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+4 H∞ H9;E+;2#4C9 E+; H9;2#494" 0#L49" 6%4C8;+4+>F 0#C8549 9&)-""8

5(%24 ),  !" =4 $% "&%' ()%'* +)%,"&"%-" )% 434 ";4 '%5 +);7> "& ?-("%-"&

6:5:3#& J$L9;5#& *+, '-.' 

P 4* 5/,,$6& 6 78945:89; #43 < =+>:"5;& A>DD% <;#C:54L 7+4";+$ =#F93

+4 H∞ H9;E+;2#4C9 #43 I5;">#$ Q9F5;93 0+39$ E+; *+4$549#; 6%F"92F 9&)8

-""5(%24 ),  !" @%5 $% "&%' ()%'* +)%,"&"%-" )% (%,)&;' ()% '%5 1*"- &(-'*

1%2(%""&(%2& <9B9FF#& J$L9;5#& ?C" '-.' 



 !"#$%&' ( !"#$%$&"!$'( )*& +'),%*& -'.&/0 
 !""#$%&

 !" #$%&'()*%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ",

 ! -./$+%+'$ (01 2'(3401 5')1 678 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! "9

 !, :'$1%&)*%+'$ (01 2'(3401 5')1 6;8 ! ! ! ! ! ! ! ! ! ! ! ! ! ! "<

 !"!# $%&'(&)*( +' ,*+-.' /01 234 )+'(&)563&)*( ! ! ! ! ! ! ! ! ! ! #7

 !"! $%&'(&)*( +' ,*+-.' /01 234 .)(834)93&)*( ! ! ! ! ! ! ! ! ! ! #7

 !"!" :*+8.)93&)*( 234 .;3224*6<' +'9 9'6&'=49 (*( .)(83)4'9 ! ! ! ! #>

 !9 8%=>+4+%. 0% 8%=>+4+1=%+'$ (01 2'(3401 5')1 6;8 ! ! ! ! ! ! ! "?

 !?!# 1&3%).)93&)*( 234 4'&*=4 +;8&3& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! #@

 !?! 1&3%).)93&)*( 234 4'&*=4 +' 9*4&)' ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !  "

 !< 8%=>+4+1=%+'$ (01 2'(3401 5')1 (0 6;8 +$*0&%=+$1 ! ! ! ! ! !  @

 !7!# :*+-.' A*= +' /3B3C)D1=C'(* )(6'4&3)( ! ! ! ! ! ! ! ! ! ! ! !  E

 !7! 1&3%).)93&)*( +'9 ,*+-.'9 /01 )(6'4&3)(9 3F'6 .3 6*,,3(+' GHI  E

 !A BCC4+*=%+'$ D 8%=>+4+1=%+'$ (E=%%+%)(0 (E)$ F)=(&+&'%'& ! ! ! ,"

 !>!# J(&4*+=6&)*( ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! "#

 !>! :*+-.' ,3&<8,3&)K=' +' .3 +L(3,)K=' +' K=3+4)4*&*4 ! ! ! ! " 

 !>!" :*+8.)93&)*( A*=' +' 9L9&-,' ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ""

 !>!? I*(6'2&)*( +' 48C=.3&'=4 A*= ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ">

 !>!7 M89=.&3&9 +' 9),=.3&)*( ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! "E

 !@ :'$*4)1+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 9G

 !" #$%&'()*%+'$
 ! "#$%&'(! !)' "*+)$"(, - .$ %(,)!+'$'&*+ /! (,)0.'$') 1*+/$2!+'$03 %*('$+' )0(

.$ )'$4&.&', !' .$ )'$4&.&)$'&*+ /!) 2*/5.!) 6*0) 789: ;+ %(!2&!( .&!0< +*0) %(,)!+'*+)

.!) 2*/5.!) 6*0) 789 $&+)& =0! .!) 2,'#*/!) =0& %!(2!' /! '($+)1*(2!( 0+ )>)'52!

+*+ .&+,$&(! !+ 0+ )>)'52! 6*0 789: ;+)0&'!< +*0) ($%%!.*+) 0+ !+)!24.! /! (,)0.'$')

"*+"!(+$+' .$ )'$4&.&',< .$ )'$4&.&)$'&*+ !' .$ )>+'#5)! /?*4)!(@$'!0() - @$(&$4.!) /!

/,"&)&*+ 2!)0($4.!) !' +*+ 2!)0($4.!) $&+)& =0! .$ .*& /! "*22$+/! AB CA$($..!.

B&)'(&40'!/  *2%!+)$'&*+D %$( (!'*0( /?,'$' !' %$( (!'*0( /! )*('&!: ;+E+< +*0)

%(,)!+'*+) 0+! $%%.&"$'&*+ - .$ )'$4&.&)$'&*+ /?0+ /(*+! /! '>%! =0*&/(&(*'*(:



 ! "#$%&'() *+ ,'$-&.&/$'&01 2)/ 3024.)/ 506/ 78, ! "#$%&'&(% )*+ ,()-.*+ /(0+ 123
 !"#$%&'!"# ()&*+,-$!" .&"&',(/ %)+" #0#-12/ "!" ($"&,$'/ %0",2$*+/ 3

{

ẋ(t) = f(x(t)) + g(x(t))u(t)

y(t) = ϕ(x(t))
45678

!9 x(t) ∈ Rn
/#- (/ :/;-/+' %)&-,-< u(t) ∈ Rm

/#- (/ :/;-/+' %/ ;!22,"%/< y(t) ∈ Rq

/#- (/ :/;-/+' %/ #!'-$/6 f(x(t))< g(x(t)) /- ϕ(x(t)) #!"- %/# =!";-$!"# "!" ($"&,$'/#

%/ %$2/"#$!"# ,>>'!>'$&/#6

?/ #0#-12/ 45678 "!" ($"&,$'/ >/+- @-'/ %&;'$- >,' +" /"#/2A(/ %/ '1.(/# B!+/#

,&9:.0(/ *+)$( '/>'&#/"-/ (!;,(/2/"- (/# '/(,-$!"# /"-'&/# #!'-$/# %)+" #0#-12/ /"

/C>'$2,"- ;D,*+/ ;!";(+#$!" >,' +" #0#-12/ ($"&,$'/6

?, i 12/ '1.(/ %+ 2!%1(/ B!+ #)&;'$- 3

,& z1(t) /#- F1i /- 666 /- ,& zg(t) /#- Fgi :.0(/

{

ẋ(t) = Aix(t) +Biu(t)

y(t) = Cix(t))
i = 1, ..., r. 45658

!9 r /#- (/ "!2A'/ %/ '1.(/# E$FG(!'#< Fgi /#- ()/"#/2A(/ B!+ /- z1...zg #!"- (/#

:,'$,A(/# %/ >'&2$##/#6 Ai ∈ R
n×n

/#- (, 2,-'$;/ %)&-,-< Bi ∈ R
n×m

/#- (, 2,-'$;/

%)/"-'&/< Ci ∈ R
q×n

/#- (, 2,-'$;/ %/ #!'-$/6

?)$"=&'/";/ %+ #0#-12/ B!+ /#- %!""&/ >,' 3















ẋ(t) =

∑r
i=1wi(z(t)) {Aix(t) +Biu(t)}

∑r
i=1wi(z(t))

y(t) =

∑r
i=1wi(z(t))(Cix(t))
∑r

i=1wi(z(t))

456H8

!9 i = 1, ..., r< z(t) =
[

z1(t) z2(t) . . . zg(t)
]

< wi(z(t)) =
∏p

j=1 Fij(zj(t))6

Fij(zj(t)) /#- (, :,(/+' %/ (, =!";-$!" %),>>,'-/",";/ zj(t) %,"# ()/"#/2A(/ B!+ Fij <

/- ∀t ≥ 0< !" , 3
{

∑r
i=1wi(z(t)) > 0

wi(z(t)) ≥ 0
456I8

J" >!#/ 3

hi(z(t)) =
wi(z(t))

∑r
i=1wi(z(t))

456K8

?/ 2!%1(/ LME 456H8 #)&;'$- 3

{

ẋ(t) =
∑r

i=1 hi(z(t)) {Aix(t) +Biu(t)}

y(t) =
∑r

i=1 hi(z(t))Cix(t)
456N8

?/# hi(z(t)) >!##1%/"- (, >'!>'$&-& %/ #!22/ ;!":/C/ 3 ∀t ≥ 0,
∑r

i=1 hi(z(t)) = 16



 !"! #$%&'()*'+$% ,-& .$,/0-& 1$)& 234 56 !" #$%&'()*'+$% ,-& .$,/0-& 1$)& 234
 !"# $%&&% #%$&'(") "(*# +,-#%"&("# .%# &,('# /-&0(1%# 12(3&%"&'(" 12*" /(14.%

5(* 1% &6+% 789 : +!,&', 12*" #6#&4/% "(" .'"-!',%;

 !"!# $%&'(&)*( +' ,*+-.' /01 234 )+'(&)563&)*(

<%&&% /-&0(1% +%,/%& : +!,&', 1%# 1(""-%# ,-$(.&-%# #*, .%# %"&,-%# %& .%# #(,&'%#)

12'1%"&'=%, .%# +!,!/4&,%# 1* /(14.% .($!. $(,,%#+("1!"& !*> 1'?-,%"&# +('"&# 1%

@("$&'(""%/%"&; A%# &%$0"'B*%# 12(+&'/'#!&'(" #("& !.(,# *&'.'#-%# +(*, %#&'/%, $%#

+!,!/4&,%# B*' #("& C-"-,!.%/%"& 3!#-%# #*, .! /'"'/'#!&'(" 1% .! @("$&'(" 12-$!,&

%"&,% .! #(,&'% %#&'/-% 1* /(14.% 789 %& .! #(,&'% /%#*,-% 1* #6#&4/% "(" .'"-!',%

D EF!##( GHHHI) EF!##( JKKKIL;

 !"! $%&'(&)*( +' ,*+-.' /01 234 .)(734)83&)*(

A! #%$("1% /-&0(1% $("#'#&% : .'"-!,'#%, .% /(14.% !*&(*, 12*" %"#%/3.% 1%

+('"&# 1% @("$&'(""%/%"& $0('#'# M*1'$'%*#%/%"& D E7!"!N! JKKG!I) EO! GHHPIL;

<("#'1-,("# .% #6#&4/% "(" .'"-!',% #*'Q!"& R

{

ẋ(t) = f(x(t), u(t))

y(t) = h(x(t), u(t))
DJ;SL

TU (f, h) ∈ R2n
#("& 1%# @("$&'("# "(" .'"-!',%# $("&'"*%#) x(t) ∈ Rn

%#& .% Q%$&%*,

12-&!& %& u(t) ∈ Rm
%#& .% Q%$&%*, 12%"&,-%; V!, .! #*'&%) "(*# ,%+,-#%"&%,("# .%

#6#&4/% "(" .'"-!',% DJ;SL +!, *" /(14.% 5(* 789) <% #6#&4/% %#& $(/+(#- 1% +.*W

#'%*,# /(14.%# .($!*> .'"-!',%# (* !X"%# B*' #("& (3&%"*# %" .'"-!,'#!"& .% #6#&4/%

"(" .'"-!',% !*&(*, 12*" +('"& 1% @("$&'(""%/%"& !,3'&,!',% (xi, ui) ∈ Rn × Rm
)

D EY(0!"#%" GHHHI) EF!##( JKKKI) ET*1C0',' JKKPIL R

{

ẋm(t) =
∑r

i=1 hi(z(t))(Aixm(t) +Biu(t) +Di)

ym(t) =
∑r

i=1 hi(z(t))(Cixm(t) + Eiu(t) +Ni)
DJ;PL

!Q%$

Ai =
∂f(x, u)

∂x (x,u)=(xi,ui)
, Bi =

∂f(x, u)

∂u (x,u)=(xi,ui)

Ci =
∂h(x, u)

∂x (x,u)=(xi,ui)
, Ei =

∂h(x, u)

∂u (x,u)=(xi,ui)

Di = f(xi, ui)−Aix−Bi, Ni = h(xi, ui)− Cix− Eiu

Z(&("# B*% 1!"# $% $!#) .% "(/3,% 1%# #(*# /(14.%# .($!*> (r) 1-+%"1 1% .! +,-$'#'("

1% /(1-.'#!&'(" #(*0!'&-%) 1* $0('> 1% .! #&,*$&*,% 1%# @("$&'("# 12!++!,&%"$%) %&

1% .! $(/+.%>'&- 1* #6#&4/% "(" .'"-!',% D E[\OOT] ^ JKG_IL;



 ! "#$%&'() *+ ,'$-&.&/$'&01 2)/ 3024.)/ 506/ 78,

 !"!" #$%&'()*+($, -*. '/*--.$012 %2) )20+23.) ,$, '(,&*(.2)

 ! "#$%&%'() (*"+$,) -)#()" ,) -!&&)# ,./0 ($,'1) 0$021%0*!%#) !30) )0 1!

4$((!0,) 5 /0 ($,'1) 678 )&" !--)1*) !--#$4+) -!# &)4")/# 0$021%0*!%#)9 :11)

-)#()" ,.$;")0%# /0 #)-#*&)0"!0" ,) "<-) 678 ,./0 ($,'1) 0$0 1%0*!%#)9 =1 )&" 5 0$")#

>/.%1 0) &.!?%" -!& ,./0) !--#$@%(!"%$09 :0 )A)"B 1) ($,'1) 678 $;")0/ )&" %,)0"%>/)

!/ ($,'1) 0$0 1%0*!%#) ,!0& /0 4$(-!4" ,) 1.)&-!4) ,)& C!#%!;1)& ,) -#*(%&&)&9

D!#E$%&B %1 )&" ,%34%1) ,) "#$/C)# /0 &)4")/# ?1$;!1 -$/# 1) &<&"'() 0$0 1%0*!%#)9

F.)&" -$/# 4)"") #!%&$0 $0 4$0&%,'#) /0 &)4")/# 0$0 1%0*!%#) 1$4!1B 4$(() %1 )&"

%0,%>/* ,!0& 1! G?/#) H9I J KLMNNOPQ= HRISTU9 F)"") (*"+$,) ! *"* %0"#$,/%")

-$/# 1! -#)(%'#) E$%& ,!0& 1)& "#!C!/@ ,) KV!W!($"$ IXXHTB )" -!# 1! &/%")B ! *"*

*")0,/) -!# K6!0!Y! HRRI!T )" KN$#'#) HRRIT9

 !" #$%&$'( )*%!)  +" #$%&$'( ,)*+!)

