Available online at www.sciencedirect.com

Journal of

CrossMark Sc'enceD.reCt Differential
. Equations
ELSEVIER J. Differential Equations 264 (2018) 2184-2204 _—

www.elsevier.com/locate/jde

Elliptic operators with unbounded diffusion, drift and
potential terms ~

S.E. Boutiah*', F. Gregorio®, A. Rhandi “*, C. Tacelli

& Department of Mathematics, University Ferhat Abbas Setif-1, Setif 19000, Algeria
b FernUniversitdt in Hagen, Fakultdt fiir Mathematik und Informatik, Lehrgebiet Analysis, 58084 Hagen, Germany
¢ Dipartimento di Ingegneria dell’ Informazione, Ingegneria Elettrica e Matematica Applicata, Universita degli Studi di
Salerno, Via Giovanni Paolo 11, 132, 84084 Fisciano (Sa), Italy

Received 30 May 2017; revised 10 October 2017
Available online 6 November 2017

Abstract

We prove that the realization A in LP(RN), 1 < p < o0, of the elliptic operator A = (1 + |x|*)A +
blx|e—1 ﬁ -V — ¢|x|? with domain D(Ap)={uc W2P@RN) | Au € LP (RY)} generates a strongly con-
tinuous analytic semigroup 7 (-) provided that « > 2, 8 > « — 2 and any constants b € R and ¢ > 0. This
generalizes the recent results in [4] and in [16]. Moreover we show that 7'(-) is consistent, immediately
compact and ultracontractive.
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1. Introduction

Starting from the 1950’s, the theory of linear second order elliptic operators with bounded
coefficients has widely been studied. In recent years there has been a surge of activity focused on
the case of unbounded coefficients. Let us recall some recent results concerning elliptic operators
having polynomial coefficients.

In this paper, we are interested in studying quantitative and qualitative properties in
LP(RN ), 1 < p < o0, of the elliptic operator

Au(x) =qx)Au(x) + F(x) - Vu — V(x)u(x), xeRY, @))

where g(x) = (1 4 |x|%), F(x) =b|x|*2x, V(x) =c|x|?, b e R and ¢ > 0, in the case o > 2
and B > o — 2.

Let us denote by L the operator A with ¢ = 0 and illustrate the difference between the case
a €[0,2] and o > 2.

If o € [0, 2] (after a modification of the drift term F near the origin, when « < 2), it is proved
in [8] that the L”-realization L, of L generates an analytic semigroup in L” RN, 1< p < oo.
Moreover, if 1 < p < oo, then

D(L,)={ue LP?®RY)nW2P®RY): (14 [x[)2|Vul, (1 + [x|*)|D?u| € L? (RY)}.

0

The proof of the above result is essentially based on the a-priori estimates

I+ X192 Vull, < CUILull, + llullp)
I+ [xI*)D%ull, < C(lILull p + llull )

for u € C°(RV).

The picture changes drastically when o > 2. In this case G. Metafune et al. in [16] showed, if
N—Lﬂb < p < 00, the generation of an analytic semigroup in L” (R") which is contractive if and
only if p > %fg‘;ﬁ Domain characterization and spectral properties as well as kernel estimates
have been also proved.

Here the techniques are based on proving some bounds on the Green function associated to
the operator L.

In [11] (resp. [4]) the generation of an analytic semigroup of the LP”-realization of the
Schrodinger-type operators (1 + [x[*)A — |x|# in L? (RN) for « € [0,2] and B > 2 (resp. o > 2,
B > o — 2) is obtained. In [11,5] some estimates for the associated heat kernel are provided.
Also in this case the methods for « € [0, 2] and o > 2 are completely different. This is related
essentially to the fact that generation of a semigroup in L?(R") in the case o > 2 of the operator
(14 |x]|*)A depends upon N, see [14], [15] and does not depend if o < 2, see [17]

More recently in [12] the authors showed that the operator L = |x|*A + blx|*"2x -V —
c|x|*~2 generates a strongly continuous semigroup in L? (R") if and only if s; +min{0, 2 —a} <
¥~ 5, +max{0, 2—a}, where s; are the roots of the equation c+s(N —2+b—s) = 0. Moreover
tfle domain of the generator is also characterized.

At this point it is important to note that the techniques used in [12] are completely different
from ours and lead to results which are not comparable with our case (8 > o — 2).
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Moreover, since, in the case a > 2, the generation of a semigroup of the operator L, depends
upon N, the LP-realization of the operator A cannot be seen as a perturbation of L, as one of
our main results in this paper shows, see Theorem 3.

In this paper we denote by A, the realization of A in L?(R"Y) endowed with the maximal
domain

Dpmax(A) = (ue LPRV YN WP RY) - Aue LPRV)), )

and assume that o > 2, B > o — 2. We note that with the assumption on 8 and « the operator A
has unbounded coefficients at infinity and no local singularities occur.

After proving a priori estimates, we deduce that the maximal domain D, ;qx(A) of the oper-
ator A coincides with

Dp(A) :={ue W*PRY) : Vu, (14 |x|°"YVu, (1+|x|*)D*u € LP(RY)}.

So, we show in the main result of this paper that, for any 1 < p < oo, the realization A, of A in
LP(RN), with domain D »(A) generates a positive strongly continuous and analytic semigroup
(Ty(2)):>0 for p € (1, 00). This semigroup is also consistent, irreducible, immediately compact
and ultracontractive.

