [ W) < ([ @l o)’ 5w

selo,q] 70

where ¢, = (p(p72—1))§_

Proof.See [31, Theorem 4.37, p.114]. m
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Chapter 3

Stochastic differential equations in
infinite dimensions

In this chapter, we deal with the stochastic differential equations in infinite dimensions.
After some motivation, we introduce in Section 3.2, two important models from physics;
heat and Burgers equations in the one dimensional case. We deal in Section 3.3 with the
stochastic analog of nonlinear heat and Burgers equations. In Section 3.4, we introduce a
class of SPDEs perturbed by a cylindrical Wiener process, namely an abstract parabolic
stochastic partial differential equations. As a start point, we give different concepts of
solutions for such class of equations. After that, we introduce its wellposedness result in
Subsection 3.4.1. Regarding the importance of the results in [12], and its relationship with
our results, we cite [12, Theorem 3.1.] in Subsection 3.4.2. We close this chapter by one
of the recent developments; the FSPDEs. Precisely, we deal with SPDEs driven by the
fractional Laplacian. In Subsection 3.5.1 we deal with the wellposedness and regularity
of the fractional stochastic nonlinear heat equation in the random-field setting. Whereas,
in Subsection 3.5.2, we deal with the wellposedness of the fractional stochastic Burgers

equation in the functional-spaces setting.
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3.1 Motivation

Partial differential equation (briefly PDE), is a mathematical equation that involves two or
more independent variables, an unknown function, and partial derivatives of such function
with respect to the independent variables. It is used to model many phenomena, such
as the physical ones. In most cases, the coefficients of such PDE and/or initial data are
not known with complete certainty, due to the lack of information and/or incertainty
in the measurements. Hence, if we allow for some randomness in those coefficients, we
often obtain a more realistic mathematical model of the phenomenon, and the resulting

equation becomes a stochastic partial differential equation (briefly SPDE).

3.2 Deterministic heat and Burgers equations

The analysis of the physical phenomena has remained up to the present day one of the
fundamental concerns of the development of PDEs. In this section, we restrict ourselves
with two examples of PDEs that appear in fundamental applications; the heat and Burgers
equations in the one-dimensional case. For more examples and their role in applied

sciences we refer to [46].

3.2.1 Heat equation

The heat equation was introduced by Fourier J. in his celebrated memoir " Théorie an-
alytique de la chaleur" (1810-1822). It is a linear parabolic PDE which describes the
distribution of heat (or variation in temperature) over time in a given region D C R?. For
example, in the time interval [0, 7], for T' > 0 be fixed, and in a one-dimensional rod of
length L (i.e., D := [0, L]) made of single homogeneous conducting material, the diffusion
of the heat over the time from regions of higher temperature to regions of lower temper-

ature without external force, is modelled by the following homogeneous heat equation

ou(t, )
ot

= vAu(t,z), (t,x) € (0,7] x [0, L], (3.1)

where A is the Laplacian and v = Cip is called the diffusivity of the rod, with « is the
thermal conductivity, C' the thermal capacity and p the density of the rod.

To make use of the heat equation, we need more information:
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1. The initial temperature distribution in the rod, which described as an initial con-

dition u(0,x) = ug(x) .

2. The temperature of the rod is affected by what happens at the ends, x = 0, L, which
must be specified and described as a boundary conditions. Here we consider two

simple cases for the boundaries.

o Dirichlet type: represents the temperature prescribed at the boundary. Math-
ematically, we write u(t,0) = u;(t), and u(t, L) = us(t) for t € (0,T] (see the

figure taken from the website: math.libretexts.org).

temperature i

O B

L x

« Neumann type: represents the tempreture which is specified via surrounding
medium, for the special case of insulated boundaries; the system is not allowed
to have any exchange with the medium, i.e. the heat flow can not pass through-
out the boundaries. Mathematically, we write %ﬁ;gg)]l«:@ = %b:L =0, for

t € (0, 7] (see the figure taken from the website: math.upenn.edu).

insulated (" insulated
——t—t—t/
I".
of Y ¢ ¥ v ¥ ; %
("
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3.2.2 Forced nonlinear heat equation

In the heat equation Eq.(3.1), the thermel conductivity of the medium is assumed to be
constant. In some medium such as gases, this parameter is connected to the temperature
of the medium, which allows to arrise a nonlinear heat equation. After adding an external
force B : (0,7] x [0, L] — R, the homogeneous Dirichlet boundary conditions, and the

initial condition, this equation can be written as follows

c%gf,:c) =vAu(t,z) + f(u(t,x)) + B(t,z), V (t,z)€ (0,7]x (0,L),

|2 _ (3.2)
u(t,0) =wu(t,L)=0, Vte(0,7T],
w(0,2) =wue(x), YV el0,L],

where f : R — R be a nonlinear globally Lipschitz function.

3.2.3 Forced Burgers equation

If the nonlinear term in Eq.(3.2) is only locally Lipschitz, precisely for f(u(t,z)) =
ou(t, x)
u(t, )

is the velocity field and v := % is the coefficient of kinematic viscosity, with x4 and p

, we obtain the forced Burgers equation, where u : (0,7] x [0,L] — R

denote respectively the viscosity and the density of the fluid.

Burgers equation was first introduced by Bateman [11] who gave its steady solutions. It
was later treated by Burgers [17] as a mathematical model for turbulent fluid motion, later
on the equation has been referred to Burgers equation. Moreover, it has been found to
describe various kinds of phenomena such as the approximation theory of flow through
a shock wave traveling in a viscous fluid. It can also be considered as the celebrated

Navier-Stokes equation in the one-dimentional case.

3.3 Stochastic nonlinear heat and stochastic Burgers
equations

The theory of the SPDEs is very complicated, due to the fact that its study is based on
the concept of stochastic integration, which can be treated by different approaches. For
example, the martingale approach is based on Walsh’s theory [111], where it emphasizes
integration with respect to martingale measures, and leads to the concept of random field

solutions; which means that, the solution v = {u(t,z), (¢,x) € (0,T] x D} is seen as a
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real-valued function of the two variables (¢, z).
To see that, we consider the forcing term as a random perturbation, especially as a space-

time white noise which is realized as the weak derivative of the Brownian sheet ((¢, )

D*B(t
(see Subsection 2.2.3), i.e., B(t,z) = aﬁt(@,m) Then, we can write the stochastic analog
x
of forced nonlinear heat and forced Burgers equations as follows
ou(t, ) 0*B(t, )

=vAu(t,z) + f(u(t,z)) + —=—, V(t,z) € (0,T] x(0,L),
u(t,0) =wu(t,L)=0, Vte(0,T], '
u(0,2) =wup(x), Vo el0,L],
where f : R — R is a nonlinear globally Lipschitz function in the case of heat equation.
ou(t, )
Ox

Whereas, in the case of Burgers equation we have f(u(t,z)) = u(t, z) . The initial

condition wug is supposed to be Fy x B(R) measurable.

In otherwise, we can consider the solution as a random function of time, with values
in an appropriate (infinite dimensional) functional space. This is called the semigroup
approach, which is based on the theory of integration with respect to Hilbert space-valued
processes, as expounded in [31]. Here, we consider the Hilbert space L?*(D). Besides, we
write (—A) with the homogenuous Dirichlet boundary conditions as an abstract operator
A defined from H3(D) N H}(D) into L*(D) (see Subsection 1.2.3). Then, Prb.(3.3) can

be rewritten by the following evolution form

du(?) AW (¢)
{ = —vau(t) + Plu) + S te (0.7, (3.4)
u(0) =w(z), Ve D,

where the initial condition wg is supposed to be JFy-measurable L?(D)-valued random

variable. The term dvgt(t) is called an additive noise, with (W (t))ico.7] be a L*(D)-valued
cylindrical Wiener process, and F' : H — X is a nonlinear operator, where (X, ||.||x) be
a Banach space.

In this case, the solution u = {u(t),¢t € [0,T]} is an L?(D)-valued stochastic process.
Thus, such SPDE can be considered as a SDE in the functional space L?(D).

3.4 Abstract parabolic stochastic partial differential
equations.

In this section, we give by following [90], a short review about the theory of solvability for

a class of SPDEs with globally Lipschitz nonlinearities. To do so, let (H,(.,.)x),|.|x) and
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(U, (., )u, |-lv) be two real separable Hilbert spaces, and let (2, F,F,P, W) be a stochastic
basis, where W = (W});cjo,r1 be a U-valued cylindrical Wiener process. We consider the

following stochastic partial differential equation, perturbed by a multiplicative noise,

AW (t)

du(t)
{ " = Ault) + Fu() + Gu(®) == t€ 0.7}, (35)

where

« A:D(A) C H— H,isin general an unbounded Linear operator (not necessary the

Laplacian),
e F: H— His B(H)\ B(H)-measurable operator,
e G:H — L(U, H) be an operator,
e Uy be an H-valued, Fy-measurable random variable.
There are different concepts of the solutions, namely strong, weak and mild.

Definition 3.1 (Strong solution), [90, Definition G.0.1, p.167]. Let u := (u(t))scjo,r]
be an D(A)-valued predictable process. We say that u is a strong solution of Prb.(3.5)

if
o forallt€[0,T], (0,t) s (Au(s) + F(u(s))) € H is P-a.s. Bichner integrable,
o G(u):Qr — HS(U, H) is continuous predictable s.t.
T
P{ [ IG((s) s mds < o0} = 1, (36)
o the following equality holds P-a.s. in H,
u(t) =uo + [ ‘(Au(s) + Flu(s))) ds + / " Glu(s)) AV (s), (3.7)
for every t € [0,T].
Definition 3.2 (Weak solution), [90, Definition G.0.5, p.168]. Let u := (u(t)):cjo.1]

be an H-valued predictable process. We say that u is a weak solution of Prb.(3.5) if
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o forallt €[0,T], and all§ € D(A*), (0,t) 3 s +— ((u(s), A*) g+ (F(u(s)),&)m) € R

is P-a.s. Lebesque integrable,
e the following equality holds P-a.s. in R,
(W)€ = (w0, O+ [ (o), A"+ (Pu(s)). ) ds
+ [(G)aw (), &, 339
for every t € [0,T], and every & € D(A¥).

Definition 3.3 (Mild solution), [90, Definition 5.1.1, p.115]. Let u := (u(t))ico,r) be
an H-valued predictable process. We say that u is a mild solution of Prb.(3.5) if

o forallt €10,T], (0,t) > s+ S(t—s)F(u(s)) € H is P-a.s. Bochner integrable,

o forallt € [0,T], Liou(.)S(t —.)G(u(.)) : Qp — HS(U, H) is continuous predictable
s.t.

PL[ Iia($)S( — )G (o)) s nyds < o0} = 1. 3.9

o the following equality holds in H, P-a.s.,
u(t) = S(t)uo + /Ot S(t—s)F(u(s))ds + /Ut S(t —s)G(u(s))dW(s), (3.10)
for every t € [0,T], where (S(t))ico,r is the semigroup generated by the operator A.

Remark 3.4 For more results on the relationship between the above concepts of solutions

we refer to [90, Appendiz G., p.167 ].

It is worth noticing here to introduce the notion of the mild solution in a general

framework as in [109].

Definition 3.5 Let X be an UMD-Banach space of type 2 and H be a Hilbert space.
Assume that ug : Q — X is strongly Fo—measurable. A strongly measurable F;—adapted

X -valued stochastic process, (u(t),t € [0,T)), is called a mild solution of Prb.(3.5) if

o (i) for allt € 0,T], s — S(t — s)F(u(s)) is in L°(Q, L*(0,¢; X)),
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o (i) for allt € [0,T], s — S(t — s)G(u(s)) is H—strongly measurable F;—adapted

and a.s. in the y— Radonifying space; R(H, X),
o (iit) Vt € [0,T], the equality (3.10) holds in X, P — a.s.
The following defintion, gives us the meaning of the unicity of the solution.

Definition 3.6 We say that a pathwise uniqueness holds for Prb.(3.5) if for any two

solutions (u'(t))iejor) and (W*(t))iepo,r) starting from the same initial data uy, we have
P(u'(t) = u(t), Vte[0,T]) =1. (3.11)

Next, we give an important result in order to understand the stochastic term in the

RHS of Eq.(3.10), but first we have to introduce the so-called stochastic convolution.

Definition 3.7 (Stochastic convolution). Let ¢ := (p(t))tcjo,m be an L(U, H)-valued
predictable process and let (S(t))iwcpo,m be the strongly continuous semigroup generated by

the operator A s.t. the following integral
t
WeE(t) = / S(t— s)p(s)dW (s), for everyt € [0,T],
0
is well defined. Then, the process W& = (W&(t))icpo,1) s called stochastic convolution.

Theorem 3.8 (factorization-method). Let ¢ be an L(U, H)-valued predictable process
and let (S(t))ico,r) be the strongly continuous semigroup generated by the operator A. If

for some v € (0,1),

S(t — s)e(s) is HS(U, H) — valued for allt € [0,T],

and )
/Ot (t— 5)" (/0 (s = 1) 2E (15t = o) s dr>2 ds < +oo.
Then,
We(t) = Smﬁ’” / (= $)IS( — s)Yi(s)ds, t € [0, T,
where,

¢
Y, (1) = / (t— 5)"S(t — 8)p(s)dW (s), t € [0,T].
0
Proof.See [31, Theorem 5.10, p.130] and [16]. m
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3.4.1 Wellposedness of the problem

In this subsection, we introduce the result concerning the existence and the uniqueness
of the mild solution of Prb.(3.5), for more details see [90, Section. 5.1]. First, we need to
give the precise formulations of the assumptions which are sufficient for the wellposedness
of the problem.

Assumption #H,. (Linear operator A). A : D(A) C H — H is an infinitesimal
generator of a Cy-semigroup (S(t))¢cpo,r) on H.

Assumption Hp. (Drift term F'). The nonlinear operator F': H — H satisfies, there

exists a constants C'r > 0 s.t.
|[F(z) — F(y)lw < Crlr —ylu, Yo,y € H.

Assumption Hq. (Diffusion term G). G : H — L(U, H) is strongly measurable.
Moreover, for any ¢ € (0,7] and = € H, it holds

S(t)G(x) e HS(U, H)
and there exists a square integrable mapping K : [0,7] — [0, 00) s.t.
1SO)G (@) |rsw,m < K(E)(1+ [z]n) and [[S(E)(G(x) = GW)lnsw.m < K(b)|lz —ylu,

for all z,y € H and all ¢t € (0,T].
Assumption H,,. (Initial condition wug). Let p > 2. The initial condition ug is an
element in the space L?(Q, Fo, P; H).

We need also to introduce the space where the mild solution is living.

Definition 3.9 Let T > 0 and p > 2. We denote by H.(H) the space of all H-valued

processes v which have a predictable version, equiped with the norm

[0ll322.er) == sup |[v(E)|| o,y < oo
te[0,T

Theorem 3.10 Assume that the Assumptions Ha, Hr, Ha and H,, are fulfilled. Then,
there exists a unique mild solution (u(t))icpm of Prb.(3.5). Moreover, there exists a
constant Cr, > 0 independent of ugy s.t.

[ull3z. iy < Crp(L+ ol 2o 0,702, ) -

Proof.See [90, Theorem 5.1.3, p.118]. m

53



3.4.2 Blomker et al’s Theorem

Theorem 3.10 ensures the wellposedness of the stochastic nonlinear heat equation intro-
duced in Section 3.3. However, it does not cover the stochastic Burgers equation, for this
reason, and regarding the importance of the results in [12], we cite [12, Theorem 3.1.] in

this subsection.

Theorem 3.11 . Let T be fized, V,U be two R—Banach spaces and let Py : V — V be a

sequence of linear bounded operators. Assume that the following assumptions are fulfilled:

o Assumption 1. Let S:(0,7] — L(U,V) be a continuous map satisfying

sup (to‘|S(t)|[;(U7V)) < 00, (3.12)
te(0,T]
sup sup (N7t%|S(t) = PxS(t)|cwa) ) < oo, (3.13)

NEN te(0,T]

where o € [0,1) and v € (0,00) are given constants.

o Assumption 2. Let F':V — U be a mapping which satisfies

sup [Fw) = F)ly < 00. (3.14)

lulv, vy <7, utv |u - U|V

o Assumption 3. Let O : [0,T] x Q — V be a stochastic process with continuous

sample paths and

sup sup <N7|(I — PN)Ot(w)|V) < 00, for everyw, (3.15)

NeNte(0,T)
where v € (0,00) is given in Assumption 1.

o Assumption 4. Let XV : [0,T] x Q — V,N € N be a sequence of stochastic

processes with continuous sample paths and with

jsvlé%tsgépﬂ (]XtN(w)]V) < 00, (3.16)
X w) = [ " PyS(t — $)F(XN (w))ds + Py (Oy(w)), (3.17)

for every w € Q, t €[0,T] and every N € N.
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Then there exists a unique stochastic process X : [0,T] x Q — V, with continuous sample
paths s.t.
t
X, (w) = / S(t — s)F(Xy(w))ds + Ox(w), (3.18)
0

for every w € Q, t € [0,T]. Moreover, there ezists a F/B(0,00)—measurable mapping
C:Q—[0,00), s.t.

sup | X (w) — XV (w)|ly < C(w).N77, (3.19)
te(0,T7]

holds for every N € N and every w € S, where v is given in Assumption 1.
Proof.See [12, Theorem 3.1]. =

Remark 3.12 The random wvariable C(w) in Est.(3.19) is given by, see [12, Identity

(5.7)]:

C(w) = 2(R(w))" Eg-a) (TRw)Z(@)D(1 — )T, (3.20)

'

where forr € (0,00), the function E, : [0,00) — [0,00), is defined by E,.(z) == >0°, NCTESVE

R(w) = sup sup |[F(XN(w))|y +T + sup sup <N7|(I—PN)Ot(w)|V)
NeNp 0<t<T NeN 0<t<T
1

sup sup (°|S(t
l -« NeII\I)O ogth( | ( )|C(U,V))

+ sup sup (N’Yta‘s<t>_PNS(t)‘ﬁ(U,V)),
N€N, 0<t<T

Z(w) := L(sup sup |XtN(w)|V),
NeNo 0<t<T
u) — F(v)|y

lu —v|y

L(r) := sup{ £

Culy, ol < ryow #£ v}

3.5 Fractional stochastic nonlinear heat and fractional
stochastic Burgers equations

In the recent years, the fractional calculus and the stochastic analysis have been used
simultaneously in order to describe complex processes, such as anomalous diffusions, e.g.
diffusion in disordred or fractal medium. By this, it was created a new powerful topic
in the applied mathematics which is represented by the so-called fractional stochastic
partial differential equations. There is a large volume of literature available about

this topic, see for a short list [15, 16, 26, 28, 34, 35, 36, 37, 38, 39] and the references
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therein. In this section, we deal with the fractional stochastic nonlinear heat equation
and the fractional stochastic Burgers equation. To do this, we fix T > 0, a € (1,2], p > 2.
Let H := L*(0,1) and let (Q, F,F,P) be a filtered complete probability space.

3.5.1 Wellposedness of the fractional stochastic nonlinear heat
equation

As is well known, the nature of the anomalous diffusions needs nonlocal differentional
operators instead of the classical ones, like the Laplacian. In this subsection, we go one
level up in difficulty by replacing (—A) in the stochastic nonlinear heat equation (3.3)
by its fractional counterpart (—A)= defined on the whole space R (see Definition 1.15).
Moreover, we suppose that the equation is perturbed by a multiplicative noise instead of
the additive noise. Then, we write the fractional stochastic nonlinear heat equation as

follows

%E’; D (Ca)Rult ) + fult,2)) + glult, )

uw(0,z) =wup(z), VoeR,

O*W (t,x)
ot Ox

,te(0,7], z €R,

(3.21)
where g : R — R, and W = {W (t,z), (t,z) € [0,T] x R} be a space-time white noise.
To recall the results of the wellposedness of Prb.(3.21); in the random field setting we fol-
low [39], and in the L%-setting we follow [37], but first we need the following assumptions:

Assumption B. For all T > 0, 3 C{; > 0s.t. forallt € [0,7] and all z,y € R

(@) = f(y)le < Cfla — ylz, (3.22)

and

1f(2)]z < CF (1 + |[r). (3.23)

Assumption C. For all T >0, 3C¥ > 0 s.t. forallt € [0,7] and all z,y € R

l9(z) — 9(y)|r < CF|z — ylg, (3.24)

and

lg(z)|r < CF (1 + |2[g) . (3.25)
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Wellposedness and regularity of Prb.(3.21) on the random-field setting

Definition 3.13 Fiz T > 0, and let u = {u(t,x),t € [0,T],x € R} be a measurable
stochastic field. We say that, u is a mild solution of Prb.(3.21) on [0,T], if for all
x € R, the process (u(t,x))icpo,r s Fi-adapted and if u satisfies the following integral

equation

utr) = [ Gattr— oy + [ [ fluls 9)Galt — 5,0~ y)dyds

t p+4oo
£ [ guls,p)Galt = 5.2 — )W (dyds) (3.26)
for allt € [0,T) and all z € R, where Go(t, x) = 5= [T e >~ "I°d¢ is the Green function

associated to Prb.(3.21).

The field {u(t,z),t € [0,T],z € R} is called a global mild solution of Prb.(3.21) if, for
all T > 0, it is a mild solution of Prb.(3.21) on the interval [0, T7].

Definition 3.14 We say that, the Prb.(3.21) has a unique mild solution on [0,T], if for
any two solutions u* and u? starting from the same initial data ug, it holds
P(u'(t,x) = u?(t,2), Yt€[0,T], ¥V v €R) =1 (3.27)

Theorem 3.15 Fiz T > 0, o € (1,2] and p > 2. Under Assumptions B, C and the
assumption that the initial condition ug satisfies sup,eg ||uo(@)||Lrr) < 00, Prb.(3.21)

has an unique global solution u = {u(t,z),t € [0,T],x € R}, satisfies

sup sup ||u(t, )| Lror) < 00. (3.28)
te[0,T] zeR

Proof.See [39, Theorem 1.]. m
The following result not only ensures the temporal regularity of the mild solution, but

the spacial regularity as well.
Theorem 3.16 . Under the assumptions of Theorem 3.15, it holds
o For fired x € R, the process {u(t,x),t € [0,T]} has Hélder continuous trajectories
with exponent 0‘2—;1 — K, for any k > 0, P-a.s.
o For fized t € [0,T], the process {u(t,z),x € R} has Hélder continuous trajectories
with exponent O‘T_l — K, for any k > 0, P-a.s.

Proof.See [39, Theorem 2.|. m
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Wellposedness of Prb.(3.21) on the L*-setting

It is well known that, the random valued solution is not equivalent to the function-
valued solution. However, Debbi L. in [37], has proved under the same conditions (i.e.
Assumptions B and C) that, the mild solution given in Definition 3.13 coincides with an

L?-solution has the following definition.

Definition 3.17 Fiz T > 0, and let u := {u(t,.),t € [0,T]} be a L*-valued Fi-adapted
stochastic process. We say that, u is a mild solution of Prb.(3.21) on [0, T, if it satisfies

the following integral equation
+00 +°°
u(t,.) = / Go(t,. —y)uoly dy+/ / Gol(t —s,. — y)dyds
+oo
+ / / Golt — 5, — y)W (dyds), (3.29)

for all t € [0,T), where the equality (3.29) is taken in the L*(R).
Theorem 3.18 Fiz T > 0, o € (1,2] and p > 1. Under Assumptions B, C and the as-
sumption that ug € LP(Q2, Fo, L?), Prb.(3.21) has an unique mild solution u = {u(t,.),t €
[0,T]} satisfies

sup |[[u(t)[|75q,r2) < o0, (3.30)

te[0,7

where the uniquness is taken with respect to the norm in the LHS of (3.30).

Proof.See [37, Theorem 1.]. m
Besides the L?-solution given by Definition 3.17, there are also another kind of solutions
of variational type of Prb.(3.21); weak solution of the first kind and weak solution of the

second kind, which are equivalent as the next theorem proves.