 !"#$% H9IZ 8)4")/#& 0$0 1%0*!%#)&9

D$/# $;")0%# 5 -!#"%# ,./0) 0$0 1%0*!#%"* 1)& E$04"%$0& ,.!--!#")0!04) !&&$4%*)

,./0 ($,'1) [$/B $0 /"%1%&) 1) 1)(() &/%C!0" J KN$#'#) HRRITU Z

9)33) *+:+ +  ! x ∈
[

−b a
]

"#$%&' a, b ∈ R+
' f(x) ( R→ R "#$%& )*$

[

−b a
]

+,#$) !, -.!)/- 0-*. 1#%2/!#%) w1(x) -/ w2(x) +!%)! 3*- 0-*. $&-,) α -/ β /-,) 3*- (

{

f(x) = αw1(x) + βw2(x)

w1(x) + w2(x) = 1, w1(x) ≥ 0, w2(x) ≥ 0
JH9XU

4&5#%)/$+/!#%6 F$0&%,*#$0& 1! E$04"%$0 f(x) ;$#0*) ")1 >/) f ≤ f(x) ≤ f B $0 -)/"

!1$#& "$/\$/#& *4#%#) Z

f(x) = αw1(x) + βw2(x) !C)4 α = f B β = f B w1 =
f(x)− f

f − f
B w2 =

f(x)− f

f − f
9

;<)3%.)  Z F$0&%,*#$0& 1) &<&"'() 0$0 1%0*!%#) ,*4#%" -!# 1)& *>/!"%$0& &/%2



 !"! #$%&'()*'+$% ,-& .$,/0-& 1$)& 234 56

 !"#$% &

{

ẋ1(t) = −x1(t) + x1(t)x
3
2(t) + u(t)

ẋ2(t) = −x2(t) + (3 + x2(t))x
3
1(t)

'()*+,

-./0 1! %2341252#67 "./% %/44.%."% 8/$ x1 ∈
[

−1 1
]

$# x2 ∈
[

−1 1
]

7 1$ %9%#:3$

'()*+, 4$/# ;#0$ 066502# 5.33$ %/2# &

ẋ(t) =

[

−1 x1(t)x
2
2(t)

(3 + x2(t))x
2
1(t) −1

]

x(t) +

[

1

0

]

u(t) '()**,

.< x(t) =
[

x1(t) x2(t)
]

$# x1(t)x
2
2(t)7 (3 + x2(t))x

2
1(t) %."# 1$% "." 12"6!20$% =/

%9%#:3$7 !1.0% ." =6>"2 1$%  !02!?1$% =$ 40632%%$ %/2 !"#$% &

{

z1(t) ≡ x1(t)x
2
2(t)

z2(t) ≡ (3 + x2(t))x
2
1(t)

'()*(,

@" /#212%!"# '()*(,7 1$ %9%#:3$ 4$/# ;#0$ 066502# =$ 1! A!B." %/2 !"#$ &

ẋ1(t) =

[

−1 z1(t)

z2(t) −1

]

x(t) +

[

1

0

]

u(t) '()*C,

D" 5!15/1$ 1$%  !1$/0% 32"23!1$% $# 3!E23!1$% =$ z1 $# z2 &

Max(z1(t)) = 17 Min(z1(t)) = −17 Max(z2(t)) = 4 $# Min(z2(t)) = 0)

F 4!0#20 =$ 5$%  !1$/0%7 ." 4$/# 65020$ &

{

z1(t) = F11(z1(t)).(1) + F12(z1(t)).(−1)

z2(t) = F21(z2(t)).(4) + F22(z2(t)).(0)
'()*G,

.<

{

F11(z1(t)) + F12(z1(t)) = 1

F21(z2(t)) + F22(z2(t)) = 1
'()*H,

-!0 5."%68/$"#7 1$% A."5#2."% =I!44!0#$"!"5$ 4$/ $"# ;#0$ 5!15/16$% 5.33$ %/2# &







































F11(z1(t)) =
z1(t) + 1

2

F12(z1(t)) =
1− z1(t)

2

F21(z2(t)) =
z2(t)

4

F22(z2(t)) =
4− z2(t)

4

'()*J,

K$ %9%#:3$ "." 12"6!20$ '()*+, 4$/# ;#0$ 0$406%$"#6 4!0 1I$"%$3?1$ 1$% 0:L1$% M./$%

%/2 !"#$% &

N2 z1 $%# F11 $# z2 $%# F21 F1.0% ẋ(t) = A1x(t) +B1u(t)

N2 z1 $%# F11 $# z2 $%# F22 F1.0% ẋ(t) = A2x(t) +B2u(t)

N2 z1 $%# F12 $# z2 $%# F21 F1.0% ẋ(t) = A3x(t) +B3u(t)

N2 z1 $%# F12 $# z2 $%# F22 F1.0% ẋ(t) = A4x(t) +B4u(t)



 ! "#$%&'() *+ ,'$-&.&/$'&01 2)/ 3024.)/ 506/ 78,

 !"# $

A1 =

[

−1 1

4 −1

]

% A2 =

[

−1 1

0 −1

]

% A3 =

[

−1 −1

4 −1

]

% A4 =

[

−1 −1

4 −1

]

%

B1 = B2 = B3 = B4 =

[

1

0

]

&

'()*+,-"*#" ./ 010234" 56/ "02 .6**," 78- $

ẋ(t) =
4

∑

i=1

hi(z(t))(Aix(t) +Biu(t)) 9:&;<=

6>























h1(z(t)) = F11(z1(t))× F21(z2(t))

h2(z(t)) = F11(z1(t))× F22(z2(t))

h3(z(t)) = F12(z1(t))× F21(z2(t))

h1(z(t)) = F12(z1(t))× F22(z2(t))

9:&;?=

'"0 -,0/@2820 ." @8 0)4/@82)6* ."0 46.3@"0 56/ "2 -,"@ 76/- x(0) =
[

0.5 0.5
]

"2

u = 0 06*2 46*2-,0 .8*0 @"0 A)B0& :&:98= "2 :&:9C=& D@ "02 ,!)."*2 E/" @"0 ."/F

46.3@"0 06*2 )."*2)E/"0& G"2 "F"47@" 46*2-" C)"* E/" @" 010234" *6* @)*,8)-" 9:&;H=

7"/2 I2-" -"7-,0"*2, "F8#2"4"*2 78- /* 46.3@" 56/ ." 217" JKL .8*0 @8 -,B)6*

[

−1 1
]

×
[

−1 1
]

&

0 2 4 6 8 10
0

0.1

0.2

0.3

0.4

0.5

temps

x
1
(t
)

Réel

Flou

 !" #! $%&'()* +* ,-%.!. x1(t)

0 2 4 6 8 10
0

0.1

0.2

0.3

0.4

0.5

temps

x
2
(t
)

Réel

Flou

 /" ,! $%&'()* +* ,-%.!. x2(t)

 !"#$%  ! " #$%&'()$*+ ,& -.-)/%0 120' 0) 3*& ,0 '4050%6'0 7 !" #$%&'('$) *$ #$%&'('+%$',- .*+ /,.0(*+ 1,2+ 34#
8( -)(9$'$)2 ,0- -.-)/%0- +*+ '$+2($10- ( :($) '4*9;0) ,0 +*%910&5 )1(<(&5! 84(+(=

'.-0 ,0 '( -)(9$'$)2 ,0- %*,/'0- 3*&- 0-) >2+21('0%0+) 9(-20 -&1 '0- :*+?)$*+- ,0

8.(6&+*< ?(+,$,()0- @A*., 7BBCD! 80 ?*+?06) 61$+?$6(' ,0 ?0))0 )E2*1$0 0-) 9(-2

-&1 '4$,20 F&0 -4$' . ( &+0 :*+?)$*+ (.(+) :*1%0 2+01>2)$F&0 -*$) ,$--$620 ,(+- '0

)0%6-G ('*1- 0''0 )0+, <01- &+ 6*$+) ,42F&$'$910! H(+- ?0 ?*+)05)0G '4&)$'$-()$*+ ,0
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 ! "#$%&'#$ () *+!,-$#. )/& -$) 0)/-1) () ('/&!$%) )$&1)  )/ .!1'!2 )/ (34&!& )&  )

,#'$& (345-' '21)6 *! ('7%- &4 () %)&&) 04&8#() 1),#/) /-1  ! (4&)10'$!&'#$ () %)/

"#$%&'#$/6 9),)$(!$&: ' );'/&) ()-; <1!$()/ "!0'  )/ ()/ "#$%&'#$/ () *+!,-$#. = )/

"#$%&'#$/ 5-!(1!&'5-)/ )& $#$ 5-!(1!&'5-)/>6 ?$ 1!,,) /-1  ! &84#1') () *+!,-$#.

(#$$4 )$ @$$);) @: #A #$ 0#$&1)  )/ ('B41)$&)/ "#$%&'#$/ () *+!,-$#.  )/ , -/

/#-.)$& )0, #+4)/ (!$/  ! &84#1') () /&!2' '&4 ()/ 0#(C )/ DEF6 G#-/ $#-/  '0'&#$/

(!$/ %) &1!.!' H  3-&' '/!&'#$ () "#$%&'#$/ () *+!,-$#. 5-!(1!&'5-)/: ()  ! "#10)

/-'.!$&) I

V (x(t)) = x(t)PxT (t), P > 0 =J6KL>

 !"!# $%&'()(*&%(+, -&. ./%+0. 123%&%

?$)  #' () %#00!$() "145-)00)$& -&' '/4) ,#-1 /&!2' '/)1  )/ 0#(C )/ M#-/ DEF

)/& 2!/4) /-1  ) %#$%),& NO9 =N!1!  ) O'/&1'2-&)( 9#0,)$/!&'#$>6 *3'(4) ,1'$%',! )

() %) %#$%),& )/& () %14)1 -$ %#0,)$/!&)-1 ,#-1 %8!5-) 1C< ) (- 0#(C ) M#- DEF6

*!  #' () %#00!$() 14/- &!$&) )/& <4$41! )0)$& $#$  '$4!'1)6 *! ,!1&') %#$% -/'#$

() %8!5-) 14<- !&)-1  #%! -&' '/) -$ <!'$ () %#00!$() ,!1 1)&#-1 (34&!&6 *! P'<6

J6Q 0#$&1)  ) ,1'$%',) () 14<- !&)-1 NO96

 !"#$% J6QI N1'$%',) () 14<- !&)-1 M#- NO9

*) 14<- !&)-1 M#- NO9 -&' '/)  ! 0R0) 2!/) () 1C< ) 5-)  ) /+/&C0) M#-6 *! i

C0) 1C< ) (- 14<- !&)-1 M#- /34%1'& I

#' z1(t) )/& F1i )& 666 )& #' zg(t) )/& Fgi 7(,8+ u(t) = −Kix(t): i = 1, ..., r6

#A Ki /#$&  )/ <!'$ () 1)&#-1 (34&!&6 *3'$"41)$%) (- 14<- !&)-1 M#- < #2! )/& (#$$4)



 ! "#$%&'()  * +'$,&-&.$'&/0 1). 2/13-). 4/5. 67+

 !" #

u(t) = −

r
∑

i=1

hi(z(t))Kix(t), i = 1, ..., r. $%&%'(

)! *+!,-.-*!+-/0 12* 3/14.2* 5/6* 789  !" 602 ./- 12 :/33!012 ;<= *2 ,!*2 *6" .!

>/0:+-/0 12 )?! 60/@  /6" 3/0+"2" .! :/0@2"A20:2 16 3/14.2 5/6 20 ,/6:.2 >2"3B2C

20 .D/::6""20:2 12 1B+2"3-02" .2* "2+/6"* 1DB+!+* :/""2* /01!0+* E :F!G62 3/14.2

./:!. :/3 /*!0+ .2 3/14.2 789& H-0*-C E  !"+-" 1D602 +2..2 >/0:+-/0C /0  26+ +"/6@2"

602 3!+"-:2 1BI0-2  /*-+-@2 P :/33602 20+"2 +/6* .2* 3/14.2* ./:!6J 20 ,/6:.2

>2"3B2& ;/6" /,+20-" .2 3/14.2 5/6 20 ,/6:.2 >2"3B2C /0 !  .-G62 .! :/33!012

;<= $%&%'( !6 3/14.2 789 $%&K ! "#$%# &' ()*+&' ,)- )./'$- '%/ &' %-#01$/ 2

˙̃x(t) =
r

∑

i=1

r
∑

j=1

hi(z(t))hj(z(t))(Ai −BiKj)x̃(t). 34!45 

6$ 7)%' Gij = (Ai −BiKj)8 &9:;-1/#)$ 34!45 7'-/ %9:<=#=' <)((' %-#/ 2

ẋ(t) =

r
∑

i=1

r
∑

j=1

hi(z(t))hj(z(t))Gijx(t). 34!44 

>' /?:)=+(' 4!@!5 *)$$' &'% <)$*#/#)$% &1 %/1.#&#%1/#)$ *- %A%/+(' ,)- 34!44 0#1 &1

&)# *' <)((1$*' BCD 34!4E 2

 !"#$%&' ()*)+)  !"#"$" %&&'"( ) *+ ,-./0+ 1-2 3-#45#2 6%7%%8 +94 "9:,;4-<

45=2+,+#4 94">0+ ?5" 0" 3-,,"#.+ @AB 6%7%&8C 9D50 +E594+ 2#+ ,"4F53+ P > 0 4+00+

=2+ )

GT
iiP + PGii < 0, i = 1, ..., r. 34!4F 

(

Gij +Gji

2

)T

P + P

(

Gij +Gji

2

)

≤ 0, i < j ≤ r. 34!4@ 

;-2F 4-24 0+9 i +4 j 9"2G 0+9 ;"5F+9 (i, j) 4+00+ =2+ hi(z)hj(z) = 07

G# &' $)(.=' *'% =+H&'% '%/ 1%%'I H=1$*8 #& '%/ *#J<#&' *' /=)-0'= &1 (1/=#<'

<)((-$' P ! >9#*:' '%/ *' ='&K<?'= &'% <)$*#/#)$% *' %/1.#&#/: '/ '&&' '%/ .1%:' %-= &'%

7=)7=#:/:% %-#01$/'% 2

r
∑

i=1

h2i (z(t))−
1

r − 1

r
∑

i<j

2hi(z(t))hj(z(t)) ≥ 0,

6L

r
∑

i=1

hi(z(t)) = 1, hi(z(t)) ≥ 0.