The paper is divided as follows. In section 2 we recall the solvability of the elliptic and
parabolic problems in spaces of continuous functions. In Section 3 we introduce the definition of
the reverse Holder class and recall some results given in [20] and in [4] to study the solvability of
the elliptic problem in L? (RY). In section 4 we prove that the maximal domain of the operator
A coincides with the weighted Sobolev space D,(A), and we state and prove the main result of
this paper.

Notation. In general we use standard notations for function spaces. We denote by L?(R") and
W2P(RN) the standard L? and Sobolev spaces, respectively. For any k € N U {oo} we denote
by C¥(RM) the set of all functions f : RY — R that are continuously differentiable in RY up to
k-th order and have compact support (say supp(f)). The space C,(R") is the set of all bounded
and continuous functions f : RY — R, and we denote by || f|lco its sup-norm, i.e., || flloo =
sup,cr~ | f(x)]. We use also the space Co(RVN) := {fe Cp(RN): limy oo f(x) =0} If fis
smooth enough we set

N N
IVFOP =Y IDif@IF, D f0P =) Dy f@P

i=1 i,j=1

For any xp € R and any r > 0 we denote by B(xp,r) C RY the open ball, centered at xg
with radius r. We simply write B(r) when xg = 0. The function xr denotes the characteristic
function of the set E, i.e., xg(x) =1 if x € E, xg(x) = 0 otherwise. Finally, by x - y we denote
the Euclidean scalar product of the vectors x, y € RN,

2. Solvability in Co(RY)

In this short section we briefly recall some properties of the elliptic and parabolic problems
associated with A in spaces of continuous functions.
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Let us first consider the operator A on Cp, (RM) with its maximal domain

Dpax(A) = {u € C,(RY) N W,f;{’(RN) forall 1<p<oo:Aue Cy(RY)}.

C
It is known, cf. [2, Chapter 2, Section 2], that to the associated parabolic problem

u;(t, x) = Au(t, x) xeRN >0, 3)
u(0,x)= f(x) xeRN,

where f € Cj (RM), one can associate a semigroup (7 (¢));>o of bounded operators in Cp (RM)
such that u (¢, x) = T (¢) f (x) is a solution of (3) in the following sense:

1+%.2+40
loc

u e C([0, +00) x RVYnC (0, +00) x RY)

and u solves (3) for any f € Cp (RN) and some o € (0, 1). Moreover, in our case the solution is
unique. This can be seen by proving the existence of a Lyapunov function for A, i.e., a positive
function ¢(x) € C2(RM) such that lim|y| 00 ¢(x) = +00 and Ap — Ay < 0 for some A > 0.

Proposition 1. Assume that « > 0 and 8 > max{0,« — 2}. Let v =1 + |x|¥ where y > 2 then
there exists a constant C > 0 such that

Ay <Cy.
Proof. An easy computation gives
AY =y(N +y =20+ |x|)x]" 72+ by |x|“|x|” 72 — c(1 + [x]7)]x|P
<{y(N+y =2)+bly}1 + [x[)x]" " — (1 + |x])|x]”.

Since 8 > a — 2, it follows that there exists C > 0 such that
Y(N+y =2+ by} + x)x]" 72 < el + [x[)xl? + C + [x]7).
Thus, ¥ is a Lyapunov function for A. O
As in [4] one can prove the following result.

Proposition 2. Assume that N > 2, a > 2 and B > o —2. Then the semigroup (T (t)) is generated
by (A, Dpax(A)) N Co(RN) and maps Co(RN) into Co(RN).

Proof. Let f € Co(RY). Since C(RYN) is dense in Co(RY), there is a sequence (f;) C
CSO(RN) such that lim,, oo || /s — flloo = 0.

On the other hand, it follows from Theorem 3 that the operator A, with domain D ;qx(A)
generates an analytic semigroup 7),(¢) in L? (RM), and D p(A) is continuously embedded into
W2P(RN). Hence, by Theorem 2 and Sobolev’s embedding theorem, T'(t) f, = T (1) fu €
Dy(A) C W2P(RN) — Co(RN) for p > % Since f;, — f uniformly, it follows that 7'(¢) f;,, —
T (¢) f uniformly. Hence T (¢) f € Co(RY). O
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Remark 1. If b > 2 — N, then the semigroup (7 (¢)) generated by (A, Dy,qx(A)) N Co(RY) is
compact. To prove this we recall that, by [16, Proposition 2.2 (ii)], the resolvent and the min-
imal semigroup (S(r)) generated by (L, Dyax (L)) N Co(RY) map Cp(RY) into Co(RY) and
are compact, where L :=q(x)A + F(x) - V. Setv(¢,x) = S) f(x) and u(t,x) =T (¢) f (x) for
t>0,xeRY and 0 < f € C,(RN). Then the function w(z, x) = v(z, x) — u(t, x) solves

wl(-x9 t) = Lw(tv-x) + V(x)u(t,x), > 09
w(0,x)=0 x eRVN.

So, applying [2, Theorem 4.1.3], we have w > 0 and hence T (¢) < S(¢). Thus, T (#)1 € CO(RN),
for any ¢ > 0 (see [14, Proposition 2.2 (iii)]). Therefore 7'(¢) is compact for all # > O (cf. [2,
Theorem 5.1.11]).

3. Solvability of Au — Au = f in L?(RY)

In the previous section we have proved the existence and uniqueness of the elliptic and
parabolic problems in Co(R™). In this section we study the solvability of the equation Au —
Apu = f for L > Lo, where Aq is a suitable positive constant.