Definition 3.19 Letu := {u(t,.),t € [0,T]} be a L?-valued F;-adapted stochastic process.
We say that, u is a weak solution of the first kind of Prb.(3.21) on [0, T, if it satisfies

the condition (3.30), and the following integral equation

[T uttne@iar = [ w7 s o) Aupe)dads

+ //+<><> Yo(x)dzds
« [ /_fg<u<s,x>)so<x>w<dxds>, 3.31)

for allt € [0,T], and all p € C°.
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Definition 3.20 Letu := {u(t,.),t € [0,T]} be a L?-valued F;-adapted stochastic process.
We say that, u is a weak solution of the second kind of Prb.(3.21) on [0,T] if it
satisfies the condition (3.30), and the following integral equation

/+OO u(t, z)®(t, z)de = /+OO uo(z)P(0, x)dx + /Ot /_:o u(s, x)0sP (s, x)dxds

—00 —00

* /ot /;oou(s’x)Aaq)(S,x)dxds
N AT
+ /Ot /_:og(u(S,x))@(S,x)W(dxds), a.s. (3.32)

for allt € [0,T), and all ® € C°((0,t) x R) s.t. ®(s,.) € D(A,), for all s < t.

Theorem 3.21 For p > 2, the L*-solution, the weak solution of the first kind and the

weak solution of the second kind are equivalent.

Proof.See [37, Theorem 2.|. m

3.5.2 Wellposedness of the fractional stochastic Burgers equa-
tion
The stochastic Burgers equation (3.5), for the special case A = —A on D := (0,1) with
homogeneous Dirichlet boundary conditions, and F(v) = v%, for any v € L*(D), is used
to model many phenomena in different fields, such as fluid dynamics, hydrodynamics,
cosmology and astrophysics (see for a short list [3, 30, 82] and the references therein).
Moreover, the fractional Burgers equation can model some anomalous diffusions, like the
long time behavior of the acoustic waves propagating in a gas-filled tube and the wave
propagation in viscoelastic medium. Then, if we replace (—A) by its fractional counterpart

A, = (=A)2 (see Definition 1.69), we obtain the following fractional stochastic Burgers

equation,
du(t) dw (t)
{ " = —oult) + Plult) + Glut) =5 t€ 0.T] (333

where G is a nonlinear operator from L?*(D) to L£(L*(D)) defined by (G(u)(v))(z) =
G(u(x))v(z), for all u,v € L*(D) and all z € D, which is a Nemytski map associated
with the bounded Lipschitz continuous function G : R — R, and W := (W (t))scjo,r] be
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an L?(D)-valued cylindrical Wiener process on (9, F,F,P).

We are motivated here, by the tri-interaction between the wave steepening given by the
nonlinearity, and by the small dissipation given by fractional power of the Laplacian ¢
and by the irregular random perturbation given by the stochastic noise.

The following theorem ensures the wellposedness of Prb.(3.33).

Theorem 3.22 Fiz T >0, a € (%, 2) and p > % Let ug be an Fo-measurable random
variable satisfying ug € LP(Q, Fo,P; L*(D)). Then, Prb.(3.33) admits an unique mild
solution (u(t))sep,r in L*(D) s.t.
E < sup |u(t)|i2) < 00, (3.34)
t€[0,T]

where the unicity here is understood in the sense of Definition 3.6.

Proof.See [16, Theorem 1.3]. m
Let us mention that, the proof of Theorem 3.22 is based on different useful results,
among them Lemma 2.11 in the same paper [16], and regarding its importance in this

thesis, we recall it here.

Lemma 3.23 [16, Lemma 2.11]. For each o > %, there exists a constant C,, > 0 s.t. for
all t > 0 and for any bounded and strongly-measurable function v : (0,t) — L'(0,1) the
following inequality holds

t a a
/0 le=A% (t=9) gf)mds < Cyti-se sup [o(s)] . (3.35)
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Chapter 4

Introduction to deterministic and
stochastic numerical approximations

4.1 Introduction

The real-world is defined by structure in space and time, it forever changes in complex
ways and the most of its problems which can be modelled as SPDEs are complicated.
Generally, there is no hope to find their analytical (or exact) solutions, and so to under-
stand their behavior we need the approximations of such solutions instead of the exact
ones, which can be implemented via computer simulations. To obtain such approxima-

tions we use numerical techniques, like the finite difference method and Galerkin method.

The finite difference method has been used centuries ago, long before computers were
available. It is the one of the oldest methods to solve the differential equations, it is
used in the work of Euler L., which has been published in the book Institutionum calculi
integralis in 1768. The analysis of the finite difference method for PDEs has arisen by
two works; the early work of Richardson L. F. in 1910 [89], and the work of Courant,
Friedrichs and Lewy in 1928 [24]. Such method is based on the taylor development, it has

as advantages a low cost of calculations and a great simplicity of writing. But to apply it,
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we need a high regularity of the solution, which is in general not realistic. Moreover, such
method is simple to use for problems defined on regular geometries. Then, for more com-
plicated geometry, it is preferable to use more adapted techniques, like Galerkin method,
which is one of the most popular numerical techniques for solving PDEs whith complex
geometries. The first mathematical formulation of Galerkin method appeared at the end
of 1915 by Galerkin B. in [49]. Modern numerical methods are based on the development
of principle ideas around Galerkin method, such as spectral Galerkin method that has

been widely used because of its features.

In this chapter, we deal with the full approximation of the parabolic SPDE (3.5)
introduced in Section 3.4, for A be the Laplacian endowed with the homogeneous Dirichlet
boundary conditions on the spacial domain D = (0,1). In Section 4.2, we treat the
full approximation of its deterministic version (i.e. G = 0), by using finite difference
method for the temporal approximation and spectral Galerkin method for the spacial
approximation. In Section 4.3, we use the same methods to approximate spacially and
temporally the stochastic term of Eq.(3.5), after that we introduce a different notions
of convergence in the probability context. We close this section by showing important

results concerning the spacial approximation of the fractional stochastic heat equation.

4.2 Full approximation of the deterministic problem

In this section we deal with the full aproximation of the deterministic version of Prb.(3.5)

(i.e., G =0), let us write it here

du(t)
{ (c(i]t) _7 Au(t) + F(u(t)), Yt e (0,77, (41)

4.2.1 Spacial approximation via spectral GGalerkin method

Due to the fact that, Galerkin method allows greater flexibility in spacial discretization
than finite difference method, we use its approach spectral Galerkin method to discretize

spacially Prb.(4.1). Such problem represents the so-called strong form, which requires
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that the equation be satisfied point-by-point in the computational domain D. Starting

from the strong form, we define the weak form as follows.

Definition 4.1 (Weak form). LetV := Hj(D) = {v € H'(D) | vop = 0}. The
weak form of Prb.(4.1) is defined by; for a given ug € L*(D), find u € L*(0,T;V) N
C([0,T]; L*(D)) s.t.

{ (u(t), v) = Au(t),v) + (F(u),v);Y v €V, (4.2)

u(0) = o,
where (.,.) denotes the scalar product in L*(D) and A(.,.) be a bilinear form definded on
V by

A(v,w) :=(V v,V w). (4.3)

Remark 4.2 The weak form is also called variational formulation because the func-
tion v varies in the space V', where v is called test function, since it tests the equation

that is satisfied by u.

The weak formulation represents a powerful technighe in the process of approxi-
mating spacially the PDEs, because we directly can approximate the space V' by a fi-
nite dimensional space. Indeed, we establish the spectral Galerkin method by taking
the finite dimensional subspace Viy := span{ei,...,ex} C V for some integer N > 1,

where (e,)Y_, are the N first eigenvectors of the Laplacian corresponding the eigenvalues

~A\, = —(nm)?, n=1,...,N. Then, we seek uy = >"_, @i,e, € Vi, where 1, := (uy,e,),
satisfying
%<UN,UN> = A(uN,UN) + <F(UN),UN>; Yoy € VN,
(4.4)
UN<O) = UO,N‘

Equivalently, we can write Prb.(4.4) as follows

{ %(u]\;,@) = A(un, e,) + (F(uy),e,), VYne{l,..,N}, (4.5)

UN(O) = UO,N~

By using the Galerkin projection Py : L?(D) — Vi definded by Pyv := >0 (v, e,)ep,

the spacial discrete version of Prb.(4.1) is given by the following evolution form

{ Lun(t) = Ayun(t) + PyF(un(t)), Vit e (0,T), (4.6)

un(0) = Pyuyg,
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where Ay := PyA.
Since we have, A(un,e,) = (Vun, Ve,) = (un,Aen) = —A\(un, €,) = —A\, 0, and by
denoting (F(uy),en) =: F,(uy), we can also rewrite Prb.(4.5) as follows

d .
%a" = =\, + Fo(uy), with 4,(0) = (Pyug, €,), (4.7)
for any n € {1,..., N}. If we denote Uy := (@,)N_,, Prb.(4.7) gives the following system

n=1»
of ODEs A A o
{ #Un = MUy + Fn(Un),
Un(0) = (4,(0))311
where Fy(Uy) == (Fp(un))N_; and M := (my,)N

n=1
—An.

(4.8)

is a diagonal matrix such that m,, =

4.2.2 Temporal approximation via Finite difference method

To obtain the full approximation of Prb.(4.1), we discretize the Prb.(4.6) for uy(¢) in time

by using the finite difference method. Such method is based on the Taylor expansions of

xr

the function uy around a given time ¢. To do this, we first fix M € Ny, and let At = 17

be the time step size (or step mesh). Moreover, let the set S of all grid points (or
nodes), i.e.,

S i= {tm, s.t. tm, =mAt, m € {0,1,..., M}},

which called the grid.

® +——o—0 4 L 4 4 \ 4 ®

0 5 t, tm-1 Im  Ima

Remark 4.3 The grid points defined above are equidistant, but we can define points which
are unequal spacings, where different values of At between each successive pairs of nodes
are used. Often problems are solved on a grid which involves uniform spacing, because

this simplifies the programming.

Now, we assume that uy is of class C? with respect to t. Then, for x € D be fixed,

we can express the first derivative by different ways as follows
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duy(t, x) un(t + At,z) — uy(t, )

a At +O(A),
_ UN(ta‘r) _ZJ\;(t—Ath> +O(At>, (49)

Let us denote the approximate value of uy at the grid point ¢,, by uf 5.
Now, by neglecting the remains in (4.9) we obtain the following commonly used finite

differences.

Definition 4.4 (Finite differences). The following finite quotients:

m—41

UNn g — UN M
; M 4.10
ﬁt ) ( )

and )
URN ar — UN A (4.11)

At ’

are called forward-time difference and backward-time difference respectively.

Now, to achieve the full approximation of Prb.(4.1), we use the finite differences defined

above to formulate some popular difference schemes.
Explicit scheme

In order to obtain the explicit scheme, we replace the first time derivative in Eq.(4.6)

by the forward-time difference (4.10). Then, we have

m+1 m
{ UN M — UN M

o At

= Anufp + PvF(ufy ), m=0,...M—1, (4.12)

This difference equation can be written as

{ upht = (I + AtAN)UR  + AtPyF(uf ), m=0,...,M — 1, (4.13)

u(])V,M = PNUO.

Thus, the unknown uTN”TV} at the time level ¢,,,; is obtained directly from the known
value uy; 5, at the previous time level ¢,,, for this reason it is called explicit.

Such scheme is easy and simple in computation, besides it has low cost of calculations.

However, it is conditionally stable, for this reason it is not preferable in the temporal

approximations.
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Semi-implicit scheme

To get the semi-implicit scheme, we replace the first time derivative in Eq.(4.6) by the

backward-time difference (4.11). Hence, we obtain

m m—1
uN7M —UN.M m m—
{ T:ANUN,M—i_PNF(UN,]\})? m=1,..,M, (4.14)

U[J)V,M = PNUO.
We can write such difference equation in the following form

{ (I — AtAN)UR 3y = Ui 3p + AtPNF(u%;V}), m=1,.., M,

4.15
US)V,M = PNUO. ( )

This equation is useful for proving convergence and examining theoretical properties of
the numerical method. However, we can not use it for the implementation, for this it
is convenient to write its matrix form. To this end, starting from the Prb.(4.8), and by

following the same steps above, we get

Ufeas = ((Pyo, en))hly,
where (Afﬁ u 1s the approximate value of Uy at the time level t,,,. To calculate it, we have
to solve the system of algebraic equations (4.16), for this reason this scheme is called
implicit. Moreover, it requires more calculations per time step compared to the explicit

scheme, but it is unconditionally stable.

4.2.3 Basic notions about the convergence

The convergence represents the most important criterium for the numerical approxima-
tion, due to the fact that it demands that, the approximate solution gets closer to the
exact one as the discretization is made finer. Then a difference scheme is useful only if it
is convergent. Such notion is very connected with the discretization error, which has the

following meaning.

Definition 4.5 (Discretization error). Let u be the exact solution of Prb.(4.1) and

m

Uy,

its approximation obtained by a difference scheme at the time level t,,. The dis-

cretization error denoted by e, is defined by

n’

el = ‘U(tm) — u?’LQ(D)' (417)

n
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Definition 4.6 (Convergence). Lete]! be the discretization error of a difference scheme
at the time level t,,. Then, such scheme is said to be convergent with respect to the norm
‘-’LQ(D) Zf

lim ( max |eZL|L2(D)> =0. (4.18)

N,M—+o0o \1<m<M

The speed of convergence is one of the factors of the efficiency of a numerical method.

Such speed is expressed by the so-called order of convergence.

Definition 4.7 (order of convergence). Let p, q be two positive integers and e be
the discretization error of a difference scheme at the time level t,,. If p and q are the

largest integers for which

max |e'|2py < C(NP 4+ M™7), (4.19)

1<m<M

for some positive constant C' independent of N and M, the scheme is said to have order

of convergence p in space and q in time.

From this definition we can conclude that, a higher order of convergence leads to a faster
convergence of the scheme.

There is a huge number of works about the numerical approximations of the PDEs, see
for example the books [6, 10, 63, 88]. In this section, we recall the results concerned
the spacial and the full approximations of Prb.(3.5), for the special case F'(u(t)) = f(t),
Vte (0,T].

Theorem 4.8 Fiz N > 1. Let u be the solution of the weak problem (4.2), s.t. %1; S
LY0,T; H5(D)) and uy € H5(D), for some s > 1, and let uy be its approzimate solution
obtained via spectral Galerkin method. For all t € [0, T}, it holds

[u(t) —un(t)|2py < CLN7, (4.20)
for some positive constant C'.

Proof.See [88, Section 11.2.2] m
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Theorem 4.9 Fix N, M > 1. Let uy be the solution of the spacial approximate problem
(4.6), s.t. augit(o) € L*(D), and let (ufj r)m—y be its temporal approxzimation obtained via

the semi-implicit scheme. If f, % € L*((0,T] x D), then for any m € {0, ..., M} it holds
|'LLan7M — uN(tm)’LQ(D) S CQMil, (421)
for some positive constant C.

Proof.See [88, Section 11.3.2] =

4.3 Full approximation of the stochastic problem

In order to discretize Prb.(3.5), for the special case A be the Laplacian endowed with the

homogeneous Dirichlet boundary conditions on the spacial domain D = (0, 1), we just

AW (t)
dt

discretize its stochastic term G(u) , due to the fact that the deterministic term has
been discretized already in Section 4.2. Then, by using the Galerkin projection Py, the
stochastic term is discretized by using spectral Galerkin method as follows

dW (t)

PyG(un(t)) i

, Vte (0,7). (4.22)

As a result, from (4.6) and (4.22), the spacial discrete version of Prb.(3.5) is given by

{ Lun(t) = Anun(t) + Py F(un(t)) + PyGlun(t) 82, vt € (0,T),
un(0) = Pyuy,

(4.23)
where Ay := PyA.
Now, we use the semi-implicit scheme to achieve the full discretization of Prb.(3.5) as
follows

{ uftar = (I = AtAN) ™ (ufn) + APy F(uly ) + PyGuR AW, ), m=1,.., M,

u v = Pnuo,
(4.24)

where AW,,, :== W (t,,) — W(tn_1)-

4.3.1 Notions of convergence in the probability context

In the probability context, we can consider different notions of boundedness for random

variables, like the almost surely and boundedness in probability. And so, different notions
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of order of convergence naturally arise. Regarding the importance of these notions, and
our need to use them in the approximation results, we recall them in this section.
Fix N > 1, and let u be the analytic solution of Prb.(3.5), and uy be its spacial approxi-

mation obtained by some numerical scheme .

Definition 4.10 (Convergence in L*(Q2, H)). Let p > 1. We say that ux converges
strongly (or in LP(Q), H)) to u, if

lim (E < sup |un(t) — u(t)|%>>; ~0. (4.25)

N—r+o0 t€[0,T)

Definition 4.11 (almost sure convergence). We say that uy converges almost

surely in the space H to u, if

lim < sup |uy(t) — u(t)|H> =0, a.s. we . (4.26)

N=r+oo \ ¢ef0,T)

The next notion is weaker than the previous two, but it is still connected with pathwise

approximation and corresponds to the convergence in probability.

Definition 4.12 (Convergence in probability). We say that uy converges in

probability to u, if for all e > 0, it holds

limIP’{ sup |un(t) — u(t)|g > 6} = 0. (4.27)

=0 | tef0,1]
Their corresponding orders of convergence

Definition 4.13 (LPorder). Let p > 1. We say that, the scheme % is of LP order

&> 0 in H, if there exists a constant ¢, > 0 s.1.

(]E ( sup |un(t) — u(t)|’}{)>; <e¢, T (4.28)

te[0,7

Definition 4.14 (almost surely (a.s.) order). We say that, the scheme ¥ is of a.s.

order £ >0 in H, if for a.s. w € Q, there exists a constant C(w) > 0 s.t.

sup |un(t) — u(t)|g < Cw)re. (4.29)
te[0,7
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Definition 4.15 (order in probability). We say that, the scheme ¥ is of order in
probability £ > 0 in H, if
lim lim sup IP’{ sup |un(t) — u(t)|g > CT’»‘} =0. (4.30)
C=o0 150 te[0,7T]

M

o, for some integer M > 1,

Remark 4.16 If we have a temporal approximation (u™)
which is obtained by some numerical scheme S, instead of the spacial approrimation uy,
the above notions of convergence and order of convergence are still valid, we just replace

uy by u™, sup,eoy by maxo<m<n and X by .

Lemma 4.17 . Let (u™)M_, be the temporal approzimation of u defined by some numer-
ical scheme Y. If such scheme is of LP-order 3 in H with p > % Then, it is of the same

order in probability. Moreover, it is of a.s. order < 3 — %.

Proof.See [87, Lemma 2.8]. =

In the literature, we can find many results concerned the numerical approximations
of the SPDESs, see for a short list [54, 55, 56, 58, 73, 87]. The classical results state that
space or time discretization schemes convergence strongly in the case of coefficients are
globally Lipschitz and/or have linear growth property, and weakly when the coefficients
are only locally Lipschitz or have nonlinear growth. For example, in [87] the temporal
approximation achived via the semi-implicit scheme of Prb.(3.5) has been proved. More-
over, the spacial approximation is achieved by using; the finite difference method in [2],
the Galerkin finite element method in [73] and the spectral Galerkin method in [12] (see
Theorem 3.11 in Subsection 3.4.2).
We close this chapter by recalling the results concerning the spacial approximation of
the fractional stochastic heat equation, i.e. Eq.(3.21) on the spacial domain D := (0, 1),
where f = 0 and the operator g : L*(D) — L(L*(D)) is the Nemytski map associated
with the Lipschitz function g : R — R.
First, we need to fix some parameters; for « > 1, let n € (% +9, % + ‘%), o€ (max{%, i +

« 1 3a 2 « 2
§h 1+t 5%) and p>max{ %5, 575, oo

Theorem 4.18 Let u be the mild solution of Prb.(3.21), and let uy be its spacial approzi-

mation obtained by the spectral Galerkin method. Under the assumptions that; g € HJ s.t.
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bs := sup,cp |(—A)°g(x)| < 0o, and the initial condition ug is an HJ-valued LP random
variable, i.e. ug € LP(Q2, H})) it holds
E sup |UN(t) - u<t)|I[),2(D) < C(T,|uo|Hn,b5) N~ min{%,Z(S}' (431)
t€[0,1] 2

o

For oo € (1,2], the order of convergence is §

Proof.See [38, Theorem 5.1]. m

Let us mention that, this result also ensures the spacial convergence of the stochastic
heat equation (i.e. Eq.(3.21) on the spacial domain D := (0, 1), where & = 2 and f = 0,
equivalently Eq.(3.3) where f =0, v = 1 and L = 1), where the order of convergence is
1. Moreover, for a > 1 the regularity of the diffusion term has been required to ensure
the convergence. However, for a > 2 the spacial convergence has been obtained without

regularity of the diffusion term as the following result proves.

Theorem 4.19 Let a > 2 and p > % Under the assumptions of Theorem 4.18, with
0 =0. We have
E sup fun(t) = u(t)ap) < Cirluolyg o N(5-3-5) (4.32)

t€[0,T]

Proof.See [38, Theorem 5.2]. m
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Chapter 5

Fractional stochastic Burgers-type
Equation in Holder space
-Wellposedness and Approximations-

This chapter is our first scientific contribution in this thesis. We study a class of one

dimensional fractional stochastic Burgers-type equation given by the following evolution

form
du(t) = (—A*2u(t) + F(u(t))) dt + dW(t), t € (0,7, (5.1
u(0) = uy, '
where A%/? is the fractional power of the Laplacian A = —A endowed with Dirichlet

boundary conditions defined in Subsection 1.2.4, F' is a nonlinear operator given by
F(u(t,z)) := 0, f(u(t,x)), x € (0,1) with f being locally Lipschitz, W is a Wiener process
and g is a L?—valued random variable. These equations represent typical examples for lo-
cally Lipschitz nonlinear growth equations. The fractional stochastic Burgers equation is
recuperated by taking f(u) := u? and if in addition o = 2, we obtain the classical one. To
the contrary to the fractional and Burgers-type equations, the classical stochastic Burgers
equation has been extensively studied, see for a short list, [2, 12, 30, 32, 41, 66, 84, 87|
and the references therein. Fractional Burgers equation has been introduced as a relevant

model for anomalous diffusions such as diffusion in complex phenomena, relaxations in
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viscoelastic mediums, propagation of acoustic waves in gaz-filled tube, see e.g. [75, 97, 98].
Analytical studies for the deterministic fractional Burgers equation have been carried out
e.g. in [5, 19, 71]. The wellposedness of the L?—solution and the ergodic properties of the
fractional stochastic Burgers equation have been obtained in [15, 16], see also [108, 112].
The numerical study of the fractional equations is still at the earliest stage due to the
difficulties to approximate the fractional operator, to the complexity of the schemes and
to the control of the nonlinearity. In [99], the authors partially circumvent the first diffi-
culty, by using the Monte Carlo method. In [38], the authors constructed a concrete form
to the discretized fractional operator and used it in the approximation of the fractional

stochastic heat equation. In [52], the authors considered one dimensional stochastic hy-

9%
Ox2p>

perdissipation Burgers equation, with —A%/2 being replaced by (—1)7+1v p>2,v>0
and W being a colored noise. Based on the discretization of the random noise, the authors

elaborated an approximation for the solution of the equation and proved that it converges

to the solution in L™(Q2; L>°(0,T) x L*(0,1)), m € N and in L'(Q; L*(0,T) x L>(0,1)).

To the best of our knowledge, Goyngy was the first to introduce stochastic Burgers-
type equation [53], then several works followed, see e.g. [20, 57, 113]. Other kind of gen-
eralization has been investigated by L. Debbi in [34]. In this work, the author introduced
a new class of multi-dimensional stochastic active scalar equations covering among others
the multidimensional quasi-geostrophic, 2D-Navier-Stokes and the fractional stochastic
Burgers equation on the torus with a € (1,2]. The author established thresholds guar-
anteeing the wellposedness of these equations, according to the kind of solutions (strong,
weak, martingale) and according to the Sobolev and the integrability regularities required.
A generalization of this class of equations on D C R? and their wellposedness have also

been studied in [35].

