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∑
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N
∑
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∑N
j=1 uijXj
∑N
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N
∑
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 U = [uij] 0 ,# 6#-'%'%.( -*)7*-)7/* $* ,8*(&*9:,* X; )8*&' ,# 9#'-%)* $*& $*<-/& $8#6=

6#-'*(#()* $+ 9.$>,* $* ),#&&%?)#'%.(3 @.+& #A.(& 0

uij =
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1 &% d2(Xj, Pi) < d2(Xj, Pk)∀k 6= i

0 &%(.(
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"8#,<.-%'79* $*& C=9.D*((*& *&' %,,+&'-/ ).99* &+%' 0
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∑
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md2(Xj, Pi) 123P5

_+ 0
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mXj
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j=1 (uij)m
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∑
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∑
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∑
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∑
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Xj #D#$( )'1, 0'*,2% 0?#44#,('$#$&' 6M )# &)#%%' Wi: uij W !8X I B?'%( 1$ 4#,#/@(,' 4+C

%-(-P 1(-)-%2 4+1, 2<#)1#(-+$ 0'% 0'*,2% 0?#44#,('$#$&' 4+%%-K)'% #1L &)#%%'%8 H) 4'1( Y(,'
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ni =

∑N
j=1 (uij)

md2(Xj, Pi)
∑N

j=1 (uij)m
;<=!<>

 ?'+ 7'%2,'+ "' 7).++'+ Pi +1%2 7.)7*)#+ ". ). -@-' -.%&/,' ".%+ ABC D
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'H'-()'0 )'+ 9'%2'+ 71-()#-'%2.&,'+= B'+ .)51,&26-'+ (',-'22'%2 "' ,#+1*",' "'+ (,1G)/-'+
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 !"! !0 1$23$4,$ 5-4-4(
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 ($61%$0%$ *% 1'0.2$ ($6&6-%44%,# '&;/21 7
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U#%( %@5:K)' 6+'4= 84' &@#&D5)+(<6' X- Y54) 9'% *#&'4)% :&4% 7&'*7'% 9' zout>

G'% 97;+%+5$% 9' &@#&D5)+(<6' U#%( %' 1#%' %4) &'% +$U5)6#(+5$% &5;#&'% 9'% 9+Z7)'$('% ;56A

64$#4(7%3 (#$9+% 84' &@#&D5)+(<6' X- '6:&5+' &'% +$U5)6#(+5$% 94 )7%'#4 '$(+')>
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 !"#$% "#$ % &'( )*(+,-.-( /'( 01'+/( 21))'2-'3'0- 4/'0-45*( (',10 ,. 6.)4.-410 /' zout#

 !"!#!$ %&'()*+ *+ ,+-./' 0/1.2&

7+43') '- .,# 879:;!<.= 10- +-4,4(* +0 .,>1)4-?3' /' )'2+4- (43+,* @1+) ,A1@-434(.-410

/' ,. 31/+,.)4-*# &A4/*' '(- /A'B'2-+') +0 31+6'3'0- (',10 +0' /4(-)4C+-410 /' @)1C.C4,4-*

D+4 /*@'0/ /' ,. D+.,4-* /'( /4B*)'0-( 614(40( E ,'( 3'4,,'+)( 614(40( 10- +0' @)1C.C4,4-* @,+(

*,'6*' .,1)( D+' ,'( 3140( C10( 10- +0' @)1C.C4,4-* @,+( F.4C,'# &A.,>1)4-?3' /' )'2+4- (43+,*

2106')>' ).@4/'3'0- 6')( ,. (1,+-410 1@-43.,' 3.4( 4, '(- @,+( 'G2.2' @1+) ,'( @'-4-( )*('.+H#

 !"!# $%&'()*+ ,-+%*+ +./ .0 1/(2*++.+ )30-456.*

 !"!$!# 3+0 '+-(4/5.+0 *+ 16,-(+ 62&6')/,+

&'( 3.)2?'( .,*.-14)'( /.0( ,'( >).@?'( (10- /'( @)12'((+( .,*.-14)'( /.0( ,'(D+',( +0

3.)2?'+) '(- @1(4-4100* (+) +0 (133'- /+ >).@?' '- @'+- I 2?.D+' *-.@' (' /*@,.2') 6')(

+0 /'( (133'-( 614(40(# &' 213@1)-'3'0- /'( 3.)2?'( .,*.-14)'( '(- *-)14-'3'0- ,4* I ,.

(-)+2-+)' /+ >).@?'# ; 2'- 'B'-J @,+(4'+)( .@@)12?'( /' /*-'2-410 /' 2133+0.+-*( (' C.('0-

(+) 2'( 213@1)-'3'0-(#

:10( '- ., 8:&! = 10- @)1@1(* ,A.,>1)4-?3' KL.,M-).@K '0 +-4,4(.0- ,' 210(-.- 40-+4-4F

D+' ,'( 3.)2?'( .,*.-14)'( 610- (' F.4)' @4*>') /.0( /'( N10'( /'0('(J '0 /A.+-)'( -')3'(

,1)(D+A+0 3.)2?'+) ('). /.0( +0' 2133+0.+-* 4, @1((*/'). +0' F1)-' @)1C.C4,4-* /' )'(-')

/.0( ,. 3O3' 2133+0.+-* I ,A*-.@' (+46.0-' P>)Q2' I ,. F1)-' /'0(4-* /' ,4'0( 40-')0'( '- ,.

F.4C,' /'0(4-* /' ,4'0( 'H-')0'(R# S0' 3.)2?' .,*.-14)' /.0( +0 >).@?' G '(- +0 @)12'((+(

'0 -'3@( /4(2)'- (+) ,A'0('3C,' /'( (133'-( V # 9. 3.-)42' /' -).0(4-410 P '(- /100*' @.) T



 !"! #$%&'()* +,,-'#$.+%/0)*  !

Pij =
Aij

d(i)
"

P t
ij # $%& '( )*+,(,-'-&. /0(''$* /012 %+33$& i 4 12 %+33$& j )(* 12$ 3(*56$ ('.(&+-*$

/$ '+271$1* t" 8$ &$3)% $%& /-%5*.&-%. 9t = 0, 1, 2, ...: $& 12 3(*56$1* $%& '+5('-%. 4 56(;1$

-2%&(2& t %1* 12 %+33$& /1 7*()6$ G" 8$ 3(*56$1* %$ /.)'(5$ 4 56(;1$ -2%&(2& ('.(&+-*$3$2&

$& 12-<+*3.3$2& =$*% '012 /$ %$% %+33$&% =+-%-2%" 8( %1-&$ /$% %+33$&% =-%-&.% 5+2%&-&1$ 12$

3(*56$ ('.(&+-*$" >-2%- 12 3(*56$1* )+%%?/$ /$ 7*(2/$% 56(25$% /$ *$%&$* '+*% /012$ 3(*56$

/$ 5+1*&$ /-%&(25$ /(2% %( 5+3312(1&. /0+*-7-2$"

80-/.$ )+1* 5+3)(*$* '( )*+@-3-&. /$ /$1@ %+33$&% $%& ('+*% /$ 5+3)(*$* '$% /-%&*-,1&-+2%

/$ )*+,(,-'-&. /$% 3(*56$% ('.(&+-*$% )(*&(2& /$ 5$% /$1@ %+33$&%" 8( )*+)*-.&. /$ *.=$*%-A

,-'-&. /$% 3(*56$% ('.(&+-*$% -2/-;1$ ;1$ '$% )*+,(,-'-&.% P t
ij $& P t

ji %+2& /-*$5&$3$2& *$'-.$% B

$''$% %+2& /+25 )+*&$1%$% /$ '( 3C3$ -2<+*3(&-+2" D+1&$ '0-2<+*3(&-+2 /$% 3(*56$% ('.(&+-*$%

5+25$*2(2& 12 %+33$& /+22. i ∈ V $%& 5+2&$21$ /(2% '$% )*+,(,-'-&.%

(

P t
kj

)

k∈V
" E$% )*+,(A

,-'-&.% 5+**$%)+2/$2& 4 '( ieme
'-72$ /$ '( 3(&*-5$ P t

F $& %+2& 2+&.$% )(* 12 =$5&$1* 5+'+22$

P t
i•" G+2% $& (' HG8I J +2& /.K2-& 12$ /-%&(25$ rij )+1* 5+3)(*$* '$% %+33$&% /1 7*()6$

5+33$ %1-& #

rij =

√

√

√

√

n
∑

k=1

(P t
ik − P t

jk)
2

w(k)
= ‖D− 1

2P t
i• −D− 1

2P t
j•‖ 9L" :

D$' ;1$ D $%& '( 3(&*-5$ /-(7+2('$ /$% /$7*.%F r $%& 12$ /-%&(25$ M15'-/-$22$ ∈ Rn
"

8( /-%&(25$ r $%& /-*$5&$3$2& '-.$ (1@ )*+)*-.&.% %)$5&*('$% /$ '( 3(&*-5$ /$ &*(2%-&-+2 P

9 /$1@ %+33$&% ())(*&-$22$2& 4 '( 3C3$ 5+3312(1&. +2& /$% 5+3)+%(2&$% %-3-'(-*$% %1*

'$% =$5&$1*% )*+)*$% )*-25-)(1@:"

8$ )*+,'?3$ /$ /.&$5&-+2 /$ 5+3312(1&.% )$1& C&*$ *./1-& 4 /.&$5&$* %.)(*.3$2& /$% 5+3A

312(1&.% /(2% 56(;1$ 5+3)+%(2&$ 5+22$@$" E$&&$ ())*+56$ )$*3$& /$ &-*$* )*+K& /$ 5$%

)*+)*-.&.% %)$5&*('$% &+1& $2 7(*/(2& 12$ 5+3)'$@-&. *(-%+22(,'$ O(nmlog(n)) 7*N5$ (1@

5('51'% /$ 3(*56$% ('.(&+-*$%" 8+*%;1$ '( '+271$1* /$% 3(*56$% /$=-$2& -3)+*&(2&$F '( ;1(A

'-&. /$% *.%1'&(&% /-3-21$" E$5- $%& $@)'-;1. )(* '$ <(-& ;1$ '$% 3(*56$% ('.(&+-*$% (&&$-72$2&

*()-/$3$2& '$1* .&(& %&(&-+22(-*$ '-3-&$"

8$% 3.&6+/$% )*+)+%.$% )(* O6+1 HO6+IL,F O6+IL(J $& O6+1 $& 8-)+P%QR HO8ISJ %+2& ,(A

%.$% %1* '$ 2+3,*$ 3+R$2 /0.&()$% )+1* ;1012$ )(*&-51'$ ,*+P2-$22$ 93+1=$3$2& ('.(&+-*$

/012$ )(*&-51'$: (&&$-72$ 12 %+33$& /+22. $2 )(*&(2& /012 (1&*$ %+33$&"

8( /-%&(25$ $2&*$ '$% %+33$&% 3$%1*.$ )(* 12$ )(*&-51'$ ,*+P2-$22$ $%& 1&-'-%.$ )+1* -/$2A

&-K$* '( %&*15&1*$ /$ 5+3312(1&. $& -/$2&-K$* '$ 2+$1/ 5$2&*(' /$ 56(;1$ 5+3312(1&." T+-&

12 *.%$(1 5+22$5&. /$ N 2+$1/% $& M '-$2%F A $%& %( 3(&*-5$ /0(/U(5$25$ &$' ;1$ #

Aij =

{

0 S ′il n′existe pas de lien entre i et j

Aij = Aji > 0 Sinion, cette valeur designe la force d′interaction
9L"V:

80$2%$3,'$ /$% )'1% )*+56$% =+-%-2% /1 2+$1/ i $%& /.2+&.% )(* EiF 12$ )(*&-51'$ ,*+PA
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"#$""$ %&"'#"($ ) *$ +,-./%$0 *(0 .$ 0,*$/(1 $' ) %2/3($ ,'/-$ $..$ 4/#' (" -/* ) -/0'#0 +$ */

-&*#'#&" /%'($..$ (i) 5$0* ./ -&*#'#&" +( -.(* -0&%2$ 5&#*#"* (j)6 7/ 8/'0#%$ +$ '0/"*4$0' $*'

+&"", -/0 9

Pij =
Aij

∑N
l=1 Ail

:;6<=

7/ +#*'/"%$ dij $*' .$ "&8>0$ 8&?$" +@,'/-$* -&(0 3(@("$ -/0'#%(.$ >0&A"#$""$ *$ +,-./%$

+( "&$(+ i /( "&$(+ j $*' %/.%(., %&88$ *(#' 9

dij =
N
∑

l=1

(

1

I − B(j)

)

il

:;6B=

C$. 3($ 9

I  7/ 8/'0#%$ +@#+$"'#', D

B(j)  $*' ./ 8/'0#%$ 4&08,$ $" 0$8-./E/"' ./ jeme %&.&""$ +$ ./ 8/'0#%$ P -/0 ("$ %&.&""$

+$ F,0&*6

G&"*#+,0/"' (" *&88$' i %&88$ .$ *&88$' &0#H#"$ +( 0,*$/(1 .@$"*$8>.$

{di1, ..., di,i−1, di,i+1, ..., diN}

8$*(0$ ) 3($..$ +#*'/"%$ '&(* .$* /('0$* *&88$'* *&"' *#'(,* +$ .@&0#H#"$6 I/0 %&"*,J

3($"'1 ./ -$0*-$%'#5$ +( 0,*$/( $"'#$0 $*' #+$"'#K,$ ) -/0'#0 +( *&88$' i6 L(--&*&"* 3($

.$* *&88$'* i $' j *&"' +$* 5&#*#"*1 ./ +#M,0$"%$ +/"* .$(0* -$0*-$%'#5$* +( 0,*$/( -$(' N'0$

3(/"'#'/'#5$8$"' 8$*(0,6 O2&( PO2&Q;/R / +,K"#' .@#"+$S$ +$ +#**#8#.#'(+$ *(#5/"' 9

Λ(i, j) =

√

∑N
k 6=i,j[dik − djk]2

(N − 2)
:;6TQ=

U(/"+ .$* "&$(+* i $' j /--/0'#$""$"' ) ./ 8N8$ %&88("/(',1 ./ +#*'/"%$ 8&?$""$ dik
+$ i ) "@#8-&0'$ 3($. /('0$ *&88$' k(k 6= i, j) *&#' -0$*3($ *#8#./#0$ ) ./ +#*'/"%$ 8&?$""$

djk :+$ j ) k=6 7/ 5/.$(0 +$ +#**#8#.#'(+$ Λ(i, j) $*' -$'#'$ *# i $' j /--/0'#$""$"' ) ./ 8N8$

%&88("/(', $' H0/"+$ *@#.* /--/0'#$""$"' /(S %&88("/(',* +#M,0$"'$*6

V/"* PO2&Q;>R1 .@/''0/%'$(0 H.&>/. +@(" *&88$' i $*' .$ *&88$' .$ -.(* -0&%2$ ) i1 '/"+#*

3($ .@/''0/%'$(0 .&%/. +$ i $*' *&" 5&#*#" .$ -.(* -0&%2$6 V$(S '?-$* +$ %&88("/(',* &"' ,',

+,K"#'1 *$.&" .$* /''0/%'$(0* .&%/(S &( H.&>/(S6 W"$ %&88("/(', L >/*,$ *(0 (" /''0/%'$(0

.&%/. $*' #+$"'#K,$ *$.&" .$* %&"*#+,0/'#&"* *(#5/"'$* 9

T6 L# .$ "&$(+ i ∈ L $' j $*' (" /''0/%'$(0 .&%/. +( "&$(+ i1 /.&0* j ∈ L 6

!6 L# i ∈ L $' i $*' (" /''0/%'$(0 .&%/. +@(" "&$(+ k1 /.&0* 8$''0$ k +/"* L6

;6 W" *&(* $"*$8>.$ +$ L "$ -0&+(#' -/* ("$ %&88("/(',6

O2& $' /. &"' +,K"#' .$* %&88("/(',* >/*,$* *(0 (" /''0/%'$(0 H.&>/.1 '$. 3($ %2/3($

"&$(+ / ("$ 4&0'$ -0&>/>#.#', +@N'0$ +/"* ./ 8N8$ %&88("/(', C +$ *&" /''0/%'$(0 H.&>/.6
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"#$% &'()*!#+, -.% /)001$#123% %)$2 45.$2463.% .$ 124-4%#$2 1$. 78)/3518. %37#8#249. 5)$2

-.% 32#7.% %)$2 -.% %149#$2.% :

;< =$424#-.0.$2, -. >8#7(. .$24.8 .%2 /)$%45383 /)00. 1$. %.1-. /)001$#123< ?$ %.14-

0#@40#- 5. 54%%404-4215. θupp .%2 #2284A13 B /.22. /)001$#123 C

D< E)18 /(#F1. /)001$#123, 1$ 7#8#0G28. θ 5. %.14- 5. 83%)-124)$ .%2 4$28)5142 #9./ -#

9#-.18 4$424#-. θupp 5. /.22. /)001$#123< H4 Λ(i, j) ≤ θ, -.% %)00.2% i .2 j %)$2 0#8F13%

/)00. I#04%I<

!< "3/830.$2.8 -# 9#-.18 5. θ : 2)1% -.% -4.$% 5#$% -# /)001$#123 %)$2 .@#04$3% 7)18

9)48 %4 5.1@ 7-1% 78)/(.% 9)4%4$% %)$2 5.% #04%< "4J38.$2 .$%.0A-. 5K#04% %)$2 #-)8%

L)803.%, /(#/1$ /)$24.$2 2)1% -.% #04% 5.% %)00.2% 5#$% -K.$%.0A-.< ?$ %)00.2 F14

$K# #1/1$ #04 8.M)4$2 -K.$%.0A-. 5.% #04% #9./ F14 4- # 1$. L)82. 4$2.8#/24)$< N78G%

/.22. )738#24)$, -.% %)00.2% 5.% /)001$#123% %)$2 54%284A13% .$ 1$ /.82#4$ $)0A8.

5. /)001$#123% 54%M)4$2.%<

O< ?$ 78)/.%%1% 5K#M1%2.0.$2 -)/#- .%2 .@3/123 7)18 537-#/.8 -.% $).15% F14 $K)$2 7#% 323

/)88./2.0.$2 /-#%%463<

P< H4 -.% %)00.2% 5. -# /)001$#123 $K)$2 7#% 323 5494%3%, #-)8% 8.2)18$.8 B -K32#7. Q!R<

H4 -.% %)00.2% %)$2 5494%3 .$ 5.1@ )1 7-1%4.18% /)001$#123%, )$ #%%4>$. B -# /)001S

$#123 7G8. 1$ %.14- 4$L384.18 5. 54%%404-4215. θlow 3F149#-.$2. B θ< N /(#F1. $)19.--.