Let f € L?(RY) and consider the equation

A — Au = f. 4)

Let ¢ = (1 4 |x|*)?/%, where b € R is the coefficient of the drift term of A given by (1), and set

u = -%=. We note that the function ¢ is the function for which we have

e
1 Jx|“ oo (RN
adlv(qqu) =Au —i—bl n |x|°‘x ~Vu, ueCRY).
A simple computation gives
1 « V+Aa
ku—Au:w[—Av+Uv+ + vi|, (5)
vV L+ x|
where
1[Ve]* 1A
v—_L1|Yel 14
41 ¢ 2 ¢
Then solving (4) is equivalent to solve
Vo
—Hv= \ 6
V= (©)
where H is the Schrodinger operator defined by
V+A

H=A-U-

14 [x]”
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If we denote by G (x, y) the Green function of H, a solution of (6) is given by

Vo ()

L+ |yl

v(x) = / G(x. ) FO)dy,

RN

and hence a solution of (4) should be

1 /G(x » Vo)
«/¢(X)RN ULyl

u(x)=Lf(x):= f(yndy. )

First, we have to show that L is a bounded operator in L”(R"). For this purpose we need to
estimate G.

We focus our attention to the operator H. Evaluating the potential V = U +
that

V+a

Tl it follows

T+ |x[9)?
1 1 ws (b*  ba Ix|*=2 b clx|P +

= - )+ = (N4a-2)+———=—
<1+|x|°‘ (1+|x|°‘)2)|x| (4 2 +1—|—|x|°‘2( ta-2)+ 1+ |x|o

lx|*—2 b2+b N-2 N |x|*—2 1szr 1b N clx|? N A
= — —— —ba .
1+ |x|* \ 4 2 (1 + |x]2)? 4 2 I+ x| 14 |x|®
We can choose Ao > 0 such that for every A > A¢ the potential V is positive. Indeed, since
B > a — 2 the function

4 2

~(N+oa—-2)+

x>*72 (> ba [x|*=2 b clx|P 4+
1+ |x|2 1+ |x|®

Ix[2=2 (b®  ba wab 5
- (== _ -2
A TSN o = 2) +cla]

has a nonpositive minimum sz in RV So, one takes Ao > — .
On the other hand, since V(0) = A > 0 and V behaves like |x|#~% as |x| — oo we have the
following estimates

G+ xP ) <v<C+xf) ifp>a, (8)
1

C3——— <V Ci——— ifa—2
I e R T

for some positive constants Cy, Ca, C3, C4.

At this point we can use bounds of G obtained by [20] in the case of positive potentials
belonging to the reverse Holder class B, for some g > N /2.

We recall that a nonnegative locally L9-integrable function V on R” is said to be in By, 1<
q < 00, if there exists C > 0 such that the reverse Holder inequality

1/q
1 1
—/Vq(x)dx <C —/V(x)dx

| B | B
B B
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holds for every ball B in RN. A nonnegative function V € Lfooc (RV) is in By if

1
Wl =€ | o / V(x)dx
B

for every ball B in RV,

As regards the potential V we can see that it belongs to By /2. Indeed, using (8), one has
Ve By andhence V€ By if B> a.If B <, then V € B, whenever 8 — o > —X and since
B —a > —2, we have that V € By 2. For more details on reverse Holder classes we refer to [21,
Chapter XI], [10, Chapter 9]. So, it follows from [20, Theorem 2.7] that for any k € N there is a
constant Cj, > 0 such that

Cy 1

IG(x.y)| < : ., x,yeRY, ©)
(1 +m@)x —yD* Jx—y[V2
where the auxiliary function m is defined by
! ! / V(y)dy <1 eRV (10)
=S r: —-5 s .
me T e
B(x,r)
|x|?

In [4] a lower bound for the auxiliary function associated to the potential V= T Was

obtained. Since V > C; V for some positive constant C, we have m(x) > m(x), where 7{% =
sup,...g {r : r,\,%z fB(x’r) C V(y)dy < 1}. Replacing V with C{V in [4, Lemma 3.1, Lemma 3.2]

we obtain m(x) > Co (1 + |x|)ﬂ%a. So we have

Lemma 1. Let o — 2 < B. There exists C = C(«a, 8, N) such that

mx) = C(1+1x)" (1)
Finally by (9) and the previous lemma we can estimate the Green function G

Lemma 2. Let G(x, y) denote the Green function of the Schrodinger operator H and assume
that B > o — 2. Then

1 1
Do b=yt (1 ey 25 b= oIY

G(x,y) < Ck x,yeRN (12)

for any k > 0 and some constant Cy > 0 depending on k.