In general, the goal of the numerical study of stochastic partial differential equations is
to elaborate schemes providing approximations with respect to time, to space or to both
simultaneously, to prove convergence of these schemes and to establish the rate of conver-
gence. The classical results state that, in the case the coefficients are globally Lipschitz
and/or have linear growth property, space or time discretization schemes convergence in

expectation. In the cases, the coefficients are locally Lipschitz or have nonlinear growth,
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only weak convergence has been proven, see e.g. [58, 87, 54, 55, 56, 73] for time discretiza-
tion and see e.g. [54, 55, 56, 58, 73] for space and full discretizations. One of the first
results about the pathwise convergence for the stochastic Burgers equation known to us
is the work [2]. In this work, the authors used the finite difference method and proved
that the discretized trajectories converge almost surely to the solution in CyL*—topology

with rate v < 1/2.

Our aim in this chapter is to prove the wellposedness of a space-time Holder solution
for the fractional stochastic Burgers-type Eq.(5.1) and to establish the rate of convergence
of both the Galerkin approximation and the full discretization schemes. To the best of
our knowledge, the current contribution is the first one proving these results not only
for the fractional stochastic Burgers-type equations but for the fractional and classical
stochastic Burgers equations as well. The exponential Euler scheme has been applied
here for the first time for the fractional stochastic equations. Recall that this method
has been introduced in [69] and used to approximate the solution of the stochastic heat
and reaction diffusion equations, see [68, 69]. In [12], the wellposedness and the Galerkin
approximation have been obtained for the stochastic classical Burgers-type equations. To
elaborate the full discretization scheme, we combined the spectral Galerkin method and
a version of the exponential Euler scheme. Furthermore, we have established estimates
for the product of functions in specific Sobolev and Hélder spaces and also some sufficient

conditions to prove the existence of the Galerkin approximation.

This chapter is presented in the following plan. In Section 5.1, we describe our prob-
lem and we introduce the resolution ingredients. Our main results are given in Section
5.2. Section 5.3 is devoted to the study of the Ornstein-Uhlenbeck stochastic process
defined via the fractional semigroup. We study the wellposedenss and the properties of
the solutions of pathwise fractional equations of Burgers-type in Section 5.4. The proofs

of our results are given in Section 5.5.
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5.1 Formulation of the problem

5.1.1 Properties of the linear drift term.

The fractional Laplacian denoted by A, is defined in Subsection 1.2.4. In this subsection

—A2/2¢

we add to the list of the properties of its semigroup (e )eeo,r) stated in Lemma 1.71

the following non classical results.

Lemma 5.1 Let 0 < T < 0o and 1 < a < 2 be fized and let 6 € [0,1) and § € R,

such that 6 — f < o — % Then for all n € (M 1), there exists a positive constant

Casnp >0 s.t. forallt e (0,T],
el cap o) < Conast ™ (5.2)
In particular, for [ > % and 0 < [ — %, there exists a positive constant Csz > 0 s.t.
e a8y < Coanp (53)

Proof.
Let 6 € [0,1) and 8 € R, satisfying 6 — 3 < o — % and let v € HY. Then it is casy to
see that

e A" |05 = |Ze FHu, er)er|cs < Ze A v, ex) el (5.4)
k=1

Thanks to Lemma A.7, we infer the existence of a constant c; > 0, s.t. |ex|los < csk?
and thanks to Lemma A.8, there exists a constant ¢, > 0, s.t. et < cn()\k%t)_". From
Remark 1.62, we have A\, = (km)2, hence e t < cy(km)~1t~". Using these estimates for
(5.4), we obtain
|e_Aa/2tv|Ca < Gy Yt (k)™ |(v, er)|k® < Cspat™” > ket 0=B 1y e )| (km)P.
k=1 k=1

Now, using Holder inequality, we get

[N
[N

oo
o o (S )

(e.¢]
(X ((orec))*(hkm))
k=1 k=1

< Czs,n,a,,ﬁtinyv|H§7 (55)
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provided 2(—na + § — ) < —1. This last is equivalent to n > 1+22‘57a_25. A sufficient

condition for 7 to be in [0,1) is that 6 — 8 < o — 1. The proof of the Est.(5.2) is then
completed.

Now if 8 > %, we use the estimate; e_)‘k%t < 1 in Est.(5.4) and than we follow the same
steps as to get (5.5). The condition § < f — % emerges as a consequence for the above

calculus. m

Corollary 5.2 Let 0 < T < o0 and 1 < a < 2 be fized and let 6 € [0, %1) Then for all

n € (H22te 1), there exists a positive constant Cy 5, > 0 s.t. for all t € (0,7,
—Ax/2g N —-n
||6 ||L(H2_7,C5) S Ca,é,nt . (56)
Proof.Applying Lemma 5.1 for 1 < a <2, f = —5 and § < O‘T’l, we conclude that

Est.(5.6) is fulfilled

Lemma 5.3 Let 0 <T < oo and 1 < a < 2 be fired and let B,y € R s.t. 0 <v—f0 < a.

Then for alln € (=2,1), there exists a positive constant Co,,, 5 > 0 s.t. for allt € (0,T],

a

_Aa/? .
le= tH[;(Hg,H;) < Capynpt™" (5.7)

In particular, for B > v, we have
e ggazp gy < 1 (5.8)
Proof.let 5,7 e Rst. 0<y—fF <aandletve HQ/B. A simple calculus yields to
ey = AR A [, < Cy, i ey, 0)2. (5.9)
k=1
Using Lemma A.8, we get for a given n > 0,
|6_Aa/2t7jﬁ{; < C’a,'y,nt_2n i L2(v—amn) (v, 6k>2 < Ca,%n,gt_% i ]{;2(7—0”7—5)<A§v, 6k>2

k=1 k=1

< Oamn7ﬁt_2n|v|fq§a (5.10)

provided 2(y — an — ) < 0 which is equivalent to n > %
If 5>, we get Est.(5.40) by following the same steps of the proof above and using of

5
222t

the estimate e~ < 1 in stead of Lemma A.8. m
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Lemma 5.4 Let 0 < T < o0 and 1 < a < 2 be fized. Then, for any k > 0 there exists a

positive constant C,, > 0 s.t. for all t € (0,7,
e 2" ppo.psy < Cat 3", (5.11)

Proof.Let v € L% Using the boundedness of the semigroup e~ A%t on L?(0,1) and
Lemma 5.1 (with =0 = 0), we can easily deduce that

1
‘e—Aa/2tU|i4 S / ’(e_Aa/QtU)(ZU)|4d$§ Sltlopl]l(e_Aa/% |/| Aa/2t )| dx
xe|0,
< e as oo lolzale ™ olhs < e 2 a ool < oat-é—%m

(5.12)
]
Lemma 5.5 Let 0 < T < oo and 1 < a < 2 be fized and let § € [0,%2). Then for all

2

v € (HLE2 1) and all n € (0, — (L), there exists a positive constant Cy s, > 0

s.t. forallt,s € (0,7,

_Ax/2 _AX/2 _
lle AT o AT S|]£(H2_% o) < Cosyms |t —s|". (5.13)

Proof.Let v € HQ_%(O, 1). Using the semigroup property, Lemmas A.7, A.8 and A.9,
we infer, for v,n € (0,1), that

|(6—A°‘/2t . e—AO‘/Qs) |6_Aa/28(6_Aa/2(t_s) .

v|gs = I)vlcs

[e.9]

S e M1 = M) () e [ex s

IA

Clsy S k757 (1 — e ) (0, ) |1

k=1

< Cusm Z E™sTVEY(t — s)"|(v, ekﬂk‘s

k=1

< Caﬁmns—’Y(t _ 3)77 Z k.—oc’yk,omKU’ €k>‘k5+a/2k’_a/2.(5.14)
k=1

IN

Now, we apply Holder inequality, we get

|(6—Aa/2t _ e—Aoc/2s)U|C(s < Caé—yns_’y(t _ S Z ]{?2 a(1/2—~+n) +5) 1/2 i U ek 1/2
k=1 k=1
< Coagams 't = S)UMHf%a (5.15)
2
provided that & € [0, %5), v € (&2 1) and n € (0,7 — (H22)). m
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Corollary 5.6 Assume that the conditions of Lemma 5.5 are satisfied. Then, for any
k > 0 there ezists a positive function Cns(-) on (0,T], s.t. for allt € (0,T],

a—1-24

)gca,g(to)yt—to\( 2w )7F, (5.16)

—A2 A2 N
H@ € HL(H2 7706

Proof.Est.(5.16) can be easily obtained from Est.(5.13) with v = 1 — k and 1 =

a—1-20

o — K forany £ > 0. =

5.1.2 Definition and properties of the nonlinear drift term

The general form of the nonlinear part of the drift term is given by a function F satisfying

the condition (Assumption 2. in Blémker et al! Theorem above; Subsection 3.4.2):

F(u)— F
sup |F'(u) (MU<w
lulv, oy < r, uo U=Vl

with V := ([0, 1], for a relevant § € (0,1) and U := H;a/2(0, 1). Our typical example is,

d _a
F(u)(x) = f(g(x))’ with f: H; 2(0,1) — C°[0,1] being locally Lipschitz. (5.17)
x
Specially, the case when f is a polynomial; f(z) := ag + a1x + asz? + ...a,x", with

ag,a,...,a, 70 € R, n € N. It is easily seen that for n = 2 (i.e. ay # 0) and a; = 0,
we recuperate the fractional stochastic Burgers equation. This fact justifies the name of
Burgers-type. For n = 1, the drift is then linear and the equation is nothing than the
fractional stochastic heat equation with globally Lipschitz coefficients. This study covers,
with slight modifications, the case when the coefficients (a;(:))}—, are differentiable real
functions with bounded derivatives. Moreover, the proofs can be easily extended to the

case of non autonomous function f(¢,z,u), under suitable conditions.

Lemma 5.7 Let 1 <a <2,6 € (1—%,1) and let F' be given by (5.17), with f being a

polynomial of order n, then the following mapping

F . C%0,1] — Hy ?(0,1)

us Fu) = df(;;('», (5.18)

is well defined. Moreover, for all R > 0, there exists a positive constant C'r such that for

every u, v € C°[0,1] with |u|cs , [v|cs < R, the following inequality holds
|F'(u) —F(U)’H_% < Crlu —v|cs. (5.19)
2
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Proof.Let u, v € C°[0, 1] such that |u|cs , [v|cs < R for a given R > 0, thanks to the
Imbedding (1.5) in Lemma 1.13, we get

[P () = F)l -5 < Clf () = f0) g < C1F(u) = f(©)lcs.

2

First, we consider the case n = 1. Then

|E(u) = F(v)],-¢ < Clailfu = vlcs. (5.20)

In this case F' is globally Lipschitz. Now For n > 2, we use the definition of f and the
fact that C? is a multiplication algebra, see Lemma 1.13, we get
n k—1

|F(u) — F(v)| —g <CY > |ag|[u" 70| oslu — v|es < n*CR"u—v|es.  (5.21)

H
2 k=1 j=0

Corollary 5.8 For1 < a <2, € (1—$,1), F given by (5.17), with f being a poly-
nomial, U = H;%(O, 1) and V = C°[0,1], then thanks to Lemma 5.7, Assumption 2. is
fulfilled.

Corollary 5.9 For o € (3,2], 6 € (1 —¢,%1), F given by (5.17), with f being a

polynomial, U = H;%(O, 1) and V = C°[0, 1] then thanks to Lemmas 5.1 and 5.7, the first

part of Assumption 1. and Assumption 2. are simultaneously fulfilled.

Corollary 5.10 For R > 0, there exists a positive constant Cr such that for every u €
C?10,1] with |ulcs < R,

F()] g < Cr(1+ luls). (5.22)

H,

Proof.It is sufficient to take v = 0, in the Est.(5.19).

|

In [12], the authors assumed the existence of a family (X )y satisfying suitable condi-
tions, see Assumption 4. in Blomker et al” Theorem above; Subsection 3.4.2; Cond.(3.16)
& Cond.(3.17). In our work, we give sufficient conditions for the existence of such family.

We assume that:
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o There exists a function g : R? — R, such that

fx)—f(y) = (@—y)g(z,y) & VR >0, 3Ck, st.Vz,y,|z|,|y| < R, |g9(z,y)| < Chr.
(5.23)

o There exist m € Ny, (¢;)7,¢; > 0 and ()72, with 0 < p; < 2, such that for all
ve H7 (0,1), € € C7[0,1],

[(F(v+£),v |<ZCJ\U\”J €105 + olzzlol 5 (O ilEls)- (5.24)

2 j::1
5.1.3 Definition of the stochastic term.
We fix a stochastic basis (€2, F,P,F, W), where (€2, F,P) is a complete probability space,

F := (F)i>0 is a normal filtration. W := (W(t),t € [0,T]) is a cylindrical Wiener process
defined on the filtered probability space (2, F,P,F). W can be formally written as

Wi(t) = i Br(t)er, P —a.s, (5.25)
k=1

where (B¢ )r>1 is a family of independent standard Brownian motions and (ex(.) = v/2sin(k7.))ren,
is an orthonormal basis in the space L?(0,1). We introduce the following Ornstein-

Uhlenbeck stochastic process (OU)

W) = [ LA (). (5.26)

It is easy to see that W is well defined for all & > 1, see e.g. [39].

5.1.4 Definition of the Galerkin approximation.

We fix N > 1. We denote by Py, the Galerkin projection on the finite dimensional space
Hy generated by the N first eigenvectors (ex)l_,, i.e. for § > 0, v € C?[0,1] C L*(0,1)
and for all z € [0, 1],

N
Pyo(z Z v, ex)e(x (5.27)

/2y
commute.

Lemma 5.11 e Py ande 4
o Let 6 €10,1) andn >0+ %, then there exists Cs, > 0, s.t.
||PNH£(H2",C5) < Csp,- (5.28)
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o Let B <7 €R, then there exists C, 53 > 0, s.t.

11— PNHg(H;,HQB) < O%BN_(W_B)' (5.29)

e Leta € (1,2] and § € [0,%51). Then, for any k > 0 there exists Cy 5 > 0, s.1.

a=l_§\_x _Aa/2
NET =975 (I — Py)e ™ Iz gperz ooy < Cas: (5.30)

o Let € R, then there exists Cz > 0, s.1.
1PNl gy < Cs. (5.31)

Proof.We omit the proofs of the first and last statements as they are easy. Now, we prove
the second one. Let v € C°[0, 1], thanks to Identity (5.27) and Lemma A.7, it is easy to

see that

N
|Pyoles < Z v, ep)lex]os < C'52| v, ex)|k°
k=1 k=1

N
< Cs Z (v, e ) |51 < C° N (A 20, e4) K0 (5.32)

k=1 k=1

Using Holder inequality and the condition n > ¢ —i— =, we deduce that

[Pavlos < Cs(X_(A"?0,e4)°)2 (3 KC7)7 < Ciylo]my. (5.33)
k=1 k=1

For the third estimate, we consider v € HJ, then

(1= Px)olys = [APP(I = Py)olie = D (AP2(1 = Pa)o,e)* < 30 Mo, e)?
? k=1 k=N+1
k=N+1 k=N+1
< 2B N2(B—) k %: 1<A7/2v, €k>2 < Wz(ﬁﬂ)NQ(gﬂ)wﬁ{g_ (5.34)
=N+

/2

For the fourth estimate, we assume that v € Hy”” and we prove that for any x > 0 there

exists Cy,s > 0, such that

sup sup (N(%’é)’“](l - PN)e’tAa/Qvlcs) < 00. (5.35)

NeNte(0,T]
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In fact, by application of Lemma 5.11, Est.(5.3) and Est.(5.29), we infer the existence of
Cys > 0, such that

(I — Py)e ™ ]cs = |~ (I — Py)v|es
—A2/2¢
< le !E(H;H%W’C&)U - PNlﬁ(Hg/zﬂééJr%)ﬂ)‘U‘H;/Q
< CogN™CT 5] oo (5.36)
2

Corollary 5.12 Let 0 < T < o0, 1 <a <2,0 €[0,1).

o Let p € R, such that 6 — 5 < o — % Then, for alln € (#, 1), there ezists a

positive constant Co 55, > 0 s.t. for allt € (0,77,
_Aa/? _
le= " Pxl gears coy < Caspt ™, (5.37)
and for [ > % and 6 < 8 — %, there exists a positive constant Csg > 0 s.t.
_ae/
le=*"* Py|| z(s5,05) < Cs - (5.38)
o Let <~y eR. Then foralln' € (%, 1), there exists a positive constant Cp g > 0
s.t. for allt € (0,7,
_Aa/2 o
le™ " Pull p(12 pryy < Caprt ™ (5.39)
In particular, for B > ~, we have

le="* Pl <1 (5.40)

HY HY)

Proof.Combining Lemma 5.1 and Lemma 5.11, we conclude the first statement and
similarly, combining Lemma 5.3 and Lemma 5.11 we get the second one. m

We introduce the following discretized version of Eq.(5.1), using the Galerkin spectral
method:

dUN<t) = [—Aa/2U,N(t) + PNF(UN(t))]dt + dWN(t), te (0, T],
{ ux0) = Pyuo. (5.41)
where N
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5.1.5 Full Discretization

Let us fix M > 1 and consider the uniform step subdivision of the time interval [0, T,

with time step At = % We define t,,, = mAt, for m = 1,...,M. We construct the

: m M .
sequence of random variables (uf} /)pm—o as:

u(])\f,M = PN“O?
m _ Aa/2 m m _Aa/2
uNj\}[ =4 T/M(quM + A:C[(PNF)(UMM)) + PN<W((m + 1)%) —_e A T/MW((m)AI;[))v
(5.43)
where W is the Ornstein-Uhlenbeck stochastic process given by Eq.(5.26). Let us mention

here that we can also rewrite u}} ,, as

U = Po, o (5.44)
uy oy = e 4" tmuS)V’M + ALY e A" (tm_t’@)PNF(u&M) + Wy (tm), '

where Wy := PyW.

The idea of the construction of (5.43) is based on the representation of the solution
of the Initial Problem (5.41) via Duhamel’s formula and the application of the semigroup
property. More precisely, the solution of IPblm (5.41) at time t,,,; is given by:

tm41

tm o
wun (b)) = e—Aa/2tm+1pNuO+/ e_Aa/Q(t’"“_S)PNF(uN(s))ds+/ A P2tm1=9) QU7 (s).
0 0

Using the semigroup property, we can rewrite

e—Aa/%m+1 _ e—Aa/2T/Me—Aa/%m e—Aa/Q(tMH—s) _ 6—A“/2T/M6—Aa/2(tm—s)‘

and

Therefore,
2 a/2 tm a/2 tm a/2
un(tm+1) = e A TM=A Ptm Pyug —i—/o e A (tm =) Py F(un(s))ds —i—/o e A (=) d Wy (s)]
tm a/2 tm a/2
n / +1 e_A / (tm+1_S)PNF(uN(S))dS +/ +1 e_A / (tm+1_s)dWN(8)
t’nl t7n
tm+1 a
e_Aa/QT/MUN@m) + G_AQ/QT/M/ " e 4 /2(tm_S)PNF(UN(S))dS
tm
N /tm+1 e,Aa/z(thfs)dWN(S) . eﬂqa/zT/M /tm e,Aa/z(tmfs)dWN@).
0 0
Thanks to Identities (5.42) and (5.26), we write
bt gas2(g 0 —s) _ac2rg [P _aal2, )
/ e mHdWh(s) — e / e m= AW (s)
0 0
T a/2 T
= Po(W(m+ 1)) — T (m) 1),
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Now, it is quiet standard to consider the approximation:

tm o T
/ e /Z(tm_S)PNF(uN(s))ds o~ MPNF(UN(tm))
tm

and hence the approximation in (5.43).

The sequence (u} yr)m has the following property ( see the proof in Subsection 5.5.3).

Lemma 5.13 Let T < a < 2,6 € (1 —%,252), F defined as in Subsection 5.1.2 and
ug satiesfies Assumption A below with s > 0 + 5. Then there exists a finite Fy-random

variable Cy 5, s.t. for all w € €1,

sup [u ar(W)les < Cos(w). (5.45)

m,N,

Assumption A. For s > 1 we have ug : Q = H3(0,1) is a Fy random variable.

5.2 The main results

In this section we present the main results. First of all, we give the following auxiliary

one,

Theorem 5.14 LetT >0, a € (2,2), 6 € (1—%,%7) and let ug satisfies Assumption A
)

with s > 6+ 3. Then Eq.(5.41) admits a unique Lz—mzld solution uy := (un(t),t € [0,T]
satisfying sup g supeo ) [un(t)|r2 < oo. Moreover, for <a<2andd € ( , 2 R 3),

for almost allw, the map uy : [0,T] — C°[0,1] is Holder continuous of index (“==2° 25) K,

for any k > 0 and satisfies Est.(3.16), with V := C°[0,1], i.e. for all most all w € Q,
sup sup |un(t,w)|cs < 0. (5.46)
N €[0,T]

Our main results are obtained under the conditions 0 < 7" < oo, o € (Z,Q), ) €

(1 —2,2223) and that uo satisfies Assumption A with s > ¢ + . We have

Theorem 5.15 The fractional stochastic Burgers-type equation (5.1) with initial condi-
tion g, admits a unique mild solution u : [0,T] x Q — C°[0,1]. Moreover, almost surely,

— K, for any k > 0.

the paths of w are Holder continuous of order (=== 1a a-1-20)
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Theorem 5.16 V k > 0, there exists a F/B([0,00))-measurable mapping C' : Q — R*,

such that for almost surely,

sup |u(t) — un(t)|es < Cw) N~z —0n, (5.47)
t€[0,T]
where u is the unique solution of Eq.(5.1) with initial condition uy and uy is the solution

of the Galerkin approximation Eq.(5.41).

Theorem 5.17 V k > 0, there exists a F/B([0,00))-measurable mapping C' : Q — R*,

such that for all N, M > 1 we have almost surely,

sup_[u(t,) — U yrlos < Clw) ((AREZT 70 4 N=EF-004%) (5.48)

tm€[0,7T

where ufy 5, is the solution of the problem (5.43).

Remark 5.18 The F/B([0, 00))-measurable mappings C(w) in Theorems 5.16 & 5.17
depend on o, T& 8. In fact, the mapping in Theorem 5.16 emerges from the application
of Theorem [12, Theorem 8.1.], see Theorem 3.11, Remark 3.12 and the proof of Theorems
5.15 € 5.16 in Subsection 5.5.2. As a consequence of the dependence of C(w) in Theorems
5.16 on a, T& 0, the Estimates (5.118) and (5.135), the mapping C(w) in Theorem 5.17

depends also on these parameters.

5.3 Some estimates for the stochastic terms

This section is mainly devoted to study the rate, the different kinds of convergence, in
particular the pathwise convergence, and the regularities of the Galerkin approximation

of the stochastic terms; Wy given by (5.42) and

WN(t) = PNW(t) :/

b aelz Y[t e
e~ A=y (ds) = 3 / e N E948, (Mer,  (5.49)
0 = /o
where W is the Ornstein-Uhlenbeck stochastic process given by (5.26). The process
W has been studied, for example, in [16, 37, 39], where the authors proved that for a €
(1,2], the Ornstein-Uhlenbeck process (5.26) is well defined as an L?—valued stochastic
process with C:Z;“ C;:% —Hélder continuous trajectories. In [34], the author proved that
for v € (1,2], W € LP(Q; Gy x HP)(c(0,1)), 2 < g <00, 3 >0, p>2and ¢(0,1) is the

unit circle. The following Lemma is a generalization of [12, Proposition 4.2.],
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Lemma 5.19 Let o € (1,2], 0 < 3 < 9=, ¢ > 2 and let py > — 1 55 be fized. Then for

p > 1 and for any k > 0, there exists Caﬁ,q,p >0, s.t.

a—1_ ay_k
sup B| Wy, o + NPT = POWI, o+ IV, o] < Capape (5:50)
c q tilg

CyHJ

Proof.To prove Lemma 5.19, it is sufficient to prove the result for the second term in
the LHS of (5.50). The remaining estimates can be easily obtained by following a similar
steps, but simple calculus without considering any power of N.

The proof is given in two steps. In the first one, we prove that for o € (1,2], 0 < <

,q>2andp>

e 55 there exist Co g4, > 0 and &, € (0, el —(B+ =), such that

the following estimate holds:

sup E|N%?|(I — Py)W|?
NeN

v | < Cobar (5.51)

In the second step, we show that Est.(5.51) is true for all p > 1 and for a universal &.

