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Abstract

In this thesis we considered some elastic, thermoelastic and viscoelastic systems with the presence of
different mechanisms of dissipation. The first part of the thesis is composed of two chapters. In chapter
1, we consider a Bresse-Timoshenko system with distributed delay term. Under suitable assumptions,
we prove the global well-posedness and exponential stability results by Faedo-Galerkin approximations
and some energy estimates. Chapter 2 is related to the one-dimensional linear thermoelastic system of
Timoshenko type of second sound with distributed delay term. We prove the exponential stability result
will be shown without the usual assumption on the wave speeds. The second part of the thesis is devoted
to the study of some viscoelastic systems with voids. In Chapter 3, we consider a system of nonlinear
viscoelastic wave equations with degenerate damping and strong source terms. We prove, with positive
initial energy, the global nonexistence of solution by concavity method. Similar results were shown in
Chapter 4 where we coupled nonlinear Klein-Gordon equations with degenerate damping and source

terms. We prove the global nonexistence of solution.

Keywords: Timoshenko system, Bresse-Timoshenko system, Exponential decay, Distributed delay
term, Source term, Positive initial energy, Concavity method, Energy method, Global nonexistence,

Degenerate damping thermoelasticity, Nonlinear viscoelastic wave equations.
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Résumé

Dans cette these, nous avons considéré certains systemes €lastiques, thermoélastiques et viscoélastiques
avec la présence de différents mécanismes de dissipation. La premiere partie de la these est composée
de deux chapitres. Dans le chapitre 1, nous considérons un systeme de Bresse-Timoshenko avec un
retard distribué. Sous des hypotheses approprié€es, nous prouvons le bien-posé global et la stabilité ex-
ponentielle des résultats par approximations de Faedo-Galerkin et quelques estimations énergétiques. Le
chapitre 2 est 1i€ au systeme thermoélastique linéaire unidimensionnel de type Timoshenko du deuxieme
son avec un terme de retard distribué. Nous prouvons que le résultat de stabilité exponentielle sera
montré sans I’hypothese habituelle sur les vitesses des ondes. La deuxieme partie de la these est con-
sacrée a 1’étude de certains systemes viscoélastiques a vides. Dans le chapitre 3, nous considérons un
systeme d’équations d’onde viscoélastiques non linéaires avec amortissement dégénéré et termes source.
Nous prouvons, avec une énergie initiale positive, la non-existence globale de solution par méthode de
concavité. Similaire les résultats ont été présentés au chapitre 4 ol nous avons couplé des équations
non linéaires de Klein-Gordon avec d’amortissement dégénéré et termes sources. Nous prouvons la

non-existence globale de solution

Mots clés : Systeme de Timoshenko, Systeme de Bresse-Timoshenko, Décroissance exponentielle,
Terme de retard déstibué, Terme source, Eenergie initiale positive, Méthode de concavité, Méthode
d’énergie, Non-existence globale, Thermoélasticité d’amortissement d’énergie, Equations d’ondes visco-

élastiques non linéaires.
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Introduction

The aim of this thesis is to investigate the stability of some elastic, thermoelastic and viscoelastic evo-
lution problems, such as the Timoshenko systems, Bresse-Timoshenko systems and the system of vis-

coelastic wave equations.

The systems that we treated here are the following:

The Timoshenko systems

The Timoshenko system is usually considered as describing the transverse vibration of a beam and
ignoring damping effects of any nature. Precisely, we have the following model, which was developed
by Timoshenko in 1921(see in [126]), this is given by a system of two coupled hyperbolic equations of

the form

o = (K(px — ¥, in (0,L) xR,
Ly = (Ely )+ K(p, — ), in(0,L) XR,,

(1

where ¢ is the transverse displacement of the beam, and ¢ is the rotation angle of the filament of the
beam. The coefficients p, I, E, I and K are respectively the density (the mass per unit length), the polar
moment of inertia of a cross section, Young‘s modulus of elasticity, the moment of inertia of a cross
section and the shear modulus, respectively.

System (1), together with boundary conditions of the form

Elg, 'ZE= 0,
K(p. — ¢) 5= 0,
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is conservative, and thus the total energy is preserved, as time goes to infinity. Several authors intro-
duced different types of dissipative mechanisms to stabilize system (1), and several results concerning
uniform and asymptotic decay of energy have been established. Let us now mention some known results
related to the stabilization of the Timoshenko beam. There are a number of publications concerning the
stabilization of the Timoshenko system with different kinds of damping. Kim and Renardy considered

Timoshenko (1) in [61] with two boundary controls of the form

{ Ko(L,t) — Kuy(L,1) = ap,(L,1), onR,, o

Elwx(l" t) = _ﬁl//l‘(L’ t)’ on R+’

they establish an exponential decay result for the natural energy of system (1). They also provided some
numerical estimates to the eigenvalues of the operator associated with the system (1). An analogous
result was also established by Feng et al. in [44], where a stabilization of vibrations in a Timoshenko
system was studied. Raposo et al. studied in [108] Timoshenko (1) with homogeneous Dirichlet bound-

ary conditions and two linear frictional dampings; i.e, they considered the following system

P1¢n — ki(px =)+ = 0, in (0,L) xR,
P — kaox + ki(px —¢) + ¢, = 0, in (0,L) xR, (3)
@(0,1) = (L, 1) = (0,1) = Y(L,1) =0, onR,,

they showed that the Timoshenko system (3) is exponentially stable. This result is similar to that one
by Taylor [125], but as they mentioned, the originality of their work lies in the method based on the
semigroup theory developed by Liu and Zheng [73].

Soufyane and Wehbe in [123] considered Timoshenko (1) with one internal distributed dissipation law;

i.e, they cosidered the following system:
P = (KWx — @) in (0,L) xR,
Loy = (Elpx) + KW — ¢) — b(x)gt,  in(0,L) xR, 4)
¢0,1) = @(L, 1) = ¢(0,1) = Y(L,1) =0, onR,,

where b is a positive and continuous function, which satisfies
b(x)>by>0, Vx € [ag,a;] C]O0,L].

They showed that the Timoshenko system (4) is exponentially stable if and only if the wave propagation
speeds are equal (i.e., % = f—l ), otherwise, only the asymptotic stability has been proved. This result
P

improves previous ones by Soufyane [122] and Shi and Feng [120] who proved an exponential decay of
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the solution of (1) together with two locally distributed feedbacks.
Rivera and Racke in [109] improved the previous results and showed an exponential decay of the solution
of the system (4) when the coeflicient of the feedback admits an indefinite sign. Also, Rivera and Racke

[94] treated a nonlinear Timoshenkotype system of the form

P19y — 01 (P, ), =0

(5)
p2wﬂ _X(wx)x + 02 (QDX’ lﬁ) + dlpt =0

in a one-dimensional bounded domain. The dissipation is produced here through a frictional damping
which is only present in the equation for the rotation angle. The authors gave an alternative proof for a
necessary and sufficient condition for exponential stability in the linear case and then proved a polyno-
mial stability in general. Moreover, they investigated the global existence of small smooth solutions and
exponential stability in the nonlinear case.

Xu and Yung [132] studied a system of Timoshenko beams with pointwise feedback controls, looked
for the information about the eigenvalues and eigenfunctions of the system, and used this information to
examine the stability of the system.

A weaker type of dissipation was considered by Ammar-Khodja and al. [9]by introducing the memory
t

term / g(t — )Y (s)ds in the rotation angle equation of (11). They used the multiplier techniques and
showec(i that the system is uniformly stable if and only if (9) holds and the kernel g decays uniformly.
Precisely, they proved that the rate of decay is exponential (polynomial) if g decays exponentially (poly-
nomially).
p1en — K(px + ) =0, in (0,L) X R,
' (6)
ot = b+ [ 50= W95 + Ko+ = 0. in QL) xR,
with homogeneous boundary conditions. They proved that the system (6) is uniformly stable if and only
if the wave speeds are equal and g decays uniformly. Also, they proved an exponential decay if g de-
cays at an exponential rate and polynomially if g decays at a polynomial rate. They also required some
technical conditions on both g’ and g” to obtain their result, Ammar-Khodja and al. in [10] studied the
decay rate of the energy of the nonuniform Timoshenko beam with two boundary controls acting in the
rotation-angle equation. The feedback of memory type has also been studied by Santos [115]. He con-
sidered a Timoshenko system and showed that the presence of two feedbacks of memory type at a subset
of the boundary stabilizes the system uniformly. He also obtained the energy decay rate which is exactly
the decay rate of the relaxation functions. In fact, under the equal speed wave propagation condition,
they established exponential decay results up to an unknown finite dimensional space of initial data. In
addition, they showed that the equal speed wave propagation condition is necessary for the exponential
stability. However, in the case of non equal speeds, no decay rate has been discussed. The result in [10]

has been recently improved by Wehbe and al. in [15] where are established nonuniform stability and an
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optimal polynomial energy decay rate of the Timoshenko system with only one dissipation law on the
boundary.

Shi and Feng [120] investigated a nonuniform Timoshenko beam and showed that the vibration of the
beam decays exponentially under some locally distributed controls. To achieve their goal, the authors
used the frequency multiplier method.

For Timoshenko systems of classical thermoelasticity, Mufioz Rivera and Racke in [95] studied nonlin-

ear system of the form

P1Pi — U'(QOX, w)x =0, in (0, L) X R,
oW —bWo)x + k(g +¢) +y60, =0, in(0,L) xR, (7)
036 — kO, + Yy = 0, in (0,L) xR,

where 6 is the difference temperature, ¢ is the displacement and ¢ is the rotation angle of filament of the

beam and o, py, 02, b, K and 7y are constituve constants. They showed that, for the bouandary conditions

o(x, 1) =¥ (x,t) =0(x,) =0, for x=0,L and t >0, ()

the energy of system (7) decays exponentially if and only if

2=t ©)

and that condition (9) suffices to stabilise system (7) exponentially for the bouandary conditions

ex, ) =Y(x,t) =6,(x,) =0, for x=0,L and t>0,

and non-exponential stability result for the case of different wave speeds of propagation. Mufoz Rivera

and Racke in [94] studied nonlinear Timoshenko system of the form

plspl‘l‘ - 0-1(90)6’ w)x = 07 ln (0’ L) X R+5

prtt _X(‘//x)x + O-Z(QOX, l//) + dwt = 0, in (0’ L) X R+9

(10)

with homogeneous boundary conditions, they showed that the Timoshenko system (10) is exponentially
stable if and only if the wave propagation speeds are equal, otherwise, only the polynomial stability
holds.

In the above system, the heat flux is given by the Fourier’s law. As a result, we obtain a physical
discrepancy of infnite heat propagation speed. That is, any thermal disturbance at a single point has

an instantaneous efect everywhere in the medium. Experiments showed that heat conduction in some
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dielectric crystals at low temperatures is free of this paradox. Moreover, the disturbances being almost
entirely thermal, propagate at a finite speed. This phenomenon in dielectric crystals is called second
sound.

To overcome this physical paradox, many theories have been developed. One of which suggests that we
should replace the Fourier’s law

q+k8,=0

by so called Cattaneo’s law

¢, +q+ kB, =0

Alabau- Boussouira [3] extended the results of [94] to the case of nonlinear feedback a(y1), instead of
dyt, where « is a globally Lipchitz function satisfying some growth conditions at the origin. Indeed, she

considered the following system

(11)

p]sotl‘ - k(‘px + ¢)x = Oa in (0’ L) X IR+7
P2y = b)) + k(px + ) + () =0, in (0,L) XR,,

with homogeneous boundary conditions. In fact, if the wave propagation speeds are equal she estab-
lished a general semi-explicit formula for the decay rate of the energy at infinity. Otherwise, she proved
polynomial decay in the case of different speed of propagation for both linear and nonlinear globally
Lipschitz feedbacks.

Concerning the Timoshenko system with delay, the investigation started by Houari and Laskri with the

paper [111] where the authors studied the following problem:

P1Pu (-x’ Z‘) - K(Sox + w)x (-x, t) = 07
(12)

P2 (X, 1) = e (X, 1) + K (@ + ) (X, 1) + i, (X, 1) + piop; (x, 1 = 7) = 0.

Under the assumption u; > u, on the weights of the two feedbacks, they proved the well-posedness of
the system. They also established for y; > u, an exponential decay result for the case of equal-speed
wave propagation.

Subsequently, the work in [111] has been extended to the case of time-varying delay of the form
Y; (x, t —7(t)) by Kirane, Said-Houari and Anwar [62]. The case where the damping w1y, is re-
placed by history type fooo g(SWx(x,t — s)ds (with either discrete delay i, (f — 1) or distributed one
fow f ()Y, (t— s)ds) has been treated in [49] (in case (9) and the opposite one), where several general

decay estimates have been proved.
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The Bresse systems

The problem with the arc is also known as the Bressse system, the elastic structures of this type are
widely used for study in engineering, architecture, marine engineering, aeronautics and others. In par-
ticular, vibration on elastic structures is an important research topic in engineering and also in mathe-
matics. In the Mathematical Analysis area, is interesting to know the properties that relate to energy
behavior associated with the respective dynamic model. For feedback laws, by example, we can ask
what conditions about the dynamic model must be taken to obtain the decrease in energy from solutions
in time t. In this sense, the property of stabilization has been studied for dynamic problems in elastic
structures are translated according to partial differential equations.

Originally the Bresse system consists of three wave equations where the main variables describing the
longitudinal, vertical and shear angle displacements, which can be represented as (see [25]). The original

Bresse system is given by the following equations

P1¢y = Qx +IN + F,
Py =M,—Q+F,, (13)
plwtt = Nx_lQ+F3,

These strengths are the relationships deformation (stress-strain) for elastic behavior and such are given
by:

N = ko (wx = lp)
Q=k(pc+lw+y) (14)
M = by,

We use N, Q and M to denote the axial force, the shear force and the bending moment. By w, ¢ and ¢ we
are denoting the longitudinal, vertical and shear angle displacements. Here p; = pA = pl,ky = EA, k =
k'GA and [ = R™'. To material properties, we use p for density, E for the modulus of elasticity, G for the
shear modulus, K for the shear factor, A for the cross-sectional area, I for the second moment of area of
the cross-section and R for the radius of curvature and we assume that all this quantities are positives.
Also by Fi we are denoting external forces.

Considering the coupling of equations (13) and (14), we obtain

p1#n — k(o +lw + ), — kol (W — lp) = Fy
pZIr//tt_blr//xx+K(‘;0x+lw+w) :FZ (15)
P3wy — Ko (Wx = 1p), + kl (py + lw + ) = F3

System (15) is an undamped system and its associated energy remains constant when the time t evolves.
To stabilize system (15), many damping terms have been considered by several authors. (see [21], [17],

[23], [22],[50], [72], [116]). We start by recalling some results related to the stabilization of the elastic
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Bresse system. Wehbe and Youssef [131], considered the elastic Bresse system subject to two locally
internal dissipation laws. They proved that the system is exponentially stable if and only if the wave
propagation speeds are equal. Otherwise, only a polynomial stability holds. Alabau-Boussouira et al.
[21], considered the same system with one globally distributed dissipation law. The authors proved
that, in general, the system is not exponentially stable but there exists polynomial decay with rates that
depend on some particular relation between the coeflicients. Using boundary conditions of Dirichlet-
Dirichlet-Dirichlet type, they proved that the energy of the system decays at a rate 3 and at the rate
r3ifk = ko. These results are completed by Fatori and Montiero [38]. Using boundary conditions of
Dirichlet-Neumann- Neumann type, the authors showed that the energy of the elastic Bresse system de-
cays polynomially at the rate 1% and at the rate t~'if k = ko. Noun and Wehbe [99] extended the results
of [21] and [38]. The authors considered the elastic Bresse system subject to one locally distributed
feedback with Dirichlet-Neumann- Neumann or Dirichlet-Dirichlet-Dirichlet boundary conditions type.
They proved By considering damping terms as infinite memories acting in the three equations.

For the thermoelastic Bresse system, subject of this paper, there exist two important results. The first
result is due to Liu and Rao [72], when they considered the Bresse system with two thermal dissipation
laws. The authors showed that the energy decays exponentially when the wave speed of the vertical
displacement coincides with the wave speed of longitudinal displacement or of the shear angle displace-
ment. Otherwise, they found polynomial decay rates depending on the boundary conditions. When the
system is subject to Dirichlet-Neumann-Neumann boundary conditions, they showed that the energy
decays at the rate 2 and for fully Dirichlet boundary conditions, they proved that the energy of the
system decays as 3 . This result has been recently improved by Fatori and Rivera [39] in the sense
that the authors considered only one globally dissipative mechanism given by one temperature, and they
established the rate of decay t~3for Dirichlet- Neumann- Neumann and Dirichlet-Dirichlet-Dirichlet
boundary conditions type. The main result of this paper is to extend the results from [39], by taking into
consideration the important case when the thermal dissipation law is locally distributed on the angle dis-
placement equation i.e the damping coefficient is not constant but it is a positive function in W>*(0, L)
and strictly positive in an open subinterval ]a, b[C]0, L[ (the cases a = 0 or b = L are not excluded) and

to improve the polynomial energy decay rate.

Klein-Gordon equation

The Klein-Gordon equation is distinguished among other nonlinear hyperbolic equations b its theoretical
and practical significance. The nonlinear Klein-Gordon equation appears in the study of some problems
of mathematical physics. For example, this equation arises in general relativity, nonlinear optics (e.g.,
in the study of instability phenomena such as self-focusing), plasma physics, uid mechanics, radiation
theory or in the theory of spin waves [119, 75, 77]. The Cauchy problem for nonlinear Klein-Gordon
equation

on—DAp+mop+¢ = flp), t>0, xeR" (16)
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©(0, x) = @o(x), ¢,(0, %) = ¢1(x), x € R” (17)

has been studied by many authors (see e.g. [70, 138]). Existence and nonexistence of global solutions
are the main points of study for the problem (16), (17) in the case m = 0, f(¢) ~ |¢|” (see e.g. [69]).