/)001$#123 .%2 #%%4>$3. 1$. 9#-.18 θupp 3F149#-.$2. B -# 9#-.18 /)18#$2. 5. θ< T3732.8

-K#->)842(0. B 7#8248 5. -K32#7. QDR 7)18 28#42.8 -.% /)001$#123% 45.$2463.%<

 < N78G% F1. 2)12.% -.% /)001$#123% %)4.$2 28#423.%, -. 5.$58)>8#00. .%2 5.%%4$3 7)18

530)$28.8 -. 8#77)82 .$28. -.% 54J38.$2.% /)001$#123% #1%%4 A4.$ F1. -.% %.14-% 5.

54%%404-4215. %17384.18. .2 4$L384.18. 5. /(#F1. /)001$#123<

'()1 .2 U47)V%WX &'U*O+ )$2 #1%%4 124-4%3 -. 0)19.0.$2 A8)V$4.$ 7)18 536$48 -K#->)S

842(0. Y.2V#-W #->)842(0 QYZR F14 .07-)4 -# 0.%18. 5. 78)@40423 %281/218.--. Q4$5.@. 5.

78)@40423R 5. 5.1@ %)00.2% .$ #77-4F1#$2 1$. 032()5. 5. 532./24)$ 5. /)001$#123 5.

/-1%2.84$> (438#8/(4F1.< U.% #->)842(0.% 78)7)%3% 7#8 '()1 &'()*!A, '()*!#+ .2 '()1 .2 U4S

7)V%WX &'U*O+ 7.19.$2 45.$246.8 1$. %281/218. 5. /)001$#123 %4>$46/#249.< [.7.$5#$2, /.%

#->)842(0.% %)$2 -.$2% /#8 -. /#-/1- 5.% 54%2#$/.% .$28. 2)1% -.% 7#48% 5. %)00.2% %. L#42 .$

O(n3)< [. F14 8.$5 -K#77-4/#24)$ 5. /.% #778)/(.% %18 5.% >8#$5% >8#7(.% 4$#504%%4A-.<

 !"!#!# $%& &'&()*%& + ,(-( .% &/01&

T.4/(#852 .2 #- &T\*O+ )$2 /)0A4$3 -K453. 5. ]1 .2 N$5.8%)$ &]N^ + #9./ -. 0)5G-. 5.

/-1%2.84$> 5. E)22% F14 # 323 536$42 7#8 \-#22 .2 #- &\Z"_ +, /./4 # 7.80.2 5. /)$9.8248

-.% /)001$#123% 51 83%.#1 9.8% -. 5)0#4$. 0#>$324F1.< "#$% &T\* +, T.4/(#852 .2 #- )$2

78)7)%3 1$ L8#0.V)8W 7)18 532./2.8 -.% /)001$#123% .$ 532.804$#$2 -K32#2 L)$5#0.$2#- 5.

IFSE)22% 0)5.- %74$ >-#%%I &E`a^b+<

T.4/(#852 .2 #- &T\*O+ )$2 78)7)%3 1$ #->)842(0. 5. 53/)19.82. 5. /)001$#123 F14 %. A#%.
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"#$ %& '()*%& )& +(,," - . /,0,"1 2& '()*%& )& +(,," &", %3#4 )&" '()*%&" %&" 5%#" #,6%6"/"

&4 578"69#& ",0,6",69#& 0:4 )& )/;$6$& %& ;('5($,&'&4, )&" ;($5" '0<4/,69#&" =>? @A1 B%

;($$&"5(4) - '()/%6"&$ ;&" ;($5" ;(''& )&" "564" - . /,0," "6,#/" 0#C 4(&#)" )3#4 $/"&0# &,

9#6 "(4, &4 64,&$0;,6(4 &4,$& D(6"64" )& E0F(4 - "30%6<4&$ 5(#$ #4 ;($5" E&$$('0<4/,69#&G (#

H6&4 - I,$& &4 (55("6,6(4 5(#$ #4 ;($5" 04,6E&$$('0<4/,69#&G "&%(4 %& "6<4& )& %0 ;(4",04,&

)& ;(#5%0<&1

?# &, J4)&$"(4 =?JK A (4, )/'(4,$/ 50$ 040%(<6& 9#36% &C6",& #4& $&%0,6(4 &4,$& %3/4&$<6&

)&" "8",*'&" 578"69#&" L$&5$/"&4,/ 50$ %3M0'6%,(46&4N &, %0 E(4;,6(4 )& ;(O, )04" #4 5$(H%*'&

)3(5,6'6"0,6(4 ;('H640,(6$&1 P(6, %& 5$(H%*'& )& 50$,6,6(44&'&4, )& <$057&" &4 )&#C "(#"

<$057&"G %& 4('H$& )& %6&4" 9#6 &C6",&4, &4,$& %&" )&#C "(#" <$057&" /<0%& - Q

∑

i>j

aij
4
(µi − µj)

2
LR1SSN

,&% 9#& aij &", %& 4('H$& )& %6&4" &4,$& %&" )&#C "(''&," i &, jG µi = ±1 &", #4& D0$60H%&

9#6 64)69#& %0 50$,6,6(4 - %09#&%%& %& "(''&, i 0550$,6&4,1 20 )6T/$&4;& &4,$& %& 4('H$& )&

"(''&," )&" )&#C "(#" <$057&" &", /<0%& - Q

∑

i µi1

J64"6G %0 E(4;,6(4 )& ;(O, "3/;$6, ;(''& "#6, Q

C =
∑

i>j

(λ−
aij
2
)µiµj LR1SUN

20 E(4;,6(4 )& ;(O, 0 %0 'I'& E($'& 9#& %3M0'6%,(46&4 )3#4 "564 9#6 &", )(44/& 50$ Q

H =
∑

i>j

(J0 − Jij)sisj LR1SRN

V&% 9#& #4 "564 si - )&#C ($6&4,0,6(4" W70#,G H0"W 9#6 ;($$&"5(4)&4, 0#C µi = 1 &,

µi = −1 $&"5&;,6D&'&4,1 +(#$ %&" "8",*'& )& '0<4/,6"'& 0%/0,(6$& %3M0'6%,(46&4 &", ;('5("/

)& )&#C ,&$'&" Q #4 ;('5("04, E&$$('0<4/,69#& 0D&; %0 ;(4",04,& )& ;(#5%0<& Jij &, #4

;('5("04, 04,6E&$$('0<4/,69#& 0D&; %0 ;(4",04,& )& ;(#5%0<& J01 2&" 0#,&#$" =XYZ!A (4,

'()6:/ %3M0'6%,(46&4 )& +(,," - 9 /,0," &4 0[(#,04, #4& ;(4,$064,& <%(H0%& Q

H = −J
∑

(i,j)∈E

δσi,σj
+ γ

q
∑

s=1

ns(ns − 1)

2
LR1S!N

V&% 9#& Q

E  &", %3&4"&'H%& )& %6&4"G
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LC3,iX =
1

ki + kX − 2

(

kX
∑
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tNX
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C&!#)* LC4 81) LC3 < #'+ *#+"*( #+ 5#!& 3 5D&4)# (+&,#- @#' EF)*#' 5"G.#''1)' 8H"F- 9-IJ<
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 !"#$% "#$% & '()*+,-)./0-)1, *+2 /1334,04-52 607 8(08917)-:3+ ;025 247 8+ /1+</)+,- *+

8)+,#

 !"!# $%&'()*+ ,-+%*+ +./ )*+ 0/(0/1%&%+ 2(3-2*+

=:+, +- 08 >=?@
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A!B 1,- 6716125 4,+ 35-:1*+ *+ *5-+/-)1, *+ /1334,04-52 +, 246C

67)30,- 6842)+472 8)+,2 2)348-0,53+,- *0,2 /:0D4+ 16570-)1, *+ .8-709+E +- 1,- *5.,)- 4,

/1+</)+,- 75/472)F *+ /1334,04-5 6147 D40,-).+7 80 D408)-5 *+ *)G)2)1, 04 8)+4 *(4-)8)2+7 80

31*4807)-5#

=1)- 4, 752+04 /1368+H+ *+ m 8)+,2 +- *+ n ,1+4*2E Pij 7+6752+,-+ 80 671;0;)8)-5 6147 D4()8

I 0)- *+2 8)+,2 +,-7+ /:0D4+ 60)7+ *+ ,1+4*2 i +- j#

Pij =
kikj
2m

J"#KLM

N+8 D4+ ki +- kj 21,- 7+26+/-)G+3+,- 8+2 *+9752 *+2 ,1+4*2 i +- j#

=+81, 8(17*7+ *5/71)220,- *+ 80 G08+47 PijE 8+2 5853+,-2 *+ 80 30-7)/+ *(0*O0/+,/+ Bij 21,-

0--7);452 J1 6147 *+2 G08+472 24657)+47E 2),1, 0 M#

=) Bij 6= Bji 08172 P Bij = Bji = 0#

Q+7-0),2 8)+,2 +,-7+ 8+2 /1334,04-52 6+4G+,- R-7+ 24667)35+2 607 8(16570-)1, *+ .8-709+

*5/7)-+ 607 8(5D40-)1, 24)G0,-+ P

Cij = Aij − Bij J"#K M

=) Cij = −1 S8172 Cij = 0

=:+, +- 08 >=?@

+
A!B 1,- 6716125 4, /1+</)+,- 75/472)F *+ /1334,04-5 JQTQME *5,1-5

M E 0., *+ D40,-).+7 8(+U+- *+ *)G)2)1, *+ 752+04#

=1)- 4, 752+04E 0G+/ n ,1+4*2 +- m 8)+,2E .8-75 607 8(5D40-)1, *+ Cij +- *)G)25 +, c 2142

752+04H# =1)- nk Jk = 1, ..., cM 8+ ,13;7+ *+ ,1+4*2 *0,2 8+ kieme
2142 752+04#
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4%#* .$ (3*$%& @&*+&A1 0$ +&A,.* %''$,#' *% 4$*',#%',9#6 B$.% 8$()$' 4$ 435#,( &#$ )$*&($ +&$
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R$ 4$#4(9/(%))$ 09(($*89#4%#' 1 0$''$ 4,2,*,9# $*' 49##3 *&( .% 5/&($ N6UY6 R% )94&.%(,'3
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 !"#$% "#!$ % &' ()*'+, -.+/010)* '21(' 3'* 02-040-,* -+2* 3.)1,-' -' 53,6 -' 7+(+1) -'

8+59+(:# &'* 5+(()* (';()*'21'21 3'* 02-040-,* <,0 +;;+(10'22'21 +, 53,6 +-/020*1(+1',( '1

3'* 5'(53'* (';()*'21'21 3'* 02-040-,* +;;+(1'2+21 +, =(>,;' 02*1(,51',(#
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MN'+2 G+3O'+2 '1 N+4'(1 P>(/'21 3' 5'21(' -'* 5>//,2+,1)* +4'5 3',(* +-9)('21* ('*;'510P*Q#

&.+3=>(019/' ;()*'21' -' /'033',(' <,+301) -' ;+(1010>2@ 2>1+//'21 -+2* 3'* ()*'+,K

-' 1+033' />:'22'# ?';'2-+21@ 3'* -',K 4'(*0>2 -' 3.+3=>(019/' *9>(1'*1 ;+19 6'1A''2'**

'1 (+2->/ A+37 6'1A''2'** *>21 1(J* 5>R1',K '2 5+35,3* '1 *.'K)5,1' '2 O(n3) C 5+,*' -'

2>/6(' -' 5+35,3* ();)1)* C 59+<,' *,;;('**0>2 -.,2 30'2 5' <,0 '*1 02+-/0**063' -+2* -'*

+;;305+10>2* 5(010<,'*#
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 !"#$% "#$% & '() *(+*,-.,/00() 123 ,(4,5)(+6(+6 7() 8-002+/265) .5+5,5 4/, 79(:58263-+

*() /7.-,36;0( );-,6()6 4/6; <(6=((+()) (6 ,/+*-0 =/7> <(6=((+()) ?,5)(/2 *( 872< *( >/,/65

*( @/8;/,AB#

*-36 C6,( 735( D 7/ 8-+6,3<263-+ *( *3E5,(+6) +-(2*) i */+) 7/ 0-*27/,365F (77( ()6 +-,0/73)5(

*/+) 793+6(,G/77( [−1, 1] (6 *-++5( 4/, H
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!" %&' 75&,' &,.2& 7&' 0&+> 1-2.5.5),' '),. '+1125*/' &. ), 2/1E.& 7F/.-1& A &. ! 1)+2
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E)610 ).=28+,93

R:6,),1 P2,,6 3201. &1+(9)80, 1, ). J'*150 016

E)610 ).=28+,93 ?&DABS &DATC *)8)3U,816

V2(). ).=28+,93 D)=82; 1, ). ?DDALC O(n3)

&WVP ).=28+,93 &)0+((9+ 1, ). ?&WW

+
 !" O(n2)

#$%&'(&)*+,-./0&1 /2%+,$*34 5&64/' 75&6 8" O(n2log(n))

9,&&1: /2%+,$*34 ;2/<0&* &* /2 7;5= !" O(d.mlog(n))

>$,&)*&1 4+1<2/,$*: ?&$)3* &* 5&64/' O(n2log())

4/@$4$A/*$+' /2%+,$*34 7?5 B"

>$($0$(& /2%+,$*34 C3/'% &* /2 7CD?

+
 B" E')+''<&

+F .$G/,*$*& '&*6+,H0

I&)<,0$(& J2*,/*$+' /2%+,$*34 K3&' &* /2 7KLD

+
 B" O(m2 + (c+ 1)m)

M$)2$N<& /2%+,$*34 ?&34/'' &* /2 7?KO B" O(n2)

H-)2$N<& P;L=P L/22/ &* /2 7L>QR S" E')+''<&

=/,H+( )2<0*&, /2%+,$*34 R/' >+'%&' 7R>  " O(n.k2)

#T9?# /2%+,$*34 K3&' &* /2 7K;;O U" O(n2.s)

n V ?& '+4.,& 1&0 '+&<10 1< ,W0&/< X

m V ?& '+4.,& 1&0 2$&'0 1< ,W0&/< X

c V ?& '+4.,& 1& )+44<'/<*W 1/'0 2& ,W0&/< X

k ≤ n V ?& '+4.,& 4/@$4/2 1&0 W2W4&'*0 '+' '<20 G/, )+2+''& 7R>  " X

d V ?/ G,+F+'1&<, 1< 1&'1,+%,/44& X

s V ?& '+4.,& 1& )2$N<&0 4/@$4/2&Y
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 !" #$%&'()*%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,-

 !. /0 1')+223 (3 24)5063 () 738 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,-

 !"!# $%&'()*+*,-) .(' /01,(%' .2+003' 45,01,(%' 6-7'8 ! ! ! ! ! ! ! ! ! ! ! 9 

 !"!" $%&*%+,*(:()* .(' .-))&(' ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 9 

 !"!; <*%=0*=%+*,-) .(' <('',-)' ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 9>

 !- /35 &96235 (4055'*+0%+'$ :')& 23 ;<= ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,>

 !;!# ?-*+*,-) .( :-*,@ A(B @%&C=()* ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 9D

 !;!" 62+E7-%,*1:( FG%,-%, +GGE,C=& += HIJ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 99

 !;!; K&'=E*+*' .(' %37E(' .2+''-0,+*,-)' ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! #LL

 ! ?@*')A3&%3 (3 *'BB)$0)%@5 (3 24)5063 () 738 ! ! ! ! ! ! ! ! ! "C"

 ! !# M%&+*,-) .2=) 7%+G1( N G+%*,% .(' '('',-)' ! ! ! ! ! ! ! ! ! ! ! ! ! ! #L"

 ! !" ?-*,-) .( M-::=)+=*&' H(B ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! #L;

 ! !; J('=%(' .( E+ C=+E,*& .( E2,.()*,/0+*,-) .(' 0-::=)+=*&' ! ! ! ! ! #L;

 ! ! O.()*,/0+*,-) .(' 0-::=)+=*&' .(G=,' =) 7%+G1( )-) G-).&%& ! ! #L 

 ! !P O.()*,/0+*,-) .(' 0-::=)+=*&' .(G=,' =) 7%+G1( G-).&%& ! ! ! ! ! #LP

 ! !Q K&'=E*+*' .(' +GG%-01(' .( .&0-=R(%*( .( 0-::=)+=*& ! ! ! ! ! ! ! #LP

 ! !> S,'0='',-) ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! #LQ

 !D E'$*2)5+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! "C>

 !