Stepl. Recall that

(1= Poywi(e) = [ " e=ATP=9) (1 _ pyyv(ds). (5.52)

Using the factorization method (see Theorem 3.8), we represent (I — Py)WV as,
¢

(I — Py)W(t) = /O (t — 5) LA =)y N (5)ds, (5.53)

YN = [ (= §) e A (1~ PO (ds), (5.54)

with v € (0,1). Thanks to Est.(1.23) and by application of Hélder inequality and the fact

that we can choose 1 + 2 < v < 1, we get
P a

t
E|(I — P)WE, 0 = E( sup |45 / (t—5)" e AV N (s)ds]h,)
t€[0,T 0
t 2
< E sup ([ (t—s) AR YV (5) | ads)”
te[o, 7] ~ /0

< CE sup (/t(t - s)”_1_§|YN(S)|qus)p

te[0,T]

¢ , _ T
< C sup (/0 (t—s)(”_l_g)ﬁds)(p I)E/O YN (s)|D.ds

te[0,7T

» T
< CT<1+<”—1—§>r1><P—1>E/ YN ()|, ds. (5.55)
0
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Moreover, using the stochastic isometry, the estimate |eg|r« < 1 and Lemma A.8, with

Loy<l1—2vandv < i— L weobtain
« 2 2a?

T T ,
E/ |YN(8) Pids < E/ |/ (t — s)_”e_Aa/ (t_s)(] — Py)W(ds)|}.ds
0 o ' Jo

T
< C’/ (/ (t—s)” Z 672’\kt3\e|qus)
0 k= N+1
< C'/ /t—s Z 6_2)‘ ts)ds)d
k=N+1
< c/ (/ (t—s) 3 (2\)F(t — 5)ds) Bt
0 7o k=N-+1
< CM/ /t—s g S kot (5.56)
k=N+1
Remark that v exists thanks to the condition v < % — i and a > 1. It is also easy to

see that, thanks to the choice of v and ~, the integral in the RHS of the last inequality of
Est.(5.56) converges. Now, let £ € (0, ay—1), then 02 v k77 < N800 v koe <
Co~eN7¢. Hence

T p T » 00 ,
E/ ‘YN(S) Hads < Ca,%nggi(/ t(1*2”*7)§dt)( Z k*7a+€>§
’ 0 k=N+1

< CMBN_%T(I_Q”_”)%“(Z k—’ya—i—ﬁ)%
k=1
< CanppwerN . (5.57)

Now to combine (5.55) and (5.57), we have to assume that % + g <v<s3—5. The

existence of v is guaranted thanks to the conditions 0 < § < O“T_l and p > a_zloi%.
Therefore,
_pE
E|(I — PN)W|gtH5 < CopyppperN P2 (5.58)

According to the values of the parameters ¢, v and v, we deduce that § € (0, 252 — (8 +2)),

hence ¢ depends, in particular, on p, so let us denote & 5 by &p.

Step2. Let us fix py > a_21°i25, using Holder inequality, we deduce Est.(5.51), for all
p < po, with £, being replaced by &,, and the constant depends also on py, and p. Now,
for p > po, then Est.(5.51) holds and thanks to the inclusion (0, %+ — (8 + 5o)) C

(0, ‘17_1 —(B+ %)), it is sufficient to take &, equal to &,,. ®
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Corollary 5.20 Let « € (1,2], 0 < § < C“T_l and py > j(fﬁlz)a Then for p > 1 and for

any k > 0, there exists Cy 5, > 0, s.1.
supIE[IWN!C o NP (P |Wygtcg] < Cosp (559

Proof.It is easy to see that Est.(5.50) is valid for the special case § = § + f, with

2(a+1)
a—1-26

0 < O‘T_l, po > and ¢ = py. Hence, we get

sup E| [ W

aup LA NS pgwp M ] < Gy

CiHy " CiHyy 70 CtHypy ™

(5.60)
S+-L
Thanks to the embedding Hp;rm <+ (%, see Theorem 1.17, we get Est.(5.59). m

Corollary 5.21 Let a € (1,2] and 6 € (0, %‘1) Then, for any k > 0 there exists a finite

positive random variable Cy, 5, such that for almost surely,

sup [N =07%|(1 — Pxr)W(w)le,es] < Caslw). (5.61)

NeN

Proof.Using Corollary 5.20 and Lemma A.3, we deduce for a given py > (Of“l%, that

almost surely,

sup sup (N(i_(ﬂ Fo)” DT — PN)W(w,t)]Ca) < 00. (5.62)
NeNte(0,T]
For py large (a—tl = €) then there exists a random variable C, s, such that (5.61) is
fulfilled.
]

Lemma 5.22 Let a € (1,2] and 0 < & < %, Then there exists a finite positive random

variable Cy 5, such that for almost surely,

sup sup Wy (t,w)|cs < Cas(w). (5.63)

NeN te[0,T]

Proof.Thanks to Lemma A.7, we have
Sl t—s)A/? a A/?
ol = I[P agn@eler < I P )@l
< C&Z| [ e 5 (5)) ), (5.64)
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We define
0 t
Clt,w) :=Cs Y |(/ (km)’e= =G 43, (5))(w)]. (5.65)
k=1 "0
It is well known that the process C(t,w) is well defined provided that

%t
Z/ (km)Pe 2t=9)km% g5 < 0.
k=170

This last condition is satisfied by using Lemma A.8, with % < 7 < 1. Moreover, C(+,w)

has continuous trajectories on [0, T|. Therefore, the random variable:

Cas(w) :== sup C(t,w) (5.66)

t€[0,T]

exists, is positive and finite and we have,

sup [Wy(t,w)|lcs < Cus(w). (5.67)

te[0,7
]

Lemma 5.23 Let o € (1,2], 0 < § < O‘T_l and fir N € N. The stochastic process:
Wy = [0,T] x Q — C9[0,1] has Hélder continuous sample paths of degree % — K, for any

k > 0.

Proof.Our main tool here is Kolmogorov-Centsov Theorem 2.10. First, we prove
that for large p € [1,00) and for ¢;,t, € (0,7, there exist positive constants C, and
€ (0,1) s.t.

(E| W (t2) — WN(tl)V();s)% < Onyplts — 2] 7, (5.68)

Let z,y € [0,1] and t,ts € (0,T]. Then

(5.69)
Thanks to the fact that the elements of the sequence () are independent and to Lemma,
A5, we get for every 7 € (0,1),
E(Wn(t2)(x) — Wn(t)(@)) — Wn(t)(y) — Wr(t)(y)))®

. 2 2 —)\%(tg—s)d . h —)\%(h—s)d 2
(@) —er(y)E [ e Bi(s) = | e By(s)

I
M=

=
Il

1

%(1*7”

() — ex(W) A 2t — 1] (5.70)

IA
M=

B
Il
—
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Let 0 < e < 1

calculus yields to

E(Wn(t2)(z) —

VAN

IN

IN

<

<

W (t1)(x)) —
Z lex(

4 Z k2(5+%+e)‘x

k=1

(Z A 1-7'-2 5+ +e) )|t2 . t1’7/|x B y|2(5+%+e)

Onlta — 1" |z —y

5- Using the properties of the trigonometric function sin(krz),

Wi (t2)(y) — Wa(t1)(y)))*

14, _ lia—%01—7 r
—ex(y)] 20t )(|€k($)| + lex())|? 20ty )/\k: 2 )|t2 — 1]

1, —2(1-7 !
_y‘2(6+p+ ))\kz( )’t2_t1|

(Z A a(l-7'-2 6+ +6)))|t2 i t1|7—,|1’ i y|2(5+%+6)

1
‘2(5+;+e).

a simple

/

(5.71)

Furthermore, using Lemma A.5 and the properties of the trigonometric functions, we get

E(Wn (t2)(x)

<

Wi (t1)(x))*
to % t1 % 2
ZE (/ e—)\k (tz—s)dBk<8) . / 6_)\k (tl_s)dBk(S))
0 0

Z lex (x

CZk A=ty — 117 < Cplta — 4]

Thus, using Lemma A.4, we infer that

E((Wn (t2)(x)

And

IA

IN

W (t1)(x)) —

Cnplta — tl\Tl%

(Wi (t2)(y) — Wn(t)(y)))"
P (E(Wy (t2) () = Wi (t1) (@) = Wa(t2)(y) = Wa(t)())*)*

|z

S+1te
_ y’p( +tpte)

(5.72)

p

(5.73)

E(Wn(t2)(z) = Wa(t)(@)? < pl(EWy(t2) (@) - VVN(IH)(%))Q)g < Onplts —ta] 73

(5.74)

s+ 1
Thanks to the Sobolev embedding Hp+p < (%, see e.g. Theorem 1.17, Est.(5.73),
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Est.(5.74) and Lemma A.6, we obtain

EWn(t2) — Wn(t)lgs < CN(/l (W (t2)(z) = Wi (t)(z)) d
N / /1 E((Wn(t2)(x) = Wn(t)(z)) — Wn(t2)(y) —WN(tl)(y)))de )

|z —y[*or

< Chplts — t1|%p (1 +/ / |z — y|"0P)dx dy)
0 JO

< Cyplts—t1)7. (5.75)

Corollary 5.24 Let o € (1,2] and 0 < § < "T_l The Ornstein-Uhlenbeck stochastic

process W has a continuous version, we still denote by W : [0,T] x Q — C°[0,1] with

a—1-20

o )—/i,fO’I"CL’rLyli>0.

Hoélder continuous sample paths of degree (

Proof.First, we find 7’ such that Est.(5.68) holds with a constant in the RHS which
is independent of N, i.e. we prove that for large p € [1,00) and for t1,t, € (0,7, there

exist positive constants C, 5, and 7" € (0, 1) s.t.
1 -
(EIWx(t2) = Wi (t1)[2s)" < Casplts — ta| 7, (5.76)

To this aim, it is sufficient to follow the same calculus as in the proof of Lemma 5.23 and
to choose 7’ such that Y32, k™ a(='=20+5+) < 5. We consider p large and e small such

that 0 < ( + 2¢) < € for a given ¢’. We have

Zk a(l- 7__7 5+ +5) < Zk a(l— T/—25+€ ) < 00, (577)
k=1

/ 20

provided a(1 — 7/ — 2 — ¢') > 1. So it is sufficient to take 0 < 7/ < 2=1=20,

2(a+1

Now, we take py > ~55

and we use Corollary 5.20, and Est.(5.76), then for any x > 0
there exists Cs, > 0 s.t for all N € N,

EW(t2) =W(th)les < E[(I = Py)(W(t2) = W(t1))les + E[Wn (t2) — W (t2)[es

< Ca757pN_p(aT_1_(6+aT-;1)_N) + C&,p‘tl _ t2|% (578)

The result is easily deduced making N — oo and applying Kolomogorov-Centsov Theorem

2.10. =
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5.4 Some auxiliary results

In this section we provide non classical results to estimate the nonlinear term. We mainly

focus on nonlinear term of Burgers equation, i.e. for F given by f(x) = 2.

Let ™ : (0,T) — L?(0,1) be a sequence of continuous functions. We define

t 2
yN(t) = / e~ A"(t=9) P p(uN (5))ds. (5.79)
0
Lemma 5.25 Assume o € (1,2) and that the sequence (v™)y satisfies
sup sup [v™(2)|2 < oo. (5.80)
N tef0,1]
Then
sup sup |y ()]s < oo. (5.81)
N tef0,1]

Proof.Using Lemma 5.4, Lemma 5.11 and [16, Lemma 2.11](see e.g. Lemma 3.23),

we get

t
Ol s [ eI P FN () s

t —S
/ ||6_Aa/2 (t2 :
0

IN

_Aa/2(t=s)
ﬁ(L2,L4)||PN||£(L2)|e 4 ? F(UN(S))|L2d3

¢ ) t t
< 0/ (t— 8)"1a "1 — s)~ 32N (5)2|puds < c/ (t — 5)" T[N (5)|2ads,
0 0
(5.82)
for any K1,k > 0 and K := Ky + Ka.
Finally, using Assumption (5.80), we end up with
ly™N ()| 1+ < C'sup sup "UN<S)|%2T1_£_R < 00, for any k > 0. (5.83)

N t€[0,T]

Lemma 5.26 Assume o € (3,2), § € [0,2%2). Let o™ : (0,T) — L*(0,1) satisfying

sup sup [v™(t)|pe < oo0. (5.84)
N t€]0,7T]

Then
sup sup |y (t)|cs < oo. (5.85)
N tel0,T]
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Proof.Using Lemma 5.1, in particular Est.(5.2) and Lemma 5.11, we infer that

t
A2 (g
YWl < [ eI PR ()] sds

IN

t _Aa/2 —s
L1 s | Py | F 07 () s

t —3+20_ 0 N 2 13428, N 2
< Cagps [ (E=5) T 0 () Fads < CopsT' 5 sup sup oV (5)[3s < ox,
0 N tel0,T]

(5.86)

for any k > 0.

Corollary 5.27 Assume o € (1,2), § € (0,2%2) and that (v™)y satisfies Cond.(5.80).
Then

sup sup |y (t)|es < oo. (5.87)
N te[0,T]

Proof.An application of Lemmas 5.25 and 5.26 leads to the result. m

Lemma 5.28 Let a € (£,2) and 0 € (1 — %,251). We introduce the following initial

value problems

DoN(t) = =AYV (t) + Py F (0N (t) + En(t)), (5.58)
UN(O) = pNU07 '
where vo € L*(0,1) and &y - (0,T) — C?[0,1] is continuous with
supsup [En(t)]cs < o0. (5.89)
N [0,T]

Assume that F' is given by [ satisfying Cond.(5.23). Then for all N € Ny, IVP.(5.88)
admits a local solution. Moreover, if F satisfies Cond.(5.24), then the local solution v

becomes global, unique and it satisfies

oV € €0, T; L2(0,1)) N LX(0, T; Hy (0, 1)), (5.90)
and
sup sup [v™(2)|2 < oo. (5.91)
N te[0,T]

In particular, this result is true for Burgers equation.
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Proof. To prove the existence of the local solution it is sufficient to prove that there
exists Ty < T, such that the application ¢ : C(0,Ty; C°[0,1]) — C(0,Tp; C°[0,1]) is

welldefined and it is a contraction, where ¢ is given by

(™0)(1) = e A Pyvy + / —AY2(t=5) PP (u(s) + Ex(s))ds. (5.92)

In fact, let u,v € C(0,Ty; C?[0,1]) such that |u|cs, |v|cs < R. Using Corollary 5.2, the
embedding C°[0, 1] — H;_%(O, 1), see Lemma 1.13, Cond.(5.23) and the fact that C°[0, 1]
is a multiplication algebra, for any x > 0 we obtain
N, N < [Me a9 p (F —F d
(v u)(t)les < | e N (E(v(s) +En(s)) = F(u(s) +En(s)))lcsds
b el
< LI, g o Pl F(0) + () = Fluls) + En(3))], -5
t _ 1426 a_
< Cas [ (6= B (00s) — (o) (9(0(5) + Ex(s),uls) +En(5)) eods
t _ 1426 a_ e
< Cas [ (6= 5) T (0s) = u(s))los (9(0(s) + Ex(5), uls) + E(s)) osds

i 1 25 «a
< Cusn s 0(s) = u(s)les [ (=)~ 5 nds
SG[O,To] 0
1_1426+a
< CusrTy ™ sup |v(s) — u(s)|gs. (5.93)
SE[O,T()]
1— 14264« —k

Then, we choose Tj, such that C,srT, ** < 1.

Now, we prove that for any solution of IVP(5.88) on [0, Tp], we have

sup sup [v ()] < oo. (5.94)
N tE[O,Tg}

This last condition is sufficient to guarantee the global existence of the solution. In fact,
we multiply the two sides of the first equation in IVP(5.88) by vV and we use [103] and

we integrate, we get

O+ 2 [0 2 ads =™ O +2 [ (F(($) + x(s)), Pro(s))ds.
(5.95)

94



We use Cond.(5.24), Young inequality with €, €3 > 0 and Lemma 5.11, we obtain
YO+ 2 [ 10O gds < Pyufia + zcj [ en(s)ds
+ / [0 ()| 2|0 ( ZCJ|§N |c§
< Joolts +me /0 g 2 [ len(e)IE” ds

t .
toa [ V@R gds+ - /|v s CJ|§N(3)|JC§)2dS. (5.96)

We choose €1, €3 > 0 such that me; + €5 < 2 and we use Cond.(5.89) we end up with

2

t m T
PN OR: + 2 -me— ) [ [0V gds < ol + S T(X ¢;supsup ()]G
2 j=1

1 m

+ E—SUpNsuPZ cilén () 1%s)? /IU 5)|72ds
2 j=1

< 01+02/ 0™ (5) |2 ds. (5.97)

In particular, as the first term in the LHS of Est.(5.97) is bounded by the RHS of Est.(5.97)
and by application of Gronwall lemma, we deduce that [V (¢)[2, < C1e®T and conse-

quently that supy fy |UN(S)|2% ds < oo. Thus, conditions (5.90) & (5.91) are fulfilled.

2

To clarify further that our study covers the fractional stochastic Burgers equation, we
independently develop below this later case. In fact, using the fact that for all y, we have
(0,9°,y) = 0, [16, Lemma 11], the embedding C°[0, 1] — H;_%(O, 1), see Lemma 1.13,
and the fact that C?[0,1] is a multiplication algebra, we get
MO+ 2 [ VR gds = [0V O 2 [ (FOY(s) + Ens), Py (9)ds

< N (0)lFs +2 /0 (1{2= (0N (5))% 0™ (s))] + |<az<sN<s>>2,vN<s>>|) ds
t
£ 40" (6n(), 0 (3))]ds
t t
o O +2 [l ()], 0V @] pds +4 [ )]s 10 (s)6x(5))] g ds

Pxo(O)fF +2 [ 16w()[Eslv™ (5) s +4 | 1) 0V(9)] -5 En (s lcsds.

(5.98)

IN

IA

3
H2

. L . 221 2=a . .
Using the following interpolation |’UN(S)|H1_% < vV (s)| 1" |UN(S)|H°‘% , Young inequality,

2 2
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Lemma 5.11 and Cond.(5.89), we deduce that

PO + 21fhﬂ%sn;§dss\vd%2+¢/?]W§Nconéa+eﬂvN@o@égds
+ e [ N b ()T o (9)lnds

61
< Ivo\%z+/0 (a\ﬁN(S))!“ca +ep(s) 5)ds

2

t 1
+ 40/0 (2™ ()% 5 +g(\vN(8)!%z|€N(S))!%sd8

2

T t 4
< |vo\i2+€f+(e§+4cez)/o [0 (5)2 g s + C/ 0N (5)[22ds. (5.99)

the choice of €; and ¢, such that 6% + 4cey < 2 gives us

t Tc 4c
PO+ 2~ dee) [ V6P gds < (ool + )+ 2 [ [oV(s) s
2

(5.100)

Now, arguing as above and we apply Gronwall lemma A.1 , we infer that

Tc, ac
(1)) < (|U0|L2+T) @

(5.101)

Thus, Cond.(5.91) is fulfilled and consequently, v™ € L?(0,T; HZ%(O, 1)). Thus the proof

is achieved. m

5.5 Proof of Theorems

5.5.1 Proof of Theorem 5.14

Existence. We understand equation (5.41) in the integral form as
t
un(t) = e A" Pyug + / e A=) Py Fluy(s))ds + Wy (t), t€[0,T],  (5.102)
0

where Wy (t) is given by (5.49). Remark that if ux is solution of Eq.(5.41), then vy :=
uy — Wy is a mild solution of the pathwise IVP.(5.88), with {5 by Wy and vice versa.

To prove the existence of the solution uy satisfying Eq.(5.102) and Cond.(5.91), we apply
Lemma 5.22 and Lemma 5.28.

Uniform boundedness of (uy)y. Now, we assume that { < a < 2,6 € (1-%,2%3)

and we prove that the solutions (uy)y satisfy Est.(5.46). In fact, using Identity (5.102),
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it is obvious that
t
lun (8)]os < |e 2" Pyuo|os + | /0 e A=) Py F(un(s))ds|os + Wa()|es.  (5.103)

Let us remark that the second term respectively the third one in Est.(5.103), are bounded
thanks to Corollary 5.27 and Lemma 5.28 respectively to Lemma 5.22. To estimate
the first term in Est.(5.103), we use Lemma 5.1, Lemma 5.11 and Assumption A with

325>5—|—%,W6get
_Aa/2 _Aa/2
= Prolos < 167 g ool P gy ol g < Cossliolg < o0, (5104

The proof is then achieved.

Holder Regularity of uy. We prove that each term of Identity (5.102) is Holder

a—1-20

continuous of index o

— K, for any k > 0. In fact, the regularity of Wy follows from
Lemma 5.23. To get the regularity of the first term, we use Corollary 5.6, Lemma 5.11,
the embedding HQB(O, 1) = HQ_%(O, 1) and the Assumption A with s > 5 > § + % Then,

for 7 <t € (0,T), we have

_Aa/2 _Aa/2 _Aa/2 _Aa/2
(e — e ) Pyugles < Clle™ T — e gy 8 oo 1P gy 3
< Caperlt = 7|55 o s, (5.105)

for any xk > 0.

For the second term, we have,

‘ T
0 0

T t
< |/ [ean/Q(t*S)—e*A"p(T*S)]PNF(uN(S))ds\oa—1—]/ e*A“/Q(t*S)PNF(uN(S))ds\ca
0 T

< /T HefA"‘/Q(tfs) . ean/Q(Tfs)HL -
0 (H

< 5 IPxl s | Fan(3))], 5 s
¢ 7A“/2(tfs)
b [N P ()]s ds. (5.100)
Using Lemma 5.5 and Lemma 5.11, we infer that, for €,e5 € (0, %;25 — k), for any

k>0,

L A2 (i) T A7)
|/ e s PNF(UN(S))dS—/ e TPy F(un(s))ds|cs
0 0

a—1-25

< CQ/T(t_T)( pre H)_61(T_S)_1+62|F(UN(S)) H_%ds
0 2

+af (= ) Flun ()] g ds. (5.107)

2
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Let us now, remark that thanks to the uniform boundedness of (uy)y with respect to ¢
and N, we can choose R(w) = supy sup;e(o 7y [un(t, w)|cs, for a.s.w € 2 and by application
of Corollary 5.10, we infer the existence of a random variable Cp, 5(w), such that

[F(un(s,w))| -8 < Cras(W)(1+ |un(s,w)lcs) < Cpas(w)- (5.108)

2

Thus

t T
| / e—Aa/2(t—s)PNF<uN(S))dS . / e—A“/Q(T_S)PNF(UN(S))dS|C¢5
0 0

T a—1-2 t
S CF7O¢7(5(')|:/ (t —_ 7—)( 2a 5_/'6)—61 (7. _ S)—1+62d8 + / (t . S)_1+62d8:|
0 T
< Crasr()[(t =) 970 4 (1 = 7). (5.109)
Now, it is easy to get the Holder index, by taking ¢; — 0 and ey — %;25 — K.

Uniqueness. Assume that there exist two solutions u} and u3; of Eq.(5.102) starting
from the same initial condition uy and satisfying the boundedness, the regularity proper-
ties above, then using Corollary 5.2, the boundedness property of u}; and u% and Lemma

5.7, we obtain P — a.s., for all t € (0,7
k() — W@l < [ eI Py(F (uk(5,0) — F (0 (5,0)lcsds
< Uy P G ) — FOd (s, ), s
S Crag(®) [[ (0= o) =0l (5,0) — 5,0l cods, (5.110)
for any k > 0. By application of Gronwall lemma A.1 we get, P — a.s.,
luy (t,w) — ui(t,w)|es =0, Vt € (0,T).

Thus the uniqueness is proved.