In [128, 57], the problem (16), (17) has been investigated in the case m = 0, f(¢) ~ |¢|’, where
l<p<p. =1+ %, and the existence of sufficiently small initial data (¢; ¢1) was proved for which
the corresponding Cauchy problem has no global solution. In [7, 8] the Klein-Gordon equation has
been investigated in the case m = 0, f(¢) ~ ¢/’ when p > p. = 1 + % , and the existence of a global
solution for the problem (16), (17) has been proved for suffciently small (¢g; ¢;1). In the case m > 0, i.e
for the Klein-Gordon equation with mass, the above efects do not occur. In this case, the main objects
of study are the corresponding potential well and stability or instability of standing wave. There is
a series of works devoted to that problem. The nonexistence of global solutions was studied in [67]
for nonlinear wave equations with negative energy and in [68] for a class of abstract equations that, in
particular, contains nonlinear wave equations. The nonexistence of global solutions of nonlinear wave
equations with positive initial energy was considered in [104]. It was shown in the study of nonlinear
wave equations in [65] that there exist initial data with fixed initial energy such that the corresponding
Cauchy problem does not have a global solution. This result was improved in [127]. A mixed problem
for systems of two semilinear wave equations with viscosity and with memory was studied in [74],
where the nonexistence of global solutions with positive initial energy was proved. The nonexistence
of global solutions of problem (16), (17) with negative initial energy was studied in [4] for m = 2
and in [71] for m = 2 and p, = p,. The nonexistence of global solutions of a generalized fourth-order
Klein—Gordon equation with positive initial energy was analyzed in [64]. A fairly comprehensive picture
of the studies in this direction can be gained from the monograph [92]. Our main results in this thesis

can be summarized as follows:

Chapter 1. In this chapter, we consider a Bresse-Timoshenko type system with distributed delay term.
Under suitable assumptions, we establish the global well-posedness of the initial and boundary
value problem by using the Faedo-Galerkin approximations and some energy estimates. By using
the energy method, we show two exponential stability results for the system with delay in vertical
displacement and in angular rotation, respectively. This extends earlier results in the literature
[40] to the system with distributed delay. This work has been recently published in [30].

Chapter 2. In this chapter we studied a one-dimensional linear thermoelastic system of Timoshenko
type with distributed delay term. The heat conduction is given by Cattaneo’s law. Under an
appropriate assumption between the weight of the delay and the weight of the damping, we prove
the exponential stability result will be shown without the usual assumption on the wave speeds.
To achieve our goals, we make use of the energy method. This work has been recently published
in [133].
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Chapter 3. In this chapter we will substantiation that the positive intial-energy solution for coupled
nonlinear Klein-Gordon equations with degenerate damping and source terms. We prove, with
positive initial energy, the global nonexistence of solution by concavity method. This work has

been recently accepted in [134].

Chapter 4. In this chapter we will substantiation that the positive intial-energy solution for coupled
nonlinear Klein-Gordon equations with nonlinear damping terms. We prove, with positive initial
energy, the global nonexistence of solution by concavity method. This work has been recently

accepted in [102].



Part I

Bresse-Timoshenko and Timoshenko systems

10



Chapter

Global Well-Posedness and Exponential Stability results
of class of Bresse-Timoshenko type systems with Dis-
tributed delay term

1.1 Introduction

In this chapter, we deal with a nolinear Bresse-Timoshenko type system with distributed delay cases
(1.9) and (1.72), under appropriate assumptions and we study the exponential decay of two cases of
dissipative system based on the recent works by Almeida Janior et al. in [5]-[8] and Feng in [40],
we are working to establish the global well-posedness of the initial and boundary value problem by
using the Faedo-Galerkin approximations and some energy estimates, we relied on the energy method
to demonstrated these results with the help of convex functions. In the next, let’s ¢ positive constant.
Firstly, after an explanation about the meaning of second spectrum based on existing literature, they
showed that the viscous damping acting on angle rotation of the original Timoshenko system in [126]
given by

{ P16 = Blpy + ) = 0 0

P2 — Dy + Blox + §) + iy, = 0

Regarding relationship between dissipative effects and second spectrum, Nesterenko in [96] suggested
that “dissipative processes are able of eliminating the damaging effect given by second spectrum. How-
ever, Nesterenko did not prove anything about his affirmation. According to our information, the first
contribution in that direction was obtained by Manevich and Kolakowski [76]. They analyzed the dy-

namic of a Timoshenko model where the damping mechanism is viscoelastic. More precisely, they

11



Chapter 1: Bresse-Timoshenko system with distributed delay 12

considered the dissipative system given by

(1.2)

{ P19 — Blex + ) — @y + ¥ = 0,
Py — wax +,8(90x + W) = Mo i« +#1(‘Px + l/’)t =0,

where y;,i = 1,2 are positive constants and they conclude, from dispersion analysis, that “internal
friction damping eliminates the second branch for sufficiently short wavelengths, and there remains
only the first branch.
Secondly, the papers due to Elishakoff and collaborators and their studies on truncated versions for
classical Timoshenko equations [1] (see also recent contributions of Elishakoff et al. [36]-[35])have an
important influence on our incursions in the paper of Almeida Junior and Ramos [5], where they showed
that the total energy for viscous damping acting on angle rotation of the simplified Timoshenko system
given by

{ P10 = Blpy + ), = 0 (1.3)

—P2@ux — D + Bl + ) + iy = 0

is exponentially stable regardless of any values of coefficients oy, p,, b and g It is noteworthy that both
set of systems (1.1) and (1.3) without damping (« = 0) have all main features considered by Timoshenko
in [126] from modelling point of view: curvature, vertical displacement, angle rotation, shear deforma-
tion and rotary inertia. We believe that the truncated version (1.3) is simpler than the classical ones for
dealing with the exponential stability because the hypothesis of equal wave propagation velocities is
not necessary anymore. The reason behind this is the absence of the second spectrum or non-physical
spectrum [1, 35] and its damage consequences for wave propagation speeds [5]. We can find the histor-
ical and mathematical observations in [1, 35]. The same results are achieved for a dissipative truncated

version where the viscous damping acts on vertical displacement

{pl¢tt_ﬁ(¢x+¢)x+,ul‘ﬁt =0 (1.4)

—P2Pux — wax +ﬁ(§0x + w) =0

Then, for more consistency and in light of the absence of the second spectrum resulting from exponential
decay, Almeida Junior et al. [8] considered two cases of dissipative systems for Bresse-Timoshenko type
systems with constant delay cases. For the first one, the authors proved the exponential decay for the

system given by

P1@u = Blpx + Y)x + iy + p2py(x, 1 = 7) = 0 (1.5)
—P2Pux — wax +B(px+¥) =0
For the second one, the authors also proved the exponential decay result for the system given by
P1y = Blex + ) =0 (1.6)
—P2@ux = DY + Bl + ¥) + ity + popy(x, 1 = 7) = 0
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Feng and al. [40] considered two cases of dissipative systems for Bresse-Timoshenko type systems with

time-varying delay cases. For the first one, the authors proved the exponential decay for the system

given by
{ P1p = Blps + W)+ iy + papi(x, 1 = 7(1) = 0 0
—P2Pux = bx + Blox + ) = 0
For the second one, the authors also proved the exponential decay result for the system given by
{ P11 = Blps + ), = 0 (1.8)
—P2@ux = Dcx + Bl + ) + ity + |l (x, 1 = 7(2)) = 0

Guesmia and Soufyane [52] studied a vibrating system of Timoshenko-type with one or two discrete time
delays and one or two internal frictional dampings, and established exponential decay and polynomial
decay of corresponding system. Said-Houari and Soufyane [112] studied exponential stability of a
Timoshenko beam system together with two boundary controls and with delay terms. For Timoshenko
system of thermo-viscoelasticity with delay term, one can refer [13], [29] and [59]. On the other hand,
in [37], [53], [55], [98] and [140] the authors considered the case of a Timoshenko type systems with

distributed delay terms, and established some stability results.

1.2 Distributed delay and viscous damping in vertical displace-

ment

Here, we are concerned with the following system given by

P1®i — Bloy + )y + pig; + / I ()l (x,t — p)dp =0 (19)

—P2Prx — wax +ﬁ((px + w) =0

where
(-x’ p? t) € (Oa 1) X (TI,TZ) X (O, OO)

Additionally, we consider initial conditions given by

(1.10)

¢ (x,0) = o (X), ¢ (x,0) = 01 (X)), 1 (x,0) = @3 (x)
0ur(x,0) = 3(x), ¥ (x,0) = Yo (x),x€(0,1)

where ¢y, @1, ¢2, ¥, are given functions, and boundary conditions of Dirichlet-Dirichlet given by

00,0=p(L,)=00,)=y,H)=0,1>0 (1.11)
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Wherever, ¢ is the transverse displacement of the beam, i is the angle of rotation, and py,05,b,8 > 0
and the integral represents the distributed delay term with 7,7, > 0 are a time delay, y; is positive
constant, u, is an L*function.

(A1) u, : [71,72] — R is a bounded function satisfying

/ lu2(pldp < (1.12)

71

In order to deal with the disributed delay feedback term, motivated by [98], let use introduce a new

dependent variable

y(X,T,p,t):QOt(X,t_pT)’ (113)

Using (1.13), we have

pyi(x, T, p, 1) = —y(x, 7, p, 1) (1.14)
)’(X, Oa p9 t) = Qot(x’ t)'
Thus, the problem is equivalent to
0190 — Blpx + ) + s + / 2 (Ply (x, 1, p,)dp =0
T1
—P2Prx — wax +ﬁ(¢x + lr//) = O (115)
pyl‘(x’T7p’ t) +yT(-x’T’p’ t) = 0
where
(x,7,p,t) € (0,1)x(0,1) X (11, 72) X (0, 00).
Additionally, we consider initial conditions given by
@0 (x,0) = o (0), ¢ (x,0) = 1 (x), 1 (x,0) = @5 (x)
0ur(x,0) = 03(x), ¥ (x,0) = ¢ (x),x € (0,1) (1.16)

y(-x’ TP, O) = fb(x’ _PT)’)’z (X, Tp,s 0) = fl (.X', _pT) » in (0’ 1) X (O’ 1) X (0’ T2)a
Yu ()C, TP, O) = f2 (x’ _pT) s in (O’ 1) X (0’ 1) X (Ov TZ)

where @, @1, ©2, Yo, fo, f1, are given functions, and boundary conditions of Dirichlet-Dirichlet given by
0.)=01,0=¢0,0)=y(1,0)=0,7>0 (1.17)

Next we say that the global well-posedness of problem (1.15)-(1.17) given in the following theorem.

Theorem 1.1. Assume the assumption (1.12) holds. Then, we have the following:
(i) If the initial data (o, ¢1, @2, @3, %0) is in (H*(0,1) N H)(0, 1)) x (H*(0,1) N Hy(0,1)) x H'(0, 1) X
L*(0,1) x (H*(0,1) N H}(0, 1)), fo, fi, f> € H'((0,1) X (0, 1) X (1, 72)), then problem (1.15)-1.17) has a
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stronger weak solution

@ € Ly (R*, H*0,1) N Hy(0,1)), ¢ € L2 (R, H*0,1) N HO, 1))

loc loc
901 € LOO (R+9H2(0’ 1) m Hé(oa 1))’ (Ptt € LOO (R+9Hé(0’ 1))

loc loc
(ii)If the initial data (g, 1, @2, @3, Uo) is in (Hé(O, 1) x Hé(O, 1) x L*(0,1) x L*(0, 1) x Hé(O, 1)),
fo, fis o € L*((0,1) X (0, 1) X (11, T2)), then problem (1.15)-(1.17) has a weak solution such that

¢ € C([0,T], Hy(0, 1)) N C'([0,T],L*(0, 1)), ¢ € C(0,T], H\0, 1))
@ € C([0,T1, Hy(0,1)), ¢, € C([0,T],L*0,1))

(iii)In both cases, we have that the solution (¢, ¢;, ¢, ) depends continuously on the initial data in
H, (0, 1)x Hy(0, 1) x L*(0, 1) x H}(0, 1). In particular, problem (1.15)-1.17) has a unique weak solution.

1.2.1 The Global Well-Posedness

In this subsection, we will prove the global existence and the uniqueness of the solution of problem
(1.9)-(1.17) by using the classical Faedo-Galerkin approximations along with some priori estimates. We
only prove the existence of solution in (i). For the existence of stronger solution in (ii), we can use the
same method as in (i) and one can refer to Andrade e al. [11] and Jorge Silva and Ma [121] and Feng
[42].

1.2.1.1 Approximate Problem

Let u;, ; be the Galerkin basis, For m > 1, let

W, = span{uy, us, ...., u,}

K,, = span{0,,0,, ....,0,}
We define for 1 < j < m the sequence ¢;(x, 7, p) by
¢j(~x’ 05 p) = uj(x)

Then we can extend ¢;(x, 0, p) by over L*((0,1) % (0, 1) X (11, 72)) and denote V,, = span{d,, ¢, ..., §,}.
Given initial data ¢, Y € H(‘)(O, 1), o1, ¢, € L*(0,1), and fp, f; € L*((0,1) x (0, 1) X (71, 72)), we define
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the following approximations

Pm

Y

> gimOu(x)
j=1

D hin(00,(x)
j=1

Yn = Y ¢, p)

=1

which satisfy the following approximate problem:

with initial conditions

which satisfies

P1(@mirs ) + BU(Pmx + W), j) + (1 (s, 1)

N / " D)o (. 11 dp ) = 0,

DWrmss 0) + 03 O) + B s +01). ) = 0
PYmi (X, T, P, 1), @) + WX, T, p, 1), ¢0;) = 0
(DY T2 P 1), 85) + G 7 o), ) = O

em(0) = ¢y, mi(0) = @', @i (0) = ¢
G (0) = ‘P?, Ym(0) = ‘%)na Ymi(0) = ‘/’rln’
ym(o) = y’(?’ymt(o) = y’1n’ ymtt(o) = y;n

0 = o,
@ = @1,
@y = @2,
@5 = @3,
Yy — Yo,
Yy -y,
Yo = Yo,
i =y

ygl - )’2,

strongly in H*(0,1) N Hy(0, 1)
strongly in Hé(O, 1)

strongly in Hé(O, 1)

strongly in L*(0,1)

strongly in H*(0,1) N Hy(0, 1)
strongly in Hy(0,1)

strongly in L*((0,1) x (0,1) X (11,72))
strongly in L*((0,1) % (0, 1) X (11, 72))
strongly in L*((0,1) X (0,1) X (t1,T2))

(1.18)

(1.19)

(1.20)

(1.21)
(1.22)
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By using standard ordinary differential equations theory, the problem (1.19)-(1.20) has a solution

(8jm> Mjms fim) j=1,m defined on [0, 7,,). The following estimate will give the local solution being extended

to [0, T'], for any given T > 0.

1.2.1.2 A Priori Estimate I

Now multiplying The first four terms of the first approximate equation of (1.19) by ¢’ , and Now mul-

tiplying The last three terms of the first approximate equation of (1.19) by 4, , and using the fact that

we get

1 1 1 1
_:3/ Cufdx = p; / Curudx +,8/ PraxPudx + [y / ‘Pzztdx
0 0 0 0

1 (o)
+/ ‘Ptt/ | (Ples (x,t — p)dpdx,
0 T]

d1 1 or [ 1 1
__[pl / ()Otzntdx + B2 / (prznttdx + P2 / (przntxdx + IB/ (‘me + wm)zdx
dt2 0 B Jo 0 0

1 1 1 T
+b / t//ide]+u1 / Podx + / Ot / 2 (P)lym (x, 1, p, 1) dpdx
0 0 0 T]

1 1 iyl
+ﬂ1% /0 Qﬁgmdx + % /0 Qomtt/ |ﬂ2(p)|ytm (.X, L, P> t) dpdx (123)
T1

Multiplying the second approximate equation of (1.19) by |u>(p)|fjm, and then integrating over (0, ) X
(0,1)x(0,1) X (11, 72), we obtain

A
2 / / / / plua(py2(x, 7, p, s)dpdrdxds
0 0 0 7
t 1 1 72
= —/ / / / |/12(p)|ymym-r (X, T, P, S) dpdede
0 0 0 7

1 t 1 1 T d
=-3 / / / / qu(p)ld—yf,, (x,7, p, s)dpdrdxds
o Jo Jo Jr T

1 t 1 k)
-1 / / / L (PIOR (5.0, p.$) — Y2 (6, 1. p. ) pdxds
0 JO Ty

1 T t 1
= 5( / lua(p)ldp) / / ya(x, 0, p, s)dxds
T 0o JoO

1 t 1 (v
) / / / 2 (p)lyz, (x, 1, p, 5) dpdxds
0o JO T]

(1.24)
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similarly, we have

Lo
5/ / / / p|l«t2(p)|y,%,,(x, 7, p, s)dpdtdxds
0o Jo Jo Jr
t 1 1 T2
_ / / / / (P ywrs (6 7, po 5) dpddxds
o Jo Jo Jr
L p
} __/ / / / (P ==Yz (X, 7, p, 8) dpdrdxds
2 0 Jo Jo Jn dr

1 t 1 T
- 5 / / / |ﬂ2(p)|(y%’lt ('x’ O’ D, S) - )’,2,,;(35, 1, )25 s))dpd.XdS
0 JO T
1 T2 t prl
= 5(/ |,U2(P)|dp)/ / y2 (x,0, p, s)dxds (1.25)
71 0 JO

1 t 1 T
_E / / / |ﬂ2(p)|y3nt (.X, 1’ P S)ddedS
0 0 T

Now integrating (1.23) and using (1.24) and (1.25), we obtain

1 ) t 1
EMD + (i3 / Pla(p)ldp) / / & (s)dxds

71

1
+%(ﬂl_§ / plua(p)ldp) / / @oe(8)dxds

t 1
+ / / ©mi($) / l2(P)lym (x, 1, p, s) dpdxds
+ / / Omu(S) / 2 (P)yim (x, 1, p, s) dpdxds
+ / / / pla(plyz(x, 1, p, s)dpdrdxds

’ Ez/ / / Pl (P2, (x, 1, p, S)dpdrdxds
o Jo Jo
- o0 (1.26)

with
1 ' P1P2 2 b
En(t) = —[pl Gpidx + —— somﬂdx +02 | @undx
2 B Jo 0
1
+B / (P + W) dx + b / lﬂixdx]
0 0

1 1 i)
- / / / plia(py2(x, T, p, dpdrdx
0 0 T]

1 1 (o)
+% / / / pluz(p)lytzm(x, 7, p, t)ydpdrdx (1.27)
0 0 T
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Then we have the following cases.