 !  !"#$%&' () '*%&" %$+, -'  +,,"$..", '. -",. /01

 !"!# $%&'()*+*,-) .(' /01,(%' .2+003' 45,01,(%' 6-7'8

"# $%&'() *+, (-. /# $%&'() .(0.( 1/' %+#.'(#. 23&'-.+)'1/( 4( .+/- 2(- )(1/5.(- 67'.(-

87) 2(- /-7,()- 7/ -()9(/) :(; (#)(,'-.)<(- (# +)4)( %&)+#+2+,'1/(= *(- 6+)>7.- 2(- 82/-

/.'2'-<- 8+/) 2(- $%&'()- 2+,- -+#. ?*@ A?+>>+# *+, @+)>7.BC D?*@ AD0.(#4(4 ?*@BC

ED?*@ AE(: D?*@B (. FFG= ?&71/( 2',#( 47#- 2( -.7#47)4 D?*@ 4+##( 4(- '#6+)>7.'+#-

-/) 27 )(1/5.( 4( 23/.'2'-7.(/) H '8C #+>C 2+,'# 4( 23/-7,()C 47.( (. 23&(/)(C ><.&+4(C "I*C

8)+.+.J8(C -.7./.C .7'22( (. *3"I* 1/' 7 )<6<)(#%< 27 )(1/5.(C (. 237,(#. 4( #79',7.'+#=

 !"!" $%&*%+,*(9()* .(' .-))&('

*7 8)(>'K)( <.78( 4/ 8)<.)7'.(>(#.C %+#-'-.( L .)7#-6+)>() 2( $%&'() 2+, 4( -7 6+)>(

.(0./(22( ;)/.(C (# /#( 6+)>( -.)/%./)<( (082+'.7;2(= M+/. 437;+)4C #+/- 4<$#'--+#- 2(- .()N

>'#+2+,'( /.'2'-<- 47#- %( .)797'2 OM7#PQR H

 "# /.'2'-7.(/) H 8()-+##( 1/' /.'2'-( /# #79',7.(/) S(;=

 "#( )(--+/)%( S(; H (-. /#( )(--+/)%( 7%%(--';2( 87) /#( 9()-'+# 4/ 8)+.+%+2( TMMU

+/ /# 8)+.+%+2( -'>'27')(=

 "#( 87,( S(; H (-. /# (#-(>;2( 4(- '#6+)>7.'+#-C %+#-'-.7#. (# /#( A+/ 82/-'(/)-B

)(--+/)%(A-B S(;C '4(#.'$<(A-B 87) /# -(/2 "IF A"#'6+)> I(-+/)%( F4(#.'$()B= D0(>82( H

/# $%&'() TMV*C /# $%&'() '>7,( (. /# 7882(. W797 7%%(--';2(- 87) /# -(/2 "IF

%+#-.'./(#. /#( 87,( S(;=

 "#( -(--'+# /.'2'-7.(/) H %+#-'-.( (# /# #+>;)( 4<2'>'.< 4( 4(>7#4(- S(; (082'%'.(-

43/# /.'2'-7.(/) -/) /# +/ 82/-'(/)- -()9(/)- S(;=

 "#( 9/( 4( 87,( A87,( 9'(:B -( 8)+4/'. L /# >+>(#. 8)<%'- (# .(>8-C 2+)-1/3/#

#79',7.(/) S(; 7X%&( /#( 87,( S(;= "#( 9/( 4( 87,( A+/ 87,(B 8(/. 5.)( %+>8+-<(

4( 82/-'(/)- 87,(- S(; (. )(--+/)%(- S(; %+>>(=

 "#( 9'-'.( +/ /#( 7%.'9'.< 4( #79',7.'+# H A%+>8+).(>(#. 4( #79',7.'+#B )(8)<-(#.(

/# -+/-N(#-(>;2( 4( 9/(- 4( 87,(- %+#-<%/.'9(- 8(#47#. /#( -(--'+# /.'2'-7.(/) *(-

%2'%- 4( 23/.'2'-7.(/) 8(/9(#. 5.)( 4<%+>8+-<- 47#- 82/-'(/)- 9'-'.(- (# %72%/27#. 27

4'-.7#%( .(>8+)(22( (#.)( 4(/0 )(1/5.(- TMMU %+#-<%/.'9(- (. -' %(..( 4'-.7#%( (0%K4(

/# %().7'# -(/'2C /#( #+/9(22( 9'-'.( %+>>(#%(A >(-/)<( 7/ >+J(# 43/# -(/'2 4( .(>8-

+/ 43/#( 4'-.7#%( -<>7#.'1/( (#.)( 2(- 87,(-B=

"#( 7#72J-( 2(0'%72( 8()>(. 43(0.)7')( 2(- 4'Y<)(#.- %&7>8- 4( %&71/( 2',#( (. 2(- (#N

)(,'-.)() 47#- /#( .7;2( %+>8+-<( 4( 82/-'(/)- %+2+##(-= ?&71/( %+2+##( %+))(-8+#4 L /#

%&7>8 -8<%'$1/( 4/ $%&'() 2+,- =

U+/) 67%'2'.() 2(- .)7'.(>(#.- (. 237#72J-( 4/ $%&'() *+, /#( -.)/%./)7.'+# 4( 27 .7;2( *+,

4(8/'- -7 6+)>( 827.( L /#( 6+)>( )(27.'+##(22( %+#-.'./<( 4(- .7;2(- -/'97#.(- A@',= !=ZB H

[= *(- .7;2(- FUC M(>8-C V(.&+4(C I(--+/)%(C G.7./. (. \,(#. %+#.'(#. .+/- 2(- '4(#.'$7#.-

4'-.'#%.- )(-8(%.'6- 7'#-' 1/( 2(/)- 4<-',#7.'+#-=
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 !"! #$ %&'(##) *) #+',$-) *' .)/  !

 !"!# $%&'(%'&)%*+, -./ $.//*+,/

"#$ %$%%&'# $%( )'*+'%,$ -$ ./$#%$*0.$ -$ +12$% 3&%&(,$% +14 .$ *5*$ 6(&.&%1($64 -641#(

.1 +,4&'-$ -/1#1.7%$8 9:1;6$ %$%%&'# $%( )141)(,4&%,$ +14 .$ #'*04$ -$ 4$;65($% $<$)(6,$%

+14 ./6(&.&%1($64 -641#( )$(($ %$%%&'#= .$ #'*04$ -$ +12$% )'#%6.(,$% $( .1 -64,$ -$ .1 %$%%&'#8

># )'#%&-?4$ .1 )'*0&#1&%'# 1-4$%%$ IP +.6% ./12$#( -$ #13&21(&'# )'**$ ,(1#( 6# )4&(?4$

1))$+(10.$ +'64 ./&-$#(&@)1(&'# -/6# 6(&.&%1($64 -1#% .$ )1-4$ -/6#$ 1)(&3&(, +'#)(6$..$8 A$

)'6+.$ BidU =idT C %$41 6(&.&%, +'64 &-$#(&@$4 .$% 4$;65($% $<$)(6,$% +$#-1#( 6#$ D$%%&'# idS=

%1):1#( ;6$ .1 +,4&'-$ $#(4$ -$6E 1))?% #$ -'&( -,+1%%$4 ∆Max %&#'# $..$ %$41 )'#%&-,4,$

)'**$ 6#$ #'63$..$ %$%%&'# BF'&4 G9''HHI= GJJK

+
HHI $( GDDLHMIC8

 !"#$%&'() * + N-$#(&@)1(&'# -$% %$%%&'#%8

,#--.)/ + ∆L1E O P$;6$($BQ6*= &-"= &-R= &-PC

0./1!&2& + D$%%&'#B&-D=&-"C O Q13&21(&'#B&-D=Q6*=&-R=&-PC

9.1%%$4 .$% P$;65($% +14 &-" S &-R

 !" ← H O # ← H O

3#1$ 4'251)  !"#$% &'( 62%$)

# ← # T U O

 !" ←  !" T U O BVQ'63$..$ D$%%&'#VC

WX'6($4 D$%%&'#B !"=&-"C

WX'6($4 Q13&21(&'#B#= !"=Q6*=&-R=&-PC O

3#1$ 4'251)  !"#$% )$* 62%$)

/% +&', -idTPrec./ ∆0"1 2!#$/

 !" ←  !" TU O BVQ'63$..$ D$%%&'#VC

WX'6($4 D$%%&'#B !"=&-"C O

# ← # T U O

WX'6($4 Q13&21(&'#B#= !"=Q6*=&-R=&-PC O

01/'2%)%/

W+4?% .1 +:1%$ -6 +4,(41&($*$#(= '# 1 &-$#(&@, .$% %$%%&'#% +'64 6# ∆Max = 30min

+14 ./W.2'4&(:*$ U= $( '# 1 &-$#(&@, YH ZZM %$%%&'#%8 "#$ ).1%%&@)1(&'# -$ %$% %$%%&'#% 1 ,(,

,.10'4, %$.'# .$ #'*04$ -$ 4$%%'64)$% 1)),-,$% $( .1 -64,$ *'7$##$ -$ .1 3&%&($ B3'&4 R108

Z8UC8

W+4?% ./&-$#(&@)1(&'# -$% %$%%&'#%= '# $%( )1+10.$ -/&-$#(&@$4 .$% 4'0'(% -$% *'($64% -$

4$):$4):$ $( .$% 1%+&41($64% -$ %&($% [$0 $# 6(&.&%1#( .$% *,(:'-$% -,)4&($ -1#% .1 %$)(&'# Y8Z8

A$ (10.$16 BR108 Z8YC +4,%$#($ .$ #'*04$ -$% %$%%&'#% $( #13&21(&'#% &-$#(&@,$% )'**$ ,(1#(

6#$ #13&21(&'# 16('*1(&;6$ +14 6# 4'0'( '6 6# 1%+&41($648 ># 4$*14;6$ 6# ):$316):$*$#(

$#(4$ .$% )1(,2'4&$%= $E+.&;6, +14 ./&-$#(&@)1(&'# -$ ./6%12$4 +14 .$% (4'&% *,(:'-$% \ .1 ]'&%8

A1 ;61(4&?*$ )1(,2'4&$ )'#(&$#( .$% %$%%&'#% 171#( 6#$ %$6.$ #13&21(&'#8

^# @E1#( .1 3&($%%$ *'7$##$ *&#&*6* -$ #13&21(&'# $#(4$ .$% +12$% \ 10 D$)'#-$%= $(

&2#'41#( ('6($% .$% 4$%%'64)$ ;6& %'#( 6(&.&%,% *'&#% -$ 70 ]'&%= '# 214-$ _ _!Y D$%%&'#% +'64



 !  !"#$%&' () '*%&" %$+, -'  +,,"$..", '. -",. /01

 !"#$%&'( )%*+&( ,-&#( .%/(00(

1(22'%0 3(22%-&4(

0+ 56 7 789:; <=<< <=<<

7 5 0+ 56 9 ; >88 ;>8?9@ :;;?89

9 5 0+ 56 7< 7 7<A >@7?8: 779?7<

7< 5 0+ 56 9< AB8 7 A7:?B9 7<;?><

9< 5 0+ 56 7<< 8B B BA7?<: 7:>?7<

C 7<< ;> ;< ;@9?97 789?:>

D%"!E :< 889 7<A?A> 7BB?:B

 !"#$ "#$ % &'())*+,(-*./ 01) )1))*./) 2(3 /.4531 01 31)).63,1)#

 !"#$%&'( 'F G$(0" H2!$(& 1(22'%0 )!I'$!"'%0

G$(0" J4&!KE(&? 2F'L(& %- +%"M 9A; 98 @7@ B ;9@ :< 9@8

3(2%-4( 6 &%+%"2="N" ;>A @8 ;B9 9 897 :7<>;

OP J3%+%"? G2F'&!"(-&M 98@ ::7 B<< @ 97@ 7; 7B<

)%*+&( QE%+!E BB@ :>> 7 78@ A 99> ;< B87

1(22'%0 !/!0" -0( 2(-E )!I'$!"'%0 78 9:; 78 9:;

GF&R2 0(""%/!$( 8 ;;A ;8 >79

 !"#$ "#7 % 801/-*+,(-*./ 01) 3.5.-) 1- 01) ()2*3(-163)#

$9 ":$ ;(<*=(-*./) >6* (,,?01/- @ 9: 31)).63,1)#

 !" #$% &'()$% *+,%%-./,0/-1 2-3& )+/*$10/4.,0/-1 *$ )+3%,($

*3 5$6

A23?) )-36,-63(-*./ 06 +,B*13 C.= ).6) D.341 01 )1))*./)E ./ <( (0(2-13 '1) 0.//F1)

.5-1/61) 2.63 'G(22'*,(-*./ 01 'G('=.3*-B41 01) 3?='1) 0G()).,*(-*./#

 !"!# $%&'&(%) *+ ,%&(- .+/ -0123+)&

 !"#$"%&'" ("$ )*"%$ + H/ 0F+/*- 'G1/)145'1 01) *-14) ,.441 F-(/- 'G1/)145'1 01)

31)).63,1)E 1- ./ .5-*1/- I = R = {r1, r2, ..., rnr
} 0F+/*- 0(/) '( )1,-*./ :#7

 , &,$" (" (-##."$ + H/ 0F+/*- 'G1/)145'1 01) -3(/)(,-*./) ,.441 F-(/- 'G1/)145'1

01) )1))*./) 1I-3(*-1) 0(/) '1 2(3(=3(2B1 :#:E 1- ./ .5-*1/- β = S = (s(1), s(2), ..., s(ns)) J HK

,B(>61 -3(/)(,-*./ 1)- 6/ 1/)145'1 01 31)).63,1) LM1>6N-1)O 014(/0F1) 21/0(/- 6/1 )1))*./

0.//F1#

/01*"%$"* + 1)- 6/ 8-14)1- ,./-1/(/- k *-14)#

2#" 345'" (!,$$-6),*)-# + 1)- 01 '( D.341 X ⇒ Y E .K X 1- Y )./- 01) *-14)1-) J X ⊆ IE

Y ⊆ IE 1- X ∩ Y = ∅#



 !"! #$% &'(#$% )*+%%,-.+/.,0 1,2& #$ 324   

 ! "#$$%&' (! )*+'!,"!' X - !"# $! %&'()! *! #)+%"+,#-&%" *! $+ (+"! β ,&%#!%+%# X

*-.-"/ 0+) $! %&'()! #&#+$ *! #)+%"+,#-&%"1

sup(X) =
|{t ∈ β/X ⊆ β}|

|β|
23145

 ! "#$$%&' (*#.! &/0)! (*1""%2+1'+%. X ⇒ Y - !"# $! )+00&)# !%#)! $! %&'()! *!

#)+%"+,#-&%" *! 6-#+ ,&%#!%+%# X ⇒ Y 7 !# $! %&'()! #&#+$ *! #)+%"+,#-&%"1

sup(X ⇒ Y ) =
|{t ∈ β/X ∪ Y ⊆ β}|

|β|
23185

 1 2%.31.2! (*#.! &/0)! - !"# $! )+00&)# !%#)! $! %&'()! *! #)+%"+,#-&%" *! B ,&%#!%+%#

X ⇒ Y 7 !# $! %&'()! *! #)+%"+,#-&%" *! B ,&%#!%+%# X1

conf(X ⇒ Y ) =
|{t ∈ β/X ∪ Y ⊆ β}|

|{t ∈ β/X ⊆ β}|
=

sup(X ∪ Y )

sup(X)
23195

4'!,"!' 5&67#!.' - :% *-# ;<! $=-#!'"!# X !"# <% -#!'"!# >)/;<!%# "- ?

sup(X) ≥ minsup 23135

 !"!# $%&'()*+,-./ 01*+)*+ &11'+234 &3 567

@+ )!,A!),A! *! )BC$!" *=+""&,-+#-&%" *+%" <% !%"!'($! *! #)+%"+,#-&%" "=&0B)! !% *!<D

#!'0" ?

41 :% ,A!),A! $!" !%"!'($!" *=-#!'" >)/;<!%#"7 ,=!"#EFE*-)! ,!<D ;<- +00+)+-""!%# <% %&'()!

'-%-'<' *! >&-" *+%" $=!%"!'($! *!" #)+%"+,#-&%"1

81 :% C/%B)! $!" )BC$!" *=+""&,-+#-&%" 0!)#-%!%#!"7 ,=!"#EFE*-)! ,!$$!" ;<- ./)-G!%# "-'<$#+E

%/'!%# $+ ,&%#)+-%#! '-%-'+$! "<) $! "<00&)# !# $+ ,&%G+%,!1

@+ )!,A!),A! *! #&<" $!" "&<"E!%"!'($!" >)/;<!%#" ,&%"-"#! F */#!)'-%!) 0+)'- $=!%"!'($!

*! #&<#!" $!" 0+)#-!" *! X = (X1;X2; ...;Xp) $!" "&<"E!%"!'($!" >)/;<!%#"7 ,=!"#EFE*-)! 0)/E

"!%#" *+%" <% %&'()! +""!H ,&%"/;<!%# *! #)+%"+,#-&%"1

@=+$C&)-#A'! I0)-&)- ,&%"-"#! F ,A!),A!) *!" !%"!'($!" >)/;<!%#" *! ,+)*-%+$ k+1 F 0+)#-)

*!" !%"!'($!" >)/;<!%#" *! ,+)*-%+$ k1 I-%"- 0&<) #)&<.!) $!" !%"!'($!" >)/;<!%#" +J+%# *!<D

-#!'"7 &% <#-$-"!)+ !D,$<"-.!'!%# $!" !%"!'($!" >)/;<!%#" +J+%# <% -#!'1

@! %&'()! *=!%"!'($!" >)/;<!%#" *-'-%<! +.!, $! %&'()! *=-#!'" ? -$ J + '&-%" *=!%"!'($!

>)/;<!%#" F 8 -#!'" ;<=F <% -#!'1 K!##! 0)&0)-/#/ 0!)'!# +-%"- *! )!"#)!-%*)! $+ #+-$$! *!

$=!"0+,! F !D0$&)!) 0&<) #)&<.!) #&<" $!" !%"!'($!" >)/;<!%#" %/,!""+-)!" F $+ *!<D-B'! /#+0!

*! $=+$C&)-#A'! ;<- ,&'0&)#! *!<D 0&-%#" ?

41 L&<) ,A+;<! !%"!'($! >)/;<!%# Xa &% C/%B)! #&<" $!" "&<"E!%"!'($!" %&% .-*!"1

81 L&<) ,A+;<! "&<"E!%"!'($! %&% .-*! Xb ⊂ Xa

"-

supp(Xa)
supp(Xb)

> c0 I$&)" C/%B)! $+ )BC$! (Xb ⇒ (Xa −Xb))
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 !"#$%&'() * + "#$%&'()*+,- ./()'()

,#--.)/ + β,minsup

L1 ← { 012-,3%- 4-  5)*-, 67) $//$($)22-1* 4$12 $7 ,')12 minsup *($12)*)'12 }

k ← 2

&0-& 12) Lk−1 6= ∅ 30%$)
89 :;1<(- %#-12-,3%- 4- =$14)4$*2 98

Ck ← Generate(Lk−1)

4#2$ 5'012) t ∈ β 30%$)
89 >;%-=*)'1 4-2 =$14)4$*2 4- Ck /(;2-1* 4$12 t98

Ct ← SousEnsemble(Ck, t) 4#2$ 5'012) c ∈ Ct 30%$)

count[c] = count[c] + 1

Lk ← {c ∈ Ck | count[c] ≥ minsup}

k ← k + 1
$)&2$- UkLk

 !"!" #$%&'()(% *+% ,-.'+% */)%%012)(203%

"$ 4-(1)<(- /+$2- 4- 1'*(- *($?$)%@ ='12)2*- A $//%)67-( %#$%&'()*+,- 4-2 (<&%-2 4#$22'=)$5

*)'12 27( %$ 3$2- 4-2 2-22)'12 *('7?;-2 4$12 %$ 2-=*)'1 BCBC

"#$%&'()*+,- ./()'()@ $ =',,- 4'11;-2 -1 -1*(;- 71 -12-,3%- 4#)*-,2 D%#-12-,3%- 4-2

(-22'7(=-2E -* 71- 3$2- 4- 4'11;-2 4-2 *($12)*)'12C .?-= %-2 /$($,<*(-2 F

 2-7)% 4- G%*($&- 4-2 (-67H*-2 ǫ = 100 I

 >7//'(* ,)1 4-2 )*-,2 minsup = 5 I

 J'1G$1=- ,)1 4-2 (<&%-2 confmin = 60C

"#.%&'()*+,- ./()'() '/<(- -1 4-7K /+$2-2 F

 "$ =+-(=+- 4-2 -12-,3%-2 4#)*-,2 L(;67-1*2 I M1 $ *('7?-( F

6  !N  5)*-,2@

6 O! P5)*,-2@

6  ! Q5)*-,2C

 "$ (-=+-(=+- 4-2 (<&%-2 4#$22'=)$*)'12@ $ /-(,-* 4#-K*($)(- 4-7K =$*;&'()-2 4- (<&%-2 F

6  <(- J$*;&'()- 4- (<&%-2 F

! R3, R26 → R1 F 27//'(* R P @ J'1G$1=- R STC

! R3, R34 → R1 F 27//'(* R P @ J'1G$1=- R TPC

! R2, R6 → R1 F 27//'(* R B @ J'1G$1=- R UQC

! R3, R26 → R1 F 27//'(* R P @ J'1G$1=- R STC

! R3, R26 → R1 F 27//'(* R P @ J'1G$1=- R STC

6 P<,- J$*;&'()- 4- (<&%-2 F
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 R5, R17 → R1 " #$%%&'( ) * + ,&-./-01 ) 2!3

 R5, R31 → R1 " #$%%&'( ) 4 + ,&-./-01 ) 2!