5.5.2 Proof of Theorems 5.15 & 5.16

To prove theorems 5.15 & 5.16, we will mainly check that Assumptions 1-4 of Theorem
3.11 hold, with V := C?[0,1], U := Hz_“/z(()’ 1) and S(t) = e~ A",

Assumption 1. Lemma 5.5 states that for a € (1,2] and ¢ € [0,1) the semigroup

A% 00, T — E(H;%(O, 1),C?[0,1]) is Holderian so it is continuous. Moreover, for
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§ < 2=1 and thanks to Corollary 5.2, we have for all 5/ € (222 1),
’ _AX/2¢
sup (t"|le”4 —a/ < Q. 5.111
S (£ gy o) (5.111)
Now, we introduce the auxiliary parameter 5 € (%, — ¢ — 3). Thanks to Lemma 5.1

1+26+2ﬁ 1),

and Lemma 5.11, we infer that for all " € ( there exists Cjs g, > 0, s.t.

_pa/? —AX/2
I = Pw)e™ g ooy = N7 =P8 )
_AQ/2
< 0575777//15_"//]\[_(’8_%)- (5.112)

We consider f = (o — § — %) — K, for any k£ > 0 and we take ' = " := 1 — ¢, with

e € (0,25=2), then we get the estimate

—Ax/2 —1+enT— (5L —8) 4~
(I = Py)e t”c(H;%,o&) < Cspyt” TN o, (5.113)

Consequently, Assumption 1 is satisfied.

Assumption 2. This assumption is satisfied, for the fractional stochastic Burgers
type equations, thanks to Corollary 5.8, provided that 1 <a <2and ¢ > 1 — £.
As a result, Assumptions 1 & 2 are simultaneously satisfied for 3/2 < a < 2 and

§ € (1— 2,91, see also Corollary 5.9.

Assumption 3. Corollary 5.24 shows the continuity of the process WW. Moreover,
it is easy to see that Est.(5.105) is still valid without Py. Thus, the process e‘Aa/Qtuo
Q — €%]0,1] and consequently the process O(t) := e 4" *uy + W(t) : Q = C%[0,1] are
continuous. In addition, thanks to Lemma 5.11, the fact that a < 2 + 9, Assumption A

o3 (0,1) = H$"*(0,1), we have

with s > 8 > ¢ + 5 and the embeddings Hy(0,1) — H,
P—a.s.
_A«/2 _Aa/2
(I = Py)e™ ug()les < (1= Pr)e™ | 1 yare ooy [0 (@) yare
< Cag(W)NET =04y (w)] 5. (5.114)

Now, Corollary 5.21 and Est.(5.114) together show that O(t) satisfies P — a.s.
sup sup (N(QT_l_(S)_ﬂ(] - PN)O(t,w)|Ca) < 00, (5.115)
NeNte(0,T]

For any x > 0. Thus Assumption 3 is fulfilled.

Assumption 4. This assumption is satisfied thanks to Theorem 5.14.
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5.5.3 Proof of Lemma 5.13

Using Eq.(5.44), we rewrite uf} ), as

0
uy = Pyuo,
{ 7Aa/2tmu5)V’M + ftnL 7Aa/2 (tm—s At ZZZ 01 5tk< )PNF(U§€V7M)dS + WN(tm)-

(5.116)

m N
uny =€

We introduce the following problem:

ZN7M(O) = PNUO,
for te (tm1,tm]:
ZN’M(t) = G_A o/ tPNU + ft _Aa/2 t= S)At ZZL:_OI (5tk(8)PNF(ZN7M(S) + WN(tm>>d8.
(5.117)

We argue as in the proof of Lemma 5.28 using Lemma 5.22, we prove the existence of a

stochastic process Zy y solution of Eq.(5.117) and satisfying

sup sup |ynm(t,w)los < Cos(w).
N,M t€[0,T]

It is easy to see that Zy a(tm) = uff yy — Wi (tm), where ufy , is solution of Eq.(5.116).
Now, argue as in the proof of Theorem 5.14, we infer that u} ,, exists and fulfill Est.(5.45).

5.5.4 Proof of Theorem 5.17
Using the triangular inequality and Theorem 5.16, in particular Est.(5.47), we get

ultm) —uffales < fultm) = un(tm)les + [un(tn) = U wles

< CN~ ;_5)+”+|UN(tm)—u%7M|Ca, (5.118)

for any £ > 0. In the aim to estimate the term |uy(t,,) — U} y/|co, we rewrite uly \, as:

sy = e A Z / A ) Py (i Vs + W(b). (5.119)
Then,
ux(tm) — les < 3 / e A ) Py Py (5)) — €A Py (k) ]ds|on
< 4Dt (5.120)
where
Sio= i/jkﬂ e A m =) Py [F (un (5)) = F(uy (1)) | csds, (5.121)
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m=1 .
Z / k1 Aa/z(tmfs) o e—Aa/Q(tm*tk)]PNF(UN<tk)|Cad$ (5.122)

and

m—1

el 40y B

I o= % /t e~ A=t P Fuy (t) — F(uby o)]losds. (5.123)
k=0 'tk

Now, we estimate the terms Jy, Jo, J3. But, first of all, let us remark that thanks to

the uniform boundedness of (uy)y with respect to ¢ and N and of u}y ,, with respect to

m, N, M, we can choose R(w) = max{supy sup,cjo.r [un(t,w)|cs,sup,, yar [uf pr(w)les},

for a.s.w € ) and by application of Lemma 5.7, we infer the existence of a random variable

Cras(w), such that

Plun(5,0)) = Fas@)],,-5 < Cras@)(lun(s,@) = wfin@les)  (5:124)

and

[E(un(s,w)) = Flun(t,w))], -3 < Cras(w)(lun(s,w) = un(t,w)|cs). (5.125)

2

To estimate .J;, we use Corollary 5.2, Lemma 5.11, in particular, Est.(5.31) and Est.(5.125),

we get

— A 2 (1)
Ji < Z/ | A ||£(H2—‘1/2705)“PNH[:(H;%)‘F(UN(S»_F(UN(tk”Hf%dS

2

t 1
< CF,Q,a(Z [ = ) g s )—uN(tk)]cads>, (5.126)
k= k

for any ' > 0 . Thanks to the regularity of the Galerkin solution, see Theorem 5.14, we
infer that

m—1 4 , o1
J < CF7Q’5< Z /kﬂ(tm — 3)*(i(a+26+1)+n )(8 _ tk)( 2a 25)%13)’ (5.127)
k=0 "tk
for any £ > 0. As (s — t;) < At for all s € [ty, tp1] and 5=(a + 26 + 1) + &’ < 1, we get

m—1
B < CanEsT- K< D /tkﬂ(tm —s)‘(i(a+25+1)+n’)dt‘5>
=0 1

IN

C(At) (2= 1 25) H/tm(tm _ S)f(i(oz+25+l)+n/)ds
0

0_1_26)—H}

< Ca6T1—(i(a+25+1))+f€/)(At)( >

(5.128)
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To estimate Jy, we use Lemma 5.5, Lemma 5.11, in particular, Est.(5.31) and Est.(5.108),

then we end up with the following estimate

m—1

t
Jo < Z /k+1 ||€—Aa/2(tm—s) _ —Aa/2(t —tk)H/; a/2 cé)HPNH a)|F(uN(tk)|H o/2ds
k=0 "t H,
m—1 tk+1 B
S OF704,5< Z / (3 — tk)n(tm - S) 7(1 + |UN(tk)|C6)dS>, (5129)
k=0 7tk
by taking v =1—x and n = (%;25) — K, for any k > 0 we deduce

(a 1— 25)

Jo < CrasTH(AL) " (5.130)

Now, arguing as for the estimation of J;, using Corollary 5.2, Lemma 5.11, in particular,

Est.(5.31) and Est.(5.124), we get

m—1 i1 aa)z B
Jo < 30 [ A O e ) Py P (8) = Py ag)] e
k=0 "'k
tk+1 1428y
< ms(Z/ m— 1) ) \uN(tk)—u]fV,Mbads), (5.131)

for any ' > 0. Thus thanks to the estimates (5.120), (5.128), (5.130) and (5.131), we get

lun(tm) = Uy arles

m—1

th+1 o142 s
< Casr (X ("t — )7 CF 7 ds) s (t) — kgl + (A0F ),

k=0 *tk

(5.132)
as ty, — 8 <ty — ty, for all s € [ty, tx11] we get

lun(tm) — UW,M|C(‘

m—1

< Ca,&,T ( Z

t [e3 [e]
([ = ) a8 (1) — el + (A0

k=0 7t
(5.133)
The application of the discretized version of Gronwall lemma A.2 yields
a-1-25) tk+1 (ect1t2sy
fun(b) = 0 agles < Casr(At) exp( Z /t ) g )
k

o¢125

< Cosr(At) )= “e:cp( / (t — 5) (20 ”ds) (5.134)
0

Thanks to the fact that “t120 4 1/ < 1, we obtain

D¢125)R

un(tm) — U arles < Casr(A2) (5.135)
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Chapter 6

Numerical approximations for
fractional stochastic nonlinear heat
equation in Hilbert space- Temporal,
spacial and full approximations-

6.1 Introduction

In this second contribution, we deal with the fractional stochastic nonlinear heat equation
(FSNHE) with multiplicative noise. This means, we consider Eq.(5.1), with the nonlinear
operator F' being globally Lipschitz with nonlinear growth condition instead of locally
Lipschitz. Moreover, we study this equation in the Hilbert space L?(0, 1) instead of the
Holder space C°(0,1). We establish temporal, spacial and full schemes for this equation
and we prove their convergence. Regarding the relaxed condition imposed on the nonlin-
ear term, we improve either the rate of convergence and the constraint on the diffusion
dissipation index «. Recall that, in our first contribution Chapter 5, we studied the
additive fractional stochastic Burgers-type equation in the Hélder space C°(0,1). The
full approximation has been proved with the rate of convergence (N~¢ + (At)%), with

¢ < anl —dand € < ‘127;1 — g, for a € (%, 2] and § € (1 -, 20‘2*3). In this chapter, we fill
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the gap a € (1, ﬂ for the heat equation. Specially, we prove the strong convergence ( i.e.
in the space L?(€, L?(0,1))) of the temporal implicit scheme via Euler method, the strong
convergence of the spacial approximation via spectral Galerkin method and the strong
convergence of the space-time approximation obtained as a combination of the temporal

and the spacial schemes.

The structure of this chapter is as follows: in Section 6.2, we give the main assumptions
and definitions. Sections 6.4, 6.5 and 6.6 are devoted to the temporal, the spacial and the

full approximations, respectively.

6.2 Preliminaries and Assumptions

Let us first, recall the formal fractional stochastic nonlinear heat equation on the bounded

domain [0, 1] with Dirichlet boundary conditions:

Ju(t, x) W (t, )

ot —(—&) 2ult, ) + F(u(t))(z) + Glu(t))(x) “otor (t,z) € (0,1)*
u(t, O) =u(t,1) =0, Vt € (0,1] (Dirichlet boundary conditions),
uw(0,z) =wuo(z), Vo el0,1] (initial condition).
(6.1)
The evolution form of Eq.(6.1) is again given by Eq.(5.1), with A, := (— 8622 )2 = A%,

with A = —A endowed with the Dirichlet boundary conditions, see Section. 1.2.4. Now,
let us take a € (1,2], p > 2, H denotes the Hilbert space L?(0,1), (.,.) its inner product
and we assume that:

Assumption A;. The initial condition ug is an Fy-masurable random variable, satisfies
ug € LP(QY, Fo,P; HY), with n > 0.

Assumption B;. The nonlinear operator F': H — D(A™") with 0 < p < § satisfies the

global Lipschitz and the nonlinear growth conditions, i.e.

ACF; > 0,s.t. |[AP(F(z) — F(y)|lg < Cri|lr —y|lg forallz,y € H, (6.2)

and

ACr > 0,s.t. |APF(z)|lg < Crp (14 |z|g) forallz € H. (6.3)

Assumption C;. The operator G : H — L(H), where L(H) is the set of linear
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bounded operators from H to H, (see the Definition 1.23) satisfies the global Lipschitz

and the nonlinear growth conditions, i.e. 4C¢ > 0, s.t.

|G(x) = G(y)|lemy < Celr —y|lg forallz,y € H, (6.4)
and
|G (@)||zy £ Ca (1 + |z|g) forallz e H. (6.5)
The random version of Assumptions A; and B5;.

In order to make the proofs in this chapter more easier when we use the Assumptions
A; and B, we reformulate them here in the random context as follows; let x,y be two
H-valued random variable. Then, we have

Assumption Aj. The initial condition u is an Fy-masurable random variable, satisfying
Y 1
(E|A§u0|p>p < 00,

with > 0.
Assumption B{. The nonlinear operator F': H — D(A™") with 0 < p < § satisfies the

global Lipschitz and the nonlinear growth conditions, i.e.

AP (F (@)= F ) lio@.m = BIAT(F(2)=F))lx < CrEl(z=y)lx < Crllz—yllLo.m),

(6.6)
for some positive constant Cry, and
AT F () Lo,m = EIAPF(2) [ < CRE 1+ |z[n)” .
The fact that, for any a,b > 0, (a + b)P? < Cp(a? + b?), for all p > 1 leads to,
CpE (L + [aln)? < Chuy (L +Elofy) = Choy (14 I2loon) . (67)

Moreover, the use of the basic inequality (a + b)? < C,(a? 4+ b?), for any a,b > 0, and any

0 <q <1, yields

1
1A F(@)l| o) < Crup (14 [2(500,m) " < Crrp (L 2o (6.8)
for some positive constant Cpy .
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Remark 6.1 To avoid the repetitions, in the rest of this chapter, when we need to use
estimations in the random context as it has been proved above for Assumptions A; and

By, we will do it without proof.

Let us metion here that, the wellposedness of Prb.(6.1) in the whole space R has been
obtained in the random field-setting (see Theorem 3.15). However, to approximate the
problem temporally we need its wellposedness in the L2-setting. For this, in the rest of

this chapter we assume that Prb.(6.1) admits an unique mild solution u given P-a.s. by:
t t

u(t) = Sa(®uo+ [ Sult—s)F(u(s)) ds+ [ Sa(t=s5)Glu(s))dW(s), Ve 0,1], (6.9
0 0

where S, (t) := e~4et_ for any t € [0, 1].

6.3 Temporal regularity of the mild solution

Due to the fact that, the temporal regulariy of the mild solution of Prb.(6.1) has been
proved in the random field setting as mentioned in Theorem 3.16, and regarding the
importance of such peoperty in the proof of the temporal approximation, we prove it in

this section in the L2-setting.

Proposition 6.2 According to Assumptions A} with n > %‘1, By with p € [0,3], and

C1, the mild solution u of Prb.(5.1) equivalently Prb.(6.1) is time Hélder continuous with

exponent "‘2—;1 — K, for any Kk > 0. i.e.

a—1

Jut) — w(s)||zr@m < C )(t —s) = " (6.10)

(||Ag“0\|LP(sz,H)7p,a
forall0 <s<t<1.

In order to prove this proposition, we need the following useful result.
Lemma 6.3 For all £ > i, there exists C¢ > 0, s.t.

A s < Ce. (6.11)

Let a € (1,2]. Forany 0 <s <t <1, we have
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. Forall§>0andallo<7< , there exists C, > 0, s.t.
A7 (Sa(t) = Sa(s)leqn < Cslt —s)". (6.12)
o Forall >0 and all v € (%f, 1+ %{),there exists Cy e >0, s.1.
[ 4°(Sa () = Salo) et < Crags ™ (E = 5)77¢. (6.13)

Proof.For the first estimate, let £ > 1 , the use of the definition of the Hilbert-Schmidt
norm (see Identity.(1.13)), with the facts that |e;|y = 1 and \; = (j7)?, leads to

RIS SIVE R S v v P v D SPa
Jj€Np J€Np J€Np J€No JE€Ng

Riemman series > ey, J —4 converges, thanks to ¢ > 2, and so
|A™¢ | s < Ce.
For the second estimate, we use Identity.(1.12) in Lemma 1.36 to get
4750 = Sulohlean = sup N3 = o))

Since the function e™* € C*, then it is Lipschltz and ~-Hoélder continuous for any v €

(0,1). Therefore, there exists C., > 0 s.t.

ay

_< g -3 ¢ ey
|A] Q(G*t)\gz o 678)‘]2 )| S Cf’y(t _ S)W(A] QAQ ) — ny(t - S)’Y(}\ (2 P} ))

J J

Let0<7< , then ¢ — ary > 0. We have \; = (j7)* > 1, and so /\f(gf '~ 1. Hence

JA5(Sa(t) = Sa())llcn < Gyt —s)7 sup (A7) <yt - 9.

1<j<o0

For the last estimate, let £ € [0, §), by using Identity.(1.12) in Lemma 1.36, we have

[*3 a
2

[A9(Sat) = Sa(Dlleun = sup P =) = sup e (N~ ).
SJS00

1<j<o0
(6.14)
We use Lemma A.8 (with v € (2£,1)) and Lemma A.9 (with 8 =~ — 2¢), to get
1A5(Sat) = Sa(s) e = Su<p ‘)\5 A2 (6 (t—5)A? N
<j<oo
< C’S 7 sup |/\£)\ 27< (t— 5‘))\7 )|—C'S 7 sup |/\ 27—5)(6 (t s))\]§ _1)|
1<j<00 1<j<0
< C'%Ol,@‘)’*“*(t—s)”’%5 sup |>\ e 5))\(%_ | < CLnes (t—s)"" 2¢
1<j<00
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Proof of Proposition 6.2
From Eq.(6.9) we have
[u(t) = w(s)llrm < [(Sal(t) = Sals))uollLe@m
+ ||/ Sa(t —7)F dr—/ Sal(s = 1) (u(r))dr| tro,m
+ /0 Salt = P)G(u(r)dW (1) = [ Suls = )G lr))dW ()]l ..
(6.16)

To estimate the first term in the RHS of Est.(6.16), we use the fact that AZ commutes

with the semigroup S, (t) and Assumption A7 with n > 0, to obtain
1(Sa(t) = Sa(s)tollr@m = I1A™2(Salt) = Sa(s))AZuo| oo,
< JJATE(Sa(t) = Sa(s)ll e lAZuol| oe,m).  (6.17)
Thus, by replacing Est.(6.12) (with ¢ =7 and v = ) in Est.(6.17) it holds

1(Sa(t) = Sa(s))uollr.m < C ;13 (t =), (6.18)

BillAZ uo|lLp (2, 1))
where 7 > 0 and § € (0, 2).
To estimate the second term in the RHS of Est.(6.16), first we have

||/0tSa(t—r)F(u(r))dr _ /85 (s — ) F(u(r))dr| oo
< ||/ ot = 1) = Sals — ) F(u(r))dr|| o)
T / Sult — )V F(u(r))dr| pogorm == S1+ 52, (6.19)

Second, we estimate S1 by using the commutative property of A” and S, (¢) and Assump-

tion By with 0 < p < g, as follows
ST = || [ (Salt = 1) = Sals = ) F(u(r))drzoem
— / AP(S(t = 1) = Sals — 7)) A F(u(r))dr|| o
L1478t =) = Sals = )L 1A F(u(r) oy

CFl,p/O 142 (Sa(t = 1) = Sals = 1)l cqan) (1 + [[u(r) | Lo ) dr

IN

IN

< Cruy (14 500 B0 ) [ 1A= 1) = o5 = )

rel0,1]

(6.20)
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By replacing Est.(6.13) (with £ = p € [0,%) and v € (2p, 1)) in Est.(6.20), we obtain

—2, [* _
Sl S C(Flvpvsupre[o,l] HU(T)HLP(Q’H),’Y,OC,p) (t - S)’Y C(p‘/O (S - r) ’Yd/r'

The integral [;(s — )~ 7dr is finite, thanks to the condition v < 1. And so,

S1 < Ol psup, o Il ) (E = )77 (6.21)

Third, to estimate S2 we argue as above, to arrive at
52 = || [ Sult = ) E @O s < [ 14280 = Dllcnll A7) s
< Cryp (1 s HU(T)HLP(Q,H)) /: | AZSa(t = 1)l ey dr (6.22)

We replace Est.(1.23) (with 8 = 2p) in Est.(6.22), yields

2

t _2 _2
52 < C(F17p7a7p75upre[o,1} ||u(7")HLP(Q,H>)/8 (t—r) aPdr < C(Flvp,ayp,supre[o,u HU(T)HLP(Q,H))(t_S)I af,
(6.23)
Hence, from Est.(6.19), Est.(6.21) and Est.(6.23) we get

t S
| [ Salt=r)F@)dr = [ Sa(s = 1) F(u)drllzsom < Cpan(t = )75
+ Clpap(t—s)' 7. (6.24)
We have min{y — 2p,1 — 2p} =y — 2p because 7 < 1, and so
t S
I [ Salt =r)F@)dr = [ Suls = ) Fu(r)drll@in < Copapn (= 5772, (6.25)

where p € [0, %) and v € (2p,1).
About the stochastic term in the RHS of Est.(6.16), we have
t s
||/0 Sa(t —r)G(u(r)dW(r) — / Sal(s = 1)G(u(r))dW (r)| Lr,m)
< [ (Salt =7) = Sals = PG @)W ()| zre.an

[ Salt = DGV (0 oy = 53 + 54,
(6.26)
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In order to estimate S3, we use Burkholder-Davis-Gundy inequality with p > 2, and the
definition of the norm in LP(Q2,R) to get

s3 — | / Wt = 7) = Sals — )G (u(r) AW ()| o om

< ((/ (50t = 1) = Suls = MG s )

= Gl ([ 168alt =) = Suls = MGl ysdr ) Iy o (627

D=

First, we estimate [|(Sy(t — 1) — Sa(s — 7))G(u(r))|| s by using the fact that ||AB| gs <
| Allas|| Bz, for every A € HS and every B € L(H), and Assumption C; as follows

1(Salt = 7) = Sals = r)G(u(r)llms < [1(Salt =7) = Sals = 7)) lasllGw(r)l o)
< Co(L+[u(r)|a)[[(Sa(t =) = Sa(s = 7))lus-

,2), we use Est.(6.11) (with £ = £) and Est.(6.13) (with £ = & and v = ¥
) to obtain

1(Salt =7) = Sals = )G(u())llns < Call+ [u(r)|m) A (A4 (Salt — ) — Sals — 1)) lus
< Call+ [ulr)[m) A sl A4 (Salt — ) — Sals — 1))l ey

o1+ u(r) ) [ AS(Salt = ) = Sals — 1) cqay

Cenall+u(r)m)(s —r) (1t — s)17 (6.28)

IA

IN

We replace Est.(6.28) in Est.(6.27), and use the fact that, for all a,b > 0, (a + b)?
C(a® + a?), for some C' > 0, to get

53 = ||/ a(t =71) = Sals =) G(u(r)dW (r)| s ,m)

Craenalt =75 ([ 0+ @) = r) )|

IN

1
3
LZ(QR

N

< Cpgnalt =7 ([0 W)yl g5 = 1))

< Cpagnalt =72 ([0 IOl )5 = )20

= Gt = ([ ) ) s = 1))

< Cpgaalt =1+ s a0 )t ([ (6= 200r)’
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The integral [g(s —r)~27dr is finite, thanks to the condition ¥ < 3, and so

« g
S3 S C(p)st»ﬁ/’aysup’,»e[o’l] HU(T’ (t S)’y . (629)

b s

In order to estimate S4, we argue as above. Then, by using Burkholder-Davis-Gundy

inequality with p > 2, and the definition of the norm in L?(€,R) we obtain
S4 = || | Salt =7)G(u(r)dW (r)||Lr.m)

< Gl ([ 18at = )G s ) I (630

Sor)

The use of the fact that ||AB||ns < ||Al|lus||Bl ), for every A € HS and every B €
L(H), and Assumption Cy, yields

15a(t = r)G(u(r)llas < [1Sa(t =) llasl|G(u(r)]l e
< Co(l+ [u(r)|)l[Sa(t —7)lus-

Let & € (3,9). We use Est.(6.11) (with £ = ¢) and Est.(1.23) (with 8 = 2¢ ), to obtain

1Salt = 1)G(ulr))las < Call+ [u(r)| )| A (ASa(t — )|l us

IN

< Co(1+ u() [ a) 1A s | ASSa(t — )|l con
< Co (L4 [u(r)| )| ASSa(t — )l e
< Cppall+ lu()|m)(t — )~ (6.31)

By replacing Est.(6.31) in Est.(6.30), and using the fact that, for all a,b > 0, (a + ) <

C(a* + a?), for some C' > 0, we get

54 = || [ Sult = PG )aW ()lom
< el ([ B =) a1y
< Cpgu ([ I+ O gt — 1))’
< Gyt ([ O MOl )0 — ) )
= G ([0 T~ 1))
< Cpagalt s [l an)? ([ Héar)

rel0,1]
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From the condition & < 2, it holds [!(t — r)_éédr =1 (t- 3)1_35, and so

Si<C (t —s)zat, (6.32)

- (va7éva7supT€[O,l] IIU(T)H%P(Q,H))

Comming back to Est.(6.26), then from Est.(6.29) and Est.(6.32), we arrive at

I [ ut = Gu)aw ()~ [ Suls = NG (0)liom)

_2; 12
< Clpais (= 8)788 4 (1 — 5)375¢)
Since ¥ < %, then min{y — %f, 1— %f} =5 — %5, and so

I [ Sat =GNV () = [ Sals = NG@NAV () sty < Copiy = 55,
(6.33)

where £ € (1,2) and ¥ € (2¢,3).