0:=#M:' 71= 2

r
∑

i=1

h2i (z(t))−
1

r − 1

r
∑

i<j

2hi(z(t))hj(z(t)) =
1

r − 1

r
∑

i<j

(hi(z(t))− hj(z(t)))
2 ≥ 0

>'% $)-0'&&'% <)$*#/#)$% *' %/1.#&#/: %)$/ 1&)=% *:M$#'% 71= &' /?:)=+(' 34!4N %-#O

01$/% 2



 !"! #$%&'('$) *$ #$%&'('+%$',- .*+ /,.0(*+ 1,2+ 34#  5

36),70/*  !"! !  !"#"$" %&&'( ) *+ ,-./0+ 1-2 3-#45#2 678779 +:4 ":;,<4-45=2+>

,+#4 :4"?0+ @5" 0" 3-,,"#.+ ABC 6787D9E :F50 +G5:4+ 2#+ ,"4H53+ 3-,,2#+ P > 0E

2#+ ,"4H53+ 3-,,2#+ Q ≥ 0 4+00+ =2+ )

GT
iiP + PGii + (s− 1)Q < 0, i = 1, ..., r.  !"!#$

(

Gij +Gji

2

)T

P + P

(

Gij +Gji

2

)

−Q ≤ 0, i < j ≤ r.  !"!%$

<-2H 4-24 0+: i +4 j :"2I 0+: <"5H+: (i, j) 4+00+ =2+ hi(z)hj(z) = 0E 1 < s ≤ r +:4 0+

#-,?H+ .+: H/J0+: "345@K+: :5,204"#K,+#48

&'() )*+(,)- .- +-/)* +- 0'12-)345,26- +-2 )*2(.5452 +( 57*')86- !"9"!: +-2 0'1+,;

5,'12 +- 254<,.,5* )-.4=*-2 '15 *5* >)'>'2*-2 +412 ?@414A4 BCCDE F

36),70/*  !"!8!  !"#"$" %&&'( ) *+ ,-./0+ 1-2 3-#45#2 678779 +:4 ":;,<4-45=2+>

,+#4 :4"?0+ @5" 0" 3-,,"#.+ ABC 6787D9E :F50 +G5:4+ 2#+ ,"4H53+ 3-,,2#+ P > 0

+4 .+: ,"4H53+ Qii 4+00+ =2+ )

GT
iiP + PGii +Qii < 0, i = 1, ..., r.  !"!G$

(

Gij +Gji

2

)T

P + P

(

Gij +Gji

2

)

+Qij ≤ 0, i < j ≤ r.  !"!D$







Q11 . . . Q1r
8

8

8

8

8

8

8

8

8

Q1r . . . Qrr






> 0  !"!C$

<-2H 4-24 0+: i +4 j :"2I 0+: <"5H+: (i, j) 4+00+ =2+ hi(z)hj(z) = 08

H-2 0'1+,5,'12 +-2 57*')86-2 0,;+-22(2 /4)415,22-15 (1,I(-6-15 .4 254<,.,5* /.';

<4.- +- 2J2586- K'( @LM  !"!!$" NO1 +- /4)415,) (1 0-)54,1 54(= +- +*0)',2;

2410-: ?@414A4 BCCDE 4 >)'>'2* .- 57*')86- 2(,3415 F

36),70/*  !"!"!  !"#"$" %&&'( LF50 +G5:4+ 2#+ ,"4H53+ 3-,,2#+ P > 0E 2#+

,"4H53+ Q +4 2# :3"0"5H+ α ≥ 0 4+00+ =2+ )

GT
iiP + PGii + (r − 1)Q+ 2αrP < 0, i = 1, ..., r.  !"PQ$

(

Gij +Gji

2

)T

P + P

(

Gij +Gji

2

)

−Q ≤ 0, i < j ≤ r.  !"PB$

<-2H 4-24 0+: i +4 j :"2I 0+: <"5H+: (i, j) 4+00+ =2+ hi(z)hj(z) = 0E "0-H: 0+ ,-./0+

1-2 3-#45#2 678779 +:4 J0-?"0+,+#4 +G<-#+#45+00+,+#4 :4"?0+ @5" 0" 3-,,"#.+ ABC

6787D9 "@+3 2#+ @54+::+ .+ .K3H-5::"#3+ "2 ,-5#: KJ"0+ M α8

HR'<5-15,'1 +( )*/(.45-() K'( &ST 0'12,25- +'10 U +*5-)6,1-) .-2 /4,12 +-

)-5'() +R*545 Ki, i = 1, ..., r 245,2V4,2415 .-2 0'1+,5,'12 +- 57*')86-2 +- 254<,.,245,'1

>'() (1- 645),0- P +*O1,- >'2,5,3-"



  !"#$%&'(  ) *&#+%,%-#&%./ 0(- 1.02,(- 3.4- 56*

 !"# $%&$"&'# &'( )%*+( ,' #'-!"# ,./-%-0 *& '(- 1!((*2&' ,."-*&*('# "+' (3+-45('

6"%,#%-*6"' '- 7/#*8'# '+("*-' 6".*& '9*(-' "+' :%-#*$' ,/8+*' 1!(*-*7' P $!::"+';

<& '(- /)%&':'+- 1!((*2&' ,."-*&*('# "+ 1&%$':'+- ,' 1=&'( 1!"# %(("#'# 6"' &'( 7%&'"#(

1#!1#'( ,' Gij = Ai − BiKj (!*'+- ,%+( "+ ,!:%*+' 1#/>(1/$*8/; ?+ 1'"-0 %&!#(0

#%*(!++%2&':'+- 1'+('# 6"' (* &'( 1=&'( (!+- 1#!$4'( 1!"# &'( :!,5&'( 2!"$&/( Gij =

Ai−BiKj 0 "+' )#%+,' 1#!2%2*&*-/ 6"' &'( $!+,*-*!+( ,' (-%2*&*(%-*!+ (!*'+- /)%&':'+-

7/#*8/'(; @/%+:!*+(0 ,'( '9':1&'( !A &'( 1%*#'( (Ai, Bi) +.!+- 1%( &% :B:' C!#:'

:!+-#'+- 6"' $' #/("&-%- +.'(- 1%( )%#%+-*;

D+' %"-#' :%+*5#' 1!"# ,/-'#:*+'# &% :%-#*$' ,/8+*' 1!(*-*7' P '- &'( :%-#*$'(

,' #'-!"# ,./-%- Ki (*:"&-%+/:'+- '(- &."-*&*(%-*!+ ,'( !"-*&( *(("( ,' &.!1-*:*(%-*!+

$!+7'9'0 '- 1&"( 1%#-*$"&*5#':'+- &'( *+/)%&*-/( :%-#*$*'&&'( &*+/%*#'( EF<( GE*+'%#

F%-#*9 <+'6"%&*-*'(H G IJ& K4%!"* LMMN%O0 IK%4*+'- LMMPOH;

E% ,/-'#:*+%-*!+ ,'( )%*+( ,' &% &!* ,' $!::%+,'  QR 1%((' %&!#( 1%# &% -#%+(>

C!#:%-*!+ ,'( $!+,*-*!+( ,' -4/!#5:'( ,!++/( ,%+( &'( 1%#%)#%14'( 1#/$/,'+-'( '+

"+ 1#!2&5:' /6"*7%&'+- ,' EF<(; R'--' -#%+(C!#:%-*!+ $!##'(1!+, S "+ (*:1&' $4%+>

)':'+- ,' 7%#*%2&'( X = P−1 '- Ki =MiP
−1
0 ,.!A %1#5( $!+)#"'+$' %7'$ X = P−1

,'( *+/)%&*-/( ," -4/!#5:' T;U;L0 !+ !2-*'+- &'( '91#'((*!+( EF< ("*7%+-'( V

W#!"7'# X > 0 '- Mi -'&( 6"' V

AiX +XAT
i −BiMi −M

T
i B

T
i < 0, i = 1, ..., r GT;XTH

AiX+XAT
i +AjX+XAT

j −BiMj−M
T
j B

T
i −BjMi−M

T
i B

T
j < 0, i < j 6 r GT;XXH

E'( $!+,*-*!+( ," -4/!#5:' T;U;T 1'"7'+- B-#' -#%+(C!#:/'( '+ "+ 1#!2&5:' ,' EF<(

("*7%+-'( V

W#!"7'# X > 0 '- Mi -'&( 6"' V

AiX +XAT
i −BiMi −M

T
i B

T
i + Y < 0, i = 1, ..., r GT;XUH

AiX +XAT
i +AjX +XAT

j −BiMj −M
T
j B

T
i −BjMi−M

T
i B

T
j +2Y < 0, i < j 6 r

GT;XPH

%7'$ Y = XQXT
'- Ki =MiX

−1
;

Q' :B:'0 &'( $!+,*-*!+( T;U;X 1'"7'+- B-#' -#%+(C!#:/'( '+ 1#!2&5:' ,' EF<(

("*7%+-'( V

W#!"7'# X > 0 '- Mi -'&( 6"' V

AiX +XAT
i −BiMi −M

T
i B

T
i + Yii < 0, i = 1, ..., r GT;XYH

AiX+XAT
i +AjX+XAT

j −BiMj−M
T
j B

T
i −BjMi−M

T
i B

T
j +2Yij < 0, i < j 6 r

GT;XNH







Y11 . . . Y1r
;

;

;

;

;

;

;

;

;

Y1r . . . Yrr






> 0 GT;XZH

%7'$ Yij = XQijX
T
'- Ki =MiX

−1
;
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 !" #$%&'('$%" &! ()*$+,-!" &*#+'(" !% ./0/0 1!23!%( 4(+! #$%"'&*+*!" #$--! 2%

1+$56,-! &! 376!2+ 1+$1+! 8*%*+76'"*! 9:;<= > :!%!+76'?!& ;'8!'%3762! =+$56!-@

!% X !( α/

A7B'-'"!+ α "$2" 6!" #$%(+7'%(!" "2'37%(!" >















X > 0

AiX +XAT
i −BiMi −M

T
i B

T
i + (r − 1)Y + 2rαX < 0, i = 1, ..., r.

AiX +XAT
i +AjX +XAT

j −BiMj −M
T
j B

T
i −BjMi −M

T
i B

T
j + 2Y < 0, i < j 6 r

9./CD@

73!# Y = XQXT
!( Ki =MiX

−1
/

 !"! #$%&'(')%$'*+ ,%- -.$*/- 0. )*-$'.

 !" (!#)%'E2!" &! "F%(),"! 57"*!" "2+ 6! +!($2+ &G*(7( %*#!""'(!%( E2! ($2(!" 6!"

#$-1$"7%(!" &2 3!#(!2+ &G*(7(" "$'!%( -!"2+756!"/ H$--! #!((! #$%&'('$% !"( +7+!I

-!%( 3*+'J*!K 6G2('6'"7('$% &G2% $5"!+37(!2+ &!3'!%( &$%# %*#!""7'+!/ L7%" 67 16217+(

&!" (+7372BK $% "211$"! E2! 6!" 37+'756!" &! 1+*-'""! "$%( -!"2+756!"/ H!+(7'%" (+7I

372B 9 MN!%8 ODDPQK MA7 ODDRQK MS7%7T7 ODD0QK MS7%7T7 ODDRQK M<!+-!'+!% ODDRQ@ $%(

#!1!%&7%( (+7'(*" 6! #7" $U 6!" 37+'756!" &! 1+*-'""! %! "$%( 17" ($2(!" -!"2+756!"/

V%! -*()$&! 57"*! "2+ 6! 1+'%#'1! &! "*17+7('$% W 1!+-'" &7%" 6! 1+!-'!+ #7" &!

"F%()*('"!+ "*17+*-!%( 6!" 87'%" &! 6G$5"!+37(!2+ !( #!2B &! +*8267(!2+/ H!1!%&7%(K

6! 1+'%#'1! &! "*17+7('$% E2' 7 *(* *(756' 1$2+ 6! 1+!-'!+ #7"K "!-56! &'X#'6! W

&*-$%(!+ 1$2+ 6! &!2B',-! #7"/

 ! 52( *(7%( &G$5(!%'+ 2%! #$%3!+8!%#! 7"F-1($('E2! &! 6G!++!2+ &G$5"!+37(!2+

&G*(7(K '/!/ x(t)−x̂(t) −→ Y E27%& t −→∞ $U x̂(t) +!1+*"!%(! 6! 3!#(!2+ &G*(7( !"('-*

17+ 6G$5"!+37(!2+ Z$2/  ! -$&,6! Z$2 S[\ 728-!%(* !"( #$-1$"* &G2% +*8267(!2+

Z$2 !( &G2% $5"!+37(!2+ Z$2 MS7%7T7 ODDRQK #$--! 6! -$%(+! 67 N'8/ 9./0@/

 !"#$% ./0> ]!1+*"!%(7('$% &2 "F"(,-! 728-!%(*

 G$5"!+37(!2+ Z$2 17+(78! 67 -4-! 57"! &! +,86!" E2! 6! "F"(,-! Z$2K 67 i ,-!

+,86! &! 6G$5"!+37(!2+ "G*#+'( MS7%7T7 ODDRQ >



 ! "#$%&'()  * +'$,&-&.$'&/0 1). 2/13-). 4/5. 67+

+& ẑ1(t)  !" F1i  " ###  " +& ẑg(t)  !" Fgi 8-/(.

{

ˆ̇x(t) = Aix̂(t) +Biu(t) + Li(y − ŷ)

y(t) = Cix̂(t)
i = 1, ..., r. $%#&'(

)* Li !)+" , ! -."/01 ! 2 3.0+! 2 ,4)5! /6." 7/8 ẑ(t) =
[

ẑ1(t) ẑ2(t) . . . ẑg(t)
]

!)+" , ! 6./0.5, ! 2 9/:-0!!  !"0-: !8 wi(ẑ(t)) =
∏p

j=1 Fij(ẑj(t))# Fij(ẑj(t))  !" ,.