5/06/-( 7$1 01# '1##&$'01# &-( 8/ #9:/-(;7$1 #$;</-(1 "

! R1 " =/>1 ?@/00$1;8

! R2 " =/>1 ?1 A&':/(;&- =&#(1 B'/?$/(;&-

! R3 " =/>1 ?$ ,&-0&$'# ?@/00C# D 8/ =&#( B'/?$/(;&- EFGBH5IJKL 4!!MN4!!2

! R26 " O&0$:1-( P&'? #$' 81 ,&-0&$'# ?1 8/ Q/0$8(9 ?1# #0;1-01# 90&-&:;7$1# 1( #0;1-01#

?1 >1#(;&-3

! R34 " O&0$:1-( P&'? #$' 81 ,&-0&$'# ?1 8/ Q/0$8(9 ?1# #0;1-01#3

! R5 " B/81';1 ?@;:/>1#3

! R17 " =/>1  ?1 8/ B/81';1 ?@;:/>1#3

! R31 " =/>1 4 ?1 8/ B/81';1 ?@;:/>1#3

O&-0 &- ?;#(;->$1 08/;'1:1-( 7$@;8 R / ?1$S (R%1# ?1 -/<;>/(;&-# "

! T1# $#/>1'# 7$; &-( 9(9 ;-(9'1##9# %/' 81# 0&-0&$'# ?1 %&#(1 >'/?$/(;&- 1( F/>;#(C'13

J( &- ?&;( U;1- #&$8;>-1' 7$1 8/ %9';&?1 ?@9($?1 E?$  4V !V4!!M /$  4V  V4!!ML 1#( 8/

%9';&?1 ?1# 0&-0&$'# ?/-# 81# ?9Q9'1-(1# Q/0$8(9#3

! T/ ?1$S;C:1 0/(9>&';1 ?1 -/<;>/(;&- 7$; / 9(9 ?90189+ 1( 8/ -/<;>/(;&- 1-('1 81# ?9Q9N

'1-(1# >/81';1# ?@;:/>1#3

 ! "#$%&'()*( +( $%,,&-.&*#/ +( 01&/.2( +& 3(4

O/-# 81# '9#1/$S 0&:%81S1#+ 8/ %'9#1-01 ?1 >'&$%1# ?1 #&::1(# E0&::$-/$(9#L Q&'(1:1-(

8;9# 1-('1 1$S 1( Q/;U81:1-( 8;9# /<10 8@1S(9';1$' Q&-?1 8/ %'&%';9(9 ?1 #('$0($'1 ?1 0&::$N

-/$(93 T1# 0&::$-/$(9# #&-( ?1# >'&$%1# ?1 #&::1(# 7$; %/'(/>1-( U1/$0&$% ?1 %'&%';9(9#

0&::$-1# ?1# 'W81# #1:U8/U81# ?/-# 81 '9#1/$ 1- 7$1#(;&-3 G;-#;+ 81# 0&::$-/$(9# %1$<1-(

0&''1#%&-?'1 /$S >'&$%1# ?1 %/>1# P1U ('/;(/-( 81 :X:1 #$Y1( ZATB,!4[+ /$S :&?$81#

Q&-0(;&--18# (18# 7$1 81# 0R081# 1( 81# <&;1# ?/-# 81# '9#1/$S :9(/U&8;7$1# ZBG!\[+ Z=OA]!\[+

/$S >'&$%1# ?@;-?;<;?$# '18/(;Q# ?/-# 81# '9#1/$S #&0;/$S ZB^!4[+ ZT^!_[+ 1( /$S #$U?;<;#;&-#

?/-# 81# 06/`-1# /8;:1-(/;'1# Z=;:a2[+ ZbAF

+
!*[ 1(03 O/-# 01 06/%;('1+ -&$# /-/8R#&-# 81

0&:%&'(1:1-( ?1# $(;8;#/(1$'# ?/-# 81 %'&01##$# ?1 Q&$;881 ?1 ?&--91# ?@$#/>1 ?$ P1U 1-

0/%($'/-( 81# 0/'/0(9';#(;7$1# #&0;/81# 1( #&0;9(/81# ?1 8/ #('$0($'1 ?$ '9#1/$ D ('/<1'# 81 P1U

Z5FTO 4[3 H8 #@/>;( ?@;-('&?$;'1 8/ -&(;&- ?1 0&::$-/$(9 P1U %&$' :&?98;#1' $- 1-#1:U81

?@&UY1(# P1U3 ^&('1 &UY10(;Q 1#( ?1 (;'1' %'&.( ?1# %&$<&;' 08/##;.0/(&;'1 ?1# /8>&';(6:1#

?1 ?1 ?9(10(;&- ?1 0&::$-/$(9# ?/-# 8@1S('/0(;&- ?1# -&$<1/$S %/((1'-# /.- ?@/:98;&'1'

8@1c0/0;(9 ?1# (d061# ?@1S('/0(;&- ?$ %'&01##$# PeF Z5FTO  [3
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 ! ! "#$%&'()*( "( $%++&,-&*#. "( /0&.-1( "& 2(3  !"

 !"#$%&'() * + #$%&'()* +, -$&./0

,#--.)/ + 1022()*3(+14(+56 7 8&9(:&'()*3(+148,;4(+<4(+=6

0./1!&2& + >?#&$+Ressource4#&$+Ressource@

; ← #&$+Ressource 7

3#1$ i← 1 4  52%$)

3#1$ j ← 1 4  52%$)
A[i, j]← 0 73A (*('(&B(2&'()* +0 > .&$ +02 !A6

3#1$ !"#$%& '() 52%$)

(← (+= 73A C$0;(D$0 $022),$E0 +0 B& 2022()* A6

3#1$ !"#$%& '(* (& +# ,&,,'-. '() 52%$)

F← (+= 7

A[i, j]← 1 7

A[j, i]← 1 7

(← F 7

1( )* .$0*+ 0* E)*2(+%$&'()* B0 *);G$0 +0 H)(2 I,0 B02 E),.B02 3idRv4idRw6 &..&$&(220*'

+&*2 B02 2022()*2 )* )G'(0*' ,* :$&./0 .)*+%$% 0* &J0E'&*' B0 .)(+2 &+%I,&' &,K %B%;0*'2

+0 B& ;&'$(E0 +L&+F&E0*E0 M

 ! !" #$%&$' () *$++,'-,%./ 0)1

 !" #$%%&!'&() *" +'," -"./ !$()" Ci/ ∀i ∈ 1..K/ "0( &! 0$&01,2'+3" *" +',"0 4".

'&56&"77"0 7"0 &(8780'("&20 $!( '##)*) +7&08"&20 9$80: ;&(2"%"!( *8(/ !$&0 #3"2#3$!0 *"0 0$&0

,2'+3"0 9$2("%"!( #$!!"#()0 *$!( 7"0 78"!0 8!("2!"0 2"+2)0"!("!( 7"0 &(8780'("&20 6&8 +'21

#$&2"!( *"0 +',"0 -". *" +2$58%8() 08%87'82"0 "( 7"0 78"!0 "5("2!"0 "5+28%"!( 7' ("!*'!#"

*"0 &(8780'("&20 < !'=8,&"2 0&2 7" 08(" -". +$&2 > '##)*"2 < *?'&(2"0 (>+"0 *" +',"0 -".

@ABCDEF @CGDH.F:

 ! !" #$%&'$% ($ )* +&*),-. ($ )/,($0-,12*-,30 ($% 2344&0*&-.%

I$%%"!( 0'=$82 08 7"0 #$%%&!'&()0 *)("#()"0 0$!( .$!!"0 $& !$! "( #$%%"!( )='7&"2 &!"

("77" +'2(8(8$! J K&"77" "0( 7' %"877"&2" +'2(8(8$! +$&2 7" ,2'+3" "! 6&"0(8$! J L$&2 2)+$!*2"

< #"0 6&"0(8$!0/ @MNOPF $!( 8!(2$*&8( &!" %"0&2" *" 7' 6&'78() *?&!" +'2(8(8$! +'2(8#&78Q2"

*& ,2'+3" '++"7)" R%$*&7'28()R:

C&++$0$!0 &!" +'2(8(8$! +'2(8#&78Q2" *" !$(2" ,2'+3" G "! k #$%%&!'&()0: C$8( P (k ∗k)

&!" %'(28#" 0>%)(286&"/ 0"0 )7)%"!(0 pij 2"+2)0"!(" 7" !$%.2" *" ($&0 7"0 '22S("0 *'!0 7"

,2'+3" 6&8 2"78"!( 7"0 0$%%"(0 *" 7' #$%%&!'&() Ci '&5 0$%%"(0 *" 7' #$%%&!'&() Cj:

T' (2'#" *" 7' %'(28#" P U Tr(P ) =
∑

i pii 2"+2)0"!(" 7" !$%.2" *" ($&0 7"0 '22S("0 "!(2"

7"0 0$%%"(0 *'!0 7"0 %S%"0 #$%%&!'&()0:  !" ='7"&2 )7"=)" *" 7' (2'#" 8!*86&" &!" .$!!"

+'2(8(8$! "! #$%%&!'&()0: I"+"!*'!(/ 7' (2'#" !?"0( +'0 ($&V$&20 &! .$! 8!*8#'("&2 *" 7'

6&'78() *" 7' +'2(8(8$!/ +&806&" "! 2",2$&+'!( ($&0 7"0 0$%%"(0 *'!0 &!" 0"&7" #$%%&!'&()



 !"  !"#$%&' () '*%&" %$+, -'  +,,"$..", '. -",. /01

#$%& '()*+,- +.$ /&%$+( 0&1,0&%$ 23&%$ 4 2m 567!"89

:. *2;.,- <

• si =
∑

j pij < %& =)00$ *$ .>,0')(-$ ?+$%%$ %,3.$ @)+ #)%)..$A *$ P ?+, #)(($=').* &+

.)0B($ *$ -)+= %$= &((C-$= ($%,2$= &+1 =)00$-= *$ %& #)00+.&+-2 i9

•
sisj
4m2

< $=-,0&-,). *+ .)0B($ *$ -)+= %$= &((C-$= $.-($ %& #)00+.&+-2 Ci $- Cj 32.2(2$=

'&( +. 0)*D%$ &%2&-),($9

E,.=,F %& 0$=+($ *$ 0)*+%&(,-2 $=- *2;.,- #)00$ =+,- <

Q =
∑

i

(pii −
s2i
4m2

) = Tr(P )−
‖P 2‖

4m2
@"9GA

 ! ! "#$%&'()*&'+% #$, )+--.%*.&/, #$0.', .% 12*03$ %+% 0+%4

#/2/

H&.= %& *$+1,D0$ 'I&=$ *+ '()#$==+= JKL ?+, #).=,=-$ 4 %& *2#)+/$(-$ *+ #)0')(-$M

0$.- *$ %>+-,%,=&-$+( %)(= *$ %& .&/,3&-,).F .)+= &/).= +-,%,=2 %>&%3)(,-I0$ N&=- 5O6L!"89 E+

*2'&(-F ). & n #)00+.&+-2= #)0')=2$= *>+. =)00$- #I&#+.$9 P$= =)00$-= =).- ($3()+'2=

,-2(&-,/$0$.- $. .)+/$%%$= #)00+.&+-2= '%+= 3(&.*$= $- %$ ($3()+'$0$.- *$ #)00+.&+-2=

$=- ')+(=+,/, Q+=?+>4 %>)B-$.-,). *>+.$ =$+%$ #)00+.&+-2 ($3()+'&.- -)+= %$= =)00$-=9 K.$

=-(+#-+($ I,2(&(#I,?+$ *$ #)00+.&+-2= $=- &,.=, #).=-(+,-$9

R+'')=).= ?+$ G $=- %$ 3(&'I$ (2=+%-&.- *$ %& 'I&=$ *$ '(2-(&,-$0$.- *$ *)..2$=F V

$=- %>$.=$0B%$ *$= .S+*= @($==)+(#$=A $- E ($'(2=$.-$ %>$.=$0B%$ *$= &(C-$=9 T)+( &''%,?+$(

%>&%3)(,-I0$ I,2(&(#I,?+$ &=#$.*&.- @N&=-A =+( %$ 3(&'I$ GF .)+= +-,%,=).= %& U)(0+%$ *$

0)*+%&(,-2 ?+, & 2-2 *2;.,$ '&( 56$V!"&8 #)00$ =+,- <

Q =
1

2m

∑

rvrw

[

Arvrw −
krvkrw
2m

]

δ (crv , crw) @"9WA

X$% ?+$ <

m < %$ .)0B($ -)-&% *$= &((C-$= *+ 3(&'I$F

krv < %$ *$3(2 *+ .S+*F

crv < %& #)00+.&+-2 ?+, #).-,$.- %$ .S+*F

Arvrw(matrice d′adjacence) =

{

1 =, rv $- rw =).- #)..$#-2$=

0 =,.).

δ(crv , crw) =

{

1 =, rv $- rw =).- *&.= %& 0C0$ #)00+.&+-2

0 =,.).

P& /&(,&-,). *$ %& 0)*+%&(,-2 $=- +-,%,=2$ ')+( U+=,)..$( *$+1 #)00+.&+-2= $. +.$ =$+%$9

E,.=,F $%%$ $=- *2;.,$ #)00$ =+,- <

∆Qrvrw =







1

2m
−

krvkrw
(2m)2

=, rv $- rw =).- #)..$#-2$=

0 =,.).

@"9YA



 ! ! "#$%&'()*( "( $%++&,-&*#. "( /0&.-1( "& 2(3  !"
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 5 67*+*%&.-.7+8 (7 3(7/*09). :2. 3,%:2. 3(--27%2+1 /. 3(-;(/. 0$27 /.2& /(--.+5

<5 =.3,.)3,.) &% ;%*). 0./ 3(--27%2+1/ (> &% ?%)*%+*(7 0. -(02&%)*+1 ./+ -%@*-%&.5
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/+)23+2)./ 0./ 0(771./ 2+*&*/1./ ;%) &$%&'()*+,-.5

G5 =1;1+.) &$1+%;. < E2/:2$D 3. :2$% &$(H+.7+*(7 0$27. /.2&. 3(--27%2+15

 ! !" #$%&'()*+'(,& $%- *,../&+/'0- $%1/(- /& 23+14% 1,&$030
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013(2?.)+. 0./ 3(--27%2+1/ D ;%)+*) 0$27 ')%;,. ;(701)1 JKL <%M5 N(2/ %++)*H2(7/ %2

')%;,. 0./ ;(*0/ %2@ %))O+./ /.&(7 &. 7(-H). 0. P(*/ :2$(7 % ?*/*+1 27. ).//(2)3. .7 +.7%7+
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3(7/+%+8 7(2/ %;;&*:2(7/ &. -O-. %&'()*+,-. W%/+ +(2+ .7 *7/1)%7+ &% P(73+*(7 0. ;(*0/ Wrvrw

Q.7+*.) ;(/*+*PS8 &% -%+)*3. 0$%0E%3.73. /$13)*+ 4

Arvrw(matrice d′adjacence) =
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Wrvrw ;(*0/ 0. 3(77.3+*(7 0. rv .+ rw
0 /*7(7

#$%&'()*+,-. W%/+ ;)(390. 0. -O-. .7 ;%)+%7+ 0$27 /.2& 7X20 :2* 3(7/+*+2. 27. 3(-U

-27%2+1 0. +%*&&. 1 .+ D 3,%:2. 1+%;.8 &./ 0.2@ 3(--27%2+1/ Q.+ Y (2 7X20/S ;)(02*/%7+ 27

3,%7'.-.7+ -%@*-%& 0. &% ?%&.2) ∆Q /(7+ P2/*(771./8 .+ 3. E2/:2$D 3. :2. +(2/ &./ 7X20/

%;;%)+*.77.7+ D 27. /.2&. 3(--27%2+15 B.++. %;;)(3,. :2* /. H%/. /2) &% -%+)*3. 0$%0E%U

3.73. 02 ')%;,. ;(701)1 .@+)%*+ &$*7P()-%+*(7 ;(+.7+*.&&.-.7+ 2+*&. 3(7+.72. 0%7/ &./ ;(*0/

0./ &*.7/ 3. :2* %-1&*(). &% :2%&*+1 0. ;%)+*+*(7 02 )1/.%2 .7 3(--27%2+1/5
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()*'*7%&. Q3(-;()+%7+ ZA 7X20/ .+  < G %))O+./S5 I%7/ &. H2+ 0$*0.7+*F.) &% /+)23+2). 0./

3(--27%2+1/ .+ 0. 01+.3+.) &./ 3(-;()+.-.7+/ 0. 7%?*'%+*(7 0./ 2+*&*/%+.2)/8 7(2/ %?(7/
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[7. 3(--27%2+1 ;.2+ O+). 013)*+. 3(--. 3(&&.3+*(7 0. /(--.+/ 0%7/ 27 ')%;,. :2*