We can prove now the boundedness in L? (RV) of the operator L given by (7)
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Lemma 3. Assume that o > 2, N > 2 and B > a — 2. Then there exists a positive constant
C = C(}) such that for every 0 <y < B and f € LP(RV)

HNx"Lfllp <Clfllp- 13)

Proof. Recall the function ¢ (x) = (1 + [x|%)?/*. Let T'(x, y) =,/ % ?iT)Ta)s feLP(RN)and

u(x)=/r(x,y)f<y)dy, xRV,
RN

‘We have to show that

P ullp < ClLfp-

T Faree [o(x, y). Moreover if we set

Lo f(x):= [ Tolx, y) f(»)dy, x € RV, then [4, Lemma 3.4] gives

a\b/(2a)
By setting Iy = %2 we have I'(x,y) = (Hlyl )
Ix1" Lofllp < Cllfllp- (14)

For x € RY let us consider the regions Ej := {|x — y| < %(1 + |y} and E7 := {|x — y| >
2141y} and write

u(x) = / e ) f()dy + / T, ) f 0y =y (x) + ua(x)

Ey Es

In Ey wehave 1 +|y| <14 |x|+[x —y| < 1+|x|+%(1+|y|) and hence %(1+|y|) <1+4|x]|.
Thus,

Dbl _ 1l =yl Iyl _
e T T

1
d + |yl <2
1+ |x|

3
= an
2

~ qa\b/QRa) b/2
Therefore there are constants C, C > 0 such that (}Ima) <C (1+‘y|> < 212172 ang
I'(x,y) <CTg(x,y)in Ey. So, we have

lur(x)| < C / Fo(x, MIf (Wdy = CLo(1fD(x).

RN

By (14) it follows that [[|x|Yu1]|, < C|| £l .
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As regards the region E;, we have, by Holder’s inequality,

el 2 )] < |x|yfr(x,y>|f<y)|dy=/(|x|yr<x,y))ﬁ (X1 T, )7 1) ldy

Ey Ey

7

)4
< f|x|yr<x,y>dy /IxIVF(x,y)If(y)l”dy . (15)

E> E>

We propose to estimate first sz [x|YT'(x, y)dy.In E; we have 1 + |y| <2|x —y|and 1 + |x| <
L+ [y|+ |x — y| <3|x — y|, then

1 a\b/Qa) 1 b/2
( +|y|a> §C< +|y|> < Clx —y|"2,
1+ x| 1+ x|

From (12) and by the symmetry of G it follows that

b/(2a)
|x|VF(x,Y)=|xIV<1+|y|a> Glx.y)

14 x| 1+ [yl
< Clx|"G(x, y)|x — y|P1/?

B
<c 14 [x] 1

Tyt R

1 1
_ ylk—B+N—2—[b|/2 B—a >
=yl (1+1yD*=

y e Es.

For every k > 8 — N + 2 + |b|/2, taking into account that ﬁ < 2%, we get

1

x|"T(x,y)<C .
| | ( y) (l+|y|)kﬂig+2+N—2—,5—|b|/2

Since B — a + 2 > 0 we can choose k such that %(ﬁ —a+2)+N—-2—-8—1b|/2> N, then
there is a constant C; > 0 such that

1
f|x|yr<x,y>dy§c/ dy < Cr.

1+ |y|)§(2+ﬂ—a)+N—2—ﬂ—\b|/2
Ey RN

Moreover by (12) as above we have

X" T(x, y) < Clx]” G(x, y)lx — y|?1/
1+ |x|P 1
b=yl (1 e e Y

<C
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1 1
<C — —— — .
Ix — y[k—B+N=2-1bI/2 (1+|x|)kﬁT

Taking into account that —— <3

o] = arguing as above we obtain

1
T+x]°
f [x|"T(x, y)dx < Ca (16)
E>
for some constant C» > 0. Hence (15) implies
el <¢f ™ [ ra oy, a7)
E;
Thus, by (17) and (16), we have

—1
Il uallh < CF / f P DG ) Xy Lty & DI dydx
RN RN

~1 —1
=ct™ [ironr | [urre e |ay=cf e o
RN E>
Here and in Section 4 we will need the following covering result, see [6, Proposition 6.1].

Proposition 3. Given a covering F = {B(x, p(x))} crN of RN, where p : RN — R is a Lips-
chitz continuous function with Lipschitz constant k < 1/2, there exists a countable subcovering
{B(xn, p(xp)Ineny of RN and ¢ = ¢ (N, k) € N such that at most ¢ among the double balls
{B(xn, 2p(xn))}nen overlap.

We propose now to characterize the domain D, 4. (A).

Proposition 4. Assume that N > 2, o > 2 and B > o — 2. For 1 < p < 0o the following holds
Dy max(A) = {u € WP RY): Au e LP(RY)).

Proof. It suffices to prove that D, max(A) C {u € W2P(RY) : Au € LP(RV)}. Let u €
Dy max(A). Then f:=Au € LP(RN). This implies that

» a—2 B
Au:=Au+b x] x-Vu— clx] u= ! e LP(RM).
14 |x|* 14 |x|* 1+ |x|®
If B < « then the potential V(x) = ﬂﬁfa is bounded and by standard regularity results for

uniformly elliptic operators with bounded coefficients we deduce that u € W27 (RV).
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Let us assume now that 8 > «. Then Ve B, for all g € (1,00). So, by [I, Theorem 1.1
and Corollary 1.3], we have that D pqx (A — V) w2P@RNYN Dy, max(V) and the following
estimate holds

IV, +IAfl, <CIAf =V, (18)

forall f € Dp pmax(A — V) with a constant C independent of f.
Fix now xo € RY and R > 1. We propose to prove the following interior estimate

IAUl Ly (prg, 8y) =€ (1Al L (Bxo,RY + 1l L (Bxo,R)) (19)

with a constant C independent of u and R. To this purpose take o € (0, 1) and set ¢’ := UTH
Consider a cutoff function ¥ € C, OO(RN ) such that 0 < ¢ <1, z&‘(x) =1 for x € B(xg,0R),
?(x) =0 for x € B(xg,0'R), ||V |loo < R(l ) and [AD oo < R o2 with a constant C
independent of R.