6., 7/ 2 ,. ;)+1"0)+ 24.99./" +.+1 ẑj(t) 2.+! ,4 +! -5, <)7 Fij 8  " ∀t ≥ 08 )+ . =

{

∑r
i=1wi(ẑ(t)) > 0

wi(ẑ(t)) ≥ 0
$%#&>(

?+ 9)! =

hi(ẑ(t)) =
wi(ẑ(t))

∑r
i=1wi(ẑ(t))

$%#&%(

@40+;:/ +1 <)7 2 ,4)5! /6." 7/ !4:1/0" =

{

ˆ̇x(t) =
∑r

i=1 hi(ẑ(t)) (Aix̂(t) +Biu(t) + Li(y − ŷ))

y(t) =
∑r

i=1 hi(ẑ(t))Cix̂(t)
$%#&A(

@ ! hi(ẑ(t)) 9)!!B2 +" ,. 9/)9/0:": 2 !)-- 1)+6 C = ∀t ≥ 0,
∑r

i=1 hi(ẑ(t)) = 1#

@ 1.,17, 2 ! 9)02! 2 1D.E7 /B3, !4 F 1"7 G 9./"0/ 2 ! 6./0.5, ! 2 9/:-0!! #

H 7C 1.! !)+" G  +60!.3 / =

I.! > = , ! 6./0.5, ! 2 ! 9/:-0!! ! !)+" - !7/.5, !# J,  !" 9)!!05, 2 1.,17, / , !

9)02! 2 ! /B3, ! 2 ,4)5! /6." 7/8  + / -9,.K.+" hi(ẑ(t)) 9./ hi(z(t)) $ LM +3 >NNOP8

LQ. >NNRP8 LS.+.T. >NN&P8 LS.+.T. >NNRP8 LU /- 0/ + >NNRP(#

I.! % = , ! 6./0.5, ! 2 ! 9/:-0!! ! + !)+" 9.! - !7/.5, !# J, ;.7" 2)+1 , ! / 1)+!V

"/70/  " 7"0,0! / , 7/!  !"0-: ! 2.+! , 1.,17, 2 ! 9)02! 2 ! /B3, ! 2 ,4)5! /6." 7/

$ LS.+.T. >NNRP8 LJ1D.,., %''RP8 LID.2,0 %''%.P8 LW)+ X.-. %''NP(#

 *!* *9 "$. 1). :$(&$,-). 1). %(;2&..). 2).5($,-).

?+ !799)! E7 , ! 6./0.5, ! 2 ! 9/:-0!! ! 2:9 +2 +" 7+0E7 - +" 2 ! 6./0.5, !

24:"." - !7/.5, !# @ /:37,." 7/ 9)!!B2 7+ ,)0 2 / ")7/ 24:"." ,0+:.0/ 2 ,. ;)/- 

!706.+" =

u(t) = −
r

∑

i=1

hi(z(t))Kix̂(t) $%#&&(

 + / -9,.K.+" $%#&A(  " $%#&&( 2.+! $%#A(8 , !X!"B- .73- +":  !" / 9/:! +": 9./ =

ẋa =

r
∑

i=1

r
∑

j=1

hi(z(t))hj(z(t))Gaij x̂a $%#&Y(

.6 1 = xa =

[

x

x̃

]

8 x̃ = x− x̂8 Gaij =

[

Ai −BiKi BiKi

0 Ai −KiCj

]

#

H.+! 1 1.!8 , "D:)/B- 2 !:9./."0)+ %#&#Y 9/)9)!: 9./ LQ. >NNRP 9 7" Z"/ 

1)+!02:/: 9)7/ 1.,17, / , ! 3.0+! 2 /:37,." 7/  " 1 7C 2 ,4)5! /6." 7/#
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36),70/*  !"!5!  !" #$$%& ' ()*+ ,-*./, 0,1- 2345/*34. .5"+"*6,. V (x) ' ℜn −→ ℜ

,/ Ṽ (x̃) ' ℜn −→ ℜ ,/ 0,. 43786,. 69,+. :3.*/*2. γ1; γ2 γ3; γ4; γ̃1; γ̃2; γ̃3 ,/ γ̃4 /,++,

<1, '

=*> γ1 ‖x‖
2 ≤ V (x) ≤ γ2 ‖x‖

2
; γ̃1 ‖x̃‖

2 ≤ Ṽ (x) ≤ γ̃2 ‖x̃‖
2

"?,5 x̃ = x− x̂;

=**>

∂V (x)

∂x

∑r
i=1

∑r
j=1 hi(z(t))hj(z(t))(Ai −BiKj)x ≤ γ3 ‖x‖

2
;

∂Ṽ (x̃)

∂x̃

∑r
i=1

∑r
j=1 hi(z(t))hj(z(t))(Ai − LjCi)x̃ ≤ γ3 ‖x̃‖

2
;

=***>

∥

∥

∥

∥

∂V (x)

∂x

∥

∥

∥

∥

2

≤ γ4 ‖x‖
2
;

∥

∥

∥

∥

∥

∂Ṽ (x̃)

∂x̃

∥

∥

∥

∥

∥

2

≤ γ̃4 ‖x̃‖
2
@

"+36. +, 730A+, 537:+,/ =B@CD> ,./ E+38"+,7,4/ 14*236797,4/ ".F7:/3/*<1,7,4/

./"8+,

 ! "#$%&%&&'!( )' *$!"(%$! V (x)+ ,-&.-"(%/-0-!( Ṽ (x̃)+ (-))- 123-))- /4,%5- )-&

"$!6%(%$!& 6- &('7%)%(4 6- )' )$% 6- "$00'!6-+ ,-&.-"(%/-0-!( (-))- 123-))- /4,%5-

)-& "$!6%(%$!& 6- &('7%)%(4 6- )3$7&-,/'(-2,+ )-& "$!6%(%$!& 62 (#4$,80- 9:;:< &$!(

/4,%54-&: =) -&( 6$!" .$&&%7)- 6'!& )- "'& 6-& /',%'7)-& 6-& .,40%&&-& 0-&2,'7)-&+ 6-

64(-,0%!-, &4.',40-!( )-& >'%!& 6- "$00'!6- Ki -( )-& >'%!& 6- )3$7&-,/'(-2, Li:

?$2, 0-((,- '2 .$%!( "-& ,4>2)'(-2,&+ $! &- ,'08!- 6$!" @ 2! .,$7)80- 6-

*'%&'7%)%(4 6-& AB=&: =) .-2( C(,- ,4&$)2 @ )3'%6- 62 "#'!>-0-!(& 6- /',%'7)-& 7%D-"(%*&

2&2-)& &2%/'!(& E M1i = KiP1 -( N2i = LiP2 63$F '.,8& "$!>,2-!"- $! $7(%-!( )-&

-G.,-&&%$!& AB=& &2%/'!(-& E























P1A
T
i −M

T
i B

T
i +AiP1 −BiMi < 0, i = 1, ..., r

AT
i P2 − C

T
i N

T
i + P2Ai −NiCi < 0, i = 1, ..., r

P1A
T
i −M

T
j B

T
i +AiP1 −BiMj + P1A

T
j −M

T
i B

T
j +AjP1 −BjMi < 0, i < j ≤ r

AT
i P2 − C

T
j N

T
i + P2Ai −NiCj +AT

i P2 − C
T
i N j

T + P2Aj −NjCi < 0, i < j ≤ r

H9:;IJ

K% "-& .,$7)80-& $!( 2!- &$)2(%$!+ )-& >'%!& 6- )' "$00'!6- ?LM &$!( 6$!!4& .',

Ki =MiP
−1
1 -( )-& >'%!& 6- )3$7&-,/'(-2, .', Li = P−12 Ni:

 !"! ! 8%+ .*+ 9%7'%&(*+ .*+ :7)/'++*+ -,- /*+27%&(*+

L'!& 6- "'&+ )- ,4>2)'(-2, 2(%)%&- )-& /',%'7)-& -&(%04-& -( &' &(,2"(2,- -&( 0$6%54-

"$00- &2%( E

u(t) = −

r
∑

i=1

hi(ẑ(t))Kix̂(t) H9:;NJ

-! ,-0.)'O'!( H9:;PJ -( H9:;NJ 6'!& H9:PJ+ )- &Q&(80- '2>0-!(4 -&( ,-.,4&-!(4 .', E

ẋa =
r

∑

i=1

r
∑

j=1

r
∑

s=1

hi(ẑ(t))hj(ẑ(t))hs(ẑ(t))Gijsx̂a H9:;RJ
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 !"# $ xa =

[

x

x̃

]

 x̃ = x− x̂ Gijs =

[

Ai −BiKs BiKs

S1
ijs S2

ijs

]

,

S1
ijs = (Ai −Aj) + (Bi −Bj)Ks − Lj(Cs − Ci),

S2
ijs = Aj − LjCs) + (Bi −Bj)Ks!

"# $%&'()*# +!,!- .'//# 0#1 2'/.3$3'/1 .# 1$45303$& .6 171$)*# 468*#/$& 9+!,:;

 !"#$%&' ()*)+)  !"#"$" %&&'( )* +,-./* 0,1 2,#34#1 "15+*#36 789:'; *<3

"<=+>3,34?1*+*#3 <3"@/*A <B4/ *C4<3* 1#* +"3D42* P > 0 3*//* ?1* E

GT
ijjP + PGijj < 0, i = 1, ..., r. 9+!,<;

(

Gijs +Gisj

2

)T

P + P

(

Gijs +Gisj

2

)

≤ 0, i < s 9+!=>;

>,1D 3,13 /*< iA j *3 s <"1F /*< >"4D*< (i, j, s) 3*//* ?1* hi(ẑ)hj(ẑ)hs(ẑ) = 09

?4/1 2# 241 0# @(3/23@# .# 1&@4(4$3'/ +!,!= #$ 0#1 2'/.3$3'/1 (#0A2%&#1 /# 1'/$ @41

6$3031450# 24( 0#1 2'/$(43/$#1 .6 $%&'()*# 9+!,!-; 1'/$ /'/ 2'/B#C# #$ @#6B#/$ 4B'3(

@0613#6(1 1'06$3'/1! DE%4.03 +>>+5F 4 @('@'1& 6/# *&$%'.# @#(*#$$4/$ .# 240260#(

0#1 843/1 .# (&8604$#6( #$ 2#6C .# 0G'51#(B4$#6( 1&@4(&*#/$ *431 /'/ 13*60$4/&*#/$!

H/ 2%'313 04 *4$(32# P .# 04 I'(*# 163B4/$# J

P =

[

P1 0

0 P2

]

9+!=K;

L/ 1651$3$64/$ 9+!=K; .4/1 9+!,<; #$ 9+!=>; '/ $('6B# (#1@#2$3B#*#/$ J

P =

[

GT
ijP1 + P1Gij P1BiKj + ST

ijjP2

∗ Eijj

]

< 0, i, j = 1, ...r. 9+!=+;

P =

[

(Gis +Gij)
TP1 + P1(Gis +Gij) P1B1(Kj +Ks) + (Sijs + Sisj)

TP2

∗ Eijs + Eisj

]

< 0, j < s.

9+!=M;

4B#2 Eijs = ((Ai − Aj) + (Bi − Bj)Ks − Lj(Cs − Ci))
TP2 + P2((Ai − Aj) + (Bi −

Bj)Ks − Lj(Cs − Ci))!

"#1 "NO1 9+!=+; #$ 9+!=M; 1'/$ .#1 PNO1 #/ P1 P2 Li #$ Ki Q63 1'/$ .3R230#1 S

(&1'6.(# 13*60$4/&*#/$! E#@#/.4/$ '/ (#*4(Q6# Q6# 2#1 "NO1 1'/$ B&(3T&#1! E#04

3*@03Q6# 0#1 PNO1 #/ Ki #$ P1 163B4/$1 J

GT
ijP1 + P1Gij < 0, i, j = 1, ..., r. 9+!=,;

(Gis +Gij)
TP1 + P1(Gis +Gij) < 0, j < s. 9+!==;

4B#2 J Gis = Ai − BiKs .'/$ 04 03/&4(314$3'/ #1$ I4230# S '5$#/3( @4( 0#1 *&$%'.#1

204113Q6#1 .# 2%4/8#*#/$ .# B4(3450#1! "#1 *4$(32#1 P1 #$ Ki 1'/$ #/163$# (#*@042&#1

.4/1 9+!=+; #$ 9+!=M; @4( 0#6(1 B40#6(1 (#1@#2$3B#1 P opt
1 #$ Kopt

i '5$#/6#1 #/ (&1'0B4/$

0#1 "NO1 9+!=,; #$ 9+!==;! U3/13 0# 171$)*# .# "NO1 '5$#/61 .#B3#/$ 03/&43(# #/ P2

#$ Yi 4B#2 Yi = P2Li! "4 @('2&.6(# #1$ (&16*&# .4/1 2# Q63 163$ 9 DE%4.03 +>>+5F; J



 !"! #$%&'(')%$'*+ ,-) .*,/(-) 0*1) ,- 23# '+4-5$%'+)  6

 ! "#$%&%' () *)+'%,- P .- () /$'*- 01!2 3!

1! ")(,4(-' P opt
1 -+ Kopt

i 5 6)'+%' 01!273 -+ 01!223! 8% 49- &$(4+%$9 -:%&+- )((-' 5

(;<+)6- = &%9$9 )''>+-'!

=! ?-& *)+'%,-& P opt
1 -+ Kopt

i &$9+ '-6$'+<-& .)9& (-& @AB& 01!213 -+ 01!2=3C ,-&

.-'9%D'-& .-E%-9+ .-& ?AB& -9 P2 -+ Yi = P2Li ! F6'D& $G+-9+%$9 .- P2 -+ YiC

.<.4%'- Li = YiP
−1
2 ! !" #$%&'(')%$'*+ ,-) .*,/(-) 0*1) ,- 23# '+4-5$%'+)

H)9& ,-++- &-,+%$9C 9$4& 6'<&-9+$9& (-& *$.D(-& I$4& JK8 %9,-'+)%9& -+ (-4'

&+)G%(%&)+%$9 -9 4+%(%&)9+ () ($% .- ,$**)9.- LH"!

 !"!# $%&'() *%+ &) ,-.-/012+/)3% 034)56-03

?- *$.D(- JK8 )E-, %9,-'+%+4.-& 6)')*<+'%M4-& &;<,'%+ .;49- *)9%D'- N<9<')(-

,$**- &4%+ OJ$9N 1PP1Q R

 ! z1(t)  !" F1i  " ###  "  ! zg(t)  !" Fgi "#$%&

{

ẋ(t) = (Ai +∆Ai)x(t) + (Bi +∆Bi)u(t)

y(t) = (Ci +∆Ci)x(t)
i = 1, ..., r. $%#&'(

)* + ," -./0/ $%#&'( !1,! 23 41/5 6

{

ẋ(t) =
∑r

i=1 hi(z(t)) {(Ai +∆Ai)x(t) + (Bi +∆Bi)}

y(t) =
∑r

i=1 hi(z(t))(Ci +∆Ci)x(t)
$%#&7(

 !"! #$%&'(')%$'*+ ,-) .*,/(-) 01# '+2-3$%'+) %4-2 (% 2*..%+,-

567

)* !,++1! 8, 2 ! 53"/0. ! 9 ! 0*. /"0",9 ! ∆Ai: ∆Bi  " ∆Ci !1*" ;1/*- !