(i) Consider (u; > f:lz pluz(p)ldp). Using Young’s inequality, we have

t 1 ¥
/ / Omi(S) / |2 (P)lym (x, 1, p, ) dpdxds
0 0

L]

1
>——( plua(p)ldp) / / @2 (s)dxds

L / / / (P2, (x, 1, p, 5) dpdxds (1.28)

and

t 1 T
// ‘pmlt(s)/zlﬂZ(p)lymt(xal,p’ S)ddedS
0 0 l Tz‘rl t 1
> =5 v [ [ oras
1 t 1 ) )
- /O /0 /ﬂ (P2, (5, 1, p, ) dpdoxds (1.29)

which, together with (1.26), yields

%) t 1
En(®) + (- / Pla(p)ldp) / / & (s)dxds
0 0

71

T t 1
+&(ﬂl - / plua(p)ldp) / / Pr($)dxds
ﬁ T] 0o JO
< &,(0) (1.30)

It follows from (1.12) that there exist a constants 1y = u; — f:lz pluz(p)ldp such that

t 1 t 1
En(t) + 100 / / @ (s)dxds + 2, / / @2, (s)dxds < E,(0) (1.31)
0o Jo B o Jo
(i1) Consider (u; = f:lz pluz(p)ldp) and using (1.19), we know that
En(t) < E,(0) (1.32)
(ii1)Then, in both cases, we infer that there exists a positive constant C independent on m such that

En()<C, t20 (1.33)
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It follows from (1.12), and (1.33) that

1 1 1 1
/ @pidx + / Crudx + P2 / Goidx + / (P + Y) dx
0 0 0 0

1 1 1 T
+ / Yo dx + / / / Pla(p)Y2 (x, T, p, dpdrdx
0 0 0 T

1 1 9
+ / / / plia(plyn(x,7, p,ydpdrdx < C (1.34)
0 0 T]

Thus we can obtain t,, = T, for all T > 0.
1.2.1.3 A Priori Estimate 11

Differentiating the first equation of (1.19) and multiplying by ¢,.,, and then integrating the result over
(0,1), we have

d 1 1 1
L Qorznttdx +:3/ (@imx + Vi) Pmuxdx + pry / QOrznttdx
2 dt 0 0 0

1 T
+ / Ot / |2 (P)yme(x, 1, p, )dpdx = 0. (1.35)
0 70

Differentiating the second equation of (1.19), multiplying by ¢, noting

1 o
Ynix = B (PISDmtm = Bmutxx + H1Pmur + / | (P ymu(x, 1, p, f)dp) s
70

and then integrating the result over (0, 1), we get

1 1 1
p1p2 d 2 p2d 2 P24 / 2
ik dx + = — dx + =L d
2ﬁ dt /O ‘10mm X 2 dt 0 (pmttx X 18 0 (pmtt X

bd (!
+=— lr//ixtdx + £

1 i)
2dt 0 ‘pmttt /1:1 |ﬂ2(p)|ymtl‘(xa lvpa t)dp

0

1
+ﬁ/ (mxt + Ym)Wmudx = 0. (1.36)
0
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The same arguments as in (1.24)-(1.25), and combining (1.35) and (1.36), we get

1 T t 1
6ut) + Gu=3 [ phstodp) [ [ Gitonds
p2 1 (¥ t 1 5
+—u - = plua(p)ldp) Oonrr($)dxd s
ﬁ 2 T 0 JO
t 1 %)
+ / / Omi($) / o (P)lym (x, 1, p, 5) dpdxds
0 0 T
p2 t 1 l %)
+ _// (;Dmttt(s)/ o (P Ymu (x, 1, p, s) dpdxds
ﬁ 0 JO 7]
t 1 )
o [ ] Pt psidpasasas
0o JoO T]

PR R
* %/// Pla(P)yn(x, 1, p, S)dpdrdxds
0o Jo Ja
= Gn(0)

where

1

1 1 p1P2 !
Gn() = E[pl/ %%mdx*' X 90;%1mdx+p2/ ‘10}27’ltlxdx
0 ﬁ 0 0

1 1
+ﬁ/ ((pmxt + l//mt)zdx + b/ l//ix,dx]
0 0

1 1 1 )
v / / / PP (.7, p, ydpdrdx
0 0 T]

1 1 7
"3 / / / PPy (. 7, p, Ydpdrdx
A

Similarly to A Priori Estimate I, we can get there exists a positive constant C independent on m such
that

Gn() <C, t20. (1.37)
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1.2.1.4 A Priori Estimate II1

Let uj = —@uixx and 0; = =, n (1.19). We integrate the result over (0, 1) to get for any ¢ > 0.

d1 ! pip2 [ ]
—_[Pl/ ‘Pimdx"' e ‘:03nzttdx+p2/ %%mxdx
0 ﬁ 0 0
1
+,ul/ ‘Pmtxdx
0

dt?2
1 ) o 1

+ / Omix / (P2, (x, T, p, Ddpdx + py 5= / Omudx
0 T 2ﬁ 0

1 1
+8 / (Ot + W) *dx + b / W2 dx
0 0
o 1 ko)
+E/ ‘Pmtzx/ |ﬂ2(p)|y3ntt(x’ T, p, )dpdx
0 T1

By using the same arguments as in (1.24) and (1.35), we can get from (1.38) that

T2 t 1
F@)+ (- / Pluz(p)dp) / / Omix(8)dxds
0 0

Tl

T t 1
+%(ﬂl - / plua(p)dp) /0 /0 Omix(S)dxds < F(0),

where
1 ! 1 1
_[Pl / %%uxdx + 152 Qozmxd'x T 02 / %%mxdx
2 0 B 0 0
1 1
+ﬁ/ (<pmxx + me)zdx +b / wixxdx]
0 0
1 1 T
+ / / / Pla(P)lya(x, 7, p, )dpdrdx
0 0 T

1 1 )
I / / / Pl (. p, Ddpdrdx
ﬁ 0 0 T

Therefore, we obtain that there exists a positive constant C independent on m such that

Fnu) <C,t>0.

(1.38)



Chapter 1: Bresse-Timoshenko system with distributed delay 23
1.2.1.5 Passage to Limit
From (1.34) and (1.37), we conclude that for any m € N,
Om is bounded in L™(R,, H* N H&)
Pmt is bounded in L™(R,, H* N Hé)
Pt is bounded in L (R,, Hé)
Ui is bounded in L™ (R,,H* N Hol)
1/ is bounded in L™ (R,,L?)
Vm  isbounded in L™ (R,,L*((0,1) x (0,1) X (11, T2))
Ve 08 bounded in L™(R., L*((0,1) x (0, 1) X (11, 72)) (1.39)
Thus we get
©Om  weakly star in L*(R,, H* N Hé)
Om  weakly starin L*(R,, H* N H(l))
Ot weakly star in L*(R,,HY
Y,  weakly starin L*(R,,H* N H,)
Y  weakly starin L*(R,,L?)
Ym  weakly star in L*(R., L*((0,1) x (0,1) X (11, 72))
Ve weakly star in L*(R,, L*((0, 1) X (0, 1) X (11, T2)) (1.40)

By (1.40), we can also deduce that ¢,,, ,, is bounded in L*(R,, H* N H}) and @, Py 18 bounded in
L*(R,, L?). Then from Aubin-Lions theorem [70], we infer that for and, 7 > 0,

Om strongly in L*(0,T, Hé(O, 1))
Om  stronglyin L*(,T, Hé(O, 1))
Y, stronglyin L™(0,T, Hy(0, 1))

We also obtain by Lemma 1.4 in Kim [129] that

Om strongly in C(0, T, Hé(O, 1))
@  stronglyin C(0,T,Hy(0, 1))
W  strongly in C(0,T, Hy(0,1))

(1.41)

(1.42)
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Then we can pass to limit the approximate problem (1.19)-(1.20) in order to get a weak solution of
problem (1.15)-(1.17).

1.2.1.6 Continuous Dependence and Uniqueness

Firstly we prove the continuous dependence and uniqueness for stronger solutions of problem (1.15)-
(1.17).

Let (¢, @1, @1, 0, T, Y;), and (I, T, Ty, 2,11, 11;) be two global solutions of problem (1.15)-(1.17) with
respect to initial data (¢, @1, @2, Yo, g, ©1), and (I'y, ', [y, Zp, @p, @;) respectively. Let

A =¢-T
)=y -2
X0 =T-0 (1.43)

Then (A, X, y) verifies (1.15)-(1.17), and we have

PN = BN+ ) + 1A + / [ (PIA; (x,t = p)dp

Tl
_pZAttx - bzxx +,8(Ax + 2) =0
p/\/t(xaT’p7t) +XT(-x’T7p’t):O (144)

Multiplying (1.44); by A,, (1.44), by %, and integrating the result over (0,1), and using the fact that
1 1 1 1
IB/ A,,Etxdx = pl/ AntAttd.x +ﬁ/ AtxxA”dX +M1/ At%d.x
0 0 0 0
1 ko)
+ / Ay / lu2(P)IA, (x,t — p) dpdx
0 T1
we get
d1 1 1 1 1
——[pl / Aldx + 2122 / A2dx + p / A2dx +,B/ (A +Z)2dx
dr2 0 B Jo 0 0
1 1 1 T
b [ Sax| e [ Adxe [ A [t podpas
0 0 0 T

1 1 iyl
+ﬂ% / Aftdx+% / A / a2 (p)lx: (x, 1, p, 1) dpdx (1.45)
0 0 71
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Using Young’s inequality, we get
d : 2 : 2
—&() < (| Ajdx+ A;dx)
1 1 1 1 1
< o / Aldx + / Aldx + / A2 dx + / Xdx + / (A, +X)%dx
0 0 0 0 0
1 1 )
+ / / Plu(p)l® (x. 1, p. 1) dpdrdx)
0 0 T
where
_ 1 : 2 P1P2 : 2 : 2 : 2
E) = =|p: Ndx + —= A;dx + p; N dx+p [ (A, +X)dx
2 0 B Jo 0 0
1 1 1 k)
+b / Zidx] - / / / Pl (x, 1, p, by dpdrdsx (1.46)
0 0 0 T
by integrating (1.45), we get
t
&) < &0)+C / AN + IAGP + AP + [P + (AL + DI
0
1 [
+ / / Plua(plil (v, 1, p, 1) |Pdpdr) (1.47)
0 T1
on the other hand, we have
&0 = collA + AP + IALP + IZP + I(A, + DI
1 £
+/ / plua(Pll (x, 1, p, 1) |Pdpdr) (1.48)
0 T
Applying Gronwall’s inequality to (1.47), we get
AP + 1AL+ IALP + IZ0P + (AL + DI
1 k)
+ / / Pl (x, 1, p, 1) |2 dpdT) < e“'E(0) (1.49)
0 T

This shows that solution of problem (1.15)-(1.17) depends continuously on the initial data. This ends

the proof of Theorem.

1.2.1.7 Weak solution

If (g0, @1, @2, @3, Yo) lies in (HJ(0,1) x L*(0,1) x L*(0,1) x L*(0,1) x H}(0,1)), we can use density
arguments to get problems (1.15)-(1.17) admit a global weak solution. This ends the proof of theorem.
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1.2.2 Exponential stability

In this subsection, we will prove an exponential stability estimate for problem (1.15) — (1.17), under the
assumption (1.12), and by using a multiplier technique.
Define the energy of solution as

P1P2 -

1 1
&0 = ;5 / [plso?+bwi+ﬁ<sox+w)2+790,,+p2¢?x dx
0

1 1 1 )
w5 [ ] b xn e dpdeax
0 0 T

(1.50)
Then we have the following lemma.
Lemma 1.2. The energy E(t) satisfies
k) 1 T 1
g < _(,Ul - / I,uz(p)ldp) / %zdx—(ul - / |/12(P)|dp) / prdx
T 0 T 0
. 1 p2 . 1
< —no/ gotzdx—no—/ ordx <0 (1.51)
0 B Jo

™
where ng = py — / lua(p)ldp = 0.
71
Proof. Multiplying the first equation of (1.15) by ¢,, the second equation of (1.15) by ¢,, using integra-
tion by parts, and (1.17), we get

pl d 1 1 1
“— | pldx+p / (@ + Y)prdx + 1y / grdx

1 ko)
" / ¢ / (Plr (.t — p) dpdx = 0 (152)
0 T

1 1 1
bd
P, / ot + 24 / Vdx + B / (60 + W = 0
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T2
Now, substituting: v, = %gom — Qe + %gon + é / lua(p)les (x,t — p)dp, obtained from (1.15),, into

Tl

first integral of (1.52),, we get

1d
2 dt

+,u1/ 2dx+/ (pt/ lo(p)ly (x, 1, p,t) dpdx

1
P1P2
[plcpf + by + Bl + ¥)* + 5 @ + par. | dx

+/l1— / grdx + = / iy / 2 (p)ly: (x, 1, p,t) dpdx = 0

Secondly, multiplying (1.15); by y|u2(p)l, Then integrate the result, we get

) / / / | plua(p)y*(x, 7, p, )dpdrdx
- / / / 2 (p)lyy: (x, 7, p, 1) dpdrdx
0 0 T
1 1 1 l T d 5
i) / / / qu(p)ld—y (x, 7, p,t)dpdrdx
o Jo Jg T
1 1 (o) 5 )
=5 / / (I (x,0, p, 1) — y“(x, 1, p,1))dpdx
0 T]
1 ) 1 )
= 2—( / lu2(p)ldp) / prdx
T 0
1 1 T )
-3 / / 2 (p)ly” (x, 1, p, 1) dpdx
0 71

and, using (1.14), we have
pyl‘l(x’ T, p’ t) = _)’tr(X, T, p7 t)
}’t(X, 07 p’ t) = ‘PU(X, t)

(1.53)

(1.54)

(1.55)
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Multiplying (1.55) by y;|u2(p)|, Then integrate the result, we get
) / / / | Plua(p)ly; (x. 7, p, H)dpdrdx
- / / / 2 (P)yyi (x, 7, p, 1) dpdrdx
0 0 T]
1 1 1 T d 5
) / / / k2(p)l—yi (x. 7, p. 1) dpdrdx
0 Jo Jr T
1 1 [
=5 / / 2(P)O7 (x,0, p. 1) = y7(x, 1, p,0))dpdx
0 T
1 () 1 )
— ([ by [ i
2 T 0
1 1 T )
—5/ / o (ply; (x, 1, p, 1) dpdx. (1.56)
0 T
From (1.50), (1.53), (1.54), and (1.56) we get (1.51).
T 1 0>
&0 <~Gu - | stpidp) [ vide-20u - [ wstpiap) / G (1.57)
T1 0 7]
then, by (A1), Ay > 0 so that
&) < —770/ fdx — —770/ @rdx (1.58)
then we obtain & is decreasing. O
Lemma 1.3. The functional
1 1
__H 2
Fi (@) := ——/ %dx—ﬁ/ Preprdx (1.59)
2 /o 0
satisfies
1 1 1
Fi(1) < —ﬁ/ tp,zxdx+81/ widx+c(1 + —)/ go,,dx
0 0 €1
1 1)
+c / / lu2(p)ly*(x, 1, p, )dpdx (1.60)
0 T1
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Proof. Direct computation using integration by parts, we get
1 1 1
Fi@ = p / (,thtdx _ﬁ/ Yapudx _ﬂ/ (lotzxdx
0 0 0
1 £
+/ Qott/ |/12(p)|y(x’ 17p’ t)dpdx (161)
0 T
estimate (1.60) easily follows by using Young’s and Poincare’s inequalities. O
Lemma 1.4. The functional
wpr [ 1
Fr() = py / ppdx + — / @dx + 21’82 prdx + p / Prxpxdx
0
satisfies,
P < -2 égz oldx - / (@r + ¥)%dx — b / Widx
+02 / ondx +py / rdx
0 0
1 )
+c / / lua(p)ly*(x, 1, p, )dpdx. (1.62)
0 T
Proof. Differentiating F,, using integrating by parts and (1.17), we get
1 1 1
Fy(0) = pi / sofdx —ﬁ/ (x + ) dx — b/ Wrdx
0
5 \drs / / a(Ply(x, 1, p, Ddpdx
1
+02 / Prdx +— / Pir / lu2(p)ly(x, 1, p, Hdpdx. (1.63)
0
Using Young’s, Cauchy-Schwarz and Poincaré’s inequalities, we obtain (1.62) O

At this point, let us introduce the functional used by:

Lemma 1.5. The functional

1 1 )
Fi) = / / / pe P sy (5,7, py 1) dpddx
0 0 T

1 1 )
+ / / / pe Pl (p)ly? (x, 7, p, 1) dpdrdx.
0 0 T
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satisfies,
DS AR 1
Fo < on [ [ s e pidparas e [ g
o Jo Jr 0
1 ko) l
—7 / / (Pl (x, 1, p, 1) dpdx
0 T
L n 1
-1 / / / Pla(p)ly; (x,7, p, 1) dpdrdx + / opdx
o Jo Jg 0
1 ()
- / / 2 (p)ly; (x, 1, p, 1) dpdx (1.64)
0 T]

where 17 > 0.