Now, replacing Est.(6.18), Est.(6.25) and Est.(6.33) in Est.(6.16), to get

lu(t) —u(s)||rmy < C
+ C’

—5)P _ \r—2p
8, ||A%uOuLp(Q,H))(t $)" 4 Clpap) (t — 5)
\_2\
pa&*y (t—S)’Y a'ﬁ’
where n >0, 3€ (0,2), pe[0,5), v € (%p, 1), { € (i, ¢) and ¥ € (%5, %)

Hence,

u(t) — u(s)| oo.m < C (t — symin{B=2pI= 38},

n [N
(Bl AZ uo |l Lp (2, ) 25 057565Y)

To improve the exponent of the temporal regularity, we take n > QT’I, p < %, and let

B — 0127;1, v =1, § — i and 3y — % Thus, min{j3,~y — p,7 — 75} — kK, for any
k> 0. And so,

—1

|lu(t) = u(s)||zro,m < C (t —s) "

n
(”A2 UOHLP(Q,H)apza)

6.4 Temporal approximation

This section is concerned with the time discretization. Let M € Ny be large, in particular
M > 7% and 7 = ﬁ be a uniform time step. Then, for t,, = m7, m € {1, ..., M}, we seek

to approximate the values (u(t,,))Y_,, where u is the mild solution of Prb.(6.1) on the

m=1>
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M

time interval [0,1]. We construct the sequence of random variables (u™),,_; via implicit

Euler scheme as follows:
m m—1

ut Ut 4w m—1 mo1y (W (tm) = W(tm-1))

{ - = —Au™+ F(u™ ") + Gu™1) - , (6.34)

uo = Uyp.

The scheme described by (6.34) is informal and has to be understood in the following

sense

{ u™ = (I +7A) ™+ (T + 7AL) W F(um™ ) + (I + 7A4,) LG (™ H AW,

u’ =y,

(6.35)
where AW,,, :== W(t,,) — W(tm-1), V1 <m < M.

Theorem 6.4 Let o € (1,2] and p > 2. Assume that Assumptions A7 with n € (°5, o,
By with p € [0,3] and C; are satisfied. Then, Scheme (6.35) is of LP-order %t — k,for

any k> 0 in H . More precisely, there exists a positive constant Cp ., 5-1.
™ = w(tm)| r,m) < Cp,am,pT%_”, for every m € {1,..., M}. (6.36)

Moreover, if p > %, then Scheme (6.35) converges in probability with the same order,

and converges almost surely with order £ < (0‘2—;1 —K)— %, for any k > 0.

Remark 6.5 1. The order of convergence %—;1 — Kk 1s optimal since it coincides with

the exponent of the temporal reqularity.

1

1 and this result has been already obtained in the

2. For a = 2, the order is less than

classical case, see e.g. [58, 87].

To prove Theorem 6.4, we need the following lemma.

Lemma 6.6 1. For all{ €0, %), there exists C¢ > 0, s.t.

2¢

JAS(I + 7As) ™l ey < Cetm® . (6.37)

2. For all ¢ € [0,q], there exists C; > 0 s.t.

<

AT (I + 7 Aa) ™ = Saltm)) o < Cc 78 m~ (7). (6.38)
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8. Forall £ €(0,%5) and all B € (0,5 — &) there exists Ce g > 0 s.1.
1AS (T + 7 Aa) ™™™ = St — 5)) Il < Ces 7% (t — 5) 2B (6.39)
where k € {0,....,m — 1} and s € [ty, tgr1].

Proof.To get Est.(6.37), we consider separately the case m = 1, using Identity.(1.12)
in Lemma 1.36 to get

1AL + 7 Ad) Ve = sup <A§(1+m;)—1>

1<j <00

2¢ I3 @
o A A2 _
= Tﬁ% sup Tijg < Tﬁ% sup 7'7]& 131
1<j<oo \ (147 A2) 1<j<oo \ (147 A7)

RIR
o R

IA

(6.40)

Now, for m > 2, the use of Identity.(1.12) in Lemma 1.36 yields

1<j<o0

||A5([—l—7' Ao) ey = sup ()\é (147 )\ )
%

IN

sup (A§(1+m) )

. _1
1<j<r an1

+ sup <)\§(1 +7 )\%) ) (6.41)

_1
ran—l<j<oo

Recall that \; = (jm)?, then for 1 < j < 7~ a7, we have 7 )\j% < 1. Owing to the fact

that, for any 2 € [0, 1], it holds log(1 + x) > §, we get
sup (A§(1 +7 AE)"”) = sup (Aﬁe‘mlogu“ Af))
1§j<‘r_é7r—1 l§j<7_é7r—1
m T )\%
< sup (A?e‘ 7 ) .
1§j<77é7r_1
Using LemmaA.8 with z = mT/\J and v = 25 we conclude
o - =2
sup (50705 ) < (mn) TN < Gt (6.42)

For 7~ an~! < j < o0, we have 7 )\f > 1, then by the same calculus as above it is true
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that

sup (AL 4 TAD) T = sup ()\§ (r A) (14 (r A})l)m)

_1 . _1 .
T ar1<{j<c0 T an1<j<o0

— sup </\£ (7-)\ )" e iosi+r AT 1)>

_1 .
ran—1<j<oo

a m (T )\].7)_1
sup )\§ (A7) e 2
T arl< <00

@

< C¢ sup /\§ (T A2)""m %f(T )\2)5>

J

IN

1 .
T an—1<j<oo

< Cg(r m)_% sup (1 A;;)_(m_)> (6.43)

1
T an—1<j<oo

Thanks to the condition 0 < § < §, the exponent m — % is positive, moreover, T )\f >1

by assumption, hence (7 )\ 2)~( m_%) =( 1%)(’”_%) <1 and
T )\].

a _2
sup (M 4+7A7)) < Cptm® . (6.44)
T an1<j<00
Replace Est.(6.42) and Est.(6.44) in Est.(6.41) to arrive at the result.
In order to estimate Est.(6.38), we introduce the rational function r(z) = - for z €

R — {—1},. It is well known, see [104, Ch. 7], that for = close to 0

r(z) = e " + O(2?). (6.45)
and
3C >0, st |r(x)—e®|<Cs? Vaelo1l]. (6.46)
besides
dce(0,1), st. |r(x)|[<e ™ Vzel0l]. (6.47)

As we have seen before, V ¢ € [0, ], we have,
¢ —m _¢ ., _ .
JA™S (1 + 7 A0) ™ = Saltn)) llcan = sup A2 ((L+7A7) ™" — )|,
1<j<o0
Due to the fact that ¢,, = m7 and using the polynomial expansion: z — y™ = (z —
y> Z:‘riol m—1— zyz we get

_< a $ _ < a &
(/\j 2 ((1 + 7—)\]2 )—m _ G_tm)\JQ )) _ ()\J 2 (1 + 7_)\]; )—m _ (e—r)\f )m)
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For 7')\]-% < 1, we use Inequality (6.46) with the definition of the rational function r to get

_< o g _¢< o m—1 a\ —(m—1-i) o
A 2 ((1 +TA) T - e—th]?)| < ONE(TAF) D, (1 + 7-)\].2> e

1=0

Now, we use Inequality (6.47) to arrive at

_¢ a b _¢ o M2l N1 5.
|)\j 2 ((1 + 7.)\]2 )—m _ e—tm)\j2 )| < C)\J 3 (7_/\]2 )2 e—c(m—l—z)T)\j2 €_T>\j2 i
=0
*% F\2 = —c(m—l)T)\.%
< O Y e ;

< C)

The fact that, CT)\J% < 1 yields to e < e, besides the use of Lemma A.8 gives us

£

-5 $ il ¢, e a\ ~(2-3
(AT = ) < Cach T A (emrAf) T S Cunertm 08,

(6.49)
For T)\j% > 1 and arguing as before, we have
|)\;g ((1 + T)\]g)m — e_tm’\ﬂg> | < )\;% <<1 + T)\;;)m + e_tm’\j%>
_ )\j—% (em log(14+7A7) n emw\jg>
< A E(rAZ)E e mltosi), (6.50)
Again, the use of Lemma A.8 yields
|)\;g ((1 + T/\E)m — etm)‘?> | < Cpprem ™17, (6.51)

Thus, from Est.(6.49) and Est.(6.51) we obtain the result.
About Est.(6.39), the facts that Sy (t, —s)) = e"m=)4a and t,,_, = (m — k)T = t,, — 1,

help us to write

(T +7A) R Sty —s)= (I +7Ay) M H — g ltm=9)4a

—(m—k) _ (I + TAa)—(m—k—H)
—(m—k+1) _ (I + TAa>—1€—(tm7k)Aa

7167(tmfk)Aa _ ([ + TAa)*lef(tm*S)Aa

+ + +
AQAA
_l’_
\]
i
\/3/\./\/

—1,~(tm=8)Aa _ o~ (tm—5)Aa_ (6.52)
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For 0 < ¢ < 3, we have

JAS((T + 7 Aa) ™™™ 8ot — 8) ey = A + 7 Ag) ") — e Um0 | 1)
JAS(T + 7 A)™ ™9 (T = (I + 7 Aa) ™) ey

IAS(T+7 A (47 A) ™m0 — e tmd o) |

| ASL 7 Ag)~" et (1 — e o040 ) [l

| ASemtn=4e (T — (T 47 Aa)™") Il

IN

+ o+ o+

a+b+cH+d. (6.53)

In order to estimate the different terms appear in Est.(6.53), let us fix a parameter § €

, 5 —&). So, the first term a can be rewritten by using Identity.(1.12) in Lemma 1.36 as

[0
0 = ||A5(I—I— TAa)_(m_k) (_] —(I+ TAa)_l) | 2y

= sup ()\5(1—1—7)\) m- k)Ja)
A

1<j <00

I
\1
ol

T % o
sup )\§E+B)(1—|—7)\ )~ (m= k)(jﬁ .
1<j<oo (147A7)

The fact that 3 € [0,5 — &) with 0 < § < § gives 0 < f <1- % < 1, besides
(1+7’>\]%)>1,andso(1—i—7')\j)>(1+7')\j)_Z. Then,

1<j<o00

A2 °
a < 7 sup [ AT A (%)
< 2 s (Aﬁ“ﬁ)(um )~ k)>—ra = AT+ 740) "B oy,
1<j<o00

As s € [ty, tyr1] we get t, — s <ty — tg = ty_k, then an application of Est.(6.37) yields

2
a < Cg ,37' 3 t a; ® < Cg 57’2‘5 (tm — S)_%(§+B). (654)
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To estimate b, for £ € [0,5) and § € [0, § — £) we argue as above to get

b = || AT +71A,)7" ((I+7’AQ)_(m_"’) - e_(tm"“)A“) | (e
= sup <>\§<1+T)\g) Y1 +7')\ 2)=(m=k) _ (tm—k)’\f|>
1<j<e0
7\ N a
= ¥ [TAN e g afy o e
1gjseo \ (147 A7)
< 7—%7— 268 oy 7->‘12g (147 A7) (m—k) _ e(mk))\%’
1sjsee | \ (147 A7)
< 7-% T 2(E+B) sup <|(1+T>\]§)(mk) e~ (tm— k)A%D
1<j<o0

By using Est.(6.38) (with ¢ = 0) we arrive at
b < 2 aEs) (I 4+ TA, ) —k) _ e_tm*’“Ach( <C 2 A (m — k)™t (6.55)
Since m € {1,..., M} and k € {0,...,m — 1} we deduce (m — k) > 1, with the fact that
2(¢+f) < 1 thanks to £ € [0,%) and 8 € [0,% —€), then (m —k) > (m — k)=, Now,
we majorize the term b as
b < C 7% 1 3ED) (m—k) = 2EHD) — o % (1 (m — k))_%(erﬁ)

< C T% (tm _ S)*%(@rﬁ)' (656)

To estimate ¢, first we have
¢ = | AN 47 Ag) Tt et ([ em (A gy

= sup (A§(1 + 7')\]-5)’16_(75'”_5)’\j7 (1 — et ))

1<j<o0
g ( —(tm— 3))‘]% (1 —e —(s— tk))\%>
)

= sup (7T @« 7)
1<j<o0 (1+ TA;
2¢

< 7_72075 — ((7_/\]2a) <)\§-£+ﬁ)€_(tm_s)>\j%> )\;(@rﬁ) (1 _ e_(S—tk)AJ%)

1<j<o00 14+7A7)

[ V]
Sl Q‘m

The use of Lemma A.8 and Lemma A.9, besides the fact that s —t; < tx,1 —tx = 7, helps

us to get

2¢
TA? °
c < C&,@T—%& (tm — S)—%(&Fﬂ)(s t )%(54—5) sup (Ja)

- Lsjseo | \(14+7A7)
S Cear ¥ (tm— 8) EDTHED) = Cey 70 (b — ) 756D, (6.57)
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It remains to estimate the last term d. By the same calculus as above with the use of

Lemma A.8, we arrive at

oD A2
d = | At (1= (147 40)7") = sup A5 e 9N | =S
1<j<o0 (1+7)2)
a 1-28
a 2 o
< T% sup <>‘§'£+B) —(tm— s)/\f) T/\j -
1<j<o0 (1+7A7)
a 1-28
23 2 TN? “ 28 2
< CegTo (ty—s) o gup — <Cepto (ty —s) alth),
1<j<o0 (1+7A7)
(6.58)

Coming back to Est.(6.53), so by Est.(6.54), Est.(6.56), Est.(6.57) and Est.(6.58) we get

the desired result.

Proof of Theorem 6.4

From the one hand, we rewrite the mild solution u given by Eq.(6.9) as follows

wlb) = St )ig + T:Z /t ” Sltm — 8)F(u(s))ds + T:Z /t ” St — )G (u(s))dW (s).

(6.59)
From the other hand, in Identity.(6.35) we replace u™~! by its value which can be deduced
from the same Identity.(6.35) and we iterate this sequence up to m, besides the fact that
ft’““ ds = 7, we get

1

lkt1
— (I +7A,) ™y + / (I +7Aq)~ "M F(uF)ds
k=0 "tk
mol ety &
+ / (I +7A)" ™ PGWdW (s).  (6.60)
ty
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Then

[ — U(tm)HLp(Q m < (T +742)™" = Saltm)) vollr,m)

N || / k+1 ((I . TAa>_(m_k)F(uk) — So(tm — S)F(U(S))) dSHLp(QvH)
k=

" ||mZ/ U 4 7A) G — Salt — $)G(u(s)) AV (s) | o
k=0
(6.61)

We estimate the terms of the RHS of Est.6.61 as follows:
The fact that A? commutes with the semigroup S, (t) and the resolvant (I+7A4,)"", with
the use of Est.(6.38) in Lemma 6.6 (with ¢ = 7) besides the Assumption .47 help us to

get

(T +7A0)™™ = Saltw)uollr@m = A7 (I +7A0) ™ = Saltm)) Aduo| oo,y
< [JATE (T +740) ™" = Saltm)) lleem lluoll o)

< G, Ta m_(l_g)HuOHU’(Q’H@ =¢

ra m 173
(mllwoll L (o, 1)) ‘

Thanks to condition < a; the power 1 — 2 is positive, thus

n

I (([ +7A)" - Sa(tm)) Uol| Lr(,11) < C(n,nuoHLp(Q,H;,)) Ta. (6.62)

The second term in the RHS of Est.(6.61) can be splitted by the following way

Ht:z_: /:W ((I+7'A )R P (uF) = Sa(tn — ) F(ul ))) ds|| Lo 0.1
< T:__ /:W | ((I+7Aa) m=k) B (u*) — S, (b — 5) F (u( ))) e ds

IN
(]
T~

k=0 7"k
m—1 tpi1 i)
+ ZA'!W+n%> (B (u(t) = F(u(3))) l1(0mds
k:O k
+ / I ((+7A42) "8 = Sa(tm = 5)) Fu(s) 10 ds
= R1 + R2 + Rg. (663)
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By the commutativity of A? and (I + 7A,)~™ % Est.(6.37) in Lemma 6.6 (with & = p)

and Assumption B, we get

R = / |AP(1 + 7AL) " P A (F(u) — F(u(ty))) lloamds
< ¥ / 1A + 7 A) ™" e | A7 (F(u*) = F(u(te)) llvco.mds
k=0
tht1 72 m—1 2p
< C, Z / b b — wt) | oo ds = Cor 3t o ik — w(t) |l oiom.
_ k=0

(6.64)

To estimate Ry, by arguing as above we get

Bom 3 [ A (i) = P06 s

< Z / [AP(T + 7 40)~ "9 | A (F(u(ty)) = F(u(5)) o mds

tet1 _

7k ||U(tk) — u( (S))HLP(Q’H)dS. (665)

SCE_I/

According to the temporal regularity Est.(6.10) with the fact that ¢, —s < t,, —ty = t_&

we majorized Ry as follows

m—1 2p

1
(s —tp) (5 ) "ds < O, Z o (tpey — )5 )

l41 _2p

m—1
Ry < CPZ
k=0

2p

= t - a—1 m_l t P
= Cpa Z /Hl kT E P CoaTz "> /t:ﬂ(tm - s)’%ds. (6.66)

Since 0 < p < ¢ we have Y7 ttk’““(tm - 5)_%615 = [ (tm — s)_%pds < 1_%7,) < o0 and
SO

Ry < Cp, 75 ", (6.67)

To estimate R3 we use Est.(6.39) in Lemma 6.6 (with £ = p), the Assumption Bj and
choose 3 € (0,5 — p). Then

By = 3 [ 1A (U A0 = St = ) APl s

< Z / 142 (I + 7Aa) ™™ = St — 5)) llecan 1A F (u(s)|| o0, ds
k=0
t
< Ca,p = Z /Hl (tm — s)—%(“ﬁ)) (1 + sup HU(S>HLP(Q7H)> ds.
k=0 Ytk s€[0,1]
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The term 7! [54 (, — s)~aP+8)ds is finite because 8 < & — p, and so
k=0 2

tg

Ry < Co,To. (6.68)

We replace Est.(6.64), Est.(6.67) and Est.(6.68) in Est.(6.63), to get

I /:“((1 + 7A42) " E () — So(t — 5)F (uls)))ds || oo

m—1
a—1

Cop (75 " 47 >+CTZtmak lu* = u(ti) || Lo o,m)- (6.69)
k=0

IN

Now, we deal with the stochastic term in the RHS of Est.(6.61). First, by Burkholder-

Davis-Gundy inequality we have the following sequence of inequalities

HZ/

trp41

(7 +7A) ™" NG (k) = Sa(tm — $)G(uls))) AW ()| o

i)

iSAIN]
=

IN

G, (mz L7 (I + 742" PG = Saltn = 9G(u()is)

k=

=

IN

G ([ (B + 7070 (G0 = Gt ) )

k=

+ Cp<k [ (510 + 74075 (GLu(t)) ~ Gl ) ds

’s\m

+ G,

’d\m
\_/
(NI

/tk (Bl (24 740) 7" = 5t = ) Glu(s)fs)” ds
= Cu(R +R5+R6) (6.70)

In order to estimate Ry, we use Assumption C; to arrive at

(BN +742)" " PG W") — Glulte)))s)?
(7 +7A) ™" PG5 (EIG(u") = Gult) )
CEIIA s 147 (1 + 7A) ™"y lu® = ulti) |-

hSAIN]

IN

IN

The operator A=” is Hilbert-Schmidt due to the choice of p > i. By using Est.(6.37)

(with } <& =p < ¢) we have

CENA™ s 147 (1 + 7A0) ™" P2y lu* = ulti)llEom < C3 o~ u(ti) 2,
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Thus R, is majorized as

R = (’”z [ (I + 74270 (G) - Glulte))) )

hSHIN]
NI

i)

< (mz k||u—u<tk>||mm)2.

(6.71)

We estimate Rj, by the same manner used above (i.e. the use of Assumption C; and

Est.(6.37) (with } <& =p < &

to arrive at

Ry = (X [ (BIC+ 7407 (Glulte)) ~ Glus)) s) ds

’U\I\J
\—/
rolm

k=0 "tk
1
m—1 the1l 4 2
< G ( _/ tm 2k ) — u(s)||zo,md )
k=0 7tk
m—1 the 4p %
+1 _ 2P a—1
= G <Z/ b2, (S—tk>2(MN)dS> '
k=0 7tk
By following the same steps used in the Est.(6.66) we get
1 3
m— _£ a— t o
Ry < C, (Z £ (bt — tk)l”(ml“)) = Oy T (Z /k“t ”pkd
k=0

1
2

o m—1 th .
< G, T (Z / +1(tm - s)_tpds>
k=0 'tk

The fact that 37 f:“(tm — s)*%ds = fo" (tm — ‘ —1

yields
Rs < Op@ TQTLI_H.

To estimate Rg, we use Assumption C;. Then

ﬁ\m

)

Ry (z / (EJ (T + 742)" ) = Syt — ) Glu(s)ls)” d

IN

s€[0,1]

m— 1

\A ?|13,4]|A? (([ F7AL) ) St — s)) H%(H)ds>

< (1+sup u(s HWQH))

k:0
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V(I 742~ 8t — ) s (1+Hu<s)H%pm,m)ds>

NI

2)) with an application of the temporal regularity Est.(6.10)

1
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The use of Est.(6.39) in lemma 6.6 (with : < ¢ =p< 2and0< g =< ¢ —p) and the
fact that ||A=?||gs < oo leads to
2 (G [ ~L(p+B) : 2
Ry < 7% kz_:g/tk (tm — ) = ds| <C, 5T, (6.73)
From Est.(6.71), Est.(6.72) and Est.(6.73) we estimate the stochastic term in the RHS of
Est.(6.61) as follows

H T:z__: /t:k+1 (([ + TAQ)*(m*k)G(uk) — Sa(tm — S)G(U(S))) dW(S)HLp(Q’H)

m—1

S Cpapﬂ(Tza_ +TQ)+CPP< Ztmak ||u _u(tk)HLPQH) : (674)
k=0

2
Now, to unify the two terms (7’ S tm g lu® = w(te)] e H)) and

<T POy 1tm“k b — wu(ty)]|?, QH)), we apply Holder inequality; Est.A.11 and the fact
that ¢,, — s < t,,_; to obtain

m—1 2p 2p % m—1 2 %
PSR~ ) e < (TZt ) ( .~ ||uk—u<tk>||%pm,m)
k=0 k=0
1 1
m—1 4 2 m—=1 4, 2
< (X [ 0ta) (73 05 I - a) )
k=0 k k=0
m—1 2 2
< C, (rkzot;zk ||uk—u<tk>||im,m> | (6.75)

Now, coming back to Est.(6.61) and replace Est.(6.62), Est.(6.69) and Est.(6.74) to con-
clude that

2
m 2 n 28
||u — u(tm>HLp(Q7H) S C(p,a,n,p,ﬁ,B,HUO”Lp(Q)H;;)) (Ta + T 2a + T o —|— T @ )

m—1 2 N )

+ Cap <7' Z t g [lu” — u(tk)HLP(Q,H))
k=0
m—1 1

+ O (T Z tmak Hu - u(tk)”[,p Q.H ) (6.76)
k=0

Therefore,for0<77§a,0<B<%—p,0§p<%,0<ﬁ\<%—[)and%<p<

o R

2 28
||um_u(tm)||Lp(Q,H) < O(panppﬁlluolle(QvH;,)) <7'a + T % —|—Ta + T >

mam( 2p)
+ OpppT Z t ) Huk - u(tk’)”%P(Q,H)a (6'77)
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n a1

LS =k, %, %} with the application of the descrite version of

By denoting p := min{

Gronwall lemma A.2 we arrive at

2 N
C . m—1,—=% max(p,2p)
™ =t o0,y < Copaumppnolyp g™ X €477 k0 I . (678)
T2

Thanks to the fact that 2 maz(p,2p) < 1, we obtain

m—1 =2 max(p,2p) Coppoy S TL (TRt (4, o)~ & maz(p,20)
G(prpaﬁTZk:O gy ) < e PP Zk:o ftk (bm—s)"® < eCp,a,p,p (679)

In order to improve the order of convergence, we take n > QT_I, p < %, and let 8 — 5 —p

and 3 — T — p with p — i. Then, we have
|u™ = u(ty)| Lr,m) < C 7a,n7p7%_ﬁ> for any k > 0. (6.80)

Now, if p > %, the sufficient condition of Lemma 4.17 is fulfilled and therefore our

scheme converges in probability with the same order 0‘2—;1 — k. Moreover, it is almost
surely convergent with the order £ < (-1—) — ;1).