3< . 23 !"/,.",/ 6

∆Ai = Hai∆aiEai, ∆Bi = Hbi∆biEbi, Ci = Hci∆ciEci $%#&=(

1> 2 ! 53"/0. ! .1*!"3*" !Hai: Hbi: Hci: Eai: Ebi  " Eci 9 905 *!01*! 3++/1+/0- !

!1*" +/-9-" /50*- !:  " 2 ! 0*. /"0",9 ! ∆ai: ∆bi  " ∆ci !1*" ;1/*- ! 93*! 2 " 5+!

9 23 43?1* !,0<3*" 6

∆aTi (t)∆ai(t) ≤ I, ∆bTi (t)∆bi(t) ≤ I, ∆cTi (t)∆ci(t) ≤ I $%#&@(

A* ,"020!3*" ,* 210 9 .1553*9 B1, 9 "C+ DEF $%#%G(: 23 ;1,.2 4 /5- 9,

!C!"H5 9 <0 *" 6

ẋ(t) =
r

∑

i=1

r
∑

j=1

hi(z(t))hj(z(t))(Ai +∆Ai − (Bi +∆Bi)Kj)x(t) $%#'G(



 ! "#$%&'()  * +'$,&-&.$'&/0 1). 2/13-). 4/5. 67+

 !"# $! #%&'( )( *( '+!,!&$- ." %'&$&#( $(# ".'!'&."# #%&,!"'(# /

δ+(A) = A+AT , δ−(A) = A−AT
012345

6$%#&(%+# '+!,!%7 ."' 8'8 )8,($.998(# )!"# $! $&''8+!'%+( 9.%+ 8'%)&(+ $! #'!:&$&'8

)(# #;#'<=(# >?@ &"*(+'!&"# 0 AB!"#.%+& 1CCDE- A>."F 1CC1E- AG(( 1CC4E- AG(( 1CC3E-

AG. 1CCHE52 I.%# ".%# $&=&'."# )!"# *( '+!,!&$ J $! 9+8#("'!'&." )% 'K8.+<=( )(

#'!:&$&'8 #%&,!"' /

6#8/(32)  *9*:*  !"#$%&'( )**+, -. /%012. 3%& 4%#5(#& 6)789: .$5 "$;/<5%5(=

>&./.#5 $5"?2.@ $A(2 .B($5. &#. /"5'(4. P = P T > 0 .5 0.$ $4"2"('.$ εaij@ εbij 5.2$

>&. C

γii < 0, i = 1, ..., r 012315

γij + γji < 0, i < jr 0123L5

"D.4

γij =





δ+(AiX −BiMj) + εaijHaiHa
T
i + εbijHbiHb

T
i ∗ ∗

EaiX −εaijI 0

EbiMj 0 −εbijI



 < 0

0123H5

X = P−1 .5 Mi = KiP
−1

@ %E 2. $;/?%2. ∗ (#0(>&. 2" >&"#5(5F 5'"#$<%$F. 0"#$ &#.

/"5'(4. $;/F5'(>&.7

GF/%#$5'"5(%#7 M."#&)8+."# $! N."*'&." *!")&)!'( )( G;!9%"., #%&,!"'( /

V (x(t)) = xT (t)Px(t) 0123D5

G! #'!:&$&'8 )( $! :.%*$( N(+=8( (#' !##%+8( $.+#O%( #! )8+&,8( $( $."F )(# '+!P(*'.&+(#

)% =.)<$( >?@ &"*(+'!&" 012DQ5 (#' #'+&*'(=("' "8F!'&,(2 M( O%& +(,&("' J ,8+&R(+

O%( /

(Ai +∆Ai − (Bi +∆Bi)Ki)
TP + P (Ai +∆Ai − (Bi +∆Bi)Ki) < 0 012335

.S $( +8F%$!'(%+ 6 M (#' ).""8 9!+ /

u(t) = −

r
∑

i=1

hi(z(t))Kix(t) 0123Q5

T9+<# $! *."F+%("*( !,(* P−1- ." N!&' $( *K!"F(=("' )( ,!+&!:$( #%&,!"' X = P−1

(' Mi = KiX- $U&"8F!$&'8 012335 )(,&("' /

XAT
i +AiX −M

T
i B

T
i −MiBi +X∆AT

i +∆AiX −M
T
i ∆B

T
i −∆BiMi < 0 0123V5

W" +(=9$!X!"' 012DV5 )!"# 0123V5 ." .:'&("' /

XAT
i +AiX −M

T
i B

T
i −MiBi +XEaTi ∆a

T
i (t)Ha

T
i +Hai∆ai(t)EaiX

−MT
i Eb

T
i ∆b

T
i (t)Hb

T
i −Hbi∆bi(t)EbiMi < 0 0123Y5
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 ! "##$%&'"!( $" #)*#)%+(+ ,-./01 2( 2! 3*!4%5+)"!( $24 6*)!24 524 %!32)(%('524 ,/.781

'!2 3*!5%(%*! 4'94"!(2 #*') &'2 ,/.:01 4*%( ;+)%<+2 24( =

XAT
i +AiX −M

T
i B

T
i −MiBi + εaiiHaHa

T

+ εa−1ii XEa
T
i EaiX + εbiiHbHb

T + εb−1ii M
T
i Eb

T
i EbiMi < 0 ,/.:>1

 ! '(%$%4"!( $2 3*?#$+?2!( 52 @3A') ,-./.01 #*') $24 (2)?24 = εa−1ii XEa
T
i EaiXB

εb−1ii M
T
i Eb

T
i EbiMi *! *6(%2!( $C2D#)244%*! γiiB ";23 =

γij =





δ+(AiX −BiMj) + εaijHaiHa
T
i + εbijHbiHb

T
i ∗ ∗

EaiX −εaijI 0

EbiMj 0 −εbijI



 < 0

,/.:01

78-.9(-  = @*%( $2 ?*5E$2 !*! $%!+"%)2 4'%;"!( =





ẋ1
ẋ2
ẋ3



 =







−9 −12 0

0 − 2
1+x2

1
(t)+x2

2
(t)
− 8 1

− 2
1+x2

1
(t)

+ 1 0 −5











x1
x2
x3



+







3

−3
(

2
1+x2

1
(t)

+ 1
)

4







,/.:/1

F24 !*! $%!+")%(+4 5' 4G4(E?2 4*!( 3A*%4%24 3*??2 4'%( =

z1(x1) ≡
1

1 + x21(t)
∈ [0, 1] , z2(x1, x2) ≡

1

1 + x21(t) + x22(t)
∈ [0, 1] ,/.:H1

F2 ?*5E$2 !*! $%!+"%)2 ,/.:/1 #2'( I()2 )2#)+42!(+ #") '! ?*5E$2 J*' KL@ M N )EO$24

3*??2 4'%( =

ẋ(t) =
4

∑

i=1

hi(zi(t))(Aix(t) +Biu(t)) ,/.:N1

";23

A1 =





−9 −12 0

0 −10 1

−1 0 −5



 , A2 =





−9 −12 0

0 −8 1

−1 0 −5



 , A3 = A4 =





−9 −12 0

0 −8 1

1 0 −5



 ,

B1 = B2 =





3

3

4



 , B3 = B4 =





3

−3

4



 .

P! 4'##*42 &'2 $" ?"()%32 5C+("( 5' 4G4(E?2 24( "Q23(+2 #") 524 %!32)(%('524 6*)!+24

3*??2 4'%( =





ẋ1
ẋ2
ẋ3



 =







−9 + 3∆3(t) −12 2∆1(t)

0 − 2
1+x2

1
(t)+x2

2
(t)
− 8 1

− 2
1+x2

1
(t)

+ 1 + 2∆3(t) 0 −5 + 2∆1(t) + 2∆2(t)











x1
x2
x3







 ! "#$%&'() *+ ,'$-&.&/$'&01 2)/ 3024.)/ 506/ 78,

+







3

−3
(

2
1+x2

1
(t)

+ 1
)

4






 !"#$%

&' ()**+(, -), .,( /'0,12/2)3,( 3) (4(256, (+'2 /3,'2/-),( *+)1 2+)( .,( 7 (+)(

6+35.,( 89: ;

Ha =





1 0 1

0 0 0

−1 0 1



 ,∆a(t) =





∆1(t) 0 0

0 ∆2(t) 0

0 0 ∆3(t)



 , Ea =





0 0 2

0 0 1

2 0 1





 !"#$%

&'() *++(,-).) +/*0-1)2- 3. +4 5)*,. .0 6'75-. 3. 6., *06.)-*-(3., 340, +4 ,80-9:,.

0 0.1 0.2 0.3 0.4 0.5
0

20

40

60

80

100

Temps(s)

x
(t
)

x
1
(t)

x
2
(t)

x
3
(t)

 !"

0 0.1 0.2 0.3 0.4 0.5
0

100

200

300

400

500

Temps(s)

u
(t
)

 #"

 !"#$% !";< =1,(+-4- 3. +4 ,*7(+4-*'0 ,40, 5)*,. .0 6'75-. 3. +/*06.)-*-(3.

3. +4 +'* 3. 6'77403. &>?@ '0 (-*+*,. +., A4*0, 3. 6'77403.  !"##% .-  !"#B%

'C-.0(, .0 )1,'+D40- +. -91'):7. !"E"!  ,80-91-*,1. ,40, *06.)-*-(3.%" F., )1,(+-4-,

3. +4 ,*7(+4-*'0 *++(,-)1 ,() +., GA()., !"; 4% .- !"; C% 7'0-). H(. +4 5)1,.06. 3.,

*06.)-*-(3., 5)'D'H(.0- +4 3*D.)A.06. 3( 7'3:+. .0 C'(6+. I.)71."

K1 =
[

1.4213 −0.6225 0.1005
]

K2 =
[

−1.2207 0.0450 0.0826
]

 !"##%

K3 =
[

−5.0270 −3.4361 0.1756
]

K4 =
[

−5.4900 0.5550 −2.1327
]

 !"#B%
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 !" #$ %&$"#&$ $" '()%*$ +$, -"'$&*-*.#$, #. )(#/+$ #0", +0 ,1"*2/,$ #$ +0 +(-

#$ '())0"#$3 (" .*-+-,$ +$, '("#-*-(", #. *24(&/)$ 567686 9$, :0-", (;*$"., ,("*

#(""4, %0& <56=>? $* <56@A? B

K1 =
[

0.1218 −1.5846 1.6103
]

K2 =
[

0.1023 −1.7086 1.6136
]

<56=>?

K3 =
[

0.5962 0.3020 1.3702
]

K4 =
[

0.5962 0.3020 1.3702
]

<56@A?

9$, &4,.+*0*, #$ +0 ,-).+0*-(" ,("* )("*&4, ,.& +$, !:.&$, #$ 56C<0? $* 56C<;?3 0D$'

+$, '("#-*-(", -"-*-0+$, x(0) =
[

8 8 8
]T
$* +$, -"'$&*-*.#$, ,("* '(",*0"*$, %$"#0"*

*(.*$ +0 ,-).+0*-(" B ∆1(t) = 13 ∆2(t) = 0.1 $* ∆3(t) = 0.96
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51)"#6  ) "!'70)1* .0!1()-  ) 0)&8)0&8) !"# 0)$)9, $)  ,:  1  ,9)$!(()')"#  )-

;<= >?%"#!"+ @AA@B2 C)- ;<= '! )0")- -!"#  )- 0!7!#- %,0+)"- &%(%7$)-  ) 9!$)0  )

D%E!" %1#!"!') !1 -)'+4%1#!"!')6 %9)&  )- &%0%&#,0+-#+51)- -+'+$%+0)- %1* %9+!"-

&!"9)"#+!"")$- F >=%$%9%"+- @AAGB6 ><1-#+" @AHHBI2

;" #J()  /;<= D0,51)'')"# 1#+$+-, %1K!10 /81+ )-# $) '+"+48,$+&!(#L0) M N 0!#!0-

FO1% 0+0!#!0I6 &!""1 -!1- $) "!'  /8,$+&!(#L0) PN2 Q/)-# 1" 9,8+&1$) M  ,&!$$%.)

9)0#+&%$6 &%(%7$)  ) -)  ,($%&)0  %"- $/)-(%&) RS )# &%(%7$)  ) 9!$)0  ) '%"+L0)

-#%#+!""%+0)2 C)- 51% 0+0!#!0- -!"#  )- 0!7!#- '!7+$)- %,0+)"- M 51%#0) 0!#!0-  ,:"+#

 %"- $/)-(%&) (%0 -+*  ).0,-  ) $+7)0#, F >T%J)7+ @AANB6 >T%J)7+ @AAUBI2 C)- N '!#!0-

-!"# .,",0%$)')"# ($%&,- %1* )*#0,'+#,-  /1") &0!+*2 C/,$)&#0!"+51)  ) &!"#0V$) )-#

8%7+#1)$$)')"# ($%&,) %1 &)"#0)  ) $% &0!+*2 <:"  /,9+#)0 M $/%((%0)+$  ) #!10")0

-10 $1+ 'W') -10 -!" %*)  ) $%&)#6 +$ )-# ",&)--%+0) 51)  )1* 8,$+&)- #!10")"#  %"-

1" -)"-6 )# $)-  )1* %1#0)-  %"- $/%1#0) -)"-2 3!10 (!19!+0  +0+.)0 $/%((%0)+$6 +$ )-#

",&)--%+0) 51) &8%51) &!1($)  /8,$+&) #!10"%"#  %"- $) 'W') -)"- -!+# ($%&, %1*

)*#0,'+#,- !((!-,)-  /1") 70%"&8)  ) $% &0!+*2 C) D!"&#+!"")')"#  /1" 51% 0+0!#!0

)-# %--)X (%0#+&1$+)02 Y" D%+-%"# 9%0+)0 %-#1&+)1-)')"# $% (1+--%"&)  )- '!#)10-6

+$ )-# (!--+7$)  ) $) D%+0) '!"#)0Z )-&)" 0)6  ) $/+"&$+")0 M .%1&8)Z 0!+#) F0!1$+-I

!1 )" %9%"#Z%00+L0) F#%".%.)I !1 )"&!0)  ) $) D%+0) (+9!#)0 -10 $1+4'W') F$%&)#I

F >[+&8%' @AH@BI2

S%"- &)##) -)&#+!"6 "!1- (0,-)"#!"- $% -#%7+$+-%#+!"  /1" 51% 0+0!#!06 )" 1#+$+4

-%"# 1") $!+  ) &!''%" )  ) #J() 3SQ2 S%"- 1" (0)'+)0 #)'(-6 "!1- (0,-)"#!"-

$) '! L$)  /,#%# "!" $+",%+0)  ) -J-#L') )# -!" '! L$) \!1 T]^2 Y"-1+#)6 "!1-

 ,9)$!((!"- $)- $!+-  ) &!''%" ) \!1) ()0')##%"# $% -#%7+$+-%#+!"  /%##+#1 )  )

51% 0+0!#!02 Y":"6 "!1-  !""!"- $)- 0,-1$#%#-  ) $% -+'1$%#+!"2

 !"! #$%&'( )*+,-)*+./0( %( '* %12*)./0( %( /0*%3.3$+$3

C) '! L$) '%#8,'%#+51)  ) $%  J"%'+51)  ) 9!$  /1" 51% 0+0!#!0 ()1# W#0)

)*(0+', -!1- $% D!0')  /1" )-(%&)  /,#%# "!" $+",%+0) -1+9%"#) F >T!00)- @AHUB6 >^#)4

9)"- @AH_ ! "

ẋ(t) = A(x)x(t) +B(x)u(t) #$%&'!