Proof. By differentiating F3, and use the equation (1.15)3, we get

1 1 T
Fi(t) = -2 / / / e " (p)lyy: (x,7, p, t) dpdrdx
0 0 T

1 1 ko)
) / / / PPy (57, py 1) dpddx
0 0 T

1 1 T
- / / / pe Pl (p)ly* (x, 7, p, 1) dpdrdx
0 0 T

1 ()
_/ / |/-12(P)|[e_py2 (x, 1’ D, t) _)’2 (x’ O,P’ t)]dpdx
0 T

1 1 T
- / / / pe P (ply; (x, 7, p, ) dpdrdx
0 0 T

1 ()
_/ / |H2(p)|[e_py12 (-x’ la p’ t) _y[2 (-xa 0’ pa t)]dpdx
0 T]

Using the equality y(x, 0, p, 1) = ¢/(x,1), y(x,0, p,t) = pu(x,t) and e? < e’ < 1, forany 0 < 7 < 1,

we get

1 1 T
Fi(t) = - / / / pe Pluy(p)ly* (x, p, p, 1) dpdpdx

ko) 1
/ / Plus(p)ly* (x, 1, p, 1) dpdx + / la(p)ldp / grdx

/ / / pe P (p)ly; (x,7, p, ) dpdrdx

1
/ / Pla(ply; (x, 1, p, 1) dpdx + / lu2(p)ldp / @pdx
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As —e™? is a increasing function, we have —e™” < —e ™, for any p € [11, T2].

Then, setting n7; = e and using (A1), we obtain (1.64).

Theorem 1.6. Assume (Al), there exist positive constants Ay and A, such that the energy functional
(1.50) satisfies
E(t) < eVt >0 (1.65)

Proof. We define a Lyapunov functional
L) :=NE@) + N Fi(t) + NoF>(1) + N3Fs(1). (1.66)
where N, Ny, N,, N3 > 0. By differentiating (1.66) and using (1.51), (1.60), (1.62), and (1.64) we have

1
L' < —[NUO—PzNz—M1N3]/ ¢rdx
0
1 1
—[no‘ﬁm@Nz—ch(l + —)—ulNg] / @2dx
B B & 0
1
—[bN, — &N} / Wrdx
0
:8 1 1
_E/ (¢x+w)2dx—[,8N1 —ch]/ go,zxdx
0 0
1 ()
— N3y — eNy — ¢Ns| / / (P (x, 1, p, ) dpdx
0 T
1 1 T l
—Nsm, / / / plua(p)y? (x, 7, p, t) dpdrdx
0 0 T
1 T
=N3m, / / 2 (p)ly? (x, 1, p, ) dpdx
0 T]

1 1 T
=Nz / / / plu()ly? (x, 7, p, ) dpdrdx.
0 0 T

_ b\,

By setting &, = 737,

we fixed N, and we choose N, large enough so that
aq :ﬁNl —cN, >0,

After that, we can choose N3 large enough such that

oy = T]1N3 —cNy—cN, > 0,
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thus, we arrive at

1 1 1
L'(t) < —[Nny-c] / go,zdx — [nO&N + a3 — c]/ goftdx — a4/ widx
0 B 0 0
1 1
—as / (px + ¥)2dx — a / o dx
0 0

1 T
-, / / i (P)y* (x, 1, p, ) dpdx
0 T]

1 1 ')
— / / / plua(p)y* (x, 7, p, t) dpdrdx
0 0 T

1 T
— / / 2 (p)ly7 (x, 1, p, ) dpdx
0 T]

1 1 T
— / / / plu(P)y? (x, 7, p, t) dpdrdx.
0 0 T

P1p2 _ b _B _
S5 N2, @y = 5Ny, a5 = 5No, a6 = N3y

2B
On the other hand, if we let

where a3 =

H (t) = N1 Fi(t) + NoFo(1) + N3 F5(t)

then

1 1 1
|H ()] < %Nl / ¢;dx + BN / lpldx + piN» / logildx
0 0 0

H : H1p2 ! !
+—=N, / ¢*dx + ——N, / grdx + pN, / |praipaldx
2 0 2 0 0

1 1 T
+N; / / / pe Pl (p)ly* (x, 7, p, 1) dpdrdx.

0 0 T

1 1 11'2
+N; / / / pe Pl (p)ly? (x,7, p, 1) dpdrdx.

0 0 T

By using the inequalities of Young, Cauchy-Schwarz, and Poincaré, we get

IH (@)

IA

1
o [+ e i a g )

0
1 1 T
+c / / / Pla(p)ly* (x, 7, p, ) dpdt
0 0 T]

1 1 £
+c / / / Pla(p)ly; (x, 7, p, ) dpdt
0 0 T1

cE(1).

IA

Consequently,

IH ()| = |L({#) = NE(D)] < cE()

(1.67)
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which yield
N-c)EWLLBHS(N+0)EQ@) (1.68)

Now, we choose N large enough so that

no%N+a3—c>0,N770—c>0,N—c>0,

we get
1) < L) < cE(1),¥t >0 (1.69)

and used (1.50), estimates (1.67), (1.68), respectively, we get
L' (1) < -h&E@), Yt >ty (1.70)

for some A, cy,co > 0.
A combination (1.70) with (1.69), gives

L<-41,LO, (1.71)

where 4, = i‘—; Finally, a simple integration of (1.71)we obtain (1.65). This completes the proof. O

1.3 Distributed delay and viscous damping in angular rotation

In this Section, we are concerned with the following system

P19y —Ploy + ), =0
—P2@iix — bW + Bl + ) + i + / (Pl (x,t = p)dp =0

71

(1.72)

where
(x, p,1) € (0,1) X (11, 72) X (0, 0)

with the initial conditions
@ (x,0) = ¢o(x), ¢ (x,0) = @1 (x), Pu(x,0) = a(x)

U (x,0) =¢o(x),x€(0,1) (1.73)
Wi(x,—1) = fo(x,1),x € (0,1),1 € (0,75)
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where @, 1, ¢2, Yo, fo, are given functions.
and the Dirichlet conditions
0 (0,0 = (1,0) =4 (0,0) =¢(1,0) =0, >0 (1.74)
As in [98], let use introduce a new dependent variable
y(x, T, p,t) = ¥, (x,t — p1), (1.75)
Then, by (1.75), we obtain
pyt(x’Tap’t) = —yT(X,T’P,l) (176)
y(-x’ O’ P, t) = wt(xa t)
consequently, the problem is equivalent to
P19y —Blex + ) =0
72
—P2@ux = Doy + Bl +¥) + iy, + / 2 (p)ly (x, 1, p,t)dp = 0 (L.77)
T1
pyt(X,T’p,l) +yT(xaT’pa t) = 0
where
(x,7,p,t) € (0,1)x(0,1) X (11, 72) X (0, 00).
with the initial conditions
@ (x,0) = o (X), ¢ (x,0) = 1 (x), Pu(x,0) = @a(x)
gottt(-x7 0) = QDS(X), w(X, 0) = lﬁo (.X) ,X € (05 1) (1 78)
y(x’ TP, O)) = fO(x’ _TP), )’t(X, TP, O)) = fl(x’ _Tp) ln (0’ 1) X (O’ 1) X (0’ TZ)’
Yu(X, 7, p,0)) = folx, —=7p) in (0,1) X (0,1) X (0, 72),
and the Dirichlet conditions
0 (0,0) = (1,0) =4 (0,0) =¢(1,0) =0, £ >0 (L.79)

Similarly to Theorem 2.1, we can get the global well-posedness of problem (1.77)-1.79) given in the

following theorem.

Theorem 1.7. Assume the assumption (1.12) holds. Then, we have the following:

(i) If the initial data (@o, @1, 02, 3, ¥0) is in (H*(0,1) N H!(0,1)) x (H*(0,1) n H!(0, 1)) x H!(0,1) x
L2(0,1) x (H*0,1)N Hé((), D), fo, fi, f»r € H((0,1) x (0, 1) X (71, 72)), then problem (1.77)-1.79) has a
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unique stronger weak solution satisfuing

pe L (RY,H*0,1) N H!(0,1)), ¢ e L R*,H*0,1)nH0,1))

loc loc
@ € L (R*, HX0, 1) N HX(0, 1)), ou € L2 (R*, H\(0,1))

loc loc

(ii)If the initial data (po, 1, @2, @3, o) is in (H'(0,1) x H'(0,1) x L*(0,1) x L3(0, 1) x Hé(O, 1)),
for fis fo € L*((0,1) x (0, 1) X (11, T2)), then problems (1.77)-(1.79) have a unique weak solution such
that for any T > 0,

¢ € C([0,T1, HX(0, 1)) n C'([0, T1,L2(0, 1)), ¢ € C([0,T1], H}(0,1))
¢ € C(0,T1,H!(0,1)), ¢,€C(0,T],L%0,1))

where
H O, 1)=¢peH©01): ¢, =¢1=0,

and
L2(0,1) = e L*0,1): ¢, = ¢, 1 = 0.

1.3.1 Exponential stability

In this subsection, we will prove an exponential stability estimate for problem (1.77) — (1.79), under the
assumption (1.12), and by using a multiplier technique.

To work, we use a several Lemmas.

Lemma 1.8. Define the energy of solution as

1 1
E@) = > / [pupf+bw§+ﬁ(¢x+w)2+%¢ﬁ+pz¢fx]dx
0
1 1 1 T
+5 / / / plua(p)y? (x, 7, p, t) dpdrdx (1.80)
0 0 T
satisfies
1) 1
@ < —(m - / qu(p)ldp) / yidx
T] 0
1
< —770/ Yldx <0 (1.81)
0
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where ng = uy — f:,z lu2(p)ldp = 0.

Proof. Multiplying the first equation of (1.77) by ¢,, the second equation of (1.77) by ¢,, using integra-
tion by parts, and (1.79), we get

prd
2.dt

1 1
gjdx +p / (ox + Y)pndx =0
0
1
+p2 / Putfidx +
0

bd [! ! 1
——/ t//idX+ﬁ/ (sox+w)¢/zdx+u1/ Wldx (1.82)

1 T
+/ iﬁz/ (Pl (x,t — p)dpdx = 0
0 T]

Now, substituting: ¥, = %gom — @, Obtained from (1.77)y, into first integral of (1.82), we get

1d [ P1P2

i ), [p1¢$+bwi+ﬁ(¢x+w)2 et P d
1 1 ko)

+ﬂ1/ wde+/ tﬁz/ lu2(p)ly (x, 1, p, 1) dpdx = 0 (1.83)
0 0 T1

Secondly, multiplying (1.77); by |u2(p)|, Then integrate the result, we get

d 1 1 1 () 5
) / / / pla(p)ly”(x, 7, p, t)dpdrdx
0 0 T1

1 1 ko)
= - / / / i (P)lyy: (x, 7, p, 1) dpdtdx
0 0 T1

1 1 1 T d
= -3 / / / qu(p)lgyz(x,r,p,t)dpdfdx
0 0 T

1 [toe
0 Jr

1 ko) 1
- X / (p)ldp) / WRdx
T1 0

1 1 T
) / / 2 (p)ly* (x, 1, p, ) dpdx (1.84)
0 T1

From (1.80), (1.83), and (1.84), we get (1.81).

) 1
&) < —(w —/ |,U2(P)|dp)/ Widx (1.85)
0

T
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then, by (A1), there exists a 9 > 0 so that
1
&) < -no / Yrdx <0 (1.86)
0
then we obtain E is decreasing. O
Lemma 1.9. The functional
1
Fi (1) :=-p / Prpdx (1.87)
0
satisfies
1 1 1 1
Fi () < -pi / Ordx + & / Ylrdx + c(1 + —)/ (@ + )?dx (1.88)
0 0 €1 Jo
Proof. Direct computation using integration by parts, we get
1 1
Fi@® = —-p / grdx +p3 / (ox + ¥)p.dx
0 0
1 1 1
= P / @rdx +,3/ (x + Y dx —,3/ (px + Y)pdx (1.89)
0 0 0
estimate (1.88) easily follows by using Young’s and Poincare’s inequalities. O
Lemma 1.10. The functional
1 w [ 1
(1) = -p / Pupdx + = / yrdx +py / Pipdx
0 0 0
satisfies,
b (! 1 1
Fyf) < —= / yrdx - / (px +¥)°dx + & / o dx
2 0 0 0
1 e [l
+01 / ordx + — / Widx
0 € Jo
1 )
+e / / a(p)ly*(x, 1, p, Ddpd-. (1.90)
0 T
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Proof. Differentiating F,, using integrating by parts and (1.79), we get

1 1 1 1
Fi() = —p2 / Quxbdx — pa / Grtldx + / Yydx — b / npdx
0 0 0 0

1 1
+p) / grdx + p / Ppudx
0 0

1 1 1 T
S / Pdx - / (pn + W - / v / (Pl 1, p, Ddpdx
0 0 0 T]
1 1
_pZ/ (ptxwxdx'i'ﬁ/ (90x+w)x’abdx- (191)
0 0

Using Young’s, Cauchy-Schwarz and Poincaré’s inequalities, we arrive to (1.90) |

Lemma 1.11. The functional

1
F3 (1) 3=/5/0 Prxpxdx (1.92)

satisfies

Fi(n) < /?21 <p,,dx+c/ Wldx +ﬁ/ @>dx (1.93)

Proof. Direct computation using integration by parts, we obtain

1 1
Fin = B / Cuxprdx + B / erdx
0 0
1 1 1
= —pi / ordx + B / butpdx + / ¢ dx. (1.94)
0 0 0
Then (1.93) follows by using Young’s inequality. O
Lemma 1.12. The functional
: bp:
Fi0) = = [ eutonrwrs 2t pdr

satisfies,

Fi) < —% dn P / (¢ + ¥ dx+c / widx

+c / / lua(py*(x, 1, p, )dpdsx. (1.95)
0 T]
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Proof. Differentiating F4, using integrating by parts and (1.79), we get

F, (1)

1 1 1
—pP2 / (@ +¥)dx — po / grdx = p) / Qrfidx
0 0

Lo [
B

i
= —,8/ (g0x+l//)2dx—ﬂ1/(90x+l/’)l//tdx

Gt dx + _/ Pridx

/ (px + ) / lu2(p)ly(x, 1, p, )d pdx
1
—,02/ @rdx — (py + —)/ Orfidx. (1.96)
0

Using Young’s, Cauchy-Schwarz and Poincaré’s inequalities, we obtain (1.95) |

At this point, let us introduce the functional used by:

Lemma 1.13. The functional

1 1 )
Fs(t) := / / / pe Pl (p)ly* (x, 7, p, 1) dpdrdx.
0 0 T]

satisfies,

1,1, 1
Fi(t) < -m / / / pI,uz(p)Iy2 (x, 7, p,t)dpdrdx + / dftzdx
o Jo Je 0
1 (o) 1
—1 / / la(p)ly* (x, 1, p, ) dpd-x. (1.97)
0 71

where 17 > 0.

Proof. By differentiating Fs5, and use the (1.77), we obtain

1 1 ko)
Fi(t) = -2 / / / e "l (plyy: (x, 7, p,t) dpdtdx
0 0 T

1 1 T
- / / / pe Pluy(p)ly* (x, p, p, 1) dpdpdx
0 0 T

1 ()
- / / la(plle™y? (x, 1, p, 1) = ¥* (x,0, p, H)dpdx
0 T
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Using the equality y(x, 0, p, 1) = ¥,(x,1),and e™” < 77" < 1, for any 0 < 7 < 1, we arrive at

Fi(t) = / / / pe PPlus(p)ly* (x, p, p, 1) dpdpdx

/ / Plus(p)ly* (x, 1, p, ) dpdx + / lu2(p)ldp / yidx

where —e™” is a increasing function, we have —e™” < —e™ ™, for any p € [11, T2].

Now, choosing 17; = e™™ and using (A1), we arrive at (1.97).