/(7+ P()+.-.7+ ).&*1/ .7+). .2@U-O-./ -%*/ P%*H&.-.7+ ).&*1 02 )./+. 02 ')%;,. JN.V!G%M5 #%

;)(').//*(7 .7+*9). 0./ 0.2@ %&'()*+,-./ 0. 013(2?.)+. 0. 3(--27%2+1/ ./+ *&&2/+)1. ;%) &./
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0&/.1'$'/ +3'(,./ /(0+,' (;21+*'&(/ %$,/ 1( 20+)(//./ %( 2(0/+,,$1*/$'*+, %. /*'( <(3:

 !" #$%&'()*$%

=+'0( '0$6$*1 $ 2+.0 +3>()'*7 15.'*1*/$'*+, %. 20+)(//./ %. <:?:@ (' /+, (;2&0*-(,'$A

'*+, $B, %5(;'0$*0( %(/ -+%C1(/ %5$))C/ <(3 (' %5$-&1*+0(0 1( %(/*D, %. /*'( 4(3 '+.' (,

*,'0+%.*/$,' %(/ '()8,*E.(/ 2(07+0-$,' %$,/ 1(/ 28$/(/ %( )( 20+)(//./ F /$6+*0 1$ 28$/( %(

20&'0$*'(-(,' (' 1$ 28$/( %( %&)+.6(0'( (' %5$,$1G/( %. -+%C1(: H5$20C/ 1(/ 0&/.1'$'/ (;2&A

0*-(,'$.; +3'(,./ %$,/ 1$ 20(-*C0( 28$/( %( 20&'0$*'(-(,'I ,+./ $6+,/ (;'0$*( 1(/ 0(E.J'(/
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H$,/ 1$ %(.;*C-( 28$/(I 15*-21&-(,'$'*+, %( 15$1D+0*'8-( %( 0CD1( %5$//+)*$'*+, ,+./ $

2(0-*/ %5$,$1G/(0 1( )+-2+0'(-(,' %(/ .'*1*/$'(.0/:

H$,/ .,( %(0,*C0( 28$/( K ,+./ $6+,/ )(,'0& ,+'0( &'.%( /.0 15*,'&D0$'*+, %(/ -&'8+%(/

%( %&)+.6(0'(/ %( )+--.,$.'&/ %$,/ 1( 20+)(//./ <?@: L, (M('I ,+./ $6+,/ -+,'0& E.5.,

(,/(-31( %( /(//*+,/ %(/ .'*1*/$'(.0/ 2(.' J'0( 0$-(,& F ., D0$28(: N(''( ,+.6(11( -+%&1*/$A

'*+, 2(0-(' %( )$2'(0 21./ %5*,7+0-$'*+,/ /.0 1(/ /*-*1$0*'&/ %( )+-2+0'(-(,' %( ,$6*D$'*+,

%(/ .'*1*/$'(.0/ $*,/* E.( 1(/ 0(1$'*+,/ (,'0( 1(/ 0(//+.0)(/ <(3: N()* (/' 7$*' (, $221*E.$,'

15$1D+0*'8-( O$/' /.0 ., D0$28( ,+, 2+,%&0& (' ., D0$28( 2+,%&0&: #(/ 0&/.1'$'/ +3'(,./

/+,' /*D,*B)$'*7/ (' /$'*/7$*/$,':



 !"#$%&' (

)*%!+,'- ,.$,'/%$01"%$+/- ,'

1+223/"3%*- ,"/- 4' #&+1'--3- ,'

5+3$44' ,.3-"6' ,3 7'8

 !""#$%&

 !" #$%&'()*%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ",-

 !. /01)2%3%1 (4 23 56314 (4 5&0%&3+%474$% ! ! ! ! ! ! ! ! ! ! ! ! ! ! "",

 !8 90%6'(4 (4 (0*'):4&%4 (4 *'77)$3)%01 ! ! ! ! ! ! ! ! ! ! ! ! ! "",

 !"!# $%&'()*+,- .-/ 0'-10)-2*/ .- 3-(*)2-20- ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ###

 !"!4 $%&'()*+,- .- ,5(0+- 5%65*')(- ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ##7

 !; /01)2%3%1 4<50&+74$%3)< ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ""=

 !8!# 9-/0()3*)'2 .: &(53+- ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ##;

 !8!4 <-/:(- .- %5 =:5%)*6 .- 35(*)*)'22-,-2* ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ##;

 ! >'$*2)1+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ".,

 !" #$%&'()*%+'$

 !" #$%&'(!" (! )*+%,%,'--!#!-% (! ('--$!" .&!+.&! / 0+'1)!+ (!" '23!%" 0$-$+,41!"5

 * "%+*%$0,! (*-" .! ('#*,-! !"% %6),41!#!-% (7$%*28,+ 1-! 9'-.%,'- (! ",#,8*+,%$ !-%+! 8!"

'23!%": )1," (7!;$.1%!+ 1- *80'+,%&#! .&*+0$ (! %+'1<!+ (!" .81"%!+" '= 8!" ",#,8*+,%$" ,-%!+-!"

"'-% 9'+%!"5 >- 6 %+'1<! (!" %!.&-,41!" (! )*+%,%,'--!#!-% &,$+*+.&,41! ?8!" .'##1-*1%$"

91",'--!-% '1 "! (,<,"!-% *1 91+ !% / #!"1+! (! 87!;$.1%,'-@ !% (! .'1)1+! (! 0+*)&! ?!-

#,-,#,"*-% 8! -'#2+! (7*+A%!" !-%+! 8!" )*+%,!"@5 B*-" .! .&*),%+!: -'1" )+')'"'-" 1-! -'1C

<!88! #$%&'(! &,$+*+.&,41! (! ($.'1<!+%! (! .'##1-*1%$" 2*"$! "1+ 8!" )+'2*2,8,%$" (7*..D"

*1; +!""'1+.!" 8'+" (!" "!"",'-" (!" 1%,8,"*%!1+" EFGBHIJ5 K- .'-"$41!-.!: -'1" *<'-" ($L-,%

1- .'!M.,!-% (! )!+%,-!-.! 41, 41*-%,L! 87 ,-9'+#*%,'- 1%,8! .'-%!-*-% (*-" 8!" "$41!-.!"

HNO
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"#$%%&' "( )#*+,),'$+(*- (+ -(.&+( )$ /-01$1,),+2 "#$//$-+(3$3%( "#*3 *+,),'$+(*- 4 *3( %055*6

3$*+2 789: ;<= 7:>8? @<A B0*' /-2'(3+03' )(' -2'*)+$+' 01+(3*' (3 C$,'$3+ *3( %05/$-$,'03

$D(% )$ 52+E0"( "( 5$-%E( $)2$+0,-(A

 !" #$%&'()(% *+ ') ,-)%+ *+ ,.$(.)/(+0+1(

B0*' $D03' /-2'(3+2 *3( 52+E0"0)0F,( %05/)&+( /0*- )( /-26+-$,+(5(3+ "(' G%E,(-' )0F'

"$3' 789 !< 789?!H$<A :$3' 30' -(%E(-%E('= 30+-( 52+E0"0)0F,( "( /-2+-$,+(5(3+ $ 2+2 +('6

+2( '*- )(' G%E,(-' )0F' '+0%I2' '*- )( '(-D(*- "* ',+( J(1 "( )#*3,D(-',+2 "( K(-E$+ L11$'

"( 82+,CA M( ',+( N(1 ('+ ",'/03,1)( '*- )#OPQ E++/ RSSNNNA*3,D6'(+,CA"TA Q(' )0F' +-$,+2'

%0*D-(3+ )(' $%+,D,+2' "* ',+( N(1 /(3"$3+ )$ /2-,0"( $))$3+ "(  U6 V6V!  4 !WE R!W R;@ $*

 H6! 6V! V 4 !UE RW@ R!WA L/-&' )$ '+-*%+*-$+,03= 30*' $D03' 01+(3*  @!U XU; -(Y*Z+('A [36

'*,+(= 30*' $D03' $//),Y*2 *3( 2+$/( "( 3(++0\$F( "( "0332(' $G3 "( 5$,3+(3,- '(*)(5(3+

)(' $%+,03' ),2(' $*] %05/0-+(5(3+' "( 3$D,F$+,03 "(' *+,),'$+(*-'A L/-&' )( 3(++0\$F(= 30*'

$D03' 01+(3* X W   ; ^,A(A  U=XU_` -(Y*Z+(' D$),"(' /0*- V@ ;V! *+,),'$+(*-' Y*, 03+ $%%&"2

$*] VX U@V /$F(' N(1A

LG3 "#,"(3+,G(- )(' '('',03' "(' *+,),'$+(*-'= 30*' $D03' $//),Y*2 *3 $)F0-,+E5( "( '+-*%6

+*-$+,03 7B$'!;< /0*- "2+(-5,3(- )(' '('',03' (3 +(3$3+ %05/+( "* +(5/' "#$%%&(' 5$],5*5

∆Maxt = 30min (3+-( "(*] $%%&(' %03'2%*+,C' 7M00!!= aab

+
!!<A B0+-( /E$'( "( /-2+-$,6

+(5(3+ -2'*)+( "( ;!  X '('',03' /0*- X W   ; 3$D,F$+,03'A [3'*,+(= 30*' $D03' ,"(3+,G2

)(' -(Y*Z+(' 4 )#0-,F,3( "(' -010+' J(1 7cb!V<A Q( +(5/' 5,3,5*5 2%0*)2 (3+-( )(' $%%&'

%03'2%*+,C' ('+ 2F$)(5(3+ G]2 4 ∆Mint = 10secondsA [3 %03'2Y*(3%(= 30*' $D03' 01+(3*

X ! @ '('',03' /0*-  @; dU 3$D,F$+,03'A

L/-&' )#,"(3+,G%$+,03 "(' '('',03' "(' *+,),'$+(*-= 30*' $D03' (e(%+*2 *3( 2+$/( "( G)+-$F(

"( "0332(' /0*- '*//-,5(- )(' -(''0*-%(' )(' 50,3' "(5$3"2('A a0*- %E$Y*( -(''0*-%( ri=

30*' %03',"2-03' )( 3051-( "( '('',03' NSi Y*, (]/)0,+(3+ *3( -(''0*-%( riA L %(+ (e(+= 30*'

$D03' '*//-,52 +0*+(' )(' -(Y*Z+(' "03+ NSi < ǫ +() Y*( ǫ ('+ *3 '(*,) 1,(3 "2+(-5,32 ^100`A

B0*' $D03' "03% 01+(3* *3 3051-( "( /$F(' ',F3,G%$+,C' ^136` Y*( 30*' $))03' *+,),'2 )0-'

"( )$ /-0%E$,3( /E$'( "( "2%0*D(-+( "( /$++(-3A

 !2 3$(-4*+ *+ *$54&6+.(+ *+ 5400&1)&($%

a)*',(*-' 2+*"(' '*- )(' /-0/-,2+2' 5$+E25$+,Y*(' "(' -2'($*] %05/)(](' 03+ -2D2)2 Y*(

%(' -2'($*] /$-+$F(3+ "(' /-0/-,2+2' 5$%-0'%0/,Y*('A a$-5, %(' /-0/-,2+2'= )(' +-$D$*] $3$6

)\'(3+ "(' /-0/-,2+2' /-0+0+\/(' +())(' Y*( )#(e(+ /(+,+6503"( 7J8HU<= )#2%E())(6),1-( 7>LHH<=

)(' /-0/-,2+2' "\3$5,Y*(' +())(' Y*( )$ ",e*',03 7>a! <= 7[898!X< (+ )(' /-0/-,2+2' '+-*%+*6

-())(' +())(' Y*( )$ '+-*%+*-( %055*3$*+$,-( 7900! <=7KQ?M!V<A Q$ '+-*%+*-( "( %055*3$*+2

/(-5(+ "( %05/-(3"-( )$ -()$+,03 (3+-( *3 ',5/)( 30(*" "$3' )$ 5,%-0'%0/,( (+ "(' F-0*/('

"$3' )$ 5$%-0'%0/,(A :( /)*'= )(' %055*3$*+2' ^0* )(' %)*'+(-' 0* )(' 50"*)('` '03+ "('



 !"! #$%&'() () ($*'+,)-%) () *'##+./+%$0    

!"#$%&' (& '#))&*' +$, %-"*-!&.* %"#/-/0&)&.* (&' %"#%",1*1' 2#))$.&' &*3#$ 4#$&.* (&'

"5 0&' ',),0-,"&' (-.' $. "1'&-$ 2#)%0&6& 789:

+
;<=> ?-.' 2& +$, '$,*@ .#$' %"#%#'#.' $.

-0!#",*A)& (& (12#$B&"*& (& 2#))$.-$*1' &* .#$' (12",B#.' 0&' 2#.2&%*' &* 0&' (1C.,*,#.'

+$& .#$' -B#.' $*,0,'1'> D.'$,*&@ .#$' -00#.' &)%0#E&" 0- )1*A#(& %"#%#'1& -C. (& *"#$B&" 0&

2&.*"& (F,.*1"G* (&' $*,0,'-*&$"' ($ ',*& H&/ 1*$(,1 &* -,.', 0& "&'*"$2*$"&" '&0#. 0&$"' /&'#,.'>

D.C.@ .#$' ,00$'*"#.' 0&' "1'$0*-*' &6%1",)&.*-$6 #/*&.$'>

 !"!# $%&'()*+,- .- ./0'12-(*- .- 0',,1341*/5 645/ 51( %- 0'-78

90)-3* .- :-(*)3-30-

9&' )1*A#(&' (& (12#$B&"*& (& 2#))$.-$*1' /-'1&' '$" (&' !"-%A&' %#.(1"1' '#.* '#$I

B&.* ,.2-%-/0&' (& (1*&2*&" $.& %-"*,& *"J' ',!.,C2-*,B& (& 0- '*"$2*$"& (&' 2#))$.-$*1' 2-"

,0' ,!.#"&.* 0&' ,.K#")-*,#.' 2#.*&.$&' (-.' 0& %#,(' ($ 0,&.> L 2&**& C.@ .#$' (1C.,''#.' $.

2#&M2,&.* (& %&"*,.&.2& +$, 2#.'&"B& 0F,.K#")-*,#. %#*&.*,&00&)&.* $*,0& (-.' 0&' (,N1"&.*&'

'&'',#.' (&' $*,0,'-*&$"> 9F-0!#",*A)& %"#%#'1 &'* (1C., &. *&")&' (& '&'',#.' +$, #.* 1*1

,(&.*,C1&' (-.' 0- %A-'& (& %"1*"-,*&)&.*> O.& '&'',#. &'* $. &.'&)/0& 2#.*,!$ (& "&''#$"2&'

+$, #.* 1*1 2#.'$0*1&' %-" 0& )G)& $*,0,'-*&$" 0#"' (& '- B,',*& ($ ',*& H&/>

 !"!#!# $% &'(%)*+, -./ /.//*+,/

P#$' (1C.,''#.' Q

R#,* Q R = {r1, r2, ..., rnr
} 0F&.'&)/0& (& *#$*&' 0&' "&''#$"2&' (,'*,.2*&' ($ ',*& H&/>

R#,* Q U = {u1, u2, ..., unu
} $. &.'&)/0& (& *#$' 0&' $*,0,'-*&$"' +$, #.* -221(1 -$ ',*&

R#,* Q S = {s(1), s(2), ..., s(ns)} $. &.'&)/0& (& '&'',#.' (& .-B,!-*,#.@ (& *&00& '#"*& +$&

2A-+$& '&'',#. (F$*,0,'-*&$" '#,* (1C.,& 2#))& '$,* Q

s(i) = (u(i), t(i), r(i))@ *&0 +$& Q

! u(i) ∈ U Q &'* 0F,(&.*,C2-*&$" (F$*,0,'-*&$" S

! t(i) Q &'* 0& *&)%' (F-22J' ($"-.* *#$*& 0- '&'',#. S

! r(i) Q &'* 0F&.'&)/0& (& *#$*&' 0&' "&''#$"2&' (&)-.(1&' -$ 2#$"' (& 0- iime
'&'',#. T

'&0#. 0& *&)%' (F-22J' 2#""&'%#.(-.*U S

! r(i) = ((t
(i)
1 , r

(i)
1 ), (t

(i)
2 , r

(i)
2 ), ..., (t

(i)
(ni)

, r
(i)
(ni)

)) *&0 +$& r
(i)
j ∈ R>

 !"!#!0 $% &'(%)*+, -1 2'%34.