In order to simplify the notation we write || - ||, instead of || - ||Lr(B(xy,r))- The function

v =ut belongs to Dp pax (A — ‘7) and so by (18) we have

(1

1Aullp.or < 1AV porr < CllAY = VUl orr

<C(IAv+F-Vo=Vol,or +IIF -Vl por)

< C (1Aull p.orr + 20V 0 oI Vetll por& + 1A s llttll o & + I Flloo VO ool p.ovr
HIFllosIVetllporg + 1 F oo I VO lloolltll p.o7 )

< C (1 Aullp.orr + (VO oo + I F o) IVttll .o + (1A oo + VS o) 14l p.07R)

~ 1 1
<C <||AM||p,a’R + m”vuﬂp,a% + m ||M||p,o'R> ;

where F(x) := Jrl‘xlax and C a positive constant independent of # and R, which may change

from line to line. Multiplying the above estimate by R*(1 — ¢”)? and taking into account that
1 —o =2(1 — o’) we obtain

R2(1 = 0)? | Aull g = C (R2NAullp g + RO = &) Vulpork + k) -

So,

sup {R2(1 =) Aullon]
ae(0,1)

=C < sup {R(1—0)|Vulpor}+ R|| Aullp,g + IIMIIp,R> . (20)
ae(0,1)

Thus, by [9, Theorem 7.28], for every y > 0 there exists o,, € (0, 1) such that
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sup {R(l _0)||Vu||p,aR} <R - Uy)”V“”p,ayR +vy
oe(0,1)

2 2 c
<eR°(1-o0y) ||A”||p,ayR+;”u”p,R+V

C
<e sup {R2(1 =) Aullpor )+ lullpr+ 7.
oe(0,1) &

Letting y — 0 we deduce that

C
sup {R(1=0)|Vullpor} <6 sup {R2(1 =Pl Aulpor)+ = lullpr. @D
e(0,1) s€0.1) &

Putting (21) into (20) with a suitable choice of & we obtain

sup {R2(1 = )2 Aullpor | = € (R I Aullp r + k) -
ae(0,1)

Hence (19) follows since (1 — %)ZRZnAuu[L7 <sup, . {R*(1 — o) Aullpor})-

To prove that u € W2P(RN) we consider a covering {B(x,, R/2) :n € N} of RY such that at
most ¢ among the doubled balls { B(x,,, R) : n € N} overlap for some ¢ (N) € N, by Proposition 3.
Applying (19) with the ball B(x,, R/2) we obtain

|Aull, < Z | AullLr(B(x,, R/2))
neN

=C Z (1wl Lr(Bex,. ) + 1l Lo (B R)))
neN
< C¢ (Il Aullp + llulp) -

This ends the proof. O

We show now the invertibility of A — A, in D jqx (A) for all A > Ao, where A¢ > 0 is such
that V > 0 for all L > A.

Theorem 1. Assume that N > 2, a > 2 and B > a—2. Then [Ag, 00) C p(A)) and (A — Ap)_1 =
L for all > > Lg. Moreover there exists C = C(A) > 0 such that, for every 0 <y < B and A > Ao,
the following holds

|||'|Vu||pfc||)hu_Apu”p’ Vuer,max(A)~ (22)

Proof. First we prove the injectivity of A — A, for A > Aq. Let u € D), ;4x(A) such that Au —
Apu = 0. We have to distinguish two cases. The first one is when b < 0. In this case, by (5) we
have Hv = Av — Vv = 0 with v = u/¢ € D yax(H) = WP RY) N Dy yyax V), (see [18]
or [1]). Then multiplying Hv by v|v|”~2 and integrating by part (see [13]) over RY, we have
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0:/v|v|p72Avdx—/V|v|de

RN RN
=—(p—1)/|v|p_2|Vv|2dx—[V|v|de.
RN RN

Then we have v =0 and hence u =0.
The second case is when b > 0. For this we multiply ﬁ(ku — Apu) by ulu|P~2 and using

the fact that u € W27 (RN), by Proposition 4, we have

0= ! (Au — A u)ulu|’P~2d
= ]—‘,—|x|"‘ u puuu X

RN
A+clxlfP BN +a—2)|x|* 2+ b(N —2)|x|?2
= lu|P dx
I+ [x]® p(1+1x|*)?
RN
=1 [ 19l 2.
RN

Hence, u =0.

Let now f € LP(RY) and u(x) = Lf (x) defined by (7). Applying Lemma 3 with y =0,
we have u € LP(RN). Moreover u,, := Lf, satisfies Au, — Apu, = f, for any f, € C°R"Y)
approximating f in L”(RY). Thus, lim,_, s [|ut, — u|| p = 0. Since, by local elliptic regularity,
Ap on Dy uax(A) is closed, it follows that u € Dp jax(A) and Au — Apu = f. Thus A — A is
invertible and (A — A,)~! € L(LP(RYN)) for all A > Ao.

Finally, (22) follows from (13). O

The following result shows that the resolvent in L?(R") and Co(R") coincides.

Theorem 2. Assume that N > 2, f >« — 2 and a > 2. Then, for all A > Ay, (A — Ap)*1 is
a positive operator on LP(RN). Moreover, if f € LP(RN) N Co(RYN), then (A — Ap)_lf =
0= A f.

Proof. The positivity of (A — A p)_1 follows from Theorem 1 and the positivity of L.