Theorem 1.14. Under the assumption (Al), there exist positive constants k; and k, such that the energy
functional (1.80) satisfies
E(t) < ke V120 (1.98)

Proof. We define a Lyapunov functional
L(@):=NEQ@)+ N]F](t) + NoF5(t) + F5(t) + NyF4(t) + NsFs(¢). (199)

where N, Ny, N,, N4, Ns > 0. By differentiating (1.99) and using (1.81), (1.88), (1.90), (1.93), (1.95) and
(1.97) we have

1 1
L@ < —[piNi - CNz]/ rdx = py / @i
0 0
b |
—[=N, — g N; — c]/ widx
2 0

- 1
c
—|noN — —Ny — cNy —,Ule]/ 1//,2dx
& 0

- 1 1
- "3)1\/4 + BN, — cN(1 + —) / (@ + )dx
72 &1 0
_ 1
— p—22N4 —,8 82N2] / (,thxdx
L 0

1 2
—[Nsn1 — c¢Ny — ¢Ny| / / (P (x, 1, p, ) dpdx
0 T

1 1 T
—Ns1, / / / pla(p)ly? (x,7, p, ) dpdrdx.
0 0 T

By setting N N
2 P21V

TN T Ny
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At this point taking N, large enough so that
b
a) = ZNZ —-C > O,
After that, taking N, large enough such that
(0%) :plNl —CN2 > 0,
Next, choosing N, large enough such that
a3 = %N4 —ﬁ >0
B N,
= =Ns+BN,—cNi(1+—)>0
y 7 Na BN> — cNi( Nz)
Finally, taking N5 large enough such that
a5 = 7]1N5 - CNZ - CN4 > O,
thus, we arrive at
1 1 1
L' £ —o / rdx — p; / Ordx — a; / Yldx
0 0 0
1 1 1
-3 / (¢x + ¥)*dx — (poN — c)/ Wldx — a4/ @ dx
0 0 0
1 ko)
—Qs / / a(p)ly* (x, 1, p, 1) dpdx
0 T
1 1 ko)
—a / / / pla(p)ly* (x,7, p, ) dpdrdx. (1.100)
0 0 T]

where ag = Nsn;.

On the other hand, if we let

H () = N\ Fi(t) + NoF5(1) + F3(t) + NaF4(t) + NsFs(t)
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then
1 1 1
IH@OI < Nips / ©pdx + poN, / lpupldx + p1N> / lpgildx
0 0 0
1 1
+%N2/ lﬁzdx +ﬁ/ |‘;0tx¢x|d-x
0 0
1 b 1
+p2N4 / lpex(px + P)ldx + —=N, / lpth<ldx
0 B 0
1 1 T
+N5/ / / pe " (p)ly* (x, 7, p, 1) dpdrdx.
0 0 T1
By using the inequalities of Young, Cauchy-Schwarz, and Poincaré, we obtain
1
HOL < ¢ [ (@ +@rvie g o) ds
0
1 1 T
+c / / / plua(p)ly” (x,7, p, 1) dpdt
0 0 T]
< cE().
Consequently,
|H ()| =1L(#) - NE@)| < cE(1)
which yield
N-cEO<SLOHOS(N+c)E@) (1.101)
Now, we choose N large enough so that
Nno—c>0,N—-c>0,
we get
36(t) < L) < cs&(1), ¥t =0 (1.102)
and used (1.80), estimates (1.100), (1.101), respectively, we get
L)< -hE@, ,Yt>1 (1.103)
for some h,, c3,cs > 0.
A combination (1.103) with (1.102), gives
L'O< kL), (1.104)

where k; = —. Finally, a simple integration o . we obtain (1. . 1s completes the proot. O
here k; = . Finally, a simple integration of (1.104)we obtain (1.98). Thi pletes the proof



Chapter

A stability result for Thermoelastic Timoshenko system of
second sound with distributed delay term

2.1 Introduction

In this chapter, we study the following thermoelastic Timoshenko system of second sound with dis-

tirubted delay term,

P19 (x, 1) = K(@x + ), (x, 1) + p1¢p; (x, 1) + f:f H2 (8) @ (x,t = 5)ds =0,

P2 (X, 1) = Dy (x, 1) + K (@5 + ) (x,8) + ¥0, (x,1) = 0,
2.1

p36; (x, 1) + kg (X, 1) + YWux (x,1) = 0,

Toq; (x,1) + 6q (x,1) + kb, (x,1) = 0,

where ¢ € (0, o) denotes the time variable and x € (0, 1) is the space variable, the functions ¢ and i are
respectively, the transverse displacement of the solid elastic material and the rotation angle, the function
6 is the temperature difference, g = ¢(¢, x) € R is the heat flux, and py, 2, p3, ¥, 7o, 0, K, i1, and K are

positive constants, u, : [71,T2] — R is a bounded function satisfying

/ lua ()l ds < 1, (2.2)

T

where 7, and 7, two real numbers satisfying 0 < 7, < 7,. We propose the following initial and boundary

conditions:

0(x,0) = (x), @:(x,0)=01(x), Y0 =vo(x), Yi(x,0)=y1(x)), 2.3)

0(x,0)=60(x), q(x0)=q0(x), @x,—=1)=folx12) in (0,1)x(0,72),
43
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00,1 = o(1,1) = yY(0,1) = y(1,1) = q(0,1) = g(1,7) = 0, vVt > 0. 2.4)

Where x € (0, 1) and f; is the history function.

Our main interest in this work is to study the existence and prove the exponential stability of the solu-
tion to problem (2.1)-(2.4). Before going on, let us first review some related results which seem to us

interesting.

Questions related to stability/instability of wave equations with delay have attracted considerable atten-
tion in recent years and many authors have shown that delays can destabilize a system that is asymptot-

ically stable in the absence of delays (see [33] for more details).

As it has been proved by Datko [32, Example 3.5], systems of the form

Wit = Wiy — QWi = 0, x€(0,1),t>0,

w (0,7 =0, w,(l,t)=—-kw,(1,t—1), t>0,

where a, k and T are positive constants become unstable for any arbitrarily small values of 7 and any

values of a and k.

D. Ouchenane in [101] considered the following Timoshenko system with a delay term in the internal
feedback

P19 (x,1) = K (@x + ), (X, 1) + 1y (X, 1) + pop; (x,1 — 5)ds = 0,

prtt (X, t) - wax (x9 t) + K (‘Px + w) (X, t) + 7’9x (x’ t) = 0’ (2 5)

P30, (x,1) + kg, (X, 1) + YW (x,1) = 0,

Tog: (-x’ t) + 56] (-x, t) + Kgx (-x’ t) = 0’

he proved the well-posedness of the system, he also established for u; > p, an exponential decay result.
Nicaise and Pignotti [97] considered the following problem

(X, 1) — Au(x, t) + +uu(x, t) + ou(x,t —7) =0, x€Q,t>0,

u(x,t) =0, x€dQ,t>0,
(2.6)

u(x, —t) = up(x, 1), uy(x,0) = uy(x), x€Q,t>0

u(x,t — 1) = folx,t — 1), xeQ,te(0,7).
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Using an observability inequality obtained with a Carleman estimate, they proved that, under the as-
sumption

M2 < fi, 2.7

the energy is exponentially stable. On the contrary, if (2.7) does not hold, they found a sequence of
delays for which the corresponding solution of (2.6) is unstable. The same results were shown if both

the damping and the delay act in the boundary of the domain.

The Timoshenko system goes back to Timoshenko [126] in 1921 who proposed a coupled hyperbolic
system which is similar to (12) (with u; = u, = 0), describing the transverse vibration of a beam, but
without the presence of any damping. For a physical derivation of Timoshenko systems, we refer the
reader to [46].

In the absence of the delay in system (12), that is for u, = 0, the question of the stability of the
Timoshenko-type systems has received a lot of attention in the last years, and quite a number of re-

sults concerning uniform and asymptotic decay of energy have been established.

An important issue of research is to look for a minimum dissipation by which solutions of the Timo-
shenko system decay uniformly to zero as time goes to infinity. In this regard, several types of dissipative
mechanisms have been introduced, such as: frictional damping, viscoelastic damping and thermal dissi-
pation. We recall here only some results related to the thermal dissipation in the Timoshenko systems.
The interested reader is referred to [3, 83, 82, 94, 109, 123] for the Timoshenko systems with frictional

damping and to [9, 51, 86, 110] for Timoshenko systems with viscoelastic damping.

To the best of our knowledge, the paper [95] is the first paper in which the authors dealt with the

Timoshenko system with thermal dissipation. More precisely, they treated the problem

pl‘ptt - 0-(‘70)67 (»/f)x = Oa in (0’ L) X (O’ +OO),
p2¢’tt - wax + k (QOX + ‘ﬁ) + Vgx = 07 in (0’ L) X (O’ +OO), (28)
p391 - kgxx + '}’wzx = 07 in (0’ L) X (O’ -}—OO),

where ¢, ¥ and 6 are functions of (x, r) which model the transverse displacement of the beam, the rota-
tion angle of the filament, and the difference temperature respectively. Under appropriate conditions on
o, pi, b, k,y, they proved several exponential decay results for the linearized system and a non exponen-

tial stability result for the case of different wave speeds.

Modeling heat conduction with the so-called Fourier law (as in (2.8)), which assumes the flux g to be

proportional to the gradient of the temperature 6 at the same time ¢,

q+ Vo =0, (k > 0),



Chapter 2: A stability result for Timoshenko system with distributed delay term 46

leads to the phenomenon of infinite heat propagation speed. To overcome this physical paradox in the
Fourier, a number of modifications of the basic assumption on the relation between the heat flux and
the temperature have been made. The common feature of these theories is that all lead to hyperbolic
differential equation and the speed of propagation becomes finite. See [28] for more details. Among
them Cattaneo’s law,

Tq,+q+ Vo =0,

leading to the system with second sound, ([124], [105], [84]) and a suggestion by Green and Naghdi
[48, 47], for thermoelastic systems introducing what is called thermoelasticity of type I1I, where the

constitutive equations for the heat flux is characterized by

qg+Kk'p.+kVo =0, k>« >0, p,=0).

Messaoudi and al. [89] studied the following problem

P1@u — (@, ) + pp; = 0,
prtt - wax + k((;ox + w) +ﬁ9x = O’

p30; +vq, + oY, = 0,

(2.9)

Toq; + q + kb, = 0,

where (x,1) € (0, L) X (0, 00), ¢ = ¢(t, x) is the displacement vector, ¥ = (¢, x) is the rotation angle of
the filament, 6 = 6(t, x) is the temperature difference, g = g(t, x) is the heat flux vector, p;, p2, 03, b, k,
v, 0, K, I, To are positive constants. The nonlinear function o is assumed to be sufficiently smooth and

satisfy
0,,(0,0) = 0(0,0) =k

and
00..(0,0) = 0y 4(0,0) = 0yy = 0.

Several exponential decay results for both linear and nonlinear cases have been established.

2.2 Preliminaries

The proposed is discussed in this section, we present some materials needed in the proof of our result.
We also state, without proof, a local existence result for problem (2.1). The proof can be established by

using Faedo-Galerkin method. Asin [97] (see also [111]). Let us introduce the following new dependent
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variable

z2(x,p,7,1) = ¢, (x,t — TP), in (0,1)x(0,1) X (11, 72) X (0, ).

Then, we get the following equation

TZI (X,p, T’ t) + Zp (X,p’ T’ t) = 0’
Z(xa 09 T? t) = ()Dt (x’ t) .

Hence, we can rewrite the problem (2.1) as

P1¢u (6, 1) = K (@ + ), (6,0 + 120, 0,7, 0) + [ 1z (5) 2(x, 1, 5, 1)ds = 0,

P2 — b + K (ox + ) + y0, = 0,

P30 + kg + Vi = 0, (2.10)

Toq: + 0q + k6, = 0,

77 (%, 0,7, 1) + 2, (X, 0,7, 1) = 0,

where x € (0,1), p € (0,1), and > 0. The above system subjected to the following initial conditions

@(x,0) = o (), ¢(x,0) = ¢ (x),

Y(x,0) = Yo (x), Yi(x,0) =y (), x€(0,1)
(2.11)
0(x,0)=60y(x), qgx,0)=qo(x),
z2(x,0,7,0) = fo (x,0,7), in (0,1)x(0,1) x(0,72).
In addition to the above initial conditions, we consider the following boundary conditions
@0,0) = ¢(1,1) = ¢(0,1) = ¥(1,1) = q(0,1) = q(1,1) = 0, Vi > 0. (2.12)
Our existence and uniqueness result reads as follows. We now consider the energy space
1 2 2 2 2.2
H := [Hj (0,1)x L2 (0, D] x [L? (0, )] x L7 ((0, 1) X (0, 1) X (71,72). (2.13)

Theorem 2.1. Let Uy = (¢o, @1, %0, Y1, 60,90, fo) € H, be given, such that (2.2) satisfied, then there
exists a unique global (weak) solution of problem (2.10)-(2.12) satisfying

U= (p,u,v,0,q,z) € C(0,+c0), H)

Proof. To prove this theorem, we can either the Faedo-Galerkin method, like the method used in the

first chapter of this thesis or a method of semigroup like the method gollowed in the paper of Djamel
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Ouchenane [101].

2.3 Exponential stability

In this section, we show that, under the assumption (2.2), the solution of problem (2.10)-(2.12) decays
exponentially, independently of the wave speed assumption!. To achieve our goal we use the energy

method to produce a suitable Lyapunov functional which leads to an exponential decay result.

In order to use the Poincaré’s inequality for 6, we introduce, as in [105],

3 1

0(x, 1) = 0(x,1) — / Bo(x)dx.

0
Then by the third equation in (2.1) we easily verify that
1 —_—
/ O(x,)dx =0,
0

for all # > 0. In this case the Poincaré’s inequality is applicable for 6. On the other hand (¢, ¥, 6, ¢, 2)
satisfies the same system (2.10) and the boundary conditions (2.12). We define the functional energy of
the solution of problem (2.10)-(2.12) as

E (@) E(t,z,0,4,0,q)

1 /! 1 !
= 5 / (101%2 +pzl/’,2) dx + 3 / {K (@r +W)* + by +p302}dx
0 0

1 1 1 1 1 T2
+= / Togdx + = / / / s |ua ()| 2% (x, p, 5, 1) dsdpdx. (2.14)
2 0 2 0 0 T]

We multiply the first equation in (2.10) by ¢,, the second equation by i, the third equation in (2.10) by
0, and the fourth equation in (2.10) by ¢, we integrate by parts, using Young’s inéquality we get

dE (t ! !
® < —5/ qzdx—C/ @ (x,0)dx, (2.15)
dt 0 0

such that C > 0, the last inequality implies that the energy E is a non-increasing function with respect
tor.

At this point we establish sevral lemmas needed for the proof of our main result.

'The wave speed assumption is significant only from the mathematical point of view since in practice the velocities of
waves propagations may be different, see [72]. So, it is very interesting to obtain some stability results for the Timoshenko
systems without the wave speed condition.
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First, let us consider the functional /; given by

1 X
I (1) := pl/ @i (—90+/ tﬁ(y)a’y)dx- (2.16)
0 0
Then we have the following estimate.

Lemma 2.2. Let (¢, 4,0, q,2) be the solution of (2.10)-(2.12). Then we have for any &; > 0,

dI, (t K [ : 1\ [
1) < ——/ ((px+1//)2dx+81/ Yrdx+c[l+— / @rdx
dt 2 0 0 €1 0

1 T
+‘% / / o ()| 22 (x, 1, s, ) dsdx, 2.17)
0 Ty

where ¢ = 1/n? is the Poincaré constant.

Proof. Taking the derivative of (2.16), integrating by parts, we obtain

dI 1 X
cllt(t) = Pl/o ‘Pt(/o Wz()’)d)’)dx
1 X ()
—/ ((,0+/ w(y)dy)/ p2 (8)z(x, 1, 5,1) dsdx
0 0 7]

1 1 1 X
—K/ (90x+w)2dX+p1/ <p,2dx—u1/ ¢t(¢+/ w(y)dy)dX-
0 0 0 0

Using Young’s, Poincaré’s, and Cauchy-Schwarz inequalities and the fact that

1 x K[! 1
— / o (()0 + / v (y) dy) dx < 7 / (o, + lp)z dx + c/ <p,2dx,
0 0 0 0

then lead to estimate (2.17).

Now, let w be the solution of
- Wi =¥, w(0) =w(l) =0, (2.18)

then we get
X 1
0 0

We have the following inequalities.

Lemma 2.3. The solution of (2.18) satisfies

1 1
/ widx < / Wrdx
0 0
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1 1
/ widx < / Yrdx.
0 0

Let w be the solution of (2.18). We introduce the following functional

and

1
L) = / (pzw,w + prow — mwq) dx. (2.19)
0 K

Then we have the following estimate.

Lemma 2.4. Let (¢, Y, 0, q,7) be the solution of (2.10)-(2.12). Then we have for any &, > 0,

dh (1) < (—b+ s, —§y82c) 1lllza’er (—#1 + P )/1 ©2dx
- t
0 0

dt 2 2K x 282 282
5 1
+ (p YToE2 P182 / ‘ﬁzd 4 Y7o + 4 /qzdx
2k 2key  2k&3) Jo
+— / / s ()| 2% (x, 1, 5, 1) dsdx, (2.20)
282 0 7

Proof. Taking the derivative of (2.16), we conclude

AU / Widx+ K / oUd — K / Wdx+ po / Widx

1 1 1
-K / pxwydx — wwxdx M1 / ewdx + py / e widx

7/To/ wtqu+—/ wqdx — / / U (s)z(x,1,s,1)dsdx.

We apply Young’s inequality and Poincaré’s inequality, we find (2.20).

Now, following [111], we define the functional

1 1 £
L@ = / / / se™ |uy ()| 22 (x, 1, s, 1) dsdpdyx. (2.21)
0 0 T

Then the following result holds.

Lemma 2.5. Let (o, 4,0, q, ) be the solution of (2.10)-(2.12), then for C, > 0, we have

dl? (t) < / / / se™ |uy ()| 22 (x, 1, 5, 1) dsdpdx

-C, / / 2 ()1 27 (x, 1, 5, 0) dsdx + py / jdx, (2.22)
0 T1 0
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where Cy is a positive constant.

Proof. Differentiating (2.21), and using z (x,0, s,1) = ¢, e < e™*, we get for all p € [0, 1]

- 1
dI3 (t) / / S un ()| 22 (2, 1, 5, t)dsdx+/ |,u2(s)|ds/ @rdx
/ / / s luz ()| 2 (x, 1, 5, 1) dsdpdx.