O.& K#,' +$& 0&' '&'',#.' $*,0,'-*&$" #.* 1*1 ,(&.*,C1&'@ .#$' (&B#.' 0&' $*,0,'&" %#$" &6I

*"-,"& 0& !"-%A& H&/ +$, "&%"1'&.*& 0& "1'&-$ -.-0E*,+$& &. $*,0,'-.* 0F-0!#",*A)& (& "&'*"$2I

*$"-*,#. (1C., (-.' 7P-';V=> O.& /-'& (& '&'',#. %&$* G*"& 2#.',(1"1& 2#))& $.& '1+$&.2&
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"# $%&'#( "# (#((&)*( "+,*&((%*- .% -'%*(&-&)* #*-'# .#( $%/#(0 12%34# '#(()4'5# ri 5)''#($)*"

6 4* *)#4" "4 /'%$2#0 12%34# 5)4$.# (ri, rj) "# $%/#( 7&(&-+#( "%*( .8)'"'# 52')*).)/&34# "4

-#9$( $#*"%*- 4*# (#((&)* 5)''#($)*" 6 4* .&#* "%*( .# /'%$2# #*-'# 5#( "#4: *)#4"(0

;)&- < G = (V,E) 4* /'%$2# "+5'&7%*- 4*# ")**+# $'+-'%&-+# "# .% =%(# "# (#((&)* %7#5 V

.8#*(#9=.# "#( *)#4"( #- E .8#*(#9=.# "#( %'>-#(0 Ai,j < #(- .% 9%-'&5# "8%"?%5#*5# "4 '+(#%40

Ai,j#(- +/%.# 6 1 (& .#( '#(()4'5#( ri #- rj ()*- 5)**#5-+#(@ (&*)* 00

 !"!#!" $%&'()&*+ ,& -&.+)*&*(&

A,* "8&"#*-&,#' .# *)9='# "# B)&( 34# .#( 5)4$.#( (ri, rj) %$$%'%&((#*- "%*( .#( (#((&)*(@

*)4( 5%.54.)*( .#( -'%*(%5-&)*( "#( 4-&.&(%-#4'(0

;)&- < β = {T (1), T (2), ..., T (ns)} .8#*(#9=.# "#( -'%*(%5-&)*(0 12%34# -'%*(%5-&)* T (i)
(# 5)9C

$)(# "84* #*(#9=.# "# '#(()4'5#( r
(i)
j D&-#9E "#9%*"+#( $)4' 4*# (#((&)* ")**+# i0

k − Itemset < #(- 4* #*(#9=.# "8&-#9 34& 5)*-&#*- k &-#9(0 F)4( %(()5&)*( 4* (4$$)'-

$)4' 52%34# +.+9#*-0 G# (4$$)'- #(- "+,*&- 5)99# .# *)9='# "# B)&( 3484* &-#9 %$$%'%&-

"%*( .% =%(# "# ")**+#(0 G# (4$$)'- "84*# $%&' (i, j) '#$'+(#*-# .# (4$$)'- "# k − item "#

(#5)*" )'"'# Dk = 2E0 18#(- .# *)9='# "8)554''#*5#( "# (i, j) "%*( .#( (#((&)*( "&7&(+#( $%' .#

*)9='# -)-%. "# -)4-#( .#( (#((&)*(0

Supp(i, j) =
|{t ∈ β/(i, j) ⊆ β}|

|β|
DH0 E

F)4( $'#*)*( #* 5)9$-# .# *)9='# "# B)&( 34# .#( 5)4$.#( (i, j) %$$%'%&((#*- "%*( .#(

(#((&)*( #* %--'&=4%*- 4* $)&"( %$$')$'&+ %4: .&#*( "4 /'%$2# 5)99# .# 9)*-'# .% ,/4'#

H0 0

 !"#$% H0 I 1'+%-&)* "4 '+(#%4 %*%.J-&34# "#$4&( .#( (#((&)*(0

F)4( "+,*&(()*( 4*# 9%-'&5# S 34& '#$'+(#*-# .% $')=%=&.&-+ "8%7)&' "#( '#.%-&)*( #*-'#



 !"! #$%&'() () ($*'+,)-%) () *'##+./+%$0   !

"#$ %&#'($ ()%$ "#$ (*+,-#%.#$ /&00'%)'.,$1 2) 0).-*/# Sij 3#'. 4.-# (,/-*.# /&00# $'*. 5

Si,j = Ai,j ∗ Supp(i, j) 67189

:#..# 0).-*/# #;3-*0# "# /&03&-.#0#%. (#$ *%.#-%)'.#$ )' /&'-$ (#$ (*+,-#%.#$ .-)%$)/<

.*&%$ /# ='* -#>?.# .#%()%/# (#$ %&#'($ @ A&-0#- (#$ /&00'%)'.,$1 B%$'*.#C %&'$ (,D%*$$&%$

'% A)/.#'- ='* A)*. -,A,-#%/# @ ") A-,='#%/# (E)33)-*.*&% (' "*#% (i, j) 3&'- /F)='# $,='#%/#

k−*.#01 B% #+#.C %&'$ 3&'G&%$ (,D%*- 5

fi,j =
Si,j

di
671!9

H#" ='# di #$. "# (#I-,# (' %&#'( i1

J&.-# *(,# #$. K)$, $'- "# A)*. ='E '% %&#'( ) '%# A&-.# 3-&K)K*"*., (E4.-# 0#0K-# @ '%#

/&00'%)'., $E*" 3-,$#%.# '% %&0K-# (E&//'--#%/# $*I%*D/).*G# )' $#*% (E'% 040# I-&'3#1

L)- /&%$,='#%.C %&'$ (,D%*$$&%$ '% /&#M/*#%. ='# %&'$ )G&%$ )33#", N/&#M/*#%. (# 3#-.*<

%#%/#N1 O" #$. (,D%*. /&00# $'*. 5

λ(i, C) =

∑

j∈C

si,j

∑

j∈V

si,j
671P9

=
∑

j∈C

fi,j 67179

Q)%$ /# .-)G)*"C ") (,.#/.*&% (#$ "*#%$ *%.#-/&00'%)'.)*-#$ #$. K)$, $'- "# A)*. ='# /#$

"*#%$ $# $*.'#%. ()%$ (#$ R&%#$ 0&*%$ (#%$#$1 :E#$. ") G)"#'- (# 3#-.*%#%/# (' %&#'( i 3)-

-)33&-. @ '%# /&00'%)'., cC (*G*$, 3)- "# %&0K-# .&.)" (# /#$ G)"#'-$ 3&$$*K"#$ 3&'- .&'.#$

"#$ /&00'%)'.,$1

 !"!#!$ %&'()*+,-. /. /0+.1+*(2 /. 1(--3243+05

2) 0&('")-*., 0#$'-# ") =')"*., (E'%# (*G*$*&% 3)-.*/'"*?-# (' -,$#)'1 2) A-)/.*&% (#$

"*#%$ -#"*)%. (#$ $&00#.$ (# ") 040# /&00'%)'., #$. 3"'$ I-)%(# ='# ") A-)/.*&% (#$ "*#%$

*%.-)</&00'%)*.)*-#$ SJTUPV1 Q# /# A)*.C ") 0&('")-*., #$. (,D%*# /&00# $'*. 5 W'33&$&%$

'%# 3)-.*.*&% 3)-.*/'"*?-# (E'% -,$#)' #% k /&00'%)'.,$1 W&*. e '%# 0).-*/# $X0,.-*='# C

$#$ ,",0#%.$ -#3-,$#%.# ") A-)/.*&% (# .&'$ "#$ "*#%$ ()%$ "# -,$#)' ='* -#"*#%. "#$ $&00#.$

(# ") /&00'%)'., i )'; $&00#.$ (# ") /&00'%)'., j1 2) .-)/# (# /#..# 0).-*/# (&%%# ")

A-)/.*&% (# "*#%$ ()%$ "# -,$#)' ='* -#"*# "#$ $&00#.$ ()%$ ") 040# /&00'%)'., 5

Tre =
∑

i

ei,i 671Y9

Z%# G)"#'- ,"#G,# (# ") .-)/# *%(*='# '%# K&%%# (*G*$*&% #% /&00'%)'.,$1 :#3#%()%.C ")

.-)/# #""#<040# %E#$. 3)$ '% K&% *%(*/).#'- (# ") =')"*., (# ") (*G*$*&% 3'*$='#C 3)- #;#03"#C
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"# $%&'# (# )#''*# '+,- "#- -+))#'- (%.- ,.# -#,"# /+)),.%,'0 (+..#*%&' "% 1%"#,* )%2&)%"#

(# "% '*%/# Tr = 1 -%.- (+..#* (3&.$+*)%'&+.- -,* "% -'*,/',*# (# "% /+)),.%,'04 5% -+))#

-,* "#- "&6.#- 7/+"+..#-8 *#9*0-#.'# "% $*%/'&+. (#- "&#.- :,& -# /+..#/'#.' %,2 -+))#'- %,

-#&. (# "% /+)),.%,'0 i; #-' %"+*- (0<.&# /+))# -,&' =

ai =
∑

j

ei,j 7>4?8

@& "# *0-#%, .# 9*0-#.'# 9%- (# -'*,/',*# (# /+)),.%,'0; +, -& "#- 9%*'&'&+.- -+.' %''*&A

B,0#- -%.- '#.&* /+)9'# (# "% -'*,/',*# -+,-AC%/#.'#; %"+*-; "% 1%"#,* %''#.(,# (# "% $*%/'&+.

(# "&#.- #. (#- 9%*'&'&+.- 9#,' D'*# #-'&)0#4 @& "# *0-#%, .# 9+--E(# 9%- "% 9*+9*&0'0 (#

-'*,/',*# (# /+)),.%,'0; %"+*-; "% 1%"#,* 9*01,# (#- $*%/'&+.- (#- "&#.- (%.- ,.# 9%*'&'&+.

9#,' D'*# #-'&)0#4 F3#-' "% 9*+B%B&"&'0 :,3,. -+))#' (3#2'*0)&'0 (3,. "&#. -+&' (%.- "% /+)A

),.%,'0 i; (+./ ai; ),"'&9"&#* 9%* "% $*%/'&+. (#- "&#.- :,& -# '#*)&.# 9%* ,. -+))#' (%.-

"% /+)),.%,'0 i; (+./ ai4 G. /+.-0:,#./#; "# .+)B*# (# "&#.- &.'*%A/+)),.%,'0 :,& -+.'

9*01,- #-' 06%"# H aiai4 I# 9",-; .+,- %1+.- "% $*%/'&+. *0#""# (#- "&#.- (%.- ,.# 9%*'&'&+.

:,& #-' 06%"# H eii4 J+,- 9+,1+.- (+./ /+)9%*#* "#- (#,2 $*%/'&+.- #' #K#/',#* "% -+))# (#

'+,'#- "#- 9%*'&'&+.- (, 6*%9L#4

Q =
∑

i

(eii − a2i ) = Tre − ‖e
2‖ 7>4M8

F#''# :,%.'&'0 )#-,*# "% $*%/'&+. (#- "&#.- *#"&%.' (#- -+))#'- (# "% )D)# /+)),.%,'0
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/5'* 2#601'/( &' /'..#4!+' ('* (#//5'*B &! /#16!&%*!.%#/B &! .1!/*"#16!.%#/B &' D&.1!+' '. &!

*4/.AE*' 9FFFG;H=>  '* 0A!*'* (' (52#$8'1.' '. ()!/!&4*' $.%&%*'/. $/' 65.A#(' ()'3.1!2.%#/

()%/"#16!.%#/ 0#$1 %('/.%D'1 $/ 0!..'1/ 1'015*'/.!/. &' 6#(E&'* ()!22E* ('* $.%&%*!.'$1*> ?'*
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"#$%&'( $)'*+,-.+/#0 $'( 1-++',0( ('"2&'0+ /0(34(-0+( 1#3, '*+,-/,' $'( /05#,"-+/#0( .#"6

1#,+'"'0+-&'( '+ (+,3.+3,'&&'( 7 1-,+/, $'( (/+'( 8'29 :/0(/ 0#3( 1,#1#(#0( $-0( .' .;-1/+,'

30' "<+;#$' $)'*+,-.+/#0 $)/05#,"-+/#0 .-1-2&' $' ,<=<&', &'( .#"1#,+'"'0+( $' 0-=/>-+/#0

$'( 3+/&/(-+'3,(9

?-, .#0(<@3'0+A &'( 1,/0./1-&'( .#0+,/23+/#0( $' .' +,-=-/& BCDEF GH (#0+ &'( (3/=-0+'( I

 D#$<&/(-+/#0 $' +#3+'( &'( (<@3'0.'( 5,<@3'0+'( -3 .#3,( $' $/J<,'0+'( ('((/#0( $)3+/6

&/(-+'3, 1-, 30 1,#.'((3( (+#.;-(+/@3' 2-(< (3, &'( .;-K0'( $' D-,L#=9

 F' 1,#.'((3( (+#.;-(+/@3' '(+ '"1&#M< 1#3, .,<' 30 >,-1;' #,/'0+< '+ 1#0$<,< @3/ ,<=%&'

&)/05#,"-+/#0 3+/&' 1,<('0+<' $-0( &'( (<@3'0.'( $' 0-=/>-+/#09

 N' 1,#.'((3( (+#.;-(+/@3' $<,/=< '(+ 3+/&/(< 1#3, .;',.;', &- 1,#2-2/&/+< (+-+/#00-/,' '+

,<<.,/,' &- "#$3&-,/+< 1#3, -=#/, $'( 1-,+/+/#0( #1+/"-&'(9

 ?,#1#(', 30' "<+;#$' $' $<+'.+/#0 $' .#""30-3+<( '0 "#$/O-0+ &)-&>#,/+;"' $<O0/

1-, .;-='0+ '+ F'.;'=-&/', BNFP!H9 F) -&>#,/+;"' .,<' $'( 1,#+#+M1' $' .#""30-3+<(

+#3+ '0 #1+/"/(-0+ 30 .,/+%,' $)-$<@3-+/#09

 N' +,-=-/& 1,<('0+' 30' "<+;#$' ;M2,/$' .#"2/0-0+ &- (/"1&/./+< $'( (<@3'0.'( 5,<6

@3'0+'(A &)'4.-./+< $'( .;-K0'( $' D-,L#= '+ &- ,#23(+'((' $'( "<+;#$'( $' $<+'.+/#0

$' .#""30-3+<(9 Q#( '*1<,/"'0+-+/#0( @3/ #0+ <+< 'J'.+3<( (3, &' (/+' 8'2 "(02.9.#"

'+ &' (/+' 8'2 $' &)30/=',(/+< $' R',;-+ :22-( $' C<+/5 "#0+,'0+ $'( ,<(3&+-+( (-+/(5-/6

(-0+(9

N' .;-1/+,' '(+ #,>-0/(< .#""' (3/+ I ('.+/#0   '*1&/@3' 0#+,' "#+/=-+/#0 '+ &'( #2S'.+/5(

=/(<( 1-, &)-"<&/#,-+/#0 $' &- .#0.'1+/#0 $)30 (M(+%"' T'29 C'.+/#0 U9V $<.,/+ &- 1;-(' $'

1,<+,-/+'"'0+ $' $#00<'(A .' @3/ -3>"'0+' &- @3-&/+< $'( $#00<'( #2+'03'( 7 &- O0 $' .'++'

<+-1'9 Q#+,' "<+;#$' '(+ 1,<('0+<' 7 &- ('.+/#0 U9W9 F'( ,<(3&+-+( '*1<,/"'0+-3* (#0+ $<.,/+(

$-0( &- ('.+/#0 U9X '+ '0O0A 30' .#0.&3(/#0 ><0<,-&' '(+ 1,<('0+<' $-0( &- ('.+/#0 U9U9

 !" #$%&'(&' '& )$&*+,&*$%-

F'( #2S'.+/5( $' .'++' .#0+,/23+/#0 .#0(/(+' '0 &)-"<&/#,-+/#0 $' &)-,.;/+'.+3,' $3 (/+' 8'2A

&)-0-&M(' $'( 1',5#,"-0.'( $3 (M(+%"'A '+ &- .#"1,<;'0(/#0 $'( /0+',-.+/#0 '+ $'( "#+/=-6

+/#0( $'( 3+/&/(-+'3,( BDQFDPUA CNEYPPA YZ[\\H9 E-0( &- &/++<,-+3,'( 1&3(/'3,( "<+;#$'(

#0+ <+< 1,#1#(<'( 1#3, &- 1',(#00-&/(-+/#0 $)30 (/+' 8'2 -O0 $' $<.#3=,/, $'( "#$%&'(

$)3+/&/(-+/#0 /0+<,'((-0+( 7 1-,+/, $' $#00<'( 8'2 '+ "/'3* ,<1#0$,' -3* 2'(#/0( $'( -16

1&/.-+/#0( 8'2 BRFPXH9 ]& '*/(+' $'( "<+;#$'( @3/ (',='0+ -3* (M(+%"' $' ,'.#""-0$-+/#0

BZY\GA DDP\A ^_`PVH9 F' O&+,->' .#&&-2#,-+/5 '(+ <>-&'"'0+ .#003 .#""' 30' +'.;0/@3'

$' ,'.#""-0$-+/#0 2-(<' (3, $'( <&<"'0+( $' 1,<$/.+/#0 BaFb

+
PUH9 c0 #3+,'A .',+-/0'(

-11,#.;'( -$-1+'0+ &' .#0+'03 $3 (/+' 8'2 -3* =/(/+'3,( -O0 $' 5#3,0/, $'( /05#,"-+/#0(

1',(#00-&/(<'(9 N'( /05#,"-+/#0 (#0+ '*1&#/+< 1#3, $<='&#11', $'( (M(+%"'( 8'2 /0+'&&/>'0+(

Ba#0PGH9 E' 0#"2,'3(' -11,#.;'( /0(1/,<'( $'( "<+;#$'( $' $<+'.+/#0 .#""30-3+-/,' #0+ <+<
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#$$%&'()*+ $,(- #.)%&,-*- %/)01-#21&,3 4*+ 4,33)*+ *1 5,(-3&- (3* +1-(21(-* 2,..(3#(1#&-*

+&63&72#1&8* 9:*;<=>? @#3+ %* 1-#8#&% 9ABC ">D %*+ #(1*(-+ ,31 $-,$,+) (3 #%6,-&1E.* *F2#2*

G#+) +(- %# 4)1*21&,3 4*+ 2,..(3#(1)+ 4*$(&+ (3 6-#$E*D *1 &% *+1 (1&%&+) $,(- 1-#3+5,-.*- %#

-*2E*-2E* 4* .,1&5 (l, d) *3 (3* +)'(*32*+ +,(+ %# 2,31-#&31* HIJIKL MN*-,D ,3* ,- .(%1&$%*

,22(--*32*+ ,5 1E* .,1&5 &3+1#32*+ $*- +*'(*32*OMH)-,D (3* ,( $%(+&*(-+ ,22(--*32*+ 4*+ &3+P

1#32*+ 4*+ .,1&5+ $#- +)'(*32*OD ,Q l *+1 %# %,36(*(- 4/(3 .,1&5 *1 d *+1 %* 3,.G-* .#0&.#%

4* .(1#1&,3+ *31-* (3* &3+1#32* 4* .,1&5 *1 %* .,1&5 %(&P.R.*D #73 4* 4)2,(8-&- 4*+ +,(+P

6-#$E*+ 4*3+*+ 4#3+ (3 6-#$E*? S( *1 #% 9SHT U> ,31 $-,$,+) (3 #%6,-&1E.* 4* 4)1*21&,3 4*

2,..(3#(1) G#+) +(- %# +)'(*32* 4* +&.&%#-&1) #%,-+ '(* %*+ +&.&%&1(4*+ 4* 3,*(4+ +,31 1-&)*+

$#- ,-4-* 4)2-,&++#31 $,(- ,G1*3&- (3* +)'(*32*? V3+(&1*D %*+ %&*3+ 4* 3,*(4+ +,31 5(+&,33)+

+*%,3 %# +)'(*32* $,(- 2,3+1-(&-* (3* +1-(21(-* 2,..(3#(1#&-* $*-1&3*31* *3 (1&%&+#31 (3*

#$$-,2E* #66%,.)-#1&8*? J,1&8)* $#- %* $,(8,&- 2%#++&72#1,&-* 4*+ .)1E,4*+ 4* 4)2,(8*-1*

4* 2,..(3#(1)+D 3,(+ #%%,3+ 4,32 $-,$,+*- (3* 3,(8*%%* .)1E,4* #4#$1)* W %/&4*31&72#1&,3

4( 2,.$,-1*.*31 4* 3#8&6#1&,3 4* %/(1&%&+#1*(-? @#3+ 3,1-* 1-#8#&%D 3,(+ -*2E*-2E,3+ 4*+

.,1&5+ 5-)'(*31+ *3 ,G+*-8#31 1,(1*+ %*+ 1-#3+&1&,3+ 4* %# $#6* vi W %# $#6* wi $*34#31 (3*

+*++&,3 $,(- 2E#'(* (1&%&+#1*(-? S* .,4X%* +1,2E#+1&'(* *.$%,Y) *+1&.* %*+ $-,G#G&%&1)+ 4*

1-#3+&1&,3 *3 (1&%&+#31 (3* #$$-,2E* #66%,.)-#1&8* $,(- 4)2,(8-&- 4*+ +,(+P6-#$E*+ 4*3+*+ W

$#-1&- 4( 6-#$E* *01-#&1 4*+ 2,.$,-1*.*31+ 4* 3#8&6#1&,3?