For the second assertion take f € C2° (RV)andsetu:= (L — A p)’1 f. Since the coefficients
of A are Holder continuous, by local elliptic regularity (cf. [9, Theorem 9.19]), we know u €
CFo (RN) for some 0 < o < 1. On the other hand, u € W*?(RM) by Proposition 4.

Ifp> % then, by Sobolev’s inequality, u € L4 (RY) for all ¢ € [p, +00). In particular, u €
L4(RY) for some g > % (cf. [3, Corollary 9.13]) and hence Au = — f + ru € LY(R"). More-
over, since u € Cfota (RN) it follows that u € Wl%;cq (RM). So, u € Dy max(A) C W24(RN)
Co(RM) by Proposition 4 and Sobolev’s embedding theorem (cf. [3, Corollary 9.13]).

Let us now suppose that p < % Take the sequence (ry,), defined by r, = 1/p —2n/N and set
qn = 1/r, for n € N. Let ng be the smallest integer such that r,, <2/N noting that r,, > 0. Then,
u € Dy max(A) C L9 (RN) N LP(RY), by the Sobolev embedding theorem. As above we obtain
that u € Dy max(A) C LP (RM). Iterating this argument, we deduce that u € ano,mux(A). So we
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can conclude that u € Co(R") arguing as in the previous case. Thus, Au = —f +Au € Cp (RM).

Again, since u € Clzot” (RV), it follows that u € Wl%)’f (RN) for any g € (1,400). Hence, u €

Dyax (A). So, by the uniqueness of the solution of the elliptic problem, we have (A — A p)’1 f=
(A — A)~! f forevery f € CSO(RN ). Thus the assertion follows by density. O
4. Characterization of the domain and generation of semigroups

The aim of this section is to prove that the operator A, generates an analytic semigroup on
LP(RN), for any p € (1, 00), provided that N > 2, & > 2 and 8 > o — 2.

We characterize first the domain of the operator A ,. More precisely we prove that the maximal
domain D, ;,4x (A) coincides with the weighted Sobolev space D,(A) defined by

Dy(A) :={ue W*PRY) : Vu, (14 x|*"HYVu, (1+[x|*)D*u € LP(RY)}.

In the following lemma we give a complete proof of the weighted gradient and second deriva-
tive estimates.

Lemma 4. Suppose that N > 2, « > 2 and > o — 2. Then there exists a constant C > 0 such
that for every u € D, (A) we have

I+ X1 Vull, < CUApullp + llull,) (23)
(1 + [x)D?ull, < CIApullp + llull,p) - (24)

Proof. Letu € D,(A). We fix xo € RV and choose # € C2°(RV) such that 0 < ¢ <1, 9(x) =1
for x € B(1) and & (x) = 0 for x € RV \ B(2). Moreover, we set 9,(x) = ¢ (%), where
p= %(1 + |xo]). We apply the well-known interpolation inequality (cf. [9, Theorem 7.27])

1/2 1/2 1,
”VUHLP(B(R)) = C”U”L/I)(B(R))”Av”L/p(B(R))’ vE Wz’p(B(R)) N W() P(B(R))v R>0, (25)
to the function ¥,u and obtain for every & > 0,
(L + 10D Vel Lo e,y < 11+ x0D* ™ V@ p1) [ Lo (Bexo.20))

1 1
<Cl(1+ |x0|)aA(7-9pu)”zp(g(x(),zp)) a+ |x0|)a_219pu”zp(g(x(),zp))
1 _
<C <<‘3||(1 + x0D* AW o)l Lr (B(xo,20)) + EII(1 + |xoD“ 2l9pM||Lp(B(xo,2p))>
o 2M o
< C<8||(1 + xoD)™ AullLr(B(xg,20)) + 7€||(l + |x0)* VullLr (B(xo,20))
eM o 1 a—2
+ 7”(1 + [xoD%ullLr (Bxo,2p)) + EII(1 + [xol) ””LI’(B(xo,Zp)))
< C<8||(1 + 1x01)* Auell L (B(xo. 200 + SMell(1 + 1x01)* ™ Vaull Lo (Bxg.20))

1 _
+ <168M + E) (1 + |xoD® 2“||L”(B(x0,2p))>
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<CWM) (8II(1 + [x0D® Aull Lr (o200 + €I+ 1x0D* ™ Vel Lo (Bxo.200)
1 a—2
+ gll(1 + |xol) ullLﬂ(B(xO,zp))),
where M = [V |loo + | AD [l oo. Since 2p = 1 (1 + |xo]) we get

1 3
5 (L4 IxoD) = T+ |xf = S(1 4 |xol), x € B(xo,2p).

Thus,

_ 3\*! _
(1 + |xh® lwan(B(xO,p»s(E) 1L+ xoD®* 'Vl Lo (Bxo.p)
< C<8||(1 + [x01)* Aull L (B(xg. 200 + €N+ 1xoD* ™ Vel Lo (B(xo.200)
l 1 01—2
+8||( + [xoD® " ullLr(B(xo,2p))
= C (278l (1 + D™ Aull o (3o 2pn + 2%~ el (1 + XD Vall Lo (80200

2a—2
+

10+ D" 2ullr (8o 20 )- (26)

Let {B(x,, p(x,))} be a countable covering of R" as in Proposition 3 such that at most { among
the double balls { B(x,, 2p(x,))} overlap.
We write (26) with x( replaced by x, and sum over n, we obtain
1L+ 1)) Vull
_ 1 _
< Co(el 1+ |xD* Aullp + e (1 + [xD* ' Vull, + E”(l + XD 2ullp) -
_ 1
< CellApull, + Ce(1+ DI+ |xD* ' Vull, + C(g + oI+ |xPyullp.