Since s — —e™* is an increasing function, we have —e™ < —e™™ for all s € [11,7,]. Finally, setting,
Cy = —e ™ and recalling (2.2), we obtain (2.22)

In order to obtain a negative term of fol W*dx, we introduce, the following functional (see [89])

1 x
14(0) = paps / ( / 9<r,y>dy) v (1, ) dx. (2.23)
0 0

Then we have the following estimate.

Lemma 2.6. Let (¢, Y, 0, q,z) be the solution of (2.10)-(2.12). Then for any &4, &, > 0, we have
d 84/)2/( 2 2
EL;(t) < ( vp2 + lp dx +|— (b + kc) 1// dx

kP3¢
+ﬁ/ goidx+( )/ 6%dx
2 Jo 0

1
T (2.24)
2e4 Jo

Proof Differentiating (2.23) and using the third equation in (2.10), we have

1 x 1 X
/ ( / p39tdy)p2wtdx+ / ( / p39dy)pzt//ndx
0 0 0 0
1 X
= - / ( / (qu+7wtx)dy)pzw,dx
0 0

1 X
+ / ( / pzﬁdy) (DY — k(@ + ) — v0,) dx,
0 0

d
—1I
i 4(1)

1 1 1
= —yp2 | Yidx- PzK/ qydx — bps / O dx
0 0 0

1 1/ rx 1
+K03 / Opdx — kp3 / ( / de) wdx + yps / 6*dx,
0 o \Jo 0

by using Young’s inequality and Poincaré’s inequality, we obtain (2.24).
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Differentiating (2.23) and using the third equation in (2.10)

1 X 1 X
/ ( / P391d)’),03lﬁtdx+ / ( / psé'dy)pzwndx,
0 \Jo 0 \Jo
1 X
= _/ (/ (Kq)c+7¢’tx)d)’)pzl//zdx
0 \Jo

1 X
+ / ( / p39dy) by — K (@ + ) — ¥6,) dx,
0 0

d
— (1
@

1 1 X
= —Yp / Yidx - p,K / qydx — bps / O dx
0 0 0

1 1/ [x 1
+Kp3 / Opdx — kp3 / (/ de) wdx + yps / 6*dx,
0 0o \Jo 0

by using Young’s inequality, we obtain (2.24)

Now, in order to obtain a negative term of fol 6>dx we introduce the following functional

L X
Is(t) := —71p03 / q(t, x) ( / o(t, y)dy) dx. (2.25)
0 0

Then we have the following estimate.

Lemma 2.7. Let (¢, 4,0, q,2) be the solution of (2.10)-(2.12). Then for any &5, &5 > 0, we have

1 ’ 1
dls (1) < (—p3/< N 85P35c)/ Pdx + m/ Wldx
2 0 2 Jo

dt

P36 v\ [

i (rg+ 220 4 T / Fdx. (2.26)
285 28; 0

The above Lemma was proved in [89, Inequality (33)].

We define for N, N;, N, the Lyapunov functional L

L@#)=NE@®O+NL@)+L@®+L@)+14()+ Naos(2). (2.27)

Moreover, we have the following:

Lemma 2.8. For N large enough, we have

L(t)~E(1)), Yt > 0. (2.28)
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Proof. We consider the functional

H@®) =NIL O+ L@+ L@+ 1,0 + N5 (1),

we have

dx

1 X
H®) < Nl/ plsot(90+/ w(ymy)
0 0

i
+/ (le//tl// + p1pw — ml//CI)
0 K

1 1 )
+/ / / s|e‘3”,uz(s)|z2 (x, 1, s,t)dsdpdx
0 0 T
1 X 1
"‘/ (/ p2p39(t,y)dy) U, (2, x)
0 0
L
+N2/
0

By the same techniques used in the proof of Lemma (2.2)-(2.7), and exploiting Young’s; Poincaré’s,

dx

dx

dx. (2.29)

T00349(Z, X) ( / o(t, y)dy)
0

Cauchy-Schwarz inequalities, (2.14) and the fact that e=* < 1 for all p € [0, 1], we obtain

IL (0

IA

1
c/ |2 + 42 + 2 + (o + )? + 6 + ¢ dx

0
1 1 T
+c/ / / se” |uy )2 (x,1,s,0) dsdpdx
0 0 T]

cE(1).

IA

Thus, |L () — NE (¢)| < cE (t), which yields
N-cE@)<LMO<S(N+0)E(Q).
Choosing N large enough, then there exist two positive constants 5; and 8, such that
BIE@®) <L) <BE®). (2.30)

This completes the proof.

Theorem 2.9. Assume that (2.2). Then there exist two positive constants C and 7y independent of t such
that for any solution of problem (2.10)-(2.12), we have

E (1) < Ce™, Yr > 0. (2.31)
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To derive the exponential decay of the solution, it is enough to construct a functional L (¢) , equivalent to

the energy E (f), and satisfying
dL (1)

dt

< -AL(), VYt >0,
for some constant A > 0.

Proof of Theorem 2.9

To prove Theorem 2.9, Combining (2.15), (2.17), (2.20), (2.22), (2.24) and (2.26), we get

d cu1E;  O0yEC £403 2
SL0) < {(—b+ =y 2K) ( (b+/<c))}/¢//dx

K &€kpsc
Nig o+ = 3}/(¢x+w) dx

1
— ——Nzcl}/ / 2 ()| 2 (x, 1, 5, 1) dx
28y 0 Jry

5

| |
+{ _CN (2—®+%)+NZuI+N1C(1+§l)}/O prdx
(b

(o

+

+

1 et
4 77'082 /0182)+2_+8l +( %02+84/02K)+ 5 07’}/ Wrdx

2 2
6 1
PzK + P3 ToY / q2 dx
2kEr 2K82 284 2es  2¢ 0
6 1
; {('yp3 "o S b+ 2K)) (—p3/<+ 85’)23 c)} / dx. (2.32)
0

At this point, we have to choose our constants very carefully. First, choosing €y, &, &4 and &5 small

+

enough, such that

cHy 6)/6) b (K /126) K 0% K
< = < — << < —.
82(2 w2 S\t )y B &S

After that, we can choose N, N, large enough such that

K €kpzc 1
4K03 el )<O.

N, — + ,—
max( 27T "2 K

We take &) small enough such that

)< b K
min , )
4= 4p3 (b + kc) 2kpsc
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After that, we fix &5 small enough such that

’ YP2
& <X ——.
3 410y

Finally, once all the above constants are fixed, we choose N large enough such that

CN (P 1
— 2| —+ — |+ Noyyy + Nic|1 + —|,
2 (282 282) 24 1C( &1

N6
- 2 yTO+ oy +pLK+ Tok+pi§+m.
2 284 2es  2él

2kEy  2KE

Consequently, there exists a positive constant 771, such that (2.32) becomes

d 1
SL@ < om [ (BB e P ) dx
0
1 1
-1 / / 2 (x,p, 1) dpdx, (2.33)
o Jo
which implies by (2.14), that there exists also A > 0, such that
d
EL () < -AE(t), Vt=0. (2.34)
A simple integration of (2.34) leads to.
L@ <LO)e™, Vt>0. (2.35)

Again, the us (2.30) and (2.35) yeilds the desired result (2.31). This completes the proof of theorem 2.9.
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Chapter e

Global nonexistence of solutions to system of Klein-Gordon

equations with degenerate damping and strong source
terms in viscoelasticity

3.1 Introduction

In this chapter, we consider a system of viscoelastic wave equations with degenerate damping and strong

nonlinear source terms

t
Uy — Au+ mu* + / gt—s)Au(x,s)ds + (a |u|k +b |v|[) |ut|m_1u, = fi(u,v),
0

3.1)
t
Vi — AV + myV? + / h(t—s)Av(x,s)ds + (c v’ + dlulg) vl = Hu,v),
0
where m,r > 0,k,1,6,0 > 1 and the functions f (u,v), f> (u, v) are defined by
fi(u,v) = ailu + VXD + v) + by |ulfuly|
(3.2)

Lo, v) = arlu+ vV w +v) + by " PPy, ar, by > 0,

where p > —1.In (3.1), u = u(x,1),v = v(x, 1), where x € Q is a bounded domain of RV (N > 1) with a
smooth boundary 0Q and ¢t > 0, a, b, c,d, m;,m; > 0.

To above system (3.1), we add the initial conditions given by
((0),v(0)) = (uo, vo), ((0), v(0)) = (u1,v1), x € Q (3.3)
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and boundary conditions given by
u(x) = v(x) = 0,x € 9Q. 3.4

This kind of problems arise in viscoe-lasticity. Dafermos was the first who study this type in [31], where
the general decay was treated. In the last decades, problems related to system (3.1) had a lot of attention
and many results appeared on the existence and long time behavior of solutions. See in this directions
([24, 16, 18, 19, 20, 26, 27, 56, 79, 88, 103, 100, 107, 136, 135]) and references therein.

In the absence of viscoelastic term, some special cases of the single wave equations with nonlinear

damping and nonlinear source terms in the form
Uy — Au+ alu|" " u, = blul” u. (3.5)

With nonlinear damping and source terms, it arises in the quantum-field and used to describe the
movement of charged electromagnetic fields. Equation (3.5) equipped with initial and bounded con-
ditions of Dirichlet type has been extensively studied and many results regarding existence, blow up
and asymptotic behavior of solutions have been obtained. Many authors have studied the single wave
equations in the presence of various mechanisms of dissipation, damping and non-linear sources. See
([12, 80, 93, 45, 58, 68, 119, 130, 137]) and references therein.

In [87], authors considered the nonlinear viscoelastic system

t
Uy — Au+ / g(t — )Au(x, s)ds + lu,|" " u, = fi (u,v),
0. (3.6)
vy — Av + / h(t — $)Av(x, $)ds + v v, = f (u,v),
0

where

fi(u,v) = alu + v***V(u + v) + blulfulv|**?

(3.7)

Fr(u,v) = alu + PP O + v) + blu|?* 2Py,
The global nonexistence theorem for some solutions with positive energy was proved using a method
applied in [114].
In [113], the authors studied the nonlinear viscoelastic system in (3.6), where they obtained the decay of
solutions for system. Under some restrictions on the nonlinearities of damping and source terms, they
proved that, for some class of relaxation functions and some restrictions on the initial data, the rate of
decay of relaxation functions affects the rate of decay of solution for system.
In this paper, we consider system (3.1)-(3.4) and proved a global nonexistence result of solutions. We

extended to result in [87] and [136] to more general cases.
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3.2 Preliminaries

In this section, we present some notations and Lemmas.

We assume that the relaxation functions g, h € C'(R*,R*) satisfying

1- / gds=101>0, gr)=0, g <0,
0. 1> 0.
1- / h(s)ds=k'>0, h(@) >0, h() <0,
0

We introduce the “modified” energy functional E associated to our system
2E (1) = llufll3 + [Ivli3 + 2 (mfllullﬁ + m%llVII%) +J(u,v) - 2/ F(u,v)dx,
Q

where F(u, v) is defined for all (u, v) € R?,

1
F(u,v) = 012 [ufi (u,v) + v (u,v)],

[m+vﬂ“”+2mw“]za

1
2(0+2)

where

oFr 0
= fiw,v),— = L W),

F
ou ov

and

J(@w,v) = (1—1/)gu)dJHVMﬁ+(l—l/)h@)dQHVWQ
0 0
+ (goVu)+(hoVv).

Noting by t
o ® = [ gt=u) -u@lhan
(hov)(1) = /Oth(t - 1) v - v (@l dr.
We suppose that p satisfies
-1 <p, if N=1,2,
{—1<ps%%if N > 3.

Lemma 3.1. [114] There exist two positive constants ¢y and ¢, with the end goal that

Co

2(p +2)

Cc
<|u|2(p+2) + |v|2(p+2)) S F(l/l, V) S 1 (|u|2(p+2) + |v|2(p+2)) .

2(p +2)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
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Lemma 3.2. Assume that (3.12) holds. There exists n > 0, such that for any (u,v) € Hé(Q) X H(I)(Q), the
inequality
) 2 p+2
2p + 2)/ F (u,v)dx < n([IVull3 + IVvI3) (3.13)
Q

holds.

Lemma 3.3. Let v > 0, be a real positive number and let L (t) be a solution of the ordinary differential

inequality JL D)
t

dt

> L (1) (3.14)

defined in [0, o).
If L(0) > 0, then the solution does not exist for t > L(0)™ &v™\.

Proof. By simple integration of (3.14), we have
L7 (0)—- L7 (1) = évt.
Then, we obtain the following estimate
L' (f) > [L7(0) — éve) ™. (3.15)
Then, the RHS of (3.15) is unbounded for

gvt = L™ (0).

The proof is completed.
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3.3 Blow up result

Lemma 3.4. Assume that (3.12) holds. Let (u,v) be the solution of the system (3.1)—(3.4) then the

energy functional is a non-increasing function, that is, for all t > 0,

E' (1)

- / (I OF + v @)l ()™ dx
Q

- / (Iv @I + lu OF) v, (O dx
Q

1, 1, 1 1
+ (g oVu)+ 2 (1 0 Vv) = Sg () IVull; = Sh () IV

(3.16)

Lemma 3.5. Suppose that (3.12) holds. Let (u,v) be the solution of the system (3.1)-(3.4), then the

energy functional is a non-increasing function, that is, for all t > 0,

dE (1)
dt

- / (I OF + v @)l ()" dx
Q

/ (v @ + @) v, () dx.
Q

The proof of Lemma 3.4 can be done by using a classical calculations.

Our main result reads as follows
Theorem 3.6. Suppose that (3.12) holds. Assume further that

k+m-3 l+m-3 0+r—-3 o+r—-3
2 ’ 27 2 7 2 ’

p>max(

and that there exists p such that2 < p < 2(p + 2), for which

- - (p/2) -1
ma (/o 8(s) ds’/o = ds) “GD-1+1/2p)

holds. Then any solution of problem (3.1)—(3.4), with initial data satisfying

2 2 2 2 2 2 2
IVuoll; + 1[Vvolly + my lluolly + m3 |Ivoll; > @y, and E(0) < E;

blows up in finite time, where the constants a; and E, are defined in (3.21).

(3.17)

(3.18)

(3.19)

(3.20)
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Wetakea =b =c=d =1,a, = by =1 for convenience. We introduce the following constants

1 _p+2
B = ]’]2(I>+2), a; = p+l ,

_ l_ 1 2 _ l_ 1 2
E] = (2 2(p+2))a/1, E2 = (p 2(p+2))a/1, (321)

where 7 is the optimal constant in (3.13).

Lemma 3.7. [114] Suppose that (3.12), (3.18) and (3.19) hold. Let (u,v) be a solutions of (3.1)—(3.4).
Assume further that E (0) < E, and

2 2 2 2 2 2 2
IVuoll5 + [[Vvolly + my [luolly + m3 |Ivoll; > a. (3.22)
Then, there exists a constant @, > a; such that
J(0) > a3, (3.23)

and
2(p +2) / F (u,v)dx > (Bay)***? ¥t > 0. (3.24)
Q

Proof of Theorem 3.6. The proof is similar to one given in [88] with the necessary modification imposed
by the nature of our problem. We assume that the solutions exists for all # and we get a contradiction.
We set

H@t)=E,—E(). (3.25)

By using the definition of H(¢), we obtain

H'(1)

—~E'(t)
= / (I ) + v OF) lu, 1) dx
Q

- / (v @I + @) v O dx
Q

1y 1, 1 1
- 5 (¢ o Vu) - 5 (h" o Wv)+ S8 IVull + Sh () Vv

0,vr>0. (3.26)

\%

Therefore,
H()=E, - E) > 0. (3.27)
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Then,

0 < HO<H(@®

1 J ()
= E» — = (llull3 + [Ivll3 + mj ull3 + m3 |vli3) — ==
2 2
1 2(p+2) p+2
+ 2@+2)Wu+wumm+mmmmJ.
Note that from (3.8) and (3.23), we get
1 J (1) 1
Ey = 5 (Il + Vi) - == < E2— a3
1
< E2 - EQ%
1
< E1 - Eaf
! 2<0,¥t>0
= - a . =
200+2) !
Thus, by using (3.29) and Lemma 3.1, we get
1
0 < HO)<H() < e+ VIEED + 2uvl
2(0+2) P+2) o
D (222 + WP, Ve > 0.
(p+2) (p+2)

2(p+2)
We define the function M as .
Mm:EZ}f+ﬁyLﬂw,
and let
L) =H" () + eM'(¢),
for £ small to be chosen later and

. [1 20+3—-(k+m) 20+3—-(l+m)
0<:asnm{?2m+ngwayﬂm+n@+m’

20+3—(+71r) 20+3-(O+7r) 20+2 }

20+ D (e+2)2(r+ 1) (p+2) 4(p+2)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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By differentiation of (3.32) with respect to time and using (3.1), we get

L' (1)

(=) H 0V H (1) + & (llull3 + Iv]13)
— e(IIVul + 19v13)

- & / u(ju F + v OF) ™" wdx
Q

- & / (VP + @) vl vidx
Q

+ 8/ (ufi (u,v) +vfy(u,v))dx
Q

+ 8/ Vu(t)/ g(t—s)Vu(r)dxds
Q 0

+8/ Vv (1) / h(t—s)Vv(r)dxds. (3.34)
Q 0
Then,

L (1)

(A=) H @V H () + & (I3 + Ill3 + m? llall3 + m3 |1v]15)

— £(IIVull3 + IVvI3)

- & / u(ju ) + v OF) ™" wdx
Q

- 8/V(IV(t)|9+Iu(t)lg)lvzlr‘lvtdx
Q

2(p+2) +2
+ (b +vIBES) + 2luvll)