 !" #$%&$'(&)*)+& ,)- ,.++%)-

@#3+ %# $E#+* 4* $-)1-#&1*.*31D 3,(+ 1-#3+5,-.,3+ %* 72E&*- %,6 G-(1 *3 (3 *3+*.G%* 4*

1-#3+#21&,3+ $,(- -)4(&-* %# '(#31&1) 4* 4,33)*+ W #3#%Y+)*+ *1D *3 .R.* 1*.$+D #.)%&,-*-

+# '(#%&1) 9SJ:  >? @#3+ 3,1-* 1-#8#&%D 3,(+ #8,3+ *Z*21() (3* )1#$* 4* $-)1-#&1*.*31

+(- %*+ 72E&*-+ %,6+ *3 (1&%&+#31 %# .)1E,4,%,6&* '(* 3,(+ #8,3+ 4)73&* 4#3+ 9LJS@  >?

:,1-* .)1E,4* 4* $-)1-#&1*.*31 # )1) 1*+1)* +(- %*+ 72E&*-+ %,6+ 4( +*-8*(- 4( +&1* ;*G 4*

%/(3&8*-+&1) 4* L)1&5  M[%6)-&*O? S* 72E&*- 1-#&1) 2,(8-* %*+ #21&8&1)+ 4( +&1* ;*G $*34#31 %#

$)-&,4* 4*  \P !P!<  W <U ]<U ]^_ `(+'(/#(  =P< P!< ! W <\ ]U_ ]<U? [$-X+ %# 1-#3+5,-.#1&,3

4*+ 4,33)*+D 3,(+ #8,3+ ,G1*3(  _<\ "\^ -*'(R1*+? V3+(&1*D 3,(+ #8,3+ #$$%&'() (3* )1#$*

4* 3*11,Y#6* 4*+ 4,33)*+ #73 4* .#&31*3&- (3&'(*.*31 %*+ -*'(R1*+ %&)*+ #( 2,.$,-1*.*31

4* 3#8&6#1&,3 4*+ (1&%&+#1*(-+? S* 3*11,Y#6* 4*+ 4,33)*+ # -)+(%1) 4* " U   ^ -*'(R1*+ 8#%&4*+

M2/*+1PWP4&-*  \D"\aO $,(- %*+ (1&%&+#1*(-+ !_ ^!< '(& ,31 #22X+ #(0 !" \_! $#6*+? S# 1#G%*

b? .,31-* %*+ -)+(%1#1+ 4*+ +*++&,3+ *1 %/&4*31&72#1&,3 4( -,G,1?

 !/ 0%&)1&(.+ ,)- 1.**2+'2&%- 3.2$ 4) 567

 !"!# $%&'()*+,-./0

S# 5,(&%%* 4*+ (+#6*-+ 4( c*G 8&+* %/#3#%Y+* *1 %# 4)2,(8*-1* 4*+ .,4X%*+ &31)-*++#31+ 4*

%/(1&%&+#1*(-? @#3+ 2*11* +*21&,3D 3,(+ 3,(+ &31)-*++,3+ W 4)1*21*- %*+ 2,..(3#(1)+ 4/(1&%&+#P
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 !"#$ #$ % &'()*+,-.*+/) '(0 0(00+/)0 (* '(0 1/2/*0$

3.*(4/15 60(1 7.4( 8(00+/) 9.:+4.*+/)

;/*.< 2(=/1( +'()*+,-.*+/) 1/2/*0 !> ?!@ !A B>! ?@  A  !" !!#

&'()*+,-.*+/) &C A@A B A#! ? @BA B@ "B"

D(*E/' 6FG >BA  H  !B  " ?"A  !" ? H

/= F/2/*0 I4()*  A#H !@ !!A  B "H#  A> @>A

;/*.< 1/2/*0  "AB !@ !##  H   "  AB "A"

;/*.< .=*(1 +'()*+,-.*+/) 1/2/*0 !# @B! > !?H A @ >  >? #B 

;/*.< .=*(1 1(D/:.< /= ∆Mint F(J$  @ BHH ? >?A  ! !H> !"$ $!!

*(K10 () (LC</+*.)* <(K10 -/DC/1*(D()*0 '( ).:+4.*+/) M(2 .K <+(K 'N(LC</1(1 <. 0*1K-*K1( '(

<+()0 E5C(1*(L*( '(0 C.4(0 M(2$ 3( JK+ (0* C<K0 K*+<( C/K1 'O-/K:1+1 <N+)*O1P* -/DDK) 'NK)

41/KC( 'NK*+<+0.*(K10$ 9/K0 D/'O<+0/)0 <(0 0OJK()-(0 '( ).:+4.*+/) '(0 K*+<+0.*(K10 C.1 <(0

-E.Q)(0 '( R.1S/:$ 9/K0 .:/)0 +)*1/'K+* K) C1/-(00K0 0*/-E.0*+JK( C/K1 -.<-K<(1 '.:.)*.4(

<. 0+D+<.1+*O ()*1( <(0 '+TO1()*(0 0(00+/)0 '( ).:+4.*+/) '(0 K*+<+0.*(K10 (* 1O-1+1( <. =/)-*+/)

'( JK.<+*O C/K1 -/DC.1(1 <(0 C.1*+*+/)0$ U( C<K0V )/K0 C1/C/0/)0 K) .<4/1+*ED( '( 'O-/KW

:(1*( '( -/DDK).K*O0 JK( )/K0 .CC(</)0 3URR3 X 3/DDK)+*5 U+0-/:(15 R(*E/' 2.0('

/) R.1S/: 3E.+)V 3URR3YXRO*E/'( '( UO*(-*+/) '( 3/DDK).K*O0 2.0O 0K1 <(0 3E.+)(0

'( R.1S/:Y JK+ (L*1.+* K) D/'Z<( +)*O1(00.)*$ 9/*1( 'OD.1-E( )/K0 C(1D(* '( -/DC1()'1(

-/DD()* <(0 K*+<+0.*(K10 .--Z'( .KL 0+*( M(2 (*V () -/)0OJK()-(V )/K0 C(1D(* '( C1/C/0(1

<( '(0+4) <( C<K0 .CC1/C1+O( .K 050*ZD( M(2 O*K'+(1$

8/+* S K) ()0(D2<( '( ns 0(00+/)0V 'K1.)* <(0JK(<<(0 <(0 K*+<+0.*(K10 .--Z'()* [ '(0 C.4(0

\(2 n$ 9/K0 'O,)+00/)0 ]

 S = s1, s2, ..., sns
] K) ()0(D2<( '( 0(00+/)0 '( ).:+4.*+/)0$

 V = v1, v2, ..., vn ] K) ()0(D2<( '( C.4(0 :+0+*O(0 ^

 Si = (v
(1)
i , v

(2)
i , ..., v

(ni)
i ) ] <(0 0OJK()-(0 '(0 C.4(0 :+0+*O(0 C()'.)* <. 0(00+/) Si

G( )/D21( */*.< '( C.4(0 :+0+*O(0 nv (0* ]

nv =
ns
∑

i=1

ni X#$ Y

;(< JK( ni (0* <( )/D21( '( C.4(0 :+0+*O(0 'K1.)* <. 0(00+/) i$

8KCC/0/)0 JK( '( )/D21(KL K*+<+0.*(K10 .+()* .--O'O .KL C<K0+(K10 C.4(0V C.1 (L(DC<(V

V = {v1, v2, v3, v4, v5} 'K1.)* *1/+0 0(00+/)0V )/K0 /2*()/)0 .</10 <N()0(D2<( '( 0(00+/)0 0K+W

:.)* ]

S1 = (v1, v2, v3, v4, v2, v3, v5, v1, v4)

S2 = (v1, v4, v2, v3, v5, v1, v3, v4)

S3 = (v2, v3, v4, v2, v3, v5)
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#$ %&'()*+ ,-+ .)-/ 0.'1)*-0/)./ +/' 2$/&+ /-1 -. %)*34+ /')5($/'0,-+ ,-0 +6'1$0' 470.8

9)1%$'0). /0:.0;5$'0<+ 5).'+.-+ *$./ 4+/ /&,-+.5+/ 91&,-+.'+/ *+ .$<0:$'0)./= >$./ 5+ ,-0

/-0'? .)-/ *&510<)./ 4+/ &'$@+/ @10.50@$4+/ *+ .)'1+ %&'()*+=

 !"!# $%&'( ) *+(,-(+,-( .(/ 01%23/ 3+456(7%/

>$./ 5+''+ @($/+? .)-/ %)*&40/)./ 4$ .$<0:$'0). *+ 47-'040/$'+-1 @+.*$.' 4+/ /+//0)./ +.

-'040/$.' -.+ %&'()*+ 9)1%+44+ @)-1 470*+.'0;5$'0). *+/ +./+%24+/ *70'+%/ 91&,-+.'/= A. :&8

.&1$4? -.+ 2$/+ *+ *)..&+/ 5).'+.$.' 4+/ /+//0)./ *+ .$<0:$'0)./ @+-' B'1+ 5)./0*&1&+ 5)%%+

-.+ /&,-+.5+ *+ @$01+/ *&;.0//$.' 4$ '1$./0'0). +.'1+ 4+/ @$:+/ C+2 DEFGHI= E0./0? .)-/ 1+8

@1&/+.')./ 4+/ +./+%24+/ *0/'0.5'/ *+ @$01+/ $;. *+ '1)-<+1 4+/ %)'09/ 91&,-+.'/ +' 51&+1 4+

:1$@(+ *+ 5)%@)1'+%+.' *+ .$<0:$'0).=

J)1%+44+%+.'? .)-/ *&;.0//)./ 4$ @$01+ (vi, wi) 5)%%+ -.+ '1$./0'0). *+ 4$ @$:+ vi <+1/

4$ @$:+ wi *-1$.' 4$ /+//0). i ∈ [1..ns]=

F)0' Mi 4$ /+,-+.5+ *+/ '1$./0'0)./ *+ ')-'+/ 4+/ @$01+/ $- 5)-1/ *+ 4$ /+//0). i K

Mi =
(

(v
(t)
i , w

(t)
i )|w

(t)
i = v

(t+1)
i ; t = [1..ni − 1]

)

LM=!N

>+ 5+ 9$0'? 4+/ '1$./0'0)./ 5)%@43'+/ ,-0 /+ @1)*-0/+.' *$./ ')-'+/ 4+/ /+//0)./ *&510<$.'

47+./+%24+ *+ @$01+/ *+ /&,-+.5+/ )2/+1<&+/ /+1).' .)'&+/ K

M =
(

(v, w)|(v, w) ∈ Uns

i=1Mi

)

LM=ON

A. 5)./&,-+.5+? 4$ 5$1*0.$40'& *+ M +/' &:$4+ P |M | = nv − ns= F-@@)/)./ ,-+ 5($,-+

@$01+ (v, w) *$./ 4$ /&,-+.5+ M $0' -. .-%&1) *7)55-11+.5+ nv(v, w)= Q+''+ <$4+-1 0.*0,-+

4+/ 0.9)1%$'0)./ @)'+.'0+44+/ ,-0 @+-<+.' /+ @1)*-01+ $- 5)-1/ *+/ /+//0)./ *+ .$<0:$'0). ns

+. 5)./0*&1$.' ')-'+ @$01+ *+ @$:+/ ,-0 ).' &'& <0/0'&+ $- %)0./ *+-6 9)0/ .). 5)./&5-'0<+=

#+ .)%21+ *7)55-11+.5+ +/' *)..& @$1 K

nv(v, w) =
∑

(x,y)∈M

δv

(

(v, w), (x, y)
)

LM=HN

R+4 ,-+ δv +/' 4$ 9).5'0). S1).+5T+1 *+4'$ *&;.0' 5)%%+ /-0' K

δv((v, w), (x, y)) =

{

 09 v = x $.* w = y

U )'(+1V0/+

LM="N

W)-1 5$1$5'&10/+1 47$553/ :4)2$4+ *+@-0/ 5($,-+ @$:+ *- /0'+ C+2? .)-/ *&;.0//)./ 4+

.-%&1) *7)55-11+.5+ *7-.+ @$:+ *+ *&@$1' v 5)%%+ /-0' K

nout(v) =
∑

w∈V

nv(v, w) LM=MN
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#$%& '$%($)& *+,-./.)0 1*2)30 -. )%/*4$ 15$66%44.)6. 1. -, ',+. w7 &53- &5,+30 15%).

',+. 15,443(*. 6$//. &%30 8

nin(w) =
∑

v∈V

nv(v, w) 9":;<

#$04. 31*. .&0 15.=04,34. 0$%& -.& .)&./>-.& ?4*@%.)0& .) %03-3&,)0 -. )$/>4. 15$66%44.)6.&

1. ',34.& 1.& ',+.&: #$%& 6,-6%-$)& -. &%''$40 1. 0$%0.& -.& ',+.& '$%4 0$%0.& -.& ',34.& 9',+.

1. 1*',407 ',+. 15,443(*.< 1,)& -, >,&. 1. &.&&3$)&: A,4 6$)&*@%.)07 )$%& '4.)$)& .) 6$/'0.

-.& ',+.& @%3 $)0 %) &%''$40 &%'*43.%4 B %) &.%3- /3)3/,- 9minsup<: C. &%''$40 1. -, ',+.

v .&0 &$) )%/*4$ 15$66%44.)6. 1%4,)0 -.& &.&&3$)& 13(3&* ',4 -. )$/>4. 0$0,- 1. 0$%0.& -.&

&.&&3$)&:

Supp(v) =
nout(v) + nin(v)

2ns

9":D<

C. &%''$40 15%). ',34. (v, w) 4.'4*&.)0. -. &%''$40 1. EF30./ 1. &.6$)1 $414. 9k = 2<7

,%04./.)0 1307 65.&0 -. )$/>4. 15$66%44.)6.& 1. (v, w) 1%4,)0 -.& &.&&3$)& 13(3&* ',4 -. )$/>4.

0$0,- 1. 0$%0.& -.& &.&&3$)&: G- &5.&0 *6430 6$//. &%30 8

Supp(v, w) =
nv(v, w)

ns

9":H<

 !"!# $%&'( ) * +& ,-.&%/01 23 4-&'5(

I$30 G = (V,E) %) +4,'J. '$)1*4* .0 $43.)0* @%3 4.'4*&.)0. -.& &.&&3$)& 1. ),(3+,03$)

1.& %03-3&,0.%4&7 0.- @%. 8

V .&0 -5.)&./>-. 1.& )$.%1&:

E .&0 -5.)&./>-. 1.& -3.)&:

E 4.'4*&.)0. -.& ',34.& 13&03)60.& 1. M 9|E| = m ≤ |M |<7 1*2)3.& 6$//. &%30 8

E =
{

(v, w)|(v, w) ∈M
}

9": K<

#$%& 1*2)3&&$)& -, /,0436. 15,1L,6.)6. A B ',4034 1. -, ',34. ?4*@%.)0. 1. ',+.& (v, w) 8

Ai,j = nv(vi, vj) 9":  <

M$34 -, N3+: ": B 0304. 15.=./'-. 8 )$%& ,($)& 6,-6%-* -. 1.+4* 1.& )O%1& &04360./.)0

-3* B -, ?4*@%.)6. 15,66P& B %). ',34. 1. ',+.& 6. @%3 )$%& ,& '.4/3& 1. 64.*4 -. +4,'J. 1.

6$/'$40./.)0 1. ),(3+,03$):



X

X v(t)

w(t+1)

Si =
{

(X(i,t), X(i,t+1))|t = 1..ni − 1 (X(i,t), X(i,t+1)) ∈ V
}

Ex =
(

(X(1,1), X(1,2)), (X(1,2), X(1,3)), ..., (X(1,n1−1), X(1,n1)),

(X(2,1), X(2,2)), (X(2,2), X(2,3)), ..., (X(2,n2−1), X(2,n2)), ...