()*+ "

x =
[

φ θ ψ φ̇ θ̇ ψ̇
]T

A(x) =





















0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 −
Kfax

Ix
φ̇ 0

Iy−Iz
Ix

θ̇

0 0 0 0 −
Kfay

Iy
θ̇ Iz−Ix

Iy
φ̇

0 0 0
Ix−Iy
Iz

θ̇ 0 −
Kfaz

Iz
ψ̇




















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B(x) =



















0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
Jr
Ix
θ̇ −Jr

Ix
θ̇ Jr

Ix
θ̇ −Jr

Ix
θ̇ − lKt

Ix
0 lKt

Ix
0

−Jr
Iy
φ̇ Jr

Iy
φ̇ −Jr

Iy
φ̇ Jr

Iy
φ̇ 0 − lKt

Iy
0 lKt

Iy

0 0 0 0 lKd

Iz
− lKd

Iz

lKd

Iz
− lKd

Iz



















 !"!# $%&'()*+,)%- .%/0 &0 *1*,230

 ! "#"$%&! '(' )*'+,*-! .!/$ 0$-! -!.-+"!'$+ 1 )2,*3! 3! )2,..-(45! 6,7,8*9

:/8!'(; !' /$*)*",'$ /' 4!-$,*' '(&<-! 3! -%8)!" =(/!" :*>?)(-" ,@!4 )!" @,-*,<)!" 3!

.-+&*""! "/*@,'$!" A

z1(t) = φ̇, z2(t) = θ̇, z3(t) = ψ̇

B' "/..(",'$ C/! )!" @,-*,<)!" 3! .-+&*""! "('$ <(-'+!" 4(&&! "/*$ A

z1min ≤ φ̇ ≤ z1max

z2min ≤ θ̇ ≤ z2max

z3min ≤ ψ̇ ≤ z3max

D('4; )!" -%8)!" :*>?)(-" "/*@,'$!" .!/@!'$ 0$-! 4('"*3+-+!" A

:* z1 !"$ M11 !$ z2 !"$ N21 z3 !"$ L31 ?)(-" ẋ(t) = A1x(t) +B1u(t)

:* z1 !"$ M11 !$ z2 !"$ N22 z3 !"$ L31 ?)(-" ẋ(t) = A2x(t) +B2u(t)

:* z1 !"$ M11 !$ z2 !"$ N21 z3 !"$ L31 ?)(-" ẋ(t) = A3x(t) +B3u(t)

:* z1 !"$ M11 !$ z2 !"$ N22 z3 !"$ L31 ?)(-" ẋ(t) = A4x(t) +B4u(t)

:* z1 !"$ M12 !$ z2 !"$ N21 z3 !"$ L32 ?)(-" ẋ(t) = A5x(t) +B5u(t)

:* z1 !"$ M12 !$ z2 !"$ N22 z3 !"$ L32 ?)(-" ẋ(t) = A6x(t) +B6u(t)

:* z1 !"$ M12 !$ z2 !"$ N21 z3 !"$ L32 ?)(-" ẋ(t) = A7x(t) +B7u(t)

:* z1 !"$ M12 !$ z2 !"$ N22 z3 !"$ L32 ?)(-" ẋ(t) = A8x(t) +B8u(t)

,@!4

A1 =





















0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 −
Kfax

Ix
z1max 0

Iy−Iz
Ix

z2max

0 0 0 0 −
Kfay

Iy
z2max

Iz−Ix
Iy

z1max

0 0 0
Ix−Iy
Iz

z2max 0 −
Kfaz

Iz
z3max





















B1 =



















0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
Jr
Ix
z2max −Jr

Ix
z2max

Jr
Ix
z2max −Jr

Ix
z2max − lKt

Ix
0 lKt

Ix
0

−Jr
Iy
z1max

Jr
Iy
z1max −Jr

Iy
z1max

Jr
Iy
z1max 0 − lKt

Iy
0 lKt

Iy

0 0 0 0 lKd

Iz
− lKd

Iz

lKd

Iz
− lKd

Iz


















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A2 =





















0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 −
Kfax

Ix
z1max 0

Iy−Iz
Ix

z2max

0 0 0 0 −
Kfay

Iy
z2max

Iz−Ix
Iy

z1max

0 0 0
Ix−Iy
Iz

z2max 0 −
Kfaz

Iz
z3min





















B2 =



















0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
Jr
Ix
z2max −Jr

Ix
z2max

Jr
Ix
z2max −Jr

Ix
z2max − lKt

Ix
0 lKt

Ix
0

−Jr
Iy
z1max

Jr
Iy
z1max −Jr

Iy
z1max

Jr
Iy
z1max 0 − lKt

Iy
0 lKt

Iy

0 0 0 0 lKd

Iz
− lKd

Iz

lKd

Iz
− lKd

Iz



















A3 =





















0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 −
Kfax

Ix
z1max 0

Iy−Iz
Ix

z2min

0 0 0 0 −
Kfay

Iy
z2min

Iz−Ix
Iy

z1max

0 0 0
Ix−Iy
Iz

z2min 0 −
Kfaz

Iz
z3max





















B3 =



















0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
Jr
Ix
z2min −Jr

Ix
z2min

Jr
Ix
z2min −Jr

Ix
z2min − lKt

Ix
0 lKt

Ix
0

−Jr
Iy
z1max

Jr
Iy
z1max −Jr

Iy
z1max

Jr
Iy
z1max 0 − lKt

Iy
0 lKt

Iy

0 0 0 0 lKd

Iz
− lKd

Iz

lKd

Iz
− lKd

Iz



















A4 =





















0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 −
Kfax

Ix
z1max 0

Iy−Iz
Ix

z2min

0 0 0 0 −
Kfay

Iy
z2min

Iz−Ix
Iy

z1max

0 0 0
Ix−Iy
Iz

z2min 0 −
Kfaz

Iz
z3min





















B4 =



















0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
Jr
Ix
z2min −Jr

Ix
z2min

Jr
Ix
z2min −Jr

Ix
z2min − lKt

Ix
0 lKt

Ix
0

−Jr
Iy
z1max

Jr
Iy
z1max −Jr

Iy
z1max

Jr
Iy
z1max 0 − lKt

Iy
0 lKt

Iy

0 0 0 0 lKd

Iz
− lKd

Iz

lKd

Iz
− lKd

Iz


















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A5 =





















0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 −
Kfax

Ix
z1min 0

Iy−Iz
Ix

z2max

0 0 0 0 −
Kfay

Iy
z2max

Iz−Ix
Iy

z1min

0 0 0
Ix−Iy
Iz

z2max 0 −
Kfaz

Iz
z3max





















B5 =



















0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
Jr
Ix
z2max −Jr

Ix
z2max

Jr
Ix
z2max −Jr

Ix
z2max − lKt

Ix
0 lKt

Ix
0

−Jr
Iy
z1min

Jr
Iy
z1min −Jr

Iy
z1min

Jr
Iy
z1min 0 − lKt

Iy
0 lKt

Iy

0 0 0 0 lKd

Iz
− lKd

Iz

lKd

Iz
− lKd

Iz



















A6 =





















0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 −
Kfax

Ix
z1min 0

Iy−Iz
Ix

z2max

0 0 0 0 −
Kfay

Iy
z2max

Iz−Ix
Iy

z1min

0 0 0
Ix−Iy
Iz

z2max 0 −
Kfaz

Iz
z3min





















B6 =



















0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
Jr
Ix
z2max −Jr

Ix
z2max

Jr
Ix
z2max −Jr

Ix
z2max − lKt

Ix
0 lKt

Ix
0

−Jr
Iy
z1min

Jr
Iy
z1min −Jr

Iy
z1min

Jr
Iy
z1min 0 − lKt

Iy
0 lKt

Iy

0 0 0 0 lKd

Iz
− lKd

Iz

lKd

Iz
− lKd

Iz



















A7 =





















0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 −
Kfax

Ix
z1min 0

Iy−Iz
Ix

z2min

0 0 0 0 −
Kfay

Iy
z2min

Iz−Ix
Iy

z1min

0 0 0
Ix−Iy
Iz

z2min 0 −
Kfaz

Iz
z3max





















B7 =



















0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
Jr
Ix
z2min −Jr

Ix
z2min

Jr
Ix
z2min −Jr

Ix
z2min − lKt

Ix
0 lKt

Ix
0

−Jr
Iy
z1min

Jr
Iy
z1min −Jr

Iy
z1min

Jr
Iy
z1min 0 − lKt

Iy
0 lKt

Iy

0 0 0 0 lKd

Iz
− lKd

Iz

lKd

Iz
− lKd

Iz


















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A8 =





















0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 −
Kfax

Ix
z1min 0

Iy−Iz
Ix

z2min

0 0 0 0 −
Kfay

Iy
z2min

Iz−Ix
Iy

z1min

0 0 0
Ix−Iy
Iz

z2min 0 −
Kfaz

Iz
z3min





















B8 =



















0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
Jr
Ix
z2min −Jr

Ix
z2min

Jr
Ix
z2min −Jr

Ix
z2min − lKt

Ix
0 lKt

Ix
0

−Jr
Iy
z1min

Jr
Iy
z1min −Jr

Iy
z1min

Jr
Iy
z1min 0 − lKt

Iy
0 lKt

Iy

0 0 0 0 lKd

Iz
− lKd

Iz

lKd

Iz
− lKd

Iz


















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ẋ(t) =
r=8
∑

i=1

hi(z(t))(Aix(t) +Biu(t)) 9:;<:=

#>

h1(z(t)) =M11 ∗N21 ∗ L31, h2(z(t)) =M11 ∗N21 ∗ L32

h3(z(t)) =M11 ∗N22 ∗ L31, h4(z(t)) =M11 ∗N22 ∗ L32

h5(z(t)) =M12 ∗N21 ∗ L31, h6(z(t)) =M12 ∗N21 ∗ L32

h7(z(t)) =M12 ∗N22 ∗ L31, h8(z(t)) =M12 ∗N22 ∗ L32

37!)

M11 =
−z1 + z1max

z1max − z1min
, M12 =

z1 + z1min

z1max − z1min

N21 =
−z2 + z2max

z2max − z2min
, N22 =

z2 + z2min

z2max − z2min

L31 =
−z3 + z3max

z3max − z3min
, L33 =

z3 + z3min

z3max − z3min

 !"!# $%&'()*+%& ,( -./012*(0- 3%0

?#(/ $27!&#**!/ &! /2@(&3+!(/A 6#(, (+1&1,#6, &3 +!)B615(! ?CD *#(/ ,+3E1&1,!/

&! ,-,+%"! '#( FGH;  ! /2@(&3+!(/ '#( !,+ $#662 *3/ 8

u(t) = −
r=8
∑

i=1

hi(z(t))Kix(t) 9:;<I=

 ! "#$%&! '#( FGH !6 E#()&! J!/"2! $!71!6+ 8

ẋ(t) =
r

∑

i=1

r
∑

j=1

hi(z(t))hj(z(t))(Ai −BiKj)x(t) 9:;<K=

 3 $2+!/"163+1#6 $!, @316, K1 L K8 /!71!6+ L /2,#($/! &!,  MN, 9:;IO=;
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 !"!# $%&'()*)& +, &-.'(*)-/0

 !"# $%&&% #%$&'(") *" &%#& +% #',*-!&'(" ! .&. %/%$&*. #*0 *" +0("% +% &12%

3*!+0'0(&(0 !4%$ -%# 2!0!,5&0%# +("".# +!"# -% &!6-%!* 7898 :%# ;!'"# +% #&!6'-'#!&'("

#("& $!-$*-.# %" 0.#(-4!"& -%# :<=# >?8@AB) $(,,% #*'& C

 !"#$ ?89C D!0!,5&0%# +* 3*!+0'0(&(0

E1,6(-% F!-%*0 G"'&.