Choosing ¢ such that eC¢ < m we have

I+ 1xD* 'Vl , < C (1A pull, + 111+ [x1P)ull,)

for some constant C > 0. Furthermore, by (22), we know that |[(1 + |x|ﬁ)u||p <C(lApull, +
lull ) for every u € Dp(A) C Dp max(A) and some C > 0. Hence,

I+ XD Vull, < CUAull, + lullp).

As regards the second order derivatives we recall the classical Calderén—Zygmund inequality on
B(1)

1,
ID*vllLr 81y < CllAVILr 81y, vE WHP(B(1)N Wy P (B(1)).
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By rescaling and translating we obtain

1Dl L (B(xo, k) < CIIAVI Lr(B(xo, R) (27)
for every xo € R¥, R > 0 and v € W>?(B(xo, R)) N W(}’p(B(xo, R)). We observe that the con-
stant C does not depend on R and xg.

Then we fix xg € RY and choose p and v, eCX (RN) as above. Applying (27) to the function
Upu in B(xg, 2p), we obtain

(14 1x0)® D?ull Lo (B(xg.py) < (1 + [xoD* DB pu) | Lo (B(x.20))
< ClI(1 + [xoD* AW o)l L (B(xy,20))-

Arguing as above we obtain
10+ D D2ull, = € (10 + D Aully + 1+ D Full, + 11+ 1xD*ull, ).
The lemma follows from (22) and (23). O
The following result shows that C° (RN) is a core for A p» since by Lemma 4 the norm (29)
is equivalent to the graph norm of A . The proof is based on Theorem 1 and Lemma 4 and it is
similar to the one given in [4, Lemma 4.3].
Lemma 5. The space C° (RN is dense in
Dy(A) ={ue W*PRN), Vu, (14 |x|*)D?u, (1 + x|~ Vu € LP (RV)} (28)
endowed with the norm
el by cay = llullp + 1Vl + 1A+ 11DVl + 10+ 1xI)D?ull ), u € Dy(A). (29)
Now, we are ready to show the main result of this section:

Theorem 3. Suppose that N > 2, o > 2 and B > o — 2. Then the operator A, with domain
D max(A) generates an analytic semigroup in LP(RM).

Proof. Let f € LP(RY), p > 0. Consider the operator Z; := A, — w, where w is a constant
which will be chosen later. It is known that the elliptic problem in L?(B(p))

u=20 on dB(p) (30)

! )Lu—;\;uzf in B(p),
admits a unique solution u, in WZ’I’(B(,o)) N Wol’p(B(,o)) for A > 0, (cf. [9, Theorem 9.15]).
Let us prove that et0A p 1s dissipative in B(p) for 0 < 6 < 6, with suitable 6, € (0, %]. To
this purpose observe that
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1 T o a—1 X B
Apup =div((1 + [x][*)Vuy) + (b — a)|x] m-Vup—c|x| Up — Wik .

Set u* =ii,|u,|P~2 and recall that g(x) = 1 + |x|*. Multiplying X;up by u* and integrating
over B(p), we obtain

/A;upu*dx:— / q()|up|P 4| Re (i, Vu,)|*dx — [ G |P 4 Im (i, Vu,) > dx
B(p) B(p) B(p)

- / iy P72V (x)Vu,dx — (p —2) f q()|up|P i1, V| Re(ii, Vu,)|*dx

B(p) B(p)
X
+bfﬁp|up|P—2|x|“—1ﬁvMpdx— f (clx|? + ) Juy|Pdx.
X
Blp) B(p)

We note here that the integration by part in the singular case 1 < p < 2 is allowed thanks to [13].
By taking the real part of the left and the right hand side, we have

Re / A?,upu*dx
()

=—(p—1) / q()|upP 4 Re(ii,Vu,)|*dx — / q ) |upP~ 1 Im (i, Vu,)|*dx

B(p) B(p)

— / |u,,|P*ZVq(x)Re(ﬁpwp)dx+b/ |u,,|1’*2|x|“*‘ilRe(ﬁ,,wp)dx

|x
B(p) B(p)
- / (c|x|’3 +a)) lup|Pdx.
B(p)
=—(p-1 / q(X)|up|P~*|Re(ii,Vu,)|*dx — / q)|up P~ Im (i, Vu,)|*dx
B(p) B(p)
—b)(N -2
((a )( +Ol) |x|o(2_c|x|,3_w) |Mp|pd.x.
P

B(p)

Taking now the imaginary part of the left and the right hand side, we obtain

Im /Z;upu*dx
)
=—(p—-2) f q () |up P~ Im (i1, Vu,) Re(ii , Vu))dx

B(p)
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- / |up|P*2Vq(x)1m(ﬁpwp)dx+b/ |up|1’*2|x|°‘*1lx—llm(ﬁpwp)dx.
X

B(p) B(p)
‘We can choose w > 0 such that

@=BW =2+4a) 0y s bV =24

p p

|x|0{—2

Furthermore,

—Re /ij,upu*dx >(pp—-D / q(X)|up P~ Re (i, Vu,)|*dx
(0) B(p)
+ / q(x)|up|P—4|1m(,zpwp)|2dx+5f lup|P|x|*2dx
Blp) B(p)
=(p—1)B>+C>+éD?,

where ¢ =

la—b|(N —2+0a)
P
Moreover,

is a positive constant.