6.5 Spacial approximation

This section is devoted to fulfill the spacial approximation of the fractional stochastic
nonlinear heat equation Prb.(6.1), with a € (1,2]. First, we establish the spacial discrete
version of Eq.(6.1). We fix N € Ny, h = % and (Hp)he(,1) being a sequence of finite
dimensional subspaces of H := L?(0,1) generated by the N first eigenfunctions (e;)d_;,
ie.

Hy, := spanf{ex, k=1,..., N},

where (ex(.) := v/2sin(kr.))$2, is the ONB of H which can be considred as the eigenvec-
tors of minus Laplacian corresponding to the eigenvalues (A, := (k7)?)ken,, See Section

1.2.3.

Definition 6.7 (Discrete version of A,). The discrete version of A, denoted Aa
1s defined from Hy to Hj, by
Ap pvp = ZUZAOA% = Zv,’l/\f e, Yo, € Hy,,
i=1

=1

where v, := (vp,, e;) with (.,.) is the H-inner product.
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It is easy to see that, for every k € {1,..., N},
N a
Ao ner = Z(ek, ei)Ane; = Al = A2 €.

i=1
Then, (AZ)., is the set of eigenvalues the operator A, corresponding to the set of

eigenvectors (e, ).

Lemma 6.8 e the operator — A, is a generator of a semigroup of contraction (e_tAa’h)te[o,l]
on Hy, let us denote it by (San(t))icp,1), acting on the spectrum as; for any k €
H

{1,..., N} it holds e ey, = et ¢y, .
o there exists a positive constant Cg s.1.
|47 e “an| oy < Cat™P, for allt € (0,1]. (6.81)

Proof.Let uy, := SN | ul Ase; € Hy, and vy, = Eé\’:l vl Ane; € Hy,, where ul, == (up, ¢;)

and v} := (v, ¢;). We have

N N N
(Aanun,vn) = (Q_upAaes, Y vies) = D upvi(Aaes, ;) = Z ujp{ess Aacs)
i=1 =1 ‘,j—l ij=1
N . .
= Z (upei, v),Anej) = Zuhe,,thA e;) = (un, Ao nUn).
ij=1

Thus, A, p is symmetric with D(A, ) = Hp, and so, it is self-adjoint via Corolarry 1.32.

Further
(Agpup,up) = <Z u}lAaei,Zuieﬁ = Z upuy (A, e5)
i=1 j= i,j=1
= Z uﬁlu A (e, ej) = Z(UZ) A2 > 0.
1,j=1 =1

Then, A, ) is nonnegative. According to Proposition 1.58, the operator —A, j is a gener-
ator of a semigroup of contraction (e )01 on H,.
About the smoothing property Est.(6.81), the use of Est.(1.12) in Lemma 1.36 and Lemma

A.8 gives
HAg,heftA“’h

af (3
() = Sup (V 6”1'2> < Cpt™".
1<i<N
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Let us recall the Galerkin projection studied in Subsection 5.1.4. In this chapter we
denote it by P, instead of Py, with h = ﬁ Then, for all u € H we have
N
(Pou)(z) :== > (u,exer(x), for all z € [0, 1].
k=1

We add to the list of properties of P, stated in Lemma 5.11 the following two properties.
Lemma 6.9 The operator Py, satisfies,
« for all B € R, the operators Ag and P, commute.
« Foralla € (1,2] and all B > § there exists Cop > 0 s.t.
|PuSa®)llirs < Cop t % (6.82)
where || . ||gs denotes the Hilbert-Shmidt norm, see Remark 1.13.

Proof.As the operator Ag is defined on the spectrum of A and P, is the projection on
H), construct via the elements of the ONB of the eigenvalues of A, the proof of the first
property is easy, so we omit.

To proof Est.(6.82), we use the definition of the Hilbert-Schmidt norm (see Remark 1.13),
Est.(5.31), Est.(1.23) to get
1P Sa(®)ll1s = kZl | PaSa(t)exl < kzl | PallZ ey | Sac()ewl 7 < Ckzl |Sa(t)exlr

X B 8 > LB 48 > 8
= CY A28, (A Zerlir = C Y NP 1AZSa(Wenlt < O D N NAZSa ()20 lenl

k=1 k=1 k=1
The facts that |ex|% = 1 and A\, = (k7)? leads to
1PaSa(®)lss < Cast™= Y- NPlenlhy < Capt™ Yk < Copt™
k=1 k=1
u
Now, we are able to introduce the following discrete version of Prb.(6.1) given in the

evolution form by using the spectral Galerkin method as:

{ dup(t) = (= A pun(t) + PuF (un(t))dt + PuGuy(t)dW (2), t € (0,1],

un(0) = Pyug, (6.83)

We recall here the result of the wellposedness for Prb.(6.83) (see [48, Theorems 2.2 and
2.3]).
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Theorem 6.10 There exists a continous Hy-valued Fy-adapted process (up(t))sejo,1) solu-

tion of Prb.(6.83) s.t. for allt € [0,1] the following equality holds in Hy, P- a.s.

unlt) = Sun(t)Prvo + | " Sun(t — $)PuF (un(s)) ds + / " Sn(t — $)PaGllun(s)) AV (s).
(6.84)

Moreover, there exists a constant Cj, > 0 s.t.

E sup |up(t)|y < Ch(1+ Elup(0)[5)), for all pe[l,00). (6.85)
tel0,1]

Our main result of this section is the following.

Theorem 6.11 Let o € (1,2]. Under Assumptions A7 with n > 0, B with p € [0,5)

and Cy, there ezists a constant C,.,, > 0 independent of h € (0,1] s.t.
un(t) — ut)|| o, m)y < Capph”, forallt € (0,1], (6.86)

with v := min{n, @ — 2p,§ — K}, for any & > 0. In particular, for n > § and p € [0, $),

«

we get v =5 — K.

In order to prove Theorem 6.11, we introduce and study some basic estimates of the

family of operators (Eqop(t))icio,1) -t
Vite|0,1], Eon(t) == Sa(t) — San(t)Pn.
Remark 6.12 [t is easy to see that Sy p(t)Pr = PrSa(t), and so E, () = (I — Py)Sa(t).
Lemma 6.13 Let o € (1,2] and t € (0,1]. We have
e Forally >0 and all 3 € R there exists C, 5 > 0 s.t.

_ (=8
|Bop(t)x|g < C, gkt~ =

|AS |y, Vo€ HY, (6.87)
where HQB 1s the fractional Sobolev space given by Definition 1.3 and Remark 1.4.
e Forall0 <6< and~y > there exists Co s > 0 s.t.
|Eapn(t)z]g < Cornsh'Z ™2 173 |A™%2|y, (6.88)

for all x € D(A™°).
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« Forally > I there exists Cy o > 0 s.t.

[ Ean(®)|lis < Coa B 7. (6.89)

Proof.Fix t € (0,1] and let v > 0 and 8 € [0,], then for all z € H} and from Remark
6.12 we have

o0

E,n(t)r = Z (m,ek>e’t’\

k=N+1
Now, about Est.(6.87) we use Lemma A.8 to end up with

a
2
k €.

o0 ko3
Busttoly = 5 et = 35 7 (000 (et
k=N+1 k=N+1
_ i 2(v—8) 20=8) 5.\ 3
< )‘Nll Z o ( )‘k) e 2t/\’3) <9C,€k>2 )‘f

k=N+1
2(v=8)
[e%

Z<x7€k>2 Af < C’%

k=1
which achieve the Est.(6.87). The proof of Est.(6.88) follows the same lines as that of

Est.(6.87) and the fact that Ay = (km)?, for this let 0 < 6 < ¢, v > % and z € D(A™?)

< Cyp(N+ 1>_27 t

then
\anh(t)x\%{ = Z <x,ek)2€_2 2 < Coqt™” Z )\k (, ek
k=N+1 k=N-+1
(o) _(ay (o) o
= Coot ™ 2 AT T e NP = Cagt T Y (k) (0, 60) A
k=N41 k=N+1
S Com,,(gt (N + 1 Z Z, ek )\ 2 < C 5t_7h_2(%_26)|A_617|§{.

About Est.(6.89), let v > %, the use of definitions of E,j; and HS-norm besides the

orthogonality of (ey)x leads to

| Ean(t)]4g = Z |Ean(t)er? = Z Z er, )2 N = ST AN
k=1i=N+1 k=N+1
We apply Lemma A.8 with the definition of A\, allows us to get
o a [e.e] oy
1o ®lis = (N+1)77 3 (N4 1) M <C N+ 1747 3 (N4 1)M, 2
k=N+1 k=N+1
[o.¢] k 00
< C h )T <O WA ﬁ/ —o g,
-0 k%:H(N"‘ 1) -0 1 ’ ’

The integral [{°s™*7 ds is finite, thanks to the fact that v > é, and so the desired
estimate is achived. m

Now we are ready to prove our main result.
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Proof of Theorem 6.11

From equations (6.9) and (6.84) we have,

Jun(t) — w®)llr@m < [|Ean()uollr@.m
+ H/Saht—s)Ph un(s ds—/S (t — $)F(u(s)) ds|| o)
+ ||/ San(t — ) PaGl(up(s) / Sl u(s)) AW ()] o).
(6.90)
By using Est.(6.87) (with § =~ =n), with n given in Assumption A] we get
||Ea,h(t)UOHLP(Q,H) S CW hTI ||AgU0HLP(Q7H). (691)

The second term in the RHS of Est.(6.90) is splitted to two additional terms as follows

|| /Saht—S)Ph uh dS—/S t—S ))dSHLpQH)
< H/O San(t — 8) P (F(un(s)) — F(u(s))) ds || Lo(o,m)

t
1 (Sanlt = 5)P = Salt = ) F(u())ds [1ran) = S1 + S,
Thanks to commutativity of P, and S, ;, we have
t
Si < [ ISantt = )P (Flun(s) = F(u(s) r0.mds

- /Ot [ PrSalt — ) (F(un(s)) — F(u(s))) | too,mds

t
= [ IPA?S,(t = ) A7 (F(un(s)) = F(u(s)) [ ooinds.
An application of Est.(5.31), Est.(1.23) and the Assumption Bj leads to

S1

IN

1Pzl 4Satt = 5)lanll (A (Flan() = Fla() lsamds
C [ 14780(t = $)leamll A (Flun(s)) = F(u(s)) lzvonds
< Cap [[(1= ) F A7 (Flun(s)) = F@(s) lisioumds

< Cay [ 6= 5 Fllunls) — uls)|sionds. (692

IN
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To estimate Sy we use the definition of E, j, Remark 6.1 and Est.(6.88) (with § = p <

5 and %” < 7y < 2) and Assumption Bj we get
t t
Sp = I [ (Sanlt = $)Pa = Salt = ) F(u())ds |0 = | || Banlt = ) F(u(s))ds || oouan
t ay t 5 _
< /0 1 Ean(t — $)F(u(s) | Lo(mds < CanpphE=2 /0 (t — ) 3| APF (u(s))|| pocer.aryds

t
S Ca,’y,pﬁoh(i_ p) (1 —+ sup ”U( )HLI’(Q,H)) /O (t_S)_%dS,

te€[0,1]

thanks to v < 2, the integral [I(t — s)~2ds is finite and so
Sy < Cory pphl 572, (6.93)
By gathering Est.(6.92) and Est.(6.93) we arrive at
| [ Sanlt = PE(s) ds — [ Salt = )F((s)) dsllon
< CanpphF72 4 O, /0 (t — 8)" % {|un(s) — uls) | pamds.  (6.94)

To estimate the stochastic term in the RHS of Est.(6.90), we use Burkholder-Davis-Gundy
inequality with p > 2 and the definition of the norm in L?(2, R) to get

H /Saht—s)PhG(uh /s (t — )G (u(s)) AW (s)l| o

[

P

<G (E{</ et~ 5)PuGlun(s)) —5a<f—5>G<“<S>>”%deS>g}>

= Gl (/Ot [San(t = 5)PaG(un(s)) — Salt — S)G(U(S))H?{st)z lzr@@m)- (6.95)
Owing to the basic inequality: (a + b)? < C'(a? + %), V a,b > 0, for some C' > 0, we
get
[San(t = 8)PaG (un(s)) — Salt — s)G(u(s))lls
= [|San(t = )P (G(un(s)) = G(u(s))) + (San(t — s) Py — Salt — ) G(u(s))|is
< [[San(t = 5)Pu (Glun(s)) — G(u(s))) IIzzs + /Ot | (Sapn(t = 8) P — Sa(t — ) G(u(s))|1s

The fact that: (a+b)z < C(a2 +b2), V a,b > 0, for some C > 0 yields

([ 1Sanlt = )PGun(s)) = Salt = )G (u(s) sl

NI

< ([ 18anlt = 5)Pa (Glun(s)) = Glu() sl

N|=

b () 1 Sanlt = 5)Pu = St =) Glu(s) rsts)
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and so

[ / San(t — s)PrG(up(s) /

< Gl ([ 1unlt = )P (Gluns)) — Gluts >>>\|Hsds) [P

Sa(t — 8)G(u(s)) dW (s )||Lp(Q,H)

1

+ Gl ([ 1(Sanlt = 9)Pu = Salt = 9) Glu(s)) sds) asiamy = CylSs+ 50)

(6.96)

To estimate S3, we have S, 1,(t) P, = PyS,(t) then

Sy =

Now, we use the fact that |AB|gs < ||Allzm)
Est.(6.82) (with 3

Sz <

<

N|—=

([ 1St = )P (Glen(s) = Glalo)) [rsds) o

| (/Ot | PuSa(t — ) (Gup(s)) — G(u(s))) stds>2 e .m);

< f < §) together with the

|Bllgs for A € L(H) and B € HS and
Assumption Cq, to get

([ IPaSalt = 5) sl Glun(s)) — Glu(s)) ) ooz

Cos /t—s) lun(s) -

Cop

Cos (I [ (0= 5 ¥ un(s) -
Cos () (¢ =5 lun(s) -

Cos ([ (=) ¥ hunts) -

t
/ (t—s)” |uh(s
0

, o \?
u()hds)” oo

) - u<s>zds)5)i)

u(s) sl

2
w2 g0005)

ul) o mds) (697

N

N |=

Now, we move to estimate Sj, we follow the same steps as above with the use of
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Est.(6.89) (with £ <~ =¢ < 1) and Assumption C;, thus

t 3
5= () HEa,h(t—s)G(u(s»u%w) [P

< ([ Nt = 9Bl G (o)) )ds) [
ag

< Ceat | ([ (6= 9)7 5+ ulo) ) [
of ¢ —¢

< Ceah ¥ ([ (6= 5780+ u(s >|H>ds) [
75 1

< Ceah® (I [ (0= )4+ o) B)dsl 5 g )
ag ([ 2

< Ceah® ([ (6= 901+ (o) il gy B5)
of t —¢ 2 2

< Ceah® ([ (6 =950+ Jul) o m)ds)

ag t - 2
Ceah> (1 + sup HU(S)HLP(Q’H)> (/ (t —s) 5ds>
te[0,1] 0

IN

The choice of £ < 1 ensures the convergence of [;(t — s)~¢ds and so
Sy < Creah®. (6.98)

Replacing Est.(6.97) and Est.(6.98) in (6.96) in order to estimate the third term in (6.90)

as follows

|y / San(t — ) PuGlun(s))dW (s / Salt — 5) G(uls))dW (3)]| o)

og _28 2
< Cpeah® 4+ Cpas ([ (1= 5) ¥ lun(s) — us) Bumds) (6.99)

Finally, we replace Est.(6. 91) with n > 0, Est.(6.94) with 0 < p < < v < 2and

Est.(6.99) with § < 8<%, L <¢ <1 in Est.(6.90) we conclude that

2’a

n oy (xf
lun(t) = u(®) | < (G h"||A2Uo||LPQH + Coypph! 7 7 + Cpeah ™)

4 Cap [ 6= 5) ¥ lluns) = uls)lsionds

1

+ Cpas ([ =97 uns) = () gds) . (6.100)

To unify the two terms [y (t — s)_%p |un(s) — u(s)| Lo ,mds and
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[N

it — s) % un(s) — u(s)||?, ds)”, we apply Holder inequality A.10 to get
0 Lr(Q,H)

/Ot(t — S)f%p lun(s) — u(s)||r,mds
</Ot(t — S)_%fdg)é (/Ot(t — 8) & |Jup(s) — u(s)||%p(Q7H)d3>

t 2p 2
< Cap ([ =9 Fllun(s) = us) g myds)

NI

IN

Now, by taking v := min {77, (% —2p), %5} with n >0,y € [£,2), p€[0,9), £ € (,1)
and 3 € (3,%) we have
[un(t) = w(®)[rm < Campporeh”
1
t 2I‘Ila)( 2
+ Capps ( /0 (t — 5) 7o ™00 |y, () —u(s)||ip(Q,H)ds)6.101)

An application of the basic inequality: (a +)* < C'(a? + b?), V a,b > 0, for some C > 0,

leads to

lun()) = Ol < Compooeh™
t
+ Capgs [ (¢ = 5)7 0725509 () = () 3,

(6.102)

Let v — 2 and £ — 1, we apply the Gronwall lemma A.1 which is possible since 1 —
2 max(p, 8) > 0 to infer that

HUh(t) - u(t)”%P(Q,H) S Ca,n,p,ph2V7 (6103)

with v = min {77, (@ —2p), 5 — /i}, for any x > 0. In particular, for n > ¢ and p € [0, §)
it holds
[un(t) — u(®)|| oo,y < Campph? ™", for any k > 0. (6.104)

6.6 Full approximation

In this section we deal with the full discretization of Prb.(6.1). By making a combination
of the spectral Galerkin method and the implicit Euler method, we elaborate the space-

time scheme. We use the same techniques stated in Section 6.4 and we construct the
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sequence of random variables (up")M_,, m € {1,..,M}, M > 7® h = and N € Nj as

m=1
follows
ur — um—l — W(tm) - W(tm— )
{ h% = — A pult + P F(up ™) + PG (uj™) - = (6.105)
u = Pyug.

Theorem 6.14 Let o € (1,2]. Under Assumptions A7 (with n € (5,a]), B (with p €

[0, %)) and Cy, there exists a positive constant Cp, o independent of T and h s.t.
up" = w(tm)ll r,m) < Cpamp (h%_” + T%_”> , for any k >0,
for allm e {1,...,M}.
Proof.We have
[uh' = wtm) | oo,y < [luh’ = un(tm)ll o ) + lun(tn) = wtm)lle@.m)-
Using Theorem 6.11, in particular Est.(6.86), we get
= u(tm) | omny < il = wn(t)l| oot + Comph® ™", (6.1006)

for any x > 0. In order to estimate |up® — un(tm)|/zr(o,m), We have on the one hand,

Scheme (6.105) is equivalent to

—(I+7A,,)™P T A Pt

( + 7 a,h) hLUQ + + 7 llyh) h (uh)ds
k=0
m—1

b1 —(m—k) k
+ / (I +7Aan) PoG(uE)dW (s).(6.107)

In the other hand, we rewrite Eq.(6.84) as the form of Eq.(6.59). Hence,
g = wn(t) [ zoeery < || (T + T Aan) ™™ Ph = San(tm) Ph) wol Lo,

m—1 thi1
IS [T+ 7 Aan) I P () = San b~ 5)PuF (un(s))) dscm)
k=0 "'k

- ICE /f (I +7A) "G () = Salt — $)G(u(s))) AW (5)] 1o, (6.108)

The fact that A, commutes with P, since A, = Aa|m,, the boundedness of P, (i.e.
Est.(5.31)) and the use of Est.(6.62) leads to

(T + 7Aa1) ™™ Py = Saon(tm) Pa)tol| oty = || P (T + 7A4a) ™™ = Saltm)) woll o)

S HPhHL‘»(H)H ((I + TAa)im - Sa(tm)) uOHLP(Q,H) S C(’V],HUOHLP({LH;’)) Tg' (6109)
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To estimate the second term in the RHS of Est.(6.108), we argue as above to infer that

[ mz_j / P4 7 A0p) I P () — Sl — 8)PuF (n(5))) dsl oo

IA

trt+

/t ((+ 7404) ™" Py F (uf) = Sa(tn — 8) PuF (un(5))) || ogen.enyds
k=0 "'k
m—l

= 3[R (A I EE) Sl ) Flun(s))) lusiomds
k=0 “tk
—1

< 5 [ el (07 A ) = St = ) F0nl5)) s
< mZ /tt 1 (7 4+ 7A2) B P (k) = Sultan — $)F(un(s)) llsonds.  (6.110)

By following the same steps used in the sequence of inequalities Est.(6.63) with u replaced
by uj, and u* replaced by uf together with the techniques used to estimate R1, R2 and
R3, we arrive at

m—1

trt1 (e
3 /t 1(( + 7A0) ™0 F(uk) = So(tw — 8)F(un(5))) | oy ds
k=0 k
a-1_ 28 m—1 2 B
< Cop (T5747%) + Cor 3 1, 1tk — un(t) | ooy (6.111)

where p € [0,5) and 5 € (0,5 — p).
In order to estimate the third term in the RHS of Est.(6.108), we use Burkholder-Davis-

Gundy inequality and the boundedness of P, to obtain

Hmz_—: /tm ((7+7Aan) " P PLG(uf) = Sanltm — 8)PrGun(s))) dW (s)|| oo

IN

@ (Tnz /t:kﬂ (EH(I + 7 Aun) "I BG () = San(tm — 5)PaG(u (3))||I;IS)% ds) |

IN
9

IN
9

N
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We use the same steps followed in the sequence of inequalities Est.(6.70) besides the

techniques used to estimate the terms R4, R5 and R6, to get

m—1 it
> /t + ((Hma,h)—(m_k)phc:(ui)—Sa,h(tm—s)PhG(uh@))) AW (8)|| Lo,
k=0 "'k

m—1

a-1_, 28 _4p 2
< Cp,a,p,B(T ™ P re)+Cpp (7’ Z b ||uZ — uh(tk)H%p(Q’H)) , (6.113)
k=0

for any x > 0, where p € (§,%) and Be 0,5 =)

Coming back to Est.(6.108), by gathering Est.(6.109), Est.(6.111) and Est.(6.113) we

arrive at

2N\ 2

m 2 n a-1l_ . 28 28
— O 2
||Uh Uh<tm) ||Lp(Q,H) < C(p,a7'r],p,p,ﬁ,||U()HLP(Q,H;])) (Ta + T 2 + 70 + 70

m—1 4, 2
+ G (T Yty Ml — uh(tk)HLP(Q,H))
k=0

‘G, ( Sk uh<tk>||%pm,m) . (6.114)
k=0

1
4>

Forn>2 pe0,2) andlet = 2 —p, B — ¢ —p with p —

s G we apply the discrete

Gronwall Lemma A.2 as stated before in Section 6.4 we infer that

1

i = un(t) | Lo, < Cpamp = ", (6.115)

for any x > 0.