+ s(/g(s)ds)||vu||§+(/ h(s)ds)||vv||§
0 0

+ 8/ g(t— s)/ Vu(t).[Vu(t) = Vu ()] dxds
0 Q
+8/ h(t— s)/ V(@) .[Vv(t) — Vv (t)] dxds. (3.35)
0 Q

By using Cauchy-Schwartz and Young’s inequalities, we obtain the following estimate

/ gt S)/ Vu(@).[Vu(t) — Vu(t)] dxds
0 Q

IA

/ gt =) IVull2 IVu () = Vu (D)l dr
0

IA

Ag o Vu) + 1 (/ g (s) ds) IVul3,  A1>0 (3.36)
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and

/ h(t— s)/ V(@) .[Vv(t) = Vv ()] dxds
0 Q

1 t
< A(hoVv)+ ¥ (/ h(s) ds) IVVl3, A>0. (3.37)
0
Adding pE(¢) and using the definition of H(z), E, leads to

L' =2 (-o)H OH ()
p
2

- /l) [(g 0 Vi) + (hh o V)] + peH (1) — peE,

+ |1+

—_

2 2 2 2 2 2
)(||u[||2 + [vill3 + m3 llull3 + m3 [IVI3)
+ &

u(ju F + v OF) " wdx

- &

S~ —Gs

= & [ v(IVOF +lu@F) vl vidx
+ ell- z(pp+ 2))(||u+v||§gj§§+2||uv||gj§)
[(p p 1) /7 >
+ & (——1)—(——1+—)/ g(s)ds]lqull
\2 2 41) /o 2
p p 1) [ >
+ e (—— 1)—(——1+—)/ h(s)ds]llell , (3.38)
\2 2 42) J, 2
for some A such that
a) = g -A1>0,

and

5o [ [ )

Then, (3.38) can be estimated as follows
/ - ’ p 2 2
L@ 2 A-c)H OH 0+ a(l + 5) (Il + 113)

+ ea;[(goVu)+ (hoVv)|+ peH (t) — peE,
- 8/ u(ju OF + v @) ™" wdx
Q
- & / (v OF + lu @F) vl vidx
Q
+ 3(1 S )(llu + vl + 2lwlf)

2(P + 2) 2(p+2) p+2
+ ea ([IVully + 19913). (3.39)
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20+2)

By taking c¢; = 1 — % -2E, (Bozz)_z(’”z) > 0, since @, > B +r*! . Consequently, (3.39) takes the
Jol

form

(1-)H " () H (1)
o (14 2 (1l + Il + ol + 3 1)
eay [(goVu) + (hoVv)]

say (IVulf + IVVIB) + peH (1)
EC (

2(p+2) +2
3 (Il + viErs) + 2llwvlf))

L (1)

v

+ o+ o+

+

p+2

£ / u (ju )F + v ) "™ wdx
Q

e [ v of + oF) vy
Q

By using Young’s inequality, we have

5'X*  §5PYP
< +

<— 5

where X,Y > 0,06 > 0 and a,8 > O such that 1/a + 1/8 = 1, we obtain

XY

m+1

o
| lee™ " | < —— Jul™" +
m+1 m+1

m -
—61 (m+1)/m |M;|m+1 , V61 Z O

and

/Q (I ) + v OF) e " ] dx
m+1

1 / (I ) + v @) Jul™" dx
Q

m+1

m
+ 6—(m+1)/m/ t k+ t [ m+1d )
pl (@ + o) g™ dx

Similarly, for any 6, > 0,

r+1 r
2 |v|r+1 -

|V |Vt|r_l vt| S r+1
r+1 r+1

5;(1’4’1)/}" |vt| ,

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)
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which gives

/ (v @1 + @) o " v] dx
Q
r+1

< fil /Q (Iv @I + e ) ) ™" dx

+ 5_(”1)/’/ DN + |u ()2 v, dx.
— (@ + @) i d
Then, we obtain

L (0 (I-o)H (O H (1)

\%

+ (1 # 2 )l + i + 0 Wl + 3 12)
1[(g o Vu) + (h o Vv)]
IVull2 + 119VI2) + peH (1)

Eay (
2(p+2) +2
+ &y (Ilu +vlr) + 2luvll))
m+
1

- &

/ (le @F + v @I ™" dx
+1 /g

(m+1)

5 " / (le @) + v OF) ™" dx
Q

N
m+1
r+1
2
- &

+1

/ (v @I + lu @) ™" dx
Q
(r+1)

5, ' / (Iv @I + lu @) vl " dx.
Q

- €
r+1

Choosing ¢, and ¢, such that

(m+1) o+

5 " =MH®,5, ~ =MH@™,

(3.45)

(3.46)

(3.47)
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for M, and M, large constants to be fixed later. Thus, by using (3.47), we obtain

L't =2 (1-0)-Me)H " () H (t)
w1 2 (1l 4 il + 3 + 3 1)
+ ea[(goVu)+ (hoVv)]
+ say (|[Vull} + IVvIB) + peH (1)

2(p+2) +2
+ a3 (b +vior) + 2luvll:)

— eM{"H"" (1) / (I ) + v ) ful™" dx
Q

_(m+1)

5 " / (le ) + v OF) ™" dx
Q

- ¢
m+11

~ eM,"H (1) / (I " + e () I
Q

)

5, ' / (V@ + 1 OF) vl dx,
Q

- €
r+1

where M = m/(m + 1) M, + r/ (r + 1) M,. Therefore, we have

k I 1 k 1 l 1
/ (Il OF + b @) ™! dx = [l + / L™ d,
Q Q

and

[4 1 0 1 1
/ (v @I + @) W™ dax = IlIgE + / ul® " dx.
Q Q

Also by using Young’s inequality, we obtain

l
1 m+1 (I+m+1)/1 l+m+1
v |u < —9 %
/QIIII T 10 (1%
m+ 1 i yymet) . plemel
+ 0 lutll o1 >
l+m+1
1 Y (o+r+1)/ +r+1
/Iulg M < —6" Q||u||§+f+1
Q o+r+1
+ r+1 st/ ”v”g+r+1
Q+r+1 2 o+r+1

Therefore,

@) [ (o + @) ™ dx
Q

)
k 1 l+m+1)/1 [ 1
= H" () |fullS +m6§ T @) (b

m+1
= 161 (l+m+1)/(m+l)H0'm (f) ”M”ﬁZIi ,

(3.48)

(3.49)

(3.50)

(3.51)
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and
H" (1) / (v @I + lu @) ™" dx
Q
o+r+1
O+r+1 Q +r+1
= H7OWlsis + o= 276 BT Ollully
(o+r+1)
r+l1 =
r+1 or o+r+1
Q—+ o 162 H7 OVl s, - (3.52)
Since (3.18) holds, we get by using (3.33)
2 2)+k 1 2 2 n
Ho™ () gt < cs (lallyre™ ™ it i)
(3.53)
20 (p+2)+6+r+1 201(p+2
H (1) M7} < e (IVIBry ™ + Hlullsr ™ vl ) -
This implies
l+m+1
I e n l+m+1
I 2 2)+l+m+1 2 2 ’
<crmoy T (MG e vl )
and o+r+l
o = o+r+1
g1y AT Dl
o+r+
0 20 r(p+2)+o+r+1 20r(p+2) o+r+l 3.55
< gm0, " (Il s g™ l22)) (9:55)
Using (3.33) and the algebraic inequality
y 1
<@+ <|l+-|(z+a),¥2>20,0<v<1,a>0, (3.56)
a
we get, for all > 0,
2 2)+k 1 2(p+2 2(p+2
lullsrmie 2 < d (Jlullpey) + H (0) < d (25 + H (1)), 55
2 2)+6 1 2(p+2 ’
M0y > < d (IMIErs) + H () Yt 2 0,
whered = 1 + 1/H (0) . Similarly
2 2)+l(m+1 2p+2 2p+2
MY < d (i) + H () < d (IMiEs) + H (@), .
20r(p+2)+o(r+1 2042 )
lallogr oY < d (lullyls) + H (1)) Ve 2 0.
Also, since
X+YV)'<CX' +7Y, X,Y>0,5s>0, (3.59)
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by using (3.33) and (3.56) we have

VB2 s < eo (IMBET) + ullpr)) (3.60)
< co(IVIBED) + llul:3).
similarly
lall2gr o gt < enr (lullaers) + IVIRErs)) (3.61)
lall2es ™ M) < ena (Ilullyrs) + VBT (3.62)
and
M0y i1} < eas (IMErs) + lullars)) (3.63)

Taking into account (3.51)-(3.63), then ( 3.48) written as

L@ > (1-0)-Me)H (O H (t)
+ 28 ([l + Ivel3 + e [l + m3 [1v113)

) Lem+1 +1  _tmep
+ 8[2—CM1_'"(1+ , n e )

—_— +—
l+m+1! l+m+1"!

otr+l +1 (o+r+1)
- CM;’(1+L5 ORI )]H(t)

o+r+1 2 o+r+1 2
l l+m+1 m+ 1  (mtl)
+ -CM7"™"|1+ —6, ! 4 —§,
8[C4 : ( I+m+1" I[+m+1"" )

_ CMz—r(1+ o . rel 5—“’1?”)]

_— +
o+r+172 o+r+172

X

2(p+2 2(p+2
(Ilell5os) + vl - (3.64)

At this point and for large values of M; and M,, we can find positive constants A; and A, such that
(3.64) becomes

L@ > (1-0)=Me)H ) H ()

_l_

2 2 2 2 2 2
2 (Iludl3 + vill3 + 2} ludll3 + m3 [1v13)

A (Ile OIBET) + IV (IRETS)) + eA2H (1), (3.65)

+

Once M, and M, are fixed (hence A; and A;), we choose £ small enough so that (1 — o) — Me) >
and
L(0)=H"7(0)+ g/ [ug.u; + vo.vi]dx > 0. (3.66)
Q
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Therefore, there exists I' > 0 such that (3.65) can be written as

L'(6) 2 &L (H (@) + lll3 + [vill3 + 5505 + V21 - (3.67)

Then, we have L (¢) > L(0) > 0, for all # > 0. Next, by using Holder’s and Young’s inequalities, we have

the estimate

1

(/ u.ut(x,t)dx+/v.vt(x,t)dx)la
Q Q

< C(nuu;gﬂ) + el + V) + ||vt||;*7), (3.68)
2
for1/t+1/s=1. Wetakes s =2 (1 — 0), to get 7 L o From (3.25) and (3.56), we have
-0 — 0
_2
lull3, 72, < d (lullzrs) + H (1)), (3.69)
and
_2
M3, < d(IMBErs + H (@), Vi 2 0. (3.70)

Consequently, (3.68) can be written as

(/ uu, (x, 1) dx + / v, (x, 1) dx)l_(r
Q Q

2(p+2) 2(p+2) 2 2
c1a (el 23) + IVIEES) + a3 + lvil3)

2 2 2 2
+ cia(m llull3 + m3 MG + H (1)), V1 > 0.

IA

Also, we have

L= " = (H]_‘T (1) + 8/ (., +v.v,) (x,1) dx)(]_(r)
Q

IA

/ (wu, (x,0) + v, (x, 1) dx
Q

C1s (H (t) +

IA

1
(1-0) ]
2(p+2) 2(p+2)

+ cig [IvdB + m? (a3 + m M) . e > 0, (3.71)

2(p+2) 2(p+2) 2
cio [H () + lulloss) + Ve + 3]

from (3.71) and (3.67), we get
1

L () > apLT-7 (1), V¥t > 0. (3.72)

Finally, a simple integration of (3.72) gives the desired result. O



Chapter

Global nonexistence of solution for coupled nonlinear Klein-
Gordon with degenerate damping and source terms

4.1 Introduction

In this chapter, we consider the following system:

y — A, = div |Vl Vu) = div (IVu 7 Vi) + ay " w, + my® - = fi (u,v),
4.1)
vy — Av, — div (IVV|"_2 Vv) —div (IVv,I’gz_2 Vvt) +a v Py, +mp? = L w,v),

where u = u(t,x), v =v(t x), x € Q, a bounded domain of R¥ (N > 1) with a smooth boundary §Q,

t > 0 and ay, az, by, by, my, my > 0 and By, B, m, r > 2, @ > 2, and the two functions f; (u,v) and

/> (u,v) given by
filu,v) = bylu + VPO Dy + v) + bylulfPulv|e*?

4.2)
Solu,v) = bilu+ v D+ v) + bylul 2|,
The System (4.1) is supplemented by the following initial and boundary conditions
(u(0), v(0)) = (uo, vo), (,(0), vi(0)) = (ur,v1), x € Q 4.3)
u(x) = v(x) = 0 x €49, '

Originally the interaction between the source term and the damping term in the wave equation is given
by :
ty — A+ alu" 7wy = bl u, in Qx0,7T), 4.4)
72
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where Q is a bounded domain of RY, N > 1 with a smooth boundary dQ, has an exciting history.
It has been shown that the existence and the asymptotic behavior of solutions depend on a crucial way
on the parameters m, p and on the nature of the initial data. More precisely, it is well known that in the

absence of the source term ||’ u then a uniform estimate of the form
llee Oll2 + [[Vu @I, < C, 4.5)

holds for any initial data (ug, u;) = (#(0), u,(0)) in the energy space Hé (Q)xL?(Q), where C is a positive
constant independent of t. The estimate (4.5) shows that any local solution u of problem (4.4) can be
continued in time as long as (4.5) is verified. This result has been proved by several authors. See for
example [54, 63]. On the other hand in the absence of the damping term lu,|" 2 u,, the solution of (4.4)

ceases to exist and there exists a finite value 7* such that
lim ||lu (2)||, = +o0, 4.6)
t—T*

the reader is refereed to Ball [14] and Kalantarov & Ladyzhenskaya [60] for more details.

When both terms are present in equation (4.4), the situation is more delicate. This case has been consid-
ered by Levine in [66, 67], where he investigated problem (4.4) in the linear damping case (m = 2) and
showed that any local solution u of (4.4) cannot be continued in (0, co) X Q whenever the initial data are
large enough (negative initial energy). The main tool used in [66] and [67] is the “concavity method”.
This method has been a widely applicable tool to prove the blow up of solutions in finite time of some
evolution equations. The basic idea of this method is to construct a positive functional 6 (¢) depending
on certain norms of the solution and show that for some y > 0, the function 877 (¢) is a positive concave
function of ¢. Thus there exists 7 such that zll}]r"l 677 (¢t) = 0. Since then, the concavity method became a
powerful and simple tool to prove blow up in finite time for other related problems. Unfortunately, this
method is limited to the case of a linear damping. Georgiev and Todorova [45] extended Levine’s result
to the nonlinear damping case (m > 2). In their work, the authors considered the problem (4.4) and
introduced a method different from the one known as the concavity method. They showed that solutions
with negative energy continue to exist globally ’in time’ if the damping term dominates the source term
(i.e.m > p) and blow up in finite time in the other case (i.e.p > m) if the initial energy is sufficiently
negative. Their method is based on the construction of an auxiliary function L which is a perturbation

of the total energy of the system and satisfies the differential inequality

dL (1)

1+v
T 2 €L 4.7)

In [0, 00) , where v > 0. Inequality (4.7) leads to a blow up of the solutions in finite tim # > L(0)™ & 'v7!,

provided that L (0) > 0. However the blow up result in [45] was not optimal in terms of the initial data
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causing the finite time blow up of solutions. Thus several improvement have been made to the result
in [45] (see for example [68, 78, 130]. In particular, Vitillaro in [130] combined the arguments in [45]
and [68] to extend the result in [45] to situations where the damping is nonlinear and the solution has
positive initial energy.

In [139], Yang.Z, studied the problem

u; — Au, — div (|Vu|“—2 Vu) —div (qutlﬂ_z Vu,) +alu|" " u, = blulP2u, (4.8)

in (0, T") x © with initial conditions and boundary condition of Dirichlet type. He showed that solutions
blow up in finite time 7™ under the condition p > max {@, m}, @ > 3, and the initial energy is sufficiently
negative (see condition (i7) in [139, Theorem 2.1]). In fact this condition made it clear that there exists

a certain relation between the blow-up time and |€Q2|[139, Remark 2].

Messaoudi and Said-Houari [81] improved the result in [139] and showed that the blow up of solutions

of problem (4.8) takes place for negative initial data only regardless of the size of Q2.
The absence of the terms m;u* and m,v? , equations (4.1) take the form :
y — Au, — div |Vl Vu) = div (IVu' ™ Vo) + ay " u, = fi (,v),
vy — Av, — div (lel"_2 Vv) —div (letlﬂz_2 Vv,) +ar v Py, = H(u,v),
In [106] Rahmoune. A and Ouchenane. D proved the global nonexistence result, Under an appropriate

assumptions on the initial data and under some restrictions on the parameter ; §;;5,; m; r and on the

nonlinear functions f; and f>.

4.2 Preliminaries

In this section, we introduce some notations and some technical lemmas to be used throughout this
paper. By [|.|l;, we denote the usual L7(Q2)-norm. The constants C,c,ci, ¢y, ..., used throughout this

paper are positive generic constants, which may be different in various occurrences. We define

F(u,v) = [b1 lu + v[2*+? + 2b, |uv|p+2] .