Kt 0.0019 N/rad/s

Kd 0.28 µ.N.m/rad/s

Kfax 0.00056 N.m/rad/s

Kfay 0.00056 N.m/rad/s

Kfaz 0.00064 N.m/rad/s

Jr 28.4 µ.Kg.m2

Ix 0.0104 Kg.m2

Iy 0.0104 Kg.m2

Iz 0.0284 Kg.m2

l 0.24 m

m 1.05 Kg

K1 =



























0.0446 −0.0877 −0.0479 150.0276 −153.1058 −3.9044

−0.0446 0.0877 0.0479 −150.0276 153.1058 3.9044

0.0446 −0.0877 −0.0479 150.0276 −153.1058 −3.9044

−0.0446 0.0877 0.0479 −150.0276 153.1058 3.9044

−0.0030 −0.0013 0.0009 −10.0221 −3.6577 0.3340

−0.0011 −0.0051 −0.0013 −3.5887 −10.1942 0.0408

0.0030 0.0014 −0.0009 10.0199 3.6568 −0.2120

0.0011 0.0051 0.0013 3.5908 10.1952 −0.1629



























K2 =



























0.0534 −0.0796 −0.0309 142.8627 −144.9050 −15.7886

−0.0534 0.0796 0.0309 −142.8627 144.9050 15.7886

0.0534 −0.0796 −0.0309 142.8627 −144.9050 −15.7886

−0.0534 0.0796 0.0309 −142.8627 144.9050 15.7886

−0.0039 −0.0022 0.0004 −11.1017 −5.0513 0.3370

−0.0016 −0.0055 −0.0009 −4.9594 −11.2841 0.0822

0.0039 0.0022 −0.0004 11.0987 5.0513 −0.2152

0.0016 0.0055 0.0009 4.9624 11.2840 −0.2040


























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K3 =



























−0.0257 −0.0866 0.0175 −42.8175 −232.7907 −13.9349

0.0257 0.0866 −0.0175 42.8175 232.7907 13.9349

−0.0257 −0.0866 0.0175 −42.8175 −232.7907 −13.9349

0.0257 0.0866 −0.0175 42.8175 232.7907 13.9349

−0.0060 0.0022 0.0012 −16.2976 6.1566 −0.8052

−0.0004 −0.0062 −0.0012 −1.5315 −9.9624 −0.1933

0.0060 −0.0022 −0.0012 16.3107 −6.1580 0.9594

0.0004 0.0062 0.0012 1.5184 9.9637 0.0390



























K4 =



























−0.0342 −0.0764 0.0223 −48.5384 −228.7521 −22.0754

0.0342 0.0764 −0.0223 48.5384 228.7521 22.0754

−0.0342 −0.0764 0.0223 −48.5384 −228.7521 −22.0754

0.0342 0.0764 −0.0223 48.5384 228.7521 22.0754

−0.0069 0.0029 0.0013 −18.8478 6.6473 −0.8654

0.0002 −0.0065 −0.0011 0.8456 −10.2740 −0.4075

0.0069 −0.0029 −0.0012 18.8597 −6.6525 1.0207

−0.0002 0.0065 0.0010 −0.8576 10.2792 0.2524



























K5 =



























0.0736 0.0741 0.0300 225.2369 35.4469 −19.2385

−0.0736 −0.0741 −0.0300 −225.2369 −35.4469 19.2385

0.0736 0.0741 0.0300 225.2369 35.4469 −19.2385

−0.0736 −0.0741 −0.0300 −225.2369 −35.4469 19.2385

−0.0046 0.0000 0.0008 −9.6196 −1.5260 0.4281

0.0016 −0.0075 −0.0015 5.8360 −15.8525 1.0375

0.0046 −0.0000 −0.0008 9.6188 1.5076 −0.2417

−0.0016 0.0075 0.0015 −5.8351 15.8708 −1.2239



























K6 =



























0.0808 0.0764 0.0321 223.8731 46.0511 −27.5971

−0.0808 −0.0764 −0.0321 −223.8731 −46.0511 27.5971

0.0808 0.0764 0.0321 223.8731 46.0511 −27.5971

−0.0808 −0.0764 −0.0321 −223.8731 −46.0511 27.5971

−0.0054 0.0006 0.0007 −9.9697 0.8464 0.5961

0.0021 −0.0082 −0.0015 6.3845 −18.5906 1.1492

0.0054 −0.0006 −0.0007 9.9726 −0.8637 −0.4078

−0.0021 0.0081 0.0015 −6.3873 18.6078 −1.3374



























K7 =



























−0.0437 0.0799 0.0430 −161.7258 155.2453 −26.9878

0.0437 −0.0799 −0.0430 161.7258 −155.2453 26.9878

−0.0437 0.0799 0.0430 −161.7258 155.2453 −26.9878

0.0437 −0.0799 −0.0430 161.7258 −155.2453 26.9878

−0.0083 −0.0018 0.0003 −21.4832 −4.0535 −0.2312

−0.0013 −0.0094 −0.0008 −4.0652 −21.0530 1.2307

0.0083 0.0019 −0.0003 21.4865 4.0437 0.3267

0.0013 0.0094 0.0008 4.0618 21.0629 −1.3262


























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K8 =



























−0.0526 0.0752 0.0255 −151.8129 157.5600 −42.4266

0.0526 −0.0752 −0.0255 151.8129 −157.5600 42.4266

−0.0526 0.0752 0.0255 −151.8129 157.5600 −42.4266

0.0526 −0.0752 −0.0255 151.8129 −157.5600 42.4266

−0.0091 −0.0029 −0.0002 −22.4294 −5.7545 −0.7725

−0.0017 −0.0102 −0.0007 −5.6690 −23.0364 1.4461

0.0091 0.0029 0.0002 22.4407 5.7383 0.9936

0.0017 0.0101 0.0006 5.6577 23.0526 −1.6672


























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 ." #!$%!&%'( )*+ /%&*++*+ !(,0-!%$*+

 !"#$%  !"# $%&'()(*&%(+, -. /0&-1(1+%+1 2&1 0, 3+,%14).01 5+0 -. %62. 789!

:.* ;(<*!  !"=&> .%  !"='> 1.21?*.,%.,% )& 1?2+,*. -0 *6*%@A. 2+01 ).* 3+,-(%(+,*

(,(%(&).* *0(B&,%.* # θ = 14oC φ = 17oC ψ = 11o! 9.* 1?*0)%&%* A+,%1.,% /0. ).

1?<0)&%.01 5+0 *%&'()(*. %+0* ).* ?%&%* &0%+01 -. )D+1(<(,.!



 ! "#$%&'() *+ ,'$-&.&/$'&01 2)/ 3024.)/ 506/ 78, !" #$%&'()*$%
 !"# $% $&!'()*%+ ",-# !.,"# '*/#%")/ 0%# */#-0)!)# 1,"2!3%")!-4 ',*)!") #-*

0! #)!5(0()/ %) 0! #)!5(0(#!)(," 26-"% $0!##% 2%# #7#)83%# "," 0("/!(*% *%'*/#%")/% '!*

2%# 3,280%# 9,-# 2% )7'% :;<=  !"# -" '*%3(%* )%3'#+ ",-# !.,"# 3,")*/ 0%# 2/1/>

*%")%# 3/)&,2%# '%*3%))!") 26,5)%"(* -" 3,280% 9,- :;<+ ",)!33%") 0! 3/)&,2%

2% #%$)%-*# "," 0("/!(*%# ?-( '%*3%) 26,5)%"(* -" 3,280% :;< @ '!*)(* 0%# /?-!>

)(,"# 2% #7#)83% "," 0("/!(*%= A"#-()%+ ",-# !.,"# *!''%0/ -" %"#%350% 2% */#-0)!)#

$,"$%*"!") 0! #)!5(0()/ %) 0! #)!5(0(#!)(," 2%# #7#)83%# :;<= B,-# !.,"# /C!0%3%")

'*/#%")/ 0! )%$&"(?-% 2% $,33!"2% D E FD!*!00%0  (#)*(5-)%2 E,3'%"#!)(,"G '!*

*%),-* 26/)!) %) '!* *%),-* 2% #,*)(%= H 0! I" 2% $% $&!'()*%+ ",-# !.,"# '*/#%")/ -"%

!''0($!)(," @ 0! #)!5(0(#!)(," 26!))()-2% 26-" ?-!2*(*,),*= J%# */#-0)!)# %" #(3-0!)(,"

,") 3,")*/ 06%K$!$()/ 2% 0! )%$&"(?-% 2% $,33!"2% D E=



 !"#$%&' ( !"#" $% &'()%*&+"'% $%, -+$./%,01 
 !""#$%&

 !" #$%&'()*%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,"

 !- .&'/0123 (3 4)+5+ (3 %&673*%'+&3 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,-

 !"!# $%&'()* &) +,-,+)./) (0.,10+)* ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 2"

 !"!" $%&'()* &) +,-,+)./) .%. (0.,10+)* ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 2 

 !"! 34.56'*) &) (%0 &) /%771.&) ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 2 

 !"!2 34.56'*) &) *5180(05, ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 22

 !"!9 :;:* )5 (%0 &) /%771.&) .%. (0.,10+) ! ! ! ! ! ! ! ! ! ! ! ! ! 29

 ! 8990+*6%+'$ : ;'226$(3 (<)$ 4=4%123 9>'%'5'0%6?@)3 ! ! ! ,A

 ! !# <.5+%&=/50%. ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 2>

 ! !" $%&,(0*150%. &) *4*5'7) ?6%5%@%(51AB=) ! ! ! ! ! ! ! ! ! ! ! ! 2C

 ! ! D%771.&) E%=) &) *4*5'7) ?6%5%@%(51AB=) ! ! ! ! ! ! ! ! ! ! 9F

 ! !2 34.56'*) &= +,G=(15)=+ E%= HI3 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 9"

 ! !9 J,*=(515* &) *07=(150%. ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 99

 !, ;'$*0)4+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! BC

 !" #$%&'()*%+'$
 ! "#$$!%&' &'( ()(*+$'( %#% ,-%.!-/'( 0'1* 2*/' 31' (#1( &-4./'%*'( 5!"'**'(6

7% 0,1( &' ,! (*!8-,-(!*-#%9 #% &-(*-%:1' !1((- ,' 0/#8,+$' &' /.:1,!*-#%9 #1 ,' 0/#;

8,+$' &' 0#1/(1-*' &<1% $#&+,' &' /.5./'%"' =(1-3- &' */!>'"*#-/'?6 @!%( "' "A!0-*/'9

%#1( "#%(-&./#%( ,' "!( ,' 0,1( :.%./!,9 "',1- &1 (1-3- &<1%' */!>'"*#-/' &.(-/.'6 B-%(-9

,' "A!0-*/'9 '(* /'0!/*- '% &'1C 0!/*-'(6 @!%( ,! 0/'$-+/'9 %#1( 0/.('%*#%( ,'( 0/-%;

"-0!,'( $#&+,'( &' /.5./'%"' 0#1/ ,'( ()(*+$'( DEF6 7%(1-*'9 %#1( */!-*#%( &' ,!

()%*A+(' &' "#$$!%&' 0#1/ ,'( $#&+,'( G#1( DEF '% 1*-,-(!%* ,' "#%"'0* &' 3!;

/-!8,'( &.(-/.'( 3-/*1',,' =H@H(?6 I'**' !00/#"A'9 0'/$'**!%* &<1%' 0!/* &' 5!"-,-*.

,<#8*'%*-#% &' ,! */!>'"*#-/' &.(-/.'9 '* &<!1*/' 0!/*9 ,! ()%*A+(' &' ,! ,#- &' "#$;

$!%&'6 @!%( ,! &'1C-+$' 0!/*-'9 ,' /.(1,*!* 0/-%"-0!, &' "' "A!0-*/' '(* &' $#%*/'/

,<'J"!"-*. &' "'**' !00/#"A' K ,! "#$$!%&' &<1%' "A!-%' &' "#%3'/(-#% 0A#*#3#,;

*!LM1'6



 ! "#$%&'() *+ ,-&.& /) '($0)1'2&() /)3 42/56)3 78, !" #$%&'()* +* ,-./. +* 0$12*30%.$*
 !"#$%&'!"# () #*#+,-) "!" ($"&.$') #/$0."+ 1

{

ẋ(t) = f(x(t)) + g(x(t))u(t)

y(t) = ϕ(x(t))
23456

!7 x ∈ Rn
)#+ () 0)8+)/' %9&+.+: y ∈ Rm

)#+ () 0)8+)/' %) #!'+$) -)#/'&): u ∈ Rm

)#+ () 0)8+)/' %9)"+'&): f(x): g(x): h(x) )+ ϕ(x) #!"+ %)# ;!"8+$!"# "!"<($"&.$')# .0)8

%)# %$-)"#$!"# .=='!='$&)#4

>) #*#+,-) "!" ($"&.$') 23456 =)/+ ?+') )@='$-& =.' () -!%,() A!/ #/$0."+ 1

ẋ(t) =

r
∑

i=1

hi(z(t))(Aix(t) +Biu(t)) 234B6

>) ='!C(,-) %) #/$0$ %) +'.D)8+!$') 8!"#$#+) E %&+)'-$")' (. (!$ %) 8!--."%)

=)'-)++."+ ./ #*#+,-) %) #/$0') /") +'.D)8+!$') %&#$'&) F/)(() #)'. G&"&'&) =.' /"

-!%,() %) '&;&')"8)4 H!/' #=&8$I)' (. +'.D)8+!$') %&#$'&): !" %$#+$"G/) =(/#$)/'# +*=)#

%) -!%,(): E #.0!$' ()# -!%,()# ($"&.$')# )+ "!" ($"&.$')# 2 JK."#!/'$ BLLMN64

 !"!# $%&'()* &) +,-,+)./) (0.,10+)*

H.'-$ ()# -!%,()# %) '&;&')"8)# ($"&.$')#: ()# =(/# /+$($#&# #!"+ %) (. ;!'-) 23436

2 JO#)"G BLL5N6 1

ẋr(t) = Arxr(t) +Brur(t) 23436

!7 xr )#+ (. 0.'$.C() %) '&;&')"8) =!/' t ≥ 0: Ar )#+ /") -.+'$8) .#*-=+!+$F/)-)"+

#+.C() )+ ur )#+ /") )"+'&) %) 8!"#$G") C!'"&) %."# () +)-=#4  )++) )"+'&) =)/+ ?+')

8!"#$%&'&) 8!--) &+."+ /") )"+'&) )@!G,") 2 JO#)"G BLL5N64

>) -!%,() 23436 =)/+ ?+') -/"$ %9/") -.+'$8) %9)"+'&) 2 JH.G,# BLL3N:

JP."G BLLQN6: F/$ =)'-)+ %9.0!$' /" #*#+,-) %) '&;&')"8) 8!--."%.C() %!"+ (.