Finally, from Est.(6.106) and Est.(6.115) we get the desired result. m
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Chapter 7

The temporal approximation for
fractional stochastic Burgers
equation in Hilbert space

In this third contribution chapter, we study a weak temporal convergence of Euler scheme
for the multiplicative fractional stochastic Burgers equation in the Hilbert space L?(0, 1).
Let us mention that, in Chapter 5, we studied the additive fractional stochastic Burgers-
type equation in the Holder space C°(0,1). Regarding the relaxed condition imposed on
the spacial functional space, we seek to improve not only the diffusion dissipation index
« but the order of convergence as well, by proving a weaker convergence. Precisely, we
prove the convergence in probability which is weaker than the LP convergence and the
pathwise convergence.

Recall that, the fractional stochastic Burgers equation is given by Prb.(3.33) in Subsec-
tion 3.5.2, with A, := (—A)z, and the Laplacian being endowed with the homogeneous
Dirichlet boundary conditions and F(u(.)) := 0,u?.
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7.1 Main result

By keeping the same notations used in Section 6.4, we study the following time-discretization

of Eq.(3.33) given as follows

UO = U,

{ u™ = (I +7A) ™ 4+ (T + 7A) T F(u™ ) + (I + 7A,) LGu™ H AW,

(7.1)
where AW, := W (ty,) — W(tpm-1), 7= 1, M € Ng and t,, = m7 with m =1,..., M.

The main result of this chapter is the following

2

Theorem 7.1 Let o € (2,2] and p > 2%

29

(55%,a], By with p € [0, 1]

Then, under Assumptions A} with n €
and Cy, the approzimate solution (u™)M_, defined by the
numerical scheme (7.1) converges in probability with order 0‘2—;1 — K, for any k > 0, in

L*(0,1), to the mild solution u. More precisely, we have

m asl_ |
lim limsup P{OgnagM lu(mt) —u™|p2 > c72 } = 0. (7.2)

C=+00 Msto0o

7.2 Some auxiliary results

In order to prove our main theorem, we introduce the following truncated Cauchy problem:

dun(t) = (—Aqun(t) + F(un(t)))dt + G(u,(t))dW (t), t € (0,T],
(7.3)
un(0) = up,
where for fixed n > 0,
F,(u) :== F(Il,,(u)), Yu € H. (7.4)
and II,, is the projection from L?(0,1) onto the ball B(0,n) C L?*(0,1) defined by
w, if |ulgz <mn,
M (u) = { M w, if |ulgz >n (7.5)
Let 3 < o < 2and p > 2%, According to [16, Theorem 1.3] (see also Theorem 3.15 in

Subsection 3.5.2) respectlvely [16, Theorem 2.14], the problems (3.33) and (7.3) admit
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unique global solutions u = {u(t), t € [0, T]} respectively u, = {u,(t), t € [0, T]} with u
satisfying

E[ sup |u(t)[7.] < oc. (7.6)
te[0,7)

Using Markov inequality (A.13), we have
lim P sup |u(t)|,2 >Cp=0. 7.7
i P{ s o) > O (7.7
By construction, see [16], the processes u and u,, are P-a.s. equal up to the stopping time:
T =inf {t >0, |u,(t)|r2 > n}. (7.8)
Consequently, we have from Markov inequality (A.13) that
lim limsup P{ sup |u,(t >(C,=0. 7.9
C—+o0 n—>+oop {te[og“] | ( )|L2 } ( )
Therefore, there exists C' > 0, such that for all n > 1,
sup E sup |u,(t)|7. < C. (7.10)

n te[0,T

The proof of the main result is related to the following lemma.

Lemma 7.2 For any e € (0,1) and any C > 1, we have

: TR
Mlgiloo P{Oglach lu(mt) —u™|p2 > e} 0, (7.11)
and
lim lim sup IP{ max |u"|p2 > C} = 0. (7.12)
C—+0 Mt 0<m<M

Proof.To prove the convergence in the probability of the temporal approximation

(um™)M_ . first we need the convergence in probability of the temporal approximation

of the truncated Cauchy problem (7.3). For this, we construct as above the following

M

sequence of random variables (u)_,,

{ up = (I +7A) w4+ (I 4+ 7A) T T E(up ™) + (I + 7AL) 7 Gu ) AW,
'LL% = Uyg.

(7.13)
Second, for € € (0,1), let the event

A:={w e Q, [nax lu(mr,w) — u™(w)|p2 > €}. (7.14)
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We define as in [87], the random variables:
me =min {0 <m < M, |u(mr) —u™|2 > €}, a.s.

and, for n > 1

O, =inf {t <T, |u(t)|rz2 >n—1}. a.s. (7.15)
We can rewrite the event A by the following form
A= An({O,<T}u{B,>T}H)=(AN{O0, <T}HUAN{OB,>T})

= (An{e, <ThHuAn{e,>T}INn{ms<THUAN{O, >T}n{ma>T})

(7.16)
Since AN {m.7 > T} = ), we deduce that
A = (An{O,<THUAN{O,>Trn{m.s <T})
C {6, <TtU({O,>T}n{mr <T}). (7.17)
Now, we need to prove the following main inclusion
{e,>Tin{ma <T}) C {Og%xM |un(mT) —ul| 2 > €}. (7.18)

To do this, we have from the event ({0, > T} N {m.7 < T}) two facts:

o First, Vm € {0,...., M}, mr <T < ©,. Hence, for any m € {0,..., M}, we have

lu(m7)|r2 <n—1<n,and so

u(mt) = up(m7), Vm € {0,..., M}. (7.19)

 Second, if m, < M then, ¥V m € {0,...,m, — 1}
lu(mT) —u™|p2 < e <1, (7.20)
Thus, from (7.20), we have V m € {0, ...,m, — 1},
™2 < Ju(m7) = w2 + [u(m7)[2 < 1+ [u(m7)|L2,
and since |u(m7)|z2 < n — 1 from the first fact, it holds
|u™|2 <m, Vm e {0,..,m.— 1},
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and so

IL,(u™) =u™, Vm € {0,...,m.— 1}. (7.21)

We use the definitions of u™ and w]" introduced by (7.1) and (7.13) respectively,
besides (7.21) to get
u™ =ur, VYme{0,..,m.— 1}. (7.22)

Similarly, the definitions of u™ and w]'<, by using (7.1) and (7.13) respectively,
yields
™ = ule. (7.23)

As a result, from the identities (7.19) and (7.23), we obtain
u(met) — u™ = up(MeT) — up©.

Hence, by using the definition of the random variable m. we deduce that

|un(mer) — une|2 > €,

and so

m
[Jmax |un(m7) — w2 > €.

Thus, the main inclusion (7.18) is proved.

Consequently, from (7.17) and (7.18) we have

P(A) <PO, <T)+ ]P)(oél}nagM [un(mT) — |12 > €).
Then
Mlgiloo P(A) <P(O, <T)+ Mlgiloo P(OgnagxM |un(mT) — |2 > €). (7.24)

To get, limy 1o P(maxo<menr |un(m7)—ul|r2 > €), we use Theorem 6.4. This theorem
ensures the strong temporal convergence of the heat equation in the space LP(Q, L%(0, 1)),
for the time interval [0, 1]. The proof is still valid for the time interval [0, T'], for any 7" > 0.

Then, for any n > 1 we have

a=1_
E[OglaSXM [ty (mT) —u'|h2] < CpampnT 2 =, for any x > 0.
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Let us mention that, the dependence of the constant Cp ., ,n» on n, is due to the de-
pendence on sup,co 7y Efu,(t)[}.]. However, from Est.(7.10) (see also [16]), there exists
C >0 for any n > 1 s.t.
sup (sup Elln(0)f]) < sup (BLsup [w0f31) < (B sup ufl) <c.
n€Ng \t€[0,T] neNy t€[0,T t€[0,T]

Therefore, there exists Cp o, > 0 s.t. for any n > 1,

B[ max [un(m7) —u[}] < Cpagor = " (7.25)
Now, by taking the limit when M goes to 4+oco (recall that 7 = -, and so 7 — 0), after

applying Markov inequality (A.13) we get

Mlig—loo P<0£?§M |un(m7) — w12 > €) = 0. (7.26)

To estimate P(0,, < T), let us recall from [16, page 148] that, lim, .+ 7, = 400, a.s.
Then
lim P(©, <T)= lim P(r, <T)=0, (7.27)

n—+400 n—+400
From Est.(7.24), Est.(7.26) and Est.(7.27), the convergence in probability of (u™)¥_, has

been ensured.

M

Now, it remains to prove the boundedness in probability of (u™),’_,. For this end, we

fix C' > 1 and € € (0,1). First, we have the following inclusion

(O%I%la;(M ™|z > C) C (Og}nach lu(m7) —u™|p2 > €) U (tS[%,%] lu(t)|2 > C —e).

Indeed, if we suppose the inverse, i.e. there exists w €  s.t. maxo<m<y |[u™(w)|2 > C,
besides maxo<m<n |u(m7, w) — u™(w)|rz < € and supyepy |ult, w)|z < C — €, we get

for all m € {0,..., M} and all ¢t € [0, 7]

IN

|u™(w)| 2 [u™(w) — w(mt,w)|p2 + |u(mr,w)|Lz

< max |[u"(w)—u(mr,w)|z+ sup |u(t,w)|z <C,  (7.28)
OsmsM t€[0,7]

and this is a contradiction. As a result,

m > < —u™ > >(C —
P(OglagxM lu™|2 > C) < P(OglagxM lu(mt) —u™|r2 > €) +P(t2[%%] lu(t)|rz > C —e).
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Est.(7.11) allows us to take the supermum limit when M goes to +oo, for a fixed C' > 1,
then

lim sup IP( max |u™ |2 > C) < limsup P( max lu(mt) —u™ |2 > €)
M—+oc0 = M—4o00 0<m

+ P(sup |u(t )|L2 >C —e),
te[0,7

which implies

lim sup IP’( max [u™ |2 > C) <P(sup |u(t)|p2 > C —e).

M-too  0Sm< te[0,T]
To obtain the desired result, we use Est.(7.7) after taking the limit to 400 with respect
toC. m

7.3 Proof of the main result

To prove the main result, let a € (2,2], p > M >1,n>1and ¢ > 0. First, for any

oz17

k > 0, we have

IN

]P’( max lu(mr) — u™|2 > et _“> P

a—1
max |u,(m7) —ul|pz > e 2 _”)
0<m<

0<m<M

0<m<M

+ P

+ IP’( max |u"™|z zn)
( sup |u(t)|p2 > n) . (7.29)
t€[0,T)

By using Est.(7.25) with Markov inequality (A.13), we estimate the first term in the RHS
of (7.29) as follows

P(max |un(mT) — uy |2>CT2a_”><W (7.30)
o<m<M ' " L = cP ‘ ’

Again, the use of Markov inequality allows us to estimate the third term in the RHS of
(7.29) as follows

E[su u(t)?
P < sup |u<t)’L2 Z n) S [ ptG[O,T] ‘ ( )‘LZ]. (731)
te[0,7) np
We replace Est.(7.30) and Est.(7.31) in Est.(7.29), to get
P
IP’( max |u(mr) —u™|2 > 7 2a1”> < M
0<m<M P
+ ]P’( max |u™] 12 >n>
0<m
Els
[ upte[O,T] |u(t )‘LQ]. (7.32)

np
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We take first the limisup when M goes to 400, then the limit when n goes to 400, to get

1—n> < (Cpum,p)p

limsup P ( max |u(m7) —u™|2 > cr%
Moo \0=m<M o

+ limsup limsup IP’( max |u™|gz > n)
n—+oo  M-—+oo 0<m<M

E[supyejory |u(t)[7s]

li . 7.33
M T )
Thus, Est.(7.6) and Est.(7.12), yield
lim sup IP’( max |u(m7) —u™|p2 > CTa‘ml"> < (Chanp)” (7.34)
Moo \0SmEM = = '

Finally, after taking the limit when ¢ goes to +00, we get the desired result.
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Appendix A

Some definitions and useful results

A.1 Some useful versions of Gronwall’s Lemma

Gronwall’s Lemma plays an important role in the analytical or numerical theory of dif-
ferential equations. The original version is due Gronwall T. H. [51], but there exists a
huge number of its versions. In this section we collect some useful versions needed in this

thesis.

Lemma A.1 Let T > 0 and Cy, Cy be two positive constants and let f:[0,T] — R be a

positive and continous function. If for § > 0 we have
t
f(t) < Cy+ 02/ (t— s)" A f(s)ds, ¥ t € (0,T],
0

then there exists Cc, 1 5.1

f(t) < CiCc, 18-
There also exists discrete analogues, see for instance [64] for the the next lemma.

Lemma A.2 Let (z,)nen and (Yn)nen be positive sequences and C' a positive constant. If

foranyn>1

n—1

k=0
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then
Tp < Ceho ),

A.2 Some basic results
Fix T > 0. Let (€2, F,P) be a probability space.

Lemma A.3 [72, Lemma 2.1]. Let 7 > 0 and C, € [0,00) for p > 1. In addition, Let

Zn, n €N, be a sequence of random variables such that

(E|Z.")> < Gy, (A1)
for allp>1 and alln € N. Then
P (sup(nT_e|Zn|) < oo) =1, (A.2)
neN

for all e € (0, 7).

Lemma A.4 [67, Lemma 10, P. /9] Let Y : Q — R be a F/B(R)—measurable mapping,

that is centered and normal distributed. Then for every p € N,
E[Y]P < p!(E[Y]?)>. (A-3)

Lemma A.5 [67, Lemma 12, P. 49] Let B : [0,T] x Q@ — R be a standard Brownian

motion. Then

to t1
E (y [ e eans) - | e_’\(tl_s)dB(s)P) <Xty — 1", (A.4)
0 0
for every ty,ty € [0,T], r € [0,1] and every A € (0,00).
Lemma A.6 [67, Lemma 9, P. /9] Let n € (0,1). Then, we have
1 1 3
/ / |z —y|"dedy < ——.
o Jo 1—n

Lemma A.7 Let § € (0,1). There exists a constant cs > 0 (independent of k) such that

|ek|05 S 05/{36. (A5)
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Proof.Since the function sin € C'(in reality it is well known that sin € C*°, but for
our proof, it is enough to be in C'), then it is Lipschitz (6 = 1) and §—Hélder continuous
for any ¢ € (0,1). Therefore, there exists Cs > 0, such that Vz,y, we have;

[sin(z) — sin(y)| < Cs|lz — y|°.
Hence, Yk € Ny, Vx,y € [0, 1], we infer that
ler(z) —ex(y)| = V2|sin(knz) — sin(kry)| < V2Cs(mk)’ |z — y|°. (A.6)
Moreover, using the properties of the function sin, it is well known that

lex|co := sup |ex(x)] := V2 sup |sin(krz)| < V2. (A7)

z€[0,1] z€[0,1]

ler(z) = er(y)]

lexlcs == sup |ex(x)]+ sup 5
z€[0,1] x#y€0,1] |35 - y|
< V21 + Cs7°k®) < V2K + Csm°k0) < sk (A.8)

Lemma A.8 Vy > 0,3 C, >0,stVe >0, 27e® < C,.

Proof.Let f,(z) : z € [0,+00) — [0,+00) > x7e™*. The real function f, is differ-
entiable and Vz € (0,+00), f!(x) = 277 'e”*(y — x), therefore f has a maximum on

(0,400) at v, i.e. Vo >0, 27e* < C, := f,(7) =7"e7. =
Lemma A.9 V3 €[0,1],3 C5 > 0,5t Vx>0, 2?1 —e?) < Cj.

Proof.First, we assume x > 1. As 1 —e* < 1, then 277(1 —e™*) < 277 < 1. Now,

T

for x < 1, we use Taylor expansion of order 1 of the function e™*, we infer the existence

of c, € (0,2],s.t. 1 —e*=mxe . Hence 2771 —e®) =g e = <171 < 1. m

A.3 Some elementary inequalities

Following is a collection of elementary, but fundamental inequalities.
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e Young inequality with €. Let 1 < p,g<oost. =+=>=1,a,b>0and e > 0.

Then,

1
q

D=

ab < ea? + C b7, (A.9)

where C, := (ep)fgqfl.

o Holder inequality. Let D be a domain in R and 1 < p,q < o0 s.t., %+% =1.
Then
1. Continuous version. For all u € LP(D) and all v € L4(D) it holds
[uv|[Lrpy < Nlullzeoyl[o]l ocp)- (A.10)

2. Discrete version. For all a = (a;)!; € R" and all b = (b;)!, € R™ it holds
- 1 1
1> abil < (lasl?)? (|b:] )7 . (A.11)
i=1
» Interpolation inequality for LP-norms. Let 1 <p <r <¢g<oocandf € (0,1)
st. =24 =9 Forall u € LP(D) N LY(D). Then, u € L'(D) and

p

lull -y < NullZo o) lell i) (A.12)

o Markov inequality. Let £ be an R, -valued random variable. Then, for any p > 1

and any a > 0, we have

P(e>a) < &) (A13)

provided that £ is p-th integrable.

» Polarization identity. Let (H,(.,.)q,|.|n) be a real Hilbert space. Then, for all
u,v € H it holds

(u,v) g (]u+vﬁq— |u—vﬁ{) : (A.14)

1
T4
A.4 Basic definitions on functional spaces

Linear spaces are the standard setting for studying and solving a large number of the
problems in differential and integral equations, and other topics in applied mathematics.

Let us recall them here.
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Definition A.10 (Linear space). Let X be a set of objects and K be a set of scalars,
i.e. K=R orK = C. Ifthere exsit an addition operation (x,y) — x+y € X, for anyx,y €
X and a scalar multiplication operation (\,z) — Axxz € X, for any A € K and anyx € X
such that the following rules hold.

~

foranyx,ye X, x+y=y+uzx,

NS

foranyziy,ze X, (x4 y)+z=x+ (y+ 2),
3. there is an element 0 € X s.t. 0+x =z foranyz € X,

4. for any v € X, there is an element —x € X s.t. x 4+ (—x) =0,

v

S foranyxrxe X, 1 xx=uz,

D

. forany x € X and any A,y € K, A x (v x x) = (\y) X z,

N

Cforanyz,y € X and any A,y EK, AX (x+y) =AXxx+AXy and (A +7) Xz =
AXT+7yXT.

Then X is called real linear space, for K = R and called complex linear space for

K=C.

Definition A.11 (Banach space). Let X be a real Linear space.
o A mapping ||.|| : X — [0,00) is called a norm if
1. ||z]| =0z =0,
2. || Az]| = || ||z]], Vo € X, VA € R,
3 M +yll < flell + lyll, Yo,y € X.

o A normed space X is a real vector space endowed with a norm ||.||x.

o A Banach space (X,||.||x) is a complete normed space, in the sense that each

Cauchy sequence in X converges in X with respect to the norm ||.| x.

Definition A.12 (Separable space). Let (X,||.|x) be a Banach space. We say that

X is a separable if it contains a countable dense subset.
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Definition A.13 (Hilbert space). Let H be a real vector space.
o A mapping (.,.) : Hx H — R is called an inner product (or scalar product) if
1. (z,z) =0 2 =0,
2. (x,x) >0, Vo€ H,
3. (z,y) = (y,z), Yo,y € H,
4. the mapping x — (x,y) is linear for each y € H.

« each inner product {.,.) generates a norm defined by ||z|| := (x,z)2, forz € H.

o A pre-Hilbertian space H is a real vector space endowed with an inner product
(., )H.

o A Hilbert space H is a complete pre-Hilbertian space with respect to the norm

.|| which is generated by {.,.)m.

Definition A.14 (Schwartz space). The space of all functions f € C* of rapid de-
crease in the sense that, for all o, > 0

sup |27 d"u(z)| < oo,

z€eR

is called Schwartz space and is denoted by S.

Definition A.15 (Space of tempered distributions). The space of all continuous

functionals ¢ : S — R is called space of tempered distributions and denoted by S'.
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Conclusion

In this thesis, we dealt with the numerical approximations of some fractional stochas-
tic partial differential equations, driven by the fractional Laplacian and perturbed by a
Gaussian noise. By applying Blomker method used in [12], we have generalized their
results in the fractional case. Precisely, we have used the spacial discretization scheme in

order to prove the wellposedness of the fractional stochastic Burgers-type equation in the

C] C3-topology, where v < @5=2 and § € (1 — 2,223 for a € (£,2). In addition, we

have fulfilled the pathwise convergence of the obtained spacial and full approximations,

a—1—26>

with the orders of convergence ( o

— K in space and ( — Kk in time, for any

#x > 0. These results have been proved here for the first time in the Hélder space C?(0, 1),
not only for the fractional stochastic Burgers-type equation, but for the fractional and
classical stochastic Burgers equations as well.

In order to improve either the orders of convergence and the constraint on the diffusion
dissipation index «, we have relaxed the condition imposed on the nonlinear term and have
studied such equation in the Hilbert space L?(0, 1) instead of the Holder space C°(0,1).
Precisely, we have dealt with the fractional stochastic nonlinear heat equation with mul-
tiplicative noise. We have fulfilled the strong convergence in the space LP(£2, L*(0,1)) of
the temporal, the spacial and the full approximations of the mild solution with orders of

a

convergence § — K in space and (—) — k in time, for any x > 0. We have filled the gap

a € (1, ] for the heat equation. For Burgers equation, we have proved a weaker conver-
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gence, namely the convergence in probability of the temporal approximation obtained via

the implicit Euler scheme with the same order ("‘2—;1) — K, provided that o € (%, 2].

The perspectives are:

o Extend the obtained results by considering alternative definitions of the fractional
Laplacian, for instance in terms of Riesz operator. Moreover, also in case of spec-
tral Laplacian, it would be interesting to consider Neumann or Robin boundary

conditions.

o Study the numerical approximations of the fractional stochastic partial differential

equations driven by other kind of fractional operators, like Riemann-Liouville.

o Study the numerical approximations of the fractional stochastic partial differential

equations perturbed by other kind of stochastic noises, like Lévy noise.
o Extend the results obtained in this thesis for the d-dimensional case, for d > 1.

In the last let us mention that, by our study here we are in the neighborhood of the

millennium problem, i.e. Navier-Stokes equation.
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Résumeé :

Cette thése a fourni une analyse rigoureuse de divers schémas numériques pour une classe
d’équations aux dérivées partielles stochastiques fractionnaires non linéaires Lipschitzienne
localement et globalement, entrainées par le Laplacien fractionnaire dans 1’espace
unidimensionnel et perturbées par un bruit gaussien. L’étude contient 1’élaboration de
schémas temps, espace et espace-temps et leurs différentes convergences. Spécialement, nous
exprimons pour chaque schéma le taux de convergence en termes de la puissance
fractionnaire du Laplacien.

Mots clés et phrases : Equation stochastique fractionnaire de type Burgers, équation de chaleur
non linéaire stochastique fractionnaire, Laplacien fractionnaire, Bruit gaussien, bruit blanc en
espace et en temps multiplicatif, bruit blanc en espace et en temps additif, espaces de Holder,
espaces de Sobolev fractionnaires, opérateur de Hilbert-Schmidt, solution mild, approximation
spectrale de Galerkin, schéma implicite d’Euler, schéma d’Euler exponentiel, approximation
compléte, ordre de convergence.

Abstract:

This dissertation has provided a rigorous analysis of various numerical schemes for a class of
local and global Lipschitz nonlinear fractional stochastic partial differential equations, driven
by the fractional Laplacian in the one-dimensional space and perturbed by a Gaussian noise.
The study contains the elaboration of time, space and space-time schemes and their different
convergences. Specially, we express for every scheme the rate of convergence in terms of the
fractional power of the Laplacian.

Key words and phraces: Fractional stochastic Burgers-type equation, fractional stochastic
nonlinear heat equation, fractional Laplacian, Gaussian noise, multiplicative space-time white
noise, additive space-time white noise, Holder spaces, fractional Sobolev spaces, Hilbert-
Schmidt operator, mild solutions, spectral Galerkin approximation, implicit Euler scheme,
exponential Euler scheme, full approximation, order of convergence.
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