1
2(0 +2)

Then , it is clear that, from (4.2),we have

ufy (u,v) +vh w,v)=20+2)F (u,v). 4.9)
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The following lemma was introduced and proved in [87]
Lemma 4.1. There exist two positive constants co and c| such that
ﬁ (1P + P2) < F (u,v) < ﬁ (1P + ). (4.10)
And the energy functional
E(@) = %(nutné + lIvi) + é(nwns +IVVIIG) + mi llullz + m3 I3 ~ /Q F (u,v) dx. (4.11)
Let us know define a constant r,, as follows :
Ty = NN_aa, ifN>a, ro,>aif N=a,andr, = if N < a. 4.12)

The inequality below is a key element in proving the global existence of solution. A similar version of

this lemma was first introduced in [114]

Lemma 4.2. Suppose that @ > 2, and 2 < 2(p + 2) < r,. Then there exists n > 0 such that the inequality

2(p+2)

2p+2)

2+2)
[lee + vl ) °

+2
+ 20wl < (IVullg + 11VVIG

holds.
Proof. 1t is clear that by using the Minkowski inequality, we get
i+ V1B 2y < 200lB i) + VB2
the embedding W,* < L***2 (Q), gives
il 12 < CIVaR: < CAVUID? < CAVUE + VD)7,

a —

and similary , we have
2 2
IVI542) < ClIVullg +1IVVII5)=

Thus, we deduce from the above estimates that
2 2
llue + vll3,10) < CUIVullg + IVVIE)=

also, Holder’s and Young’s inequalities give us

2 2 2
luvllps2) < Nl lVilaper2) < CUIVUlly 10 + IVVI40) < CUIVully +1IVVIE) =

(4.13)

(4.14)

(4.15)
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Collecting the estimates (4.14) and (4.15), then (4.13) holds. This completes the proof of lemma (4.2)
O

In the following lemma, we show that the total energy of our system is a nonincreasing function of z.

Lemma4.3. Let (u, v) be the solution of system (4.1)-(4.3), then the energy functional is a non-increasing

Junction for all t > 0

dE (1)
dt

2 2
= = lIVull3 = IVvill3 = IVt = Vvl

2 (15112 2 (1,112
—allully, — axllvelly — my llully — m; |IVIf; - (4.16)

Proof. We multiply the first equation in (4.1) by u, and second equation by v, and integrate over €2, using

integration by parts, we obtain (4.16). O

4.3 Global nonexistence result

In this section, we prove that, under some restrictions on the initial data and under som restrictions on

the parameter «,5;,8,,m, r then the lifespan of solution of problem (4.1)- (4.3) is finite

Theorem 4.4. Suppose that B, B>, m, r > 2, @ > 2, p > —1 such that B, B> < @, and max {m, r} <
2(p + 2) < r,, where r, is the Sobolev critical exponent of Wé’” (Q). defined in (4.12).Assume further
that

1
E(0) < Ey, (IVuollg + IVvoll)® + mi lluoll3 + m3 [Ivoll3 > i
Then, any weak solution of (4.1)-(4.3) cannot exist for all time .Here the constants E and {; are defined

in (4.4).

In ordre to prove our result and for the sake of simplicity , we take b; = b, = 1 and introduce the

following :

1 —2(p+2) 1 1
N N Tk i

where 7 is the optimal constant in (4.13).

The following lemma allows us to prove a blow up result for a large class of initial data. This lemma is

similar to the one in [114] and has its origin in [130]
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Lemma 4.5. Let (u,v) be a solution of (4.1)-(4.3). Assume that « > 2, p > —1. Assume further that
E©) < E| and

1
(IVuollg + 119vollg)* + mi lluoll3 + m3 lIvoll3 > 1. (4.18)

Then there exists a constant {, > {; such that

1
UIVully + IV + mi lll; + m3 VI > &, (4.19)
and |
[l + VIEES) + 20wl 23] 2 BL, Vi 2 0. (4.20)

Proof. We first note that, by (4.11) and the definition of B, we have

1 1
E@® = —(IVully + IVVI) + mi llully + m3 |vl5 — ) [l -+ P2 4+ 2 i}
1 a a )7 02 a Xpi2)
2 = (IVully +1IVVI[) + m (3 + m3 VI3 - 30+ (IVully + 1VvIIG)
1, n
~ e, 4.21)

a®  2(p+2)

1
where ¢ = [lqullg + [|[Vv]|2 + m? [lull}, + m% ||v||g] “ . Itis not hard to verify that g is increasing for 0 < ¢ <

{1, decreasing for { > {;, g({) = —oo0 as { — +o0, and

1 B2(p+2) 2ps2)
Ry — = E

g(gl) a[gl 2(p+2) 1 1

where ¢ is given in (4.17). Therefore, since E (0) < E|, there exists {; > {; such that g ({;) = E(0).

If we set &, = [[IVu(0) |2 + |[Vv(0) ||Z]$ + mf [|u (0)||§ + m% [[v (O)||§ , then by (4.21) we have g () <
E (0) = g(&), which implies that ¢, > &,.

Now, establish (4.19), we suppose by contradiction that
: 2 2
(IVuolly + 19voll5)* + m7 lluollz + m3 lIvolls < &,

for some 7y > 0; by the continuity of [|[Vu ()| +[[Vv () [|% + m% [|u (.)||§ + m% [|v (.)||§ we can choose 7, such
that

1
(IVu @) 15 + IV (o) 113)* + m e (21l + m3 v (0)ll; > 1.
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Again, the use of (4.21) leads to

E (1) = g (IVu (1) I3 + Vv (20) 1) + m7 llu (20)I15 + m5 v (t0)ll3 > g (&2) = E (0).

This is impossible since E (t) < E(0), for all € [0, T') . Hence, (4.19) is established.

To prove (4.20), we make use of (4.11) to get

1 2 2 2 2 2(p+2) 2
— IVl + I9v0ll) + e Nl + m3 vl < E/0) + (1 + V222D + 20l 3]

2(p+2) p+2

1
2(p +2)

Consequently, (4.19) yields

1 1
105D (e Vi) + 2l 3] = = (Vuly + 19vIE) ~ E (0)
1
> —§-EW0
o
1
> 5 -5() (4.22)
B
200+
Therefore, (4.22) and (4.17) yield the desired result. O
Proof. Proof of Theorem 4.4
We suppose that the solution exists for all time and set
Ht)=E —-E@. (4.23)

By using (4.11) and (4.23) we get
H (1) = Va5 + IVvill3 + IIVuzII,’;i + IIszllﬁj + arllully + axllvll + my |lull3 + m3 IVI]3 -
From (4.16) , It is clear that for all t > 0, H (¢) > 0. Therefore , we have

0 < HO<H(®

1 2 2 2 2 2 2 1
= Ei-3 (Ilutll2 + illz + mi llully + m; ||V||2) - (IVullg +11VVII3)

+ (Il + vIRETS) + 23] (4.24)

2p+2) p+2

1
2(p +2)

From (4.11) and (4.19), we obtain, for all # > 0,
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1 1 1 1
E, - 3 (IImII% + |ell3 + m7 [full; + m3 IIVI|§) - (IVullg +IVVIl) < Ey — aé’l = 2% 2)4“1
Hence,
|
0<HO) <H® < 5 [l + VIEETD + 20vl223] . Ve 2 0.
Then by (4.10), we have
0<HO<H® <3 (p 5 (1342 + WIBE2] L ve > 0. (4.25)
We then define
LO)=H""(t)+e / (uu, + vv,))dx, (4.26)
0
for £ small to be chosen later and
0 < < a—m a—-r
o < min
2’ 20+2)(m=1)" 2(0+2)(r—1)
) _ _
(@ —2) ’ a—pB ’ @—f } 4.27)
20+2) 200+2)Bi-1) 2(0+2)(B2—1)

Our goal is to show that L (¢) satisfies the differential inequality (4.7). Indeed, taking the derivative of
(4.26), using (4.1)and adding subtracting ekH(t), we obtain

’ —o ’ k
Lt = 1-o0H"(H (t)+skH(t)+s(1+5)(|qulli+||vt||§+m?||u||§+m§|lvl|§)
+e(1—k) / F (u,v) — ekE, (4.28)
Q
—S/VuVu,dx—s/VvVvtdx
Q Q
k a o
+e|— —1 (IVully + IVVIl)
—& / Vi, P2 Vu,Vudx — / Vv, P22 Vv, Vvdx

—sal/lu,I 2 wudx — saz/lv,l vvdx.

We then exploit Young’s inequality to get for u;, 4;,6; >0i=1,2

1
/ VuVu,dx < T IVull; + w1 [Vatr|l3
Q M1
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and

and also

1
/ VvWydx < — VY3 + 2 [Vl (4.29)
Q H2

/ Sl e < 2wy + B g
u uax s — u + — u
o ! Bi B1 Bi 1 g

LB ey i
Vv P2 Vvdx < —||V || B byl e [\ VAW (4.30)
/ B> B> 2 g,
m m -1 —m/(m—1) m
Iutl *wudx < — ||u|| —0, {1774
m
r— 51‘ 1 —r/(r-1)
vl 2 vvdx < = IIVII + L —, [[vell, (4.31)
Q

A substitution of (4.29)-(4.31)) in (4.28) and using (4.10) yields

L (©)

. , k
(1= o)H () H (1) + ekH (1) + s(l + 5) (a3 + l1vell3 + 3 N3 + m3 [1v113)

<0 ke1 2(0+2) 2(p+2)
+8(2 (o + 2) 2(0+ 2)) (||u||2(p+2) + ”V”2(p+2)) — ekE,

g P>
"I IVulls = e Vulls - 1 VI3 = etz [IVilI3

k A Bi—1 _g6-
+el= = 1|(IVul® + [[VV][2) — &=L [Vl — e=——— AP ED |1y, 2
8(@ )(n ully + 19V15) = - IVulfy, = 6=—2—21, V|1
/lﬁZ _1 3 _ é‘m
—s— |Vl _ B Ly IVl — are— llull;
B B> m
m — T

1 —m/(m— m 5 r 1 —r/(r—
—a1e———67"" 7 |Ju | 6128—||V|| — are——38,""" V|l (4.32)
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Let us choose 61, 9, u1, 42, 41, and A, such that

6" = MyH™ (1)
5;"/("—1) = MyH™ ()
1 = MzH™7 ()
(4.33)

M2 = MyH™ (1)

/lIﬁl/(ﬁl—l) = MsH™ (l)

/l;ﬂz/(ﬂz—l) = MgH™ (f)

for My, M,, M5, M4, Ms and Mg large constants to be fixed later. Thus, by using (4.33),and for
M= M;+ My + (B — DMs/By + (Br — )M /B> + (m — )M /m + (r — )M, /r

then, inequality (4.32) takes the form

L@ = (1-0)—eMYH ()H (t) + ekH (1) (4.34)

+&

+&

+&

&
——H" (1) |Vul} -
0, (O [Vull;

2

0 ke 2(p+2) 2(p+2)
2@+m_2@+mMMmﬂﬁmmwg—%&

k 2 2 2 2 2 2
1+ —) (el + 13 + 5 a3 + 3 (w11

k
P 1)(I|Vullfi +1IVvIl)
a
&

H(J’ Y\ 2
. OVl

a e

o _ ME —
=M "UHTD @)l = == My VHTD (@) IV

m

—&

—(B1-1) —(B2-1)

M
——H7OD (1) |Vull, - s——H" 0)||Vulf

2
ﬁl ﬁz B2’

We then use the two embedding L***? (Q) — L™ (Q), W(;"’ — L*°*2 (Q) and (4.25) to get

-1 20(m—1)(p+2)+ 20 (m—1)(p+2)
HYD @)l < o (lullyg s, + vl 2l )

2(p+2) (p+2)
ea (IIVullp7 = De2rm [yl pren D2 gy ) (4.35)

IA

Similarly, the embedding L***? (Q) < L" (Q), W,** < L***? (Q) and (4.25) give
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r— 20(r—1 2)+r 20(r—1 2
H D@L < es (vl + s [vll5n))
< o (IWVIRTODe D5 4 [y 2D |y (4.36)
Furthermore, the two embedding WS’“ — LX) (Q), LY (Q) — L*(Q), yields
2 2 2 2
HT O IVul} < ca (0 s, 1Vully + vl ey 11Vull3)
2 2)+2 2 2 2
< ey (IVulR7o22 4+ [VVlR7e2) |Vl ) (4.37)
and
HTOIVE < es (Va7 IV + IV 1vv;) (4.38)
= o5 (IIVull7O VI, + [Vv]270+2+2).
Since max(B;, 3,) < a then we have
HOO D O1Vulfy < es (Il 00 [Vully + [V vl )
= ¢ (IIVul7O D02 4 || Wylp7 D0 |9 (4.39)
and
HED IV < e (IVull7 @D 2 9vE? + V7002 9v2)
= o7 (IVul7 P02 |Gyl + ||Vl 2 e Des2), (4.40)
for some positive constants c¢», c3, ¢4, Cs, ¢¢ and ¢7. By using (4.27) and the algebraic inequality
<@+ D<(1+)e+a), ¥220,0<v<1, a>0, (4.41)
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we have, for all ¢ > 0,

[Vullo7 "= < d (|[Vully + H (0) < d (IVully + H (1),
VM7 DE D < d (IVvlly + H (1)),
IVull;7**** < d (IVully + H (1)) ,
(4.42)

VM2 < d IVl + H (1))

[IVull7® =20 < d (IVully + H (1),

IVVIRTP D028 < d (I + H (1),

where d = 1 + 1/H (0) . Also keeping in mind the fact that max(m, r) < a , using Yong’s inequality, the
inequality (4.41) togrther withe (4.27), we conclude

V|27 DE 2 g™ < € (|VVE + [[Vul|?)
[Vul 270D 19v|lr < C ([Vull® + [[VV]I2),
IVVIET 2 Valll < C (IVVIIE + IVulll)
(4.43)

IVul27@*2 IVl; < C (IVullS + 19v12)

2 -1 2
IVVETE=PE2 19Ul < C (19I5 + (IVully)

2 -1 2
[Vul 27 DerD 1wy B2 < C (|IVull2 + V1),

where C is a generic positive constant. Taking into account (4.35)- (4.43) , then, (4.34) takes the form
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) , k
L@ =2 (I-0)-eM)H ()H (1) + 8(1 + 5) (IIM;II% +[Willy + m llully + m3 IIVI|§)

+e([k/a = 1 - kE\ ] - CM[ "™V — M, ™) (4.44)
C C - —(b1— —(b2— 04 [04
—— M~ =M - MO — oMY - 1)(||Vu||a +[[VV[%)

-1
477 4
C C
+& (k —cm; "V - oMy - ZMgl - ZM;I
_CMS—(ﬁl—l) _ CMg(ﬂz_])) H (1)

co ke 2(p+2) 2(0+2)
e (2 (p+2) 20+ 2)) (”””2<p+2> + ”V”2<p+2>) ’

for some constant k. Using k = ¢(/c;, we arrive at

’ —o ’ C
L@ 2 (I-0)-eM)H" ()H (1) + 8(1 + i) (el + 13 + 5 a3 + 3 [1v11)
1

c ., C_ _

ZM3l —~ ZM4l (4.45)
—CM;P 7V — M PTD — 1) (IVully + 19V

C C

ZM;‘ - ZM;‘

‘e (z — MY o) -

+& (co/cl - CMI_('"_I) - CMZ_(H) -
_CMS_(ﬂl—l) _ CMg(ﬁz—l))H(t) ,
where ¢ = k/a — 1 —kE ;% = co/ (c1a) — 1 = (co/c1) E1dy? > Osince & > ¢

At this point, and for large values of M, M,, M5, M4, Ms and Mg, we can find positive constants A; and
A, such that (4.45) becomes

’ —o ’ C
L@ > (1-0)-Me)H (t)H<r>+e(1+ﬁ)(nutné+||v,||§+m%||u||§+m§||v||§)
1

+eA; (IVullg + IVVI[S) + eArH () . (4.46)

Once M, M,, M3, My, Ms and Mg are fixed (hence, A; and A,), we pick & small enough so that
(1 -0)—-Me)>0and
L) =H"7(0) + / [uo.u; + vo.v;] dx > 0.
Q

From these and (4.46) becomes

L'(t)>el (H (©) + e 3 + 11vill5 + 3 a3 + 5 VI + [Vl + IIVVIIf,)- (4.47)
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Thus, we have L () > L(0) > 0, for all # > 0. Next, by Holder’s and Young’s inequalities, we estimate

€

( uu,(x,t)dx+/v.vt(x,t)dx)l_(r
Q

< (|l/t||2(p+2) + ||ut||2 - + ||V||2(p+2) + ||V[|| )
< C(IIVMIIJ 7+ ||uz||2 7+ IIVVIIJ T+ vlly” ) (4.43)
1 1 T 2 .
for—+—-=1.Wetake s =2(1 —0), to get = . By using (4.27) and (4.41) we get
T s l-0c 1-20
2
1-2 @
vl =27 < avallc + H ),
and
2
vl =29 < avvile + H@), Vi = 0.
Therefore, (4.48) becomes
1
-0
(/ uu, (x,t)dx + / vy, (x,1) dx)
o) 0
< C(IIVMIIZ + VWIS + a3 + VA3 + m3 lull3 + m3 VI3 + H(t)), Yt > 0. (4.49)
Also, since
_1
1 (-0
Li-o (1) = (HHr (t) + 8/ (wau, +vv) (x, 1) dx)
Q

IA

IA

ClH@)+

1
/ ety (e 1) + vy, (x. 1) dox “_‘T)] (4.50)
Q

2 2 2 2 2 2
C[H @ + IVulle + 19V + el + Vel + o2 Naly + i W13 Ve > 0,

combining withe (4.50) and (4.47), we arrive at

L@ > aoL -0 (1), Yt > 0. (4.51)

Finally, a simple integration of (4.51) gives the desired result.This completes the proof of Theorem

4.4)

O
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