(X(ns,1), X(ns,2)), (X(ns,2), X(ns,3)), ..., (X(ns,nn−1), X(ns,nn))
)

Ex

nE =
ns
∑

i=1

(ni − 1) =
ns
∑

i=1

ni − ns = nv − ns

nE

Si Si+1 nE

nE =
n
∑

i=1

n
∑

j=1

Ai,j

v w

Ex =
{

(X(t), X(t+1))|t = 1..nE X(t), X(t+1) ∈ V
}



 !"  !"#$%&' () *+,-.$/"%$+0 #"& .'/  !"$0'/ ,' *"&1+2

#$ %&'($()*)+, -.'//0&&12/1 -.021 +&$23)+)'2 %12-$2+ +'0+13 *13 3133)'23 13+ -,42)1 /'551

30)+ 6

PE =
1

nE

789 :;

<$23 *1 /$3 -.021 /=$>21 -1 ?$&@'A -1 %&15)1& '&-&1B *13 %&'($()*)+,3 -1 +&$23)+)'2

21 -,%12-12+ %$3 -1 *.=)3+'&)C01 -1 +'0+ *1 %&'/13303 /'551 *.,+$+ %&,/,-12+ 13+ %&)3 12

/'23)-,&$+)'29 D)23)B *13 %&'($()*)+,3 -1 +&$23)+)'2 -.,+$+ %10A12+ E+&1 -,/&)+13 6

P [X(t) = v $2- X(t+1) = w] =
Avw

nE

789 ";

+1* C01 6

P [X(t) = v] =

n
∑

w=1

Av,w

nE

789 F;

1+

P [X(t+1) = w] =

n
∑

v=1

Av,w

nE

789!G;

H'03 '(31&A'23 C01 *$ %&'%&),+, -1 ?$&@'A 13+ -,42)1 /'551 30)+ 6

P [X(t+1) = w|X(t) = v] =
P [X(t) = v $2- X(t+1) = w]

P [X(t) = v]
=

Av,w
n
∑

w=1

Av,w

789! ;

I230)+1B 2'03 -,42)33'23 *$ 5$+&)/1 -1 %&'($()*)+, -1 +&$23)+)'2 J *$ %$K1 w 3$/=$2+ C01

'2 13+ J *$ %$K1 vB P = [Pv,w]B -1 3'&+1 C01 6

Pv,w =
Av,w
n
∑

w=1

Av,w

L)+= ∀v :
n
∑

w=1

Pv,w = 1 789!!;

H'03 -,42)33'23 $033) *1 A1/+10& -1 %&'($()*)+, 3$/=$2+ C01 v 13+ 021 %$K1 -1 -,%$&+

Pout = [Poutv]B -1 3'&+1 C01 6

Poutv =

n
∑

w=1

Av,w

n
∑

v=1

n
∑

w=1

Av,w

 !"#$%

&' (')*'+, -' .,/010232*4 -' w +5' .16' -71,,2(4' Pin = [Pinv] '8* -/554 .1, 9

Pinw =

n
∑

v=1

Av,w

n
∑

v=1

n
∑

w=1

Av,w

 !"#:%



 !"! #$%&'%()* #&+ '),,-*.-%$+ /)-0 1& 2-,  !"

 !"!# $%&'( " ) *(+,(-+,(- .& '-/0&01.1%2 3%&%1/44&1-(

#$%& π(1)
'( )*+&*', -* .,$/0/%1%&2 %(%&%01 -* 132&0& -* (0)%40&%$( -*5 '&%1%50&*',5 -0(5 1*

&*6.5 t = 17 ($'5 132+,%)$(5 +$66* 5'%& 8

π(1) = {π
(1)
i }i=1..n 9:;!<=

>%(5%7 ($'5 $/&*($(5 8

π
(1)
i = P [X(1) = i] ?@*,* ∀iπi ≥ 0 7

n
∑

i=1

πi = 1 9:;!:=

A$(+7 ($'5 0)$(5 1* )*+&*', -* .,$/0/%1%&2 -* 132&0& -* (0)%40&%$( -0(5 1* &*6.5 t+ 1 8

π
(t+1)
i = P ∗ π

(t)
i 9:;!B=

C1 *D%5&* 13'(%E'* )*+&*', -* .,$/0/%1%&25 F 132&0& 5&0/1* π∗ GHIJKLMN7 G>OPPL!N E'% *5&

1* )*+&*', .,$.,* F 40'+@* -* P ($&2 .0, 8

lim
t→+∞

πt = π∗ 9:;!Q=

RS π∗ *5& 1* )*+&*', .,$.,* 055$+%2 F 10 )01*', 10 )01*', .,$.,* *5& 9λ = 1=;

T( +$(52E'*(+*7 .$', $/&*(%, 10 -%5&,%/'&%$( 5&0&%$((0%,* -* 10 +@0%(* -* J0,U$) ($'5

+@*,+@$(5 8

π∗i = P ∗ π∗i 9:;!"=

 !"! $%&'( # ) 52+/67(-%( 8( +/9964&6%23

A0(5 +*&&* 5*+&%$(7 ($'5 ,22+,%)$(5 10 6$-'10,%&2 *( V$(+&%$( -* 10 .,$/0/%1%&2 -* &,0(5%W

&%$( *& ($'5 .,$.$5$(5 '(* ($')*11* 0..,$+@* -* -2+$')*,&* -* +$66'(0'&25;

X1'5%*',5 014$,%&@6*5 $(& 2&2 .,$.$52 .$', *D&,0%,* 1*5 5%6%10,%&25 *(&,* 1*5 +$66'(0'&25

-0(5 1*5 ,25*0'D +$6.1*D*5; A0(5 1* &,0)0%1 GXYL:N7 1*5 0'&*',5 $(& '&%1%52 '(* 6*5',* -*

-%5&0(+* *(&,* 1*5 (Z'-5 .$', %-*(&%[*, 1*5 5%6%10,%&25; Y0 -%5&0(+* T'+1%-%*((* *(&,* 1*5

(Z'-5 0 2&2 %6.126*(&2* -0(5 '( 014$,%&@6* -* +1'5&*,%(4 @%2,0,+@%E'* /052 5', 1*5 .,$.,%2W

&25 5.*+&,01*5 -* Y0.10+%*((* GAJL\N; J0,&0 *& 01 GJ]>>Y>OLBN $(& $/5*,)2 13$,40(%50&%$(

-' 5^5&_6* +$6.1*D* -0(5 +@0E'* (%)*0' *& $(& -2[(%& '( +$(+*.& -* .,$D%6%&2 *(&,* &$'5

1*5 .0%,5 -* (Z'-5; A0(5 +* &,0)0%17 ($'5 +01+'1$(5 10 -%5&0(+* *(&,* -*'D .04*5 v *& w /052*

5', 10 .,$/0/%1%&2 -* )%5%&* -*5 .04*5 k *( &0(& E'* 10 ,0+%(* +0,,2* -* 10 5$66* -*5 +0,,25

-*5 -%`2,*(+*5 *(&,* 1*5 .,$/0/%1%&25 -*5 -*'D .04*5; O$'5 0)$(57 -$(+7 $/&*(' '(* 60&,%+*

5^62&,%E'* D -2[(%* +$66* 5'%& 8

dvw =
√

(π∗v − π∗w)
2

9:;ML=



S = [svw] svw
v w V d = max(v,w)∈V 2 dvw S

svw = 1−
dvw
d

P

Pin Pout

π(∗) S

Q =
1

2 ∗m

∑

v,w

[Pvw − (n.π∗v .π
∗
w)]δ(Cv, Cw)

δ(Cv, Cw) =

{

1 {v, w}

0

S

J P = (C1, . . . , CK)

G = (G1, . . . , GK)

J(P,G) =
K
∑

k=1

∑

vi∈Ck

s(vi,Gk),

s(vi,Gk) vi Gk



 !"! #$%&'%()* #&+ '),,-*.-%$+ /)-0 1& 2-,  ! 

"#$%& '()#%*$+,& -.//- 01$&2$& (' ,&*((&3%& 4'%$*$*#5 &5 2#,,35'3$16 73* %163($&

0835& 9'(&3% 0& (' ,#03('%*$1 #4$*,'( : 9#*% (8'()#%*$+,&  ;<

 !"#$%&'() * + .12#39&%$& 0& (' ,&*((&3% 4'%$*$*#5 &5 2#,,35'3$16

,#--.)/ + S

QMax← 0

KMax← 1

0#1$  !" #$ % 23%$)

43!! =Pk, Gk>?-.//-:S, k;

-#,43$& @ A*$+ B#%,3(& :!C;

/% QMax < Q 3!#$/
QMax← Q

KMax← k

"#$%& '44%#2+& &6$ 6$%32$3%1 &5 $%#*6 4%*52*4'(&6 1$'4&6 : 9#*% (8'()#%*$+,& C;<

 !"#$%&'() 56 + /1$+#0& 0& 012#39&%$& 0& 2#,,35'3$16 :-.//-;

,#--.)/ + S, k

t← 0

D&(&2$ k 4%#$#$E4&6 B%#, 2&5$&%6 F G(0) = (G
(0)
1 , . . . , G

(0)
k )

$.0.&)$

7&30) 5 F &'()* #+, -,.# /01#(#($%

8.91&

t← tG1

test← 0

P (t) ← P (t−1)

0#1$ 2!" #$  23%$)

0#1$ :'3;1) vi ∈ C
(t)
m 23%$)

H50 $+& 5&A A*55*5) 2(36$&% C
(t)
l 632+ $+'$ F

l = argmax1≤h≤k s(vi, Gh)

/% l 6= m 3!#$/

test← 1

C
(t)
l ← C

(t)
l ∪ {vi}

C
(t)
m ← C

(t)
m \ {vi}

7&30) < F 3(%* #+, -,.# /1$#$#4/,.

9)"%-

0#1$ 2!" #$  23%$)

-#,43$& $+& 4%#$#$E4& G
(t)
m ∈ V #B 2(36$&% C

(t)
m '22#%0*5) $# F

G
(t)
m = argmax

G∈C
(t)
m

∑

vi∈C
(t)
m

s(vi, G)

=1/;1>? test = 0I

$)&1$- Pk, Gk



17 289

136



k

k

α (0, 2]
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 !"!#!$ %&'()*+,-./0 1'(2-+'3

#$%&'()*+,-. /%&0+)%1 .2+ 3%24 25) &$*6+5*+*(6 75$56. -%)8,. %&4%+(*). 1%)+%6+ 9$56 6:59

% 1&52 9. 1)(3%3*&*+4 ; ).2+.) 1*4'4. 1.69%6+ 56 8.)+%*6 +.-12 9%62 &% 8(--56%5+4 95

6:59 9. 941%)+< =(62 .+ %& >=#?@A (6+ 94B6* 56. -4+)*75. 9. 9*2+%68. &*4. %5C %11)(8,.2

21.8+)%&.2 75* 2(6+ 3%24.2 25) &. D%*+ 75. 9.5C 6:592 %11%)+.6%6+ ; &% -E-. 8(--56%5+4

(6+ 9.2 8(-1(2%6+.2 2*-*&%*).2 9.2 F.8+.5)2 1)(1).2 1)*68*1%5C< #$%&'()*+,-. *9.6+*B. &.2

8(-1(2%6+.2 8(66.8+4.2 .6 8%&85&%6+ 1(5) 8,%75. 6:59 9%62 &. ')%1,. 56 F.8+.5) 75* 9(66.

&% 1)(3%3*&*+4 75$56 -%)8,.5) %&4%+(*). %))*F. %5C %5+).2 6:592 95 )42.%5 .6 k 1%2 9. +.-12<

#.2 F.8+.5)2 9. 1)(3%3*&*+4 %*62* 8%&85&42 1(5) 8,%75. 6:59 2(6+ 5+*&*242 1(5) 8%&85&.) 9.2

2*-*&%)*+42 .6+). &.2 6:592<

 !"!#!4 %&'()*+,-./0 25/0'67

0G-.%62 .2+ 56. -4+,(9. 9. 1%)+*+*(66.-.6+ 9. 9(664.2< H%62 &% F%)*%6+. 9.2 0G-.%62

9. I%8 J5..6 K L@MN56 (3O.+ 1.5+ E+). %P.8+4 ; 56. 8&%22. %5 8(5)2 9$56. *+4)%+*(6 15*2

8,%6'.) 9. 8&%22. ; &$*+4)%+*(6 25*F%6+.Q 8. 75* 6$.2+ 1%2 1(22*3&. %F.8 &% 8&%22*B8%+*(6 %28.6G

9%6+. ,*4)%)8,*75. 1(5) &%75.&&. 56. %P.8+%+*(6 .2+ *))4F.)2*3&.< R6 -5&+*1&*%6+ &.2 1(*6+2 9.

941%)+ .+ &.2 )414+*+*(62 (6 1.5+ .C1&().) 1&52*.5)2 2(&5+*(62 1(22*3&.2<

H%62 8.++. 2.8+*(6Q 6(52 8(-1%)(62 &% 75%&*+4 9. 1%)+*+*(66.-.6+ (3+.65. .6 %11&*75(62

&% -4+,(9. SHIIS .+ &.2 %5+).2 %11)(8,.2 8,(*2*.2< T(52 )4%&*2(62 6(2 .C14)*-.6+%+*(62

25) &. O.5 9. 9(664.2 95 2*+. /.3 U-2638<8(-U< #% B'5). @<V *&&52+). &% F%)*%+*(6 9. &% -(95G

&%)*+4 9.2 %&'()*+,-.2< T(52 ).-%)75(62 75. &$%&'()*+,-. SHIIS 1)(95*+ 56. -(95&%)*+4

-%C*-%&. .2+ 4'%&. ; 0, 489< WG-.%62 *9.6+*B. %522* 56. 3(66. 1%)+*+*(6 .6 8(--56%5+4

75%69 Q = 0, 46< =%) 8(62475.6+Q 8.2 )425&+%+2 -(6+).6+ &.2 8%1%8*+42 9. 8,%75. %&'()*+,-.

; *9.6+*B.) &% 2+)58+5). 9.2 8(--56%5+42< #$%&'()*+,-. SHIIS *9.6+*B. +)(*2 8(--56%5G

+42 9%62 &. ')%1,. 95 8(-1()+.-.6+ 9. 6%F*'%+*(6 95 2*+. /.3 U-2638<8(-U KF(*) B'5).

@<@N<

#.2 )425&+%+2 9. 8(-1%)%*2(6 9. &% -(95&%)*+4 .6+). &.2 9*P4).6+2 %&'()*+,-.2 %11&*7542

25) &. ')%1,. 95 2*+. /.3 9. &$56*F.)2*+4 9. X.),%+ Y33%2 Z.+*D 2(6+ ).1)42.6+42 25) &% B'5).

@<M< R6 %11&*75%6+ 6(+). %&'()*+,-.Q &% -(95&%)*+4 (1+*-%&. 75* )425&+. 9$56. 1%)+*+*(6 .6

8(--56%5+42 1.)+*6.6+. .2+ 4'%&. ; Q = 0, 247< #$%&'()*+,-. 9. /%)9 94+.8+. 56. 2+)58+5).

8(--56%5+%*). 2*'6*B8%+*F. %F.8 56. F%&.5) 9. -(95&%)*+4 9. Q = 0, 236< #$%&'()*+,-.

=YI *9.6+*B. 56. 3(66. 1%)+*+*(6 .6 8(--56%5+42 &()275. Q = 0, 213< R6 8. 75* 8(68.)6.

&$%&'()*+,-. /%&0+)%1Q &% -(95&%)*+4 -%C*-%&. .2+ 9. Q = 0, 160< #% -(95&%)*+4 1)(95*+

1%) 0G-.%62 .2+ Q = 0, 186< T(52 8(62+%+(62 75. &% -(95&%)*+4 1)(95*+ 1%) &$%11&*8%+*(6 9.

&$%&'()*+,-./%&0+)%1 .2+ 1.+*+. 8%) &% 75%&*+4 9.2 )425&+%+2 .2+ %P.8+4 1%) &. 8,(*C 95 &(6'5.5)

9. 1%2< #.2 )425&+%+2 9. &$%&'()*+,-. 0G-.%62 1)42.6+.6+ 56. 2+)58+5). 8(--56%5+%*). 6(6

1.)+*6.6+. 95 D%*+ 75. &. 8%&85& 95 8.6+)([9. *6\5. 25) &. )425&+%+ B6%& 9. &% 1%)+*+*(6< T(52

).-%)75(62 75. &$%&'()*+,-. =YI -%C*-*2. &% -(95&%)*+4 .+ )495*+ &$.C1&()%+*(6 9. &$.21%8.
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 !"#$% "#$ % &'()*+*,-'. /0 1* 2*+,*3,'. /0 ('/41*+,35 /0- *16'+,37(0- *))1,845- -4+ 10

6+*)70 /0 9'()'+30(0.3 /0 .*2,6*3,'. /4 -,30 :0; /0 1<4.,20+-,35 /0 =53,>#

 !"!# $%&'()* +* ',-+*%.-/0&.-1% +* '& ).230.32* +* 01443%&3.5)

?.0 9'((4.*435 0-3 65.5+*10(0.3 9'.-,/5+50 9'((0 4. 0.-0(;10 /0 -'((03- /*.- 4.

6+*)70 84, -'.3 >'+30(0.3 +01,5- 0.3+0 04@ 03 >*,;10(0.3 +01,5 /4 +0-30 /4 6+*)70 ABCDEF#

C'4- *2'.- *.*1G-5 10- 9'((4.*435- /5309350- 0. *))1,84'.- &HII&J K*+/J LMIJ NO

(0*.- 03 :*1N3+*)# P0 3*;10*4 "#E 9'.3,0.3 10- +5-413*3- 03 )+5-0.30 10 3'3*1 /0- 1,0.- ,.30+.0-

03 0@30+.0- )'4+ 97*840 )*+3,3,'. 0. 9'((4.*435-# C'4- 9'.-3*3'.- 840 10- )*+3,3,'.- +0O

)+5-0.30.3 4.0 ;'..0 -3+4934+0 /0 9'((4.*435 1'+-840 10 .'(;+0 /0 1,0.- ,.30+.0- *4 -0,.

/<4.0 9'((4.*435 0-3 -4)5+,04+0 *4 .'(;+0 /0 -0- 1,0.- 0@30+.0-# H<*)+Q- 10- -3*3,-3,840-

84, 84*1,R0.3 1* 84*1,35 /<4.0 /,2,-,'. /4 +5-0*4 /'..50 /*.- 10 3*;10*4 "#!J .'4- 9'.-3*3'.-

840 1<*16'+,37(0 &HII& (*@,(,-0 1* ('/41*+,35 )'4+ 1* )*+3,3,'. 0. -,@ 9'((4.*435-#

P0- +5-413*3- )+5-0.35- /*.- 10 3*;10*4 "#S 9'()*+0.3 10 .'(;+0 /0 1,0.- /0- 9'((4.*435-

/*.- 1* )*+3,3,'. /0 -,@ 9'((4.*435- /5309350- )*+ &HII&J K*+/J LMIJ NO(0*.- 03 K*1NO

3+*)# C'4- 9'()*+'.- 10 +*))'+3 0.3+0 1* -'((0 /0- )',/- /0- 1,0.- ,.3+*O9'((4.*43*,+0-

T1,0.- +01,*.3 10- .U4/- /*.- 1* (V(0 9'((4.*435W 03 1* -'((0 /0- )',/- /0- 1,0.- ,.30+O

9'((4.*43*,+0- T1,0.- +01,*.3 10- .U4/- /0- /,X5+0.30- 9'((4.*435-W *R. /<,114-3+0+ -, 1*

9'((4.*435 )+5-0.30 4.0 >'+30 '4 >*,;10 )+')+,535 /0 1* -3+4934+0 /0 9'((4.*435 -01'. 1*

/5R.,3,'. /0 Y*/,997, 03 *1 AY&&

+
DSF#

Y*/,997, 03 *1 AY&&
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