Im / zfl;up u*dx
B(p)

D=
Bl —

<Ip-2| / 14, [P~ ()| Re@i, Vi ) P f 4y 1P~ (O Im i, Vi) Pelx
(p) (p)

1

1
2 2
+la — b /|up|1’*4|x|°‘|1m(ﬁpwp)|2dx /|u,,|1’|x|°‘*2dx
(0) (0)
=|p —2|BC + |a — b|CD,

where we have set

B2 = / q )|y P Re(ii,Vu,)|*dx

B(p)

c?= / q ) up|P~HIm (@, Vu,)|*dx
B(p)

D? = / x| 2{u, |Pdx.
B(p)
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As a result of the above estimates, we conclude

Im / X;,upu*dx < l;l —Re / A.;,upu*dx
(0) (r)
If tan By = Iy, then e/ A, is dissipative in B(p) for 0 < 6 < 6,. From [19, Theorem 1.3.9],

see also [7, Theorem 11.4.6], it follows that the problem (30) has a unique solution u, for every
A€ Xy, 0<6 <6, where

Y9 ={AeC\{0}:|argr| <m/2+6}.

Moreover, there exists a constant Cg which is independent of p, such that

Cy
lupllLe oy < mllflluu A€ Xp. 31

Let us now fix A € ¥y, with 0 < 6 < 6, and a radius » > 0. We apply the interior L? estimates
(cf. [9, Theorem 9.11]) to the functions u, with p > r 4- 1. So, by (31), we have

lupllwer By < C1 (IAup — ApupllLeesny + lupllrseiny) < Call fllp- (32)

Using a weak compactness and a diagonal argument, we can construct a sequence (p,) — 00

such that the functions (u,,) converge weakly in le

_—

Apu= f and

2P(RV) to a function u which satisfies Au —

LG

< |Mllfllp, A€ X (33)

lluell

Moreover, u € Dp jnax(A). We have now only to show that A — X; is invertible on D) ;145 (A)
for Lo < A € Xg. Consider the set

E={r>0:ZNCr) Cp(A)},
where C(r) := {A € C: |A| < r}. Since, by Theorem 1, Ag is in the resolvent set of 747, then
R = sup E > 0. On the other hand, the norm of the resolvent is bounded by Cy/|A| in C(R) N Xy.
Consequently it cannot explode on the boundary of C(R). Then R = oo and this ends the proof
of the theorem. O

Let us show that D qx(A) and D, (A) coincide.

Theorem 4. Assume that N > 2, o > 2 and 8 > a — 2. Then maximal domain D, 1 (A) coin-
cides with D, (A).
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Proof. We have to prove only the inclusion D juax(A) C D, (A).
Let &t € Dp max(A) and set f = Au — Apu. The operator A in B(p), p > 0, is an uniformly
elliptic operator with bounded coefficients. Then the Dirichlet problem

=0 on dB(p) . 34

{Au—Au:f in B(p)
admits a unique solution u, in W2P(B(p)) N W(;’p(B(p)) (cf. [9, Theorem 9.15]). So, i, the
zero extension of u, to the complement B(p)¢, belongs to D, (A). Thus, by Lemma 4 and (22),
we have

I+ 1x 1% Dl + 11+ X 1“ Vi,
+ 1L+ XYY D2 @l + IV, < CUAT I p + N1l p)

with C independent of p.

We observe that u, is the solution of (30) with A replaced with A — . Then arguing as in
the proof of Theorem 3, by (31) and (32) for A > w, we have |u,llLr(B(p)) < AC_—‘wIIfIILp and
lupllw2rgey < Call fliLr where r < p — 1 and Cy, C are positive constants which do not
depend on p.

Using a standard weak compactness argument we can construct a sequence i,, which con-
verges to a function u in lea’f RN)YNLP(RN) such that Au — Au = f. Since the estimates above
are independent of p, also u € D,,(A). Then Ati — At = Au — Au and since D, (A) C D jmax(A)
and A — A is invertible on D, max(A) by Theorem 1, we have it =u. O

Proposition 5. Forany f € LP(RN), 1 < p < 00, and any 0 < v < 1 and for all t > 0, the func-

tion Ty () f belongs to C, ;” @®RM). In particular, the semigroup (Tp(t));>0 is ultracontractive.

Proof. In Theorem 3 we have proved that A, generates an analytic semigroup 7,(-) on L? ®RY)
and in Theorem 2 we have obtained that for f € LP(RY)NCo(RN), A—A,) "1 f = —A)7! f.
Hence this shows the coherence of the resolvents on L”(R) N L4 (RV) by using a density argu-
ment. This will yield immediately that the semigroups are coherent in different L”-spaces. One
can deduce the result by using the same arguments as in the proof of [11, Proposition 2.6]. O

To end this section we study the spectrum of A .
Proposition 6. Assume N > 2, a > 2, B > a — 2. Then, for p € (1, 00), the resolvent operator
R\, Ap) is compact in L? RN) forall wy < X € p (Ap), where ay is a suitable positive constant,
and the spectrum of A, consists of a sequence of negative real eigenvalues which accumulates
at —o0. Moreover, o (A)) is independent of p.
Proof. The proof is similar to the one givenin [11,16]. O
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