-.+'$8) Ar "9)#+ =.# ;!'8)-)"+ #+.C()4  )8$ "&8)##$+) /" ')+!/' %9&+.+ %) '&;&')"8)

%."# (. (!$ %) 8!--."%) /+$($#&) =!/' .##/')' () #/$0$ %) +'.D)8+!$')4  ) -!%,()

#9&8'$+ %) (. ;.R!" #/$0."+) 1

{

ẋr(t) = Arxr(t) +Brur(t)

yr(t) = Crxr(t)
234Q6

!7 ur )#+ /") )"+'&) )@!G,"): Br )+ Cr #!"+ %)# -.+'$8)# %) %$-)"#$!"# .=='!='$&)#4

P" ./+')# +*=) %) -!%,()# %) '&;&')"8) +',# .%.=+&# =!/' ()# #*#+,-)# ($"&.$')#

)#+ /" -!%,() ($"&.$') ./+!"!-): %!"+ (. %*".-$F/) $4)4 (. +'.D)8+!$') %&#$'&): )#+

%&I"$) =.' ()# =S()# %) (. -.+'$8) Ar )+ ()# 8!"%$+$!"# $"$+$.()# xr(0)4  ) -!%,() )#+

%) (. ;!'-) #/$0."+) 2 JT/ BLLLN6 1

{

ẋr(t) = Arxr(t)

yr(t) = Crxr(t)
234M6

U."# 8) 8.#: (. -.+'$8) Ar "9)#+ =.# ;!'8)-)"+ #+.C(): 8) F/$ =)/+ )"+'.V")' %)#

='!C(,-)# %) ;.$#.C$($+& ./ "$0)./ %)# 8.(8/(# >KW4



 !"! #$%&'()* +* ,-./. +* 0$12*30%.$* 4 

 !"!" #$%&'() %( *+,+*(-.( -$- '/-+0/*()

 ! "#$% &'()#*#!% (+,"%#- $! *,+.)# +# -&/&-#!0# !,! )1!&(1-# +# %2"# 3456

,7%#!$ "(- $! +&0,$"('# +#8 !,! )1!&(-1%&8 +(!8 $! #8"(0# 0,*"(0% +# )9#8"(0#

+9&%(%: ;# *,+.)# #8% +# )( /,-*# 8$1<(!%# = >?$ @AAABC D

ẋr(t) =

r
∑

i=1

hi(zi(t))Dixr(t) =E:FC

,G r #8% )# !,*7-# +# -.')#86 hi -#"-&8#!%#!% )#8 /,!0%1,!8 +9(""(-%#!(!0# #% zr(t)

#8% )( <(-1(7)# +# "-&*188#: H(!8 0# %2"# +# *,+.)#6 )#8 *(%-10#8 Di !# 8,!% "(8

%,$%#8 /,-0#*#!%8 8%(7)#8:

H(!8 )( 8$1%# +# 0#%%# %I.8# !,$8 (+,"%,!8 $! ($%-# *,+.)# +# -&/&-#!0# +#

-&/&-#!0# 7(8& 8$- )# 0,!0#"% JHJ8:

 !"! 12-34&)( %( '$/ %( .$550-%(

K( 82!%I.8# +# )( ),1 +# 0,**(!+# 0,!818%# L +&%#-*1!#- u(t) (88$-(!% )( ",$-M

8$1%# #!%-# )# 828%.*# L 0,**(!+#- #% )# *,+.)# +# -&/&-#!0# +&81-&: K9,7N#0%1/

-#0I#-0I& #8% +# /(1-# 0,--#8",!+-# )9&%(% +$ 828%.*# x(t) =,$ )( 8,-%1# y(t)C (<#0

0#)$1 +$ *,+.)# +# -&/&-#!0# xd(t) =,$ yd(t)C:

 ! +&O!1 x̃(t) = x(t)−xd(t) P$1 +&81'!# )9#--#$- +# ",$-8$1%#6 )( +&-1<&# +# x̃(t)

89&0-1% 0,**# 8$1% D

˙̃x(t) = ẋ(t)− ẋd(t). =E:QC

#! -#*")(R(!% =E:@C +(!8 =E:QC #% #! (N,$%(!% )# %#-*#

∑r
i=1 hi(z(t))Ai(xd(t)−xd(t))6

)9&P$(%1,! =E:QC +#<1#!% D

˙̃x(t) =
r

∑

i=1

hi(z)(Aix̃(t) +Biu(t) +Aixd(t))− ẋd(t) =E:SC

H(!8 )9&P$(%1,! =E:SC6 ,! 1!%-,+$1% $!# !,$<#))# <(-1(7)# τ(t) 8(%18/(18(!% )( -#)(%1,!

8$1<(!%# D

r
∑

i=1

hi(z(t))Biτ(t) =

r
∑

i=1

hi(z(t))Biu(t) +
r

∑

i=1

hi(z(t))Aixd(t)− ẋd(t). =E:TC

,G τ(t) #8% $! !,$<#($ -&'$)(%#$- U,$ P$1 8#-( 82!%I&%18& #! 8# 7(8(!% 8$- )( %#0IM

!1P$# VH;: W! $%1)18(!% =E:TC6 )( +&-1<&# +# )9#--#$- +# ",$-8$1%# =E:SC "#$% 89&0-1-#

0,**# 8$1% D

˙̃x(t) =

r
∑

i=1

hi(z(t))(Aix̃(t) +Biτ(t)). =E:XAC

K( 8,-%1# +# -&'$)(%#$- U,$ #8% +&%#-*1!&# "(- )( 8,**(%1,! 8$1<(!%# D

τ(t) = −

r
∑

i=1

hi(z(t))Kix̃(t) =E:XXC



  !"#$%&'( )* +,%-% .( &'#/(0&1%'( .(2 31.45(2 67+

 ! "##$%&'"!( $" )*++"!, -./001 "' +*,2$ -./0314 $ 565(2+  ! 7*')$ 8 9+: 

#9 !, $" 8*9+ 5'%;"!( <

˙̃x(t) =
r

∑

i=1

r
∑

j=1

hi(z(t))hj(z(t))(Ai −BiKj)x̃. -./0=1

 ! #*5"!( Gij = (Ai −BiKj)4 $>:&'"(%*! -./0=1 # '( 5>:)9%9 )*++ 5'%( <

˙̃x(t) =
r

∑

i=1

r
∑

j=1

hi(z(t))hj(z(t))Gij x̃. -./0.1

 !"!# $%&'()*+ ,+ *'-./0/'1

?>*7@ )(%8  5( , ,:; $*## 9 '! 9:A'$"( '9 B*' -./001 #*'9 '! 565(2+ -./0.1

)"#"7$ , #%$*( 9 $ 5 :("(5 ,' 565(2+ x(t) C 5'%;9 '!  !5 +7$ , 5 ;"9%"7$ 5

,:5%9: 5 xd(t)/ DE! , )"$)'$ 9 $ 5 A"%!5 , 9:A'$"( '9 -./0014 $ (F:*92+ ./=/0  5(

)*!5%,:9: - G?%"! =33HI4 GJ'!!"5 =30HI1 <

6"81'43( )*9*:*  !"#$ %&&'( !) *+,-.) /+0 1+$2"$0 -./001 )32 #34*52+2"60)*)$2

32#7.)8 39". ):"32) 0$) *#2;"1) P > 08 0$) *#2;"1) ,"#<+$#.) D8 ,)3 *#2;"1)3 Qii =

QT
ii )2 Qji = QT

ij 5+0; i 6= j 2)..) 60) =

GT
iiP + PGii +Qii +DPD < 0, i = 1, ..., r -./0K1

(

Gij +Gji

2

)T

P + P

(

Gij +Gji

2

)

+Qij ≤ 0, i < j ≤ r -./0L1







Q11 . . . Q1r
>

>

>

>

>

>

>

>

>

Q1r . . . Qrr






> 0 -./0H1

5+0; 2+02 i8 j = 1, ..., r8 .) 5#"; (i8 j) 2)..) 60) hi(z(t))hj(z(t)) = 08 ∀t>

?@*+$32;#2"+$> M! )F*%5%55"!( $" 8*!)(%*! , ?6"#'!*; &'",9"(%&' V ( ˜x(t)) =
˜x(t)

T
P ˜x(t)/ N" ,:9%;:  5( ,*!!: #"9 $> O#9 55%*! 5'%;"!( <

V̇ =
r

∑

i=1

h2i (z)
(

x̃T
(

GT
iiP + PGii

)

x̃
)

+2
∑

i<j≤r
hi(z)hj(z)

(

x̃T

(

(

Gij +Gji

2

)T

P + P

(

Gij +Gji

2

)

)

x̃

)

-./0P1

M! '(%$%5"!( - !"#$ %& ' !"($) *+ *,&-%+& .

V̇ (x̃) ≤ −
r

∑

i=1

h2i (z)x̃
T (Qii +DPD)x̃− 2

∑

i<j≤r
hi(z)hj(z)x̃

TQij x̃ ' !"/$
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V̇ (x̃) = −x̃THT Q̃Hx̃− x̃TDPDx̃

r
∑

i=1

h2i (z)  !"#$%

&' H =
[

h1I h2I . . . hrI
]T

" () *+),-./*)0-  !"#1% 230 4-5)6-2 20 2, 70)*)3/,0 *2 8/)0

972

∑r
i=1 h

2
i (z) ≥

1
r
: &, &;0)2,0 <

V̇ (x̃(t)) ≤ −
1

r
x̃TDPDx̃ ≤ −

β

r
V (x̃(t))  !"=>%

&' β = −λmin(DPD)
λmax(P ) 20 λmin(DPD) 3&,0 *23 4/*2753 ?5&?523 @),)@/*2 20 @/A)@/*2

B2 */ @/05)C2 DPD" D*&53: &, &;0)2,0 <

V̇ (x̃(t)) ≤ V (0)e−
β

r
t

 !"=#%

E/5 C&,3-972,0: || x̃(t) ||2≤ V (0)
λmin(P )e

−β

r
t
230 C&,C*7"

F23 C&,B)0)&,3 B2 0G-&5H@2   !"!#$ %&'(&)* +*,& *,-)./0,12&. &) ') %,03451&

670%*818.-*80) .0'. 90)*,-8)*&. 678)2:-48*2. 1-*,898&44&. 48)2-8,&. ;<=>.$! ?&**& *,-).@

/0,1-*80) 90,,&.%0)6 A ') .81%4& 9B-):&1&)* 6& (-,8-34&. 38C&9*8/ ;X = P−1D
Ki = MiP

−1
$! E) -%%48F'-)* 4- *,-)./0,1-*80) 6& 90):,'&)9& A ; !G#$D ; !GH$ &*

; !G#$D 4&. <=>. .'8(-)*&. %&'* +*,& 03*&)'. I

∃ X = XT > 0D ∃ Yii = Y T
ii D ∃ Yij = Y T

ji D Mi

[

XAT
i +AiX −BiMi −M

T
i B

T
i + Y ii XF T

FX −X

]

< 0, ; !""$

XAT
i +AiX+XAT

j +AjX−BiMj −M
T
j B

T
i −BjMi−M

T
i B

T
j +2Yij ≤ 0, i < i ≤ r

; !" $











Y11 Y12 . . . Y1r
Y12 Y22 . . . Y2r
!

!

!

!

!

!

!

!

!

Y1r Y2r . . . Yrr











> 0 ; !"#$

 !"!# $%$& '( )*+ ,' -*../0,' 0*0 )+01/+2'

J K) 6& 62*&,18)&, 4&. (-,8-34&. 62.8,2&. ;LML.$ xd(t) &* 4- 408 6& 9011-)6&

u(t)D &) '*848.-)* 472F'-*80) ; !N$ I

r
∑

i=1

hi(z(t))Bi(u(t)− τ(t)) = −
r

∑

i=1

hi(z(t))Aixd(t) + ẋd(t). ; !"H$

E) )0*-)* F'& I

A(x) =
r

∑

i=1

hi(z(t))Ai, g(x) =
r

∑

i=1

hi(z(t))Bi ; !"O$
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 !"#$% !&'()*+,"- ./0123 45)+ 6+#5 #''7#,+5 $")$ !* 8"#95 $),:*-+5 ;

g(x)(u(t)− τ(t)) = −A(x)xd(t) + ẋd(t)) ./01<3

=&5>,$+5-75 ?5 !* 7"99*-?5 u(t) ?'45-? ?5 !* 8"#95 ?5 g(x)0 =* 9*+#,75 ?&5-+#'5

g(x) 5$+ $)44"$'5 ?5 4!5,- #*-@ 7"!"--50

g(x) =





0n−m
−−−

B(x)



 , A(x) =





An−m
−−−

Am



 , xd(x) =





xdn−m

−−−

xdm



 . ./01A3

=&'()*+,"- ./01<3 45)+ $&'7#,#5 $")$ !* 8"#95 9*+#,7,5!!5 $),:*-+5 ;





0n−m
−−−

B(x)(u− τ)



 =





ẋdn−m
−A(x)n−mxd(t)

−−−−−−−−−−

ẋdm −A(x)mxd(t)





./01B3

 4*#+,# ?5 !* ?5)>,C95 '()*+,"- ?5 ./01B3% !* !", ?5 7"99*-?5 -"- !,-'*,#5 5$+

?"--'5 4*# ;

u(t) = −
r

∑

i=1

hi(z(t))Kix̃(t) +B−1(x) (ẋdm(t)−Am(x)xd(t)) ./0/D3

=5$ :*#,*E!5$ xd(t) 45):5-+ 6+#5 5>+#*,#5 8*7,!595-+ F 4*#+,# ?5 !* 4#59,C#5 '()*+,"-

?5 ./01B30 ! "##$%&'(%)* + ,)--'*./ .01* 232(4-/ #5)()6)$('781/
 ! !" #$%&'()*%+'$

G"+,:' 4*# !5$ 4#'"77)4*+,"-$ 5-:,#"--595-+*!5$ 5+ !&'4),$595-+ ?5$ 7"9E)$H

+,E!5$ 8"$$,!5$% )-5 *++5-+,"- *77#)5 * '+' *77"#?'5 *)> $")#75$ ?&'-5#@,5 ?)#*E!5$0

=5$ 4,!5$ F 7"9E)$+,E!5 . IJ"$$)++* 1DK2L3% !5$ )$,-5$ ?5 E,"9*$$5 . IM,-@N 1DKOL3%

!5$ +)#E,-5$ '"!,5--5$ . IG5@N-, 1DKOL% IP*N,9 1DKQL3% 5+ !5$ 4*--5*)> 4N"+":"!H

+*R()5$ . IS,-7N5N 1DKQL3 #54#'$5-+5-+ !5$ $T$+C95$ ?&'-5#@,5$ #5-"):5!*E!5$ !5$ 4!)$

4#*+,()5$ 5+ !5$ 4!)$ ,-+'#5$$*-+$0

=5$ $T$+C95$ 4N"+":"!+*R()5$ "-+ !&*:*-+*@5 ?5 !* 7"-:5#$,"- ?5 !* !)9,C#5 ?)

$"!5,! 5- '-5#@,5 '!57+#,()5 4*# !&5U5+ 4N"+":"!+*R()50 =* 4),$$*-75 @'-'#'5 45)+ 6+#5

$+"7V'5 ?*-$ )-5 E*++5#,5% )+,!,$'5 ?,#57+595-+ ") 45)+ 6+#5 7"--57+'5 F )- #'$5*)

. IW,4!5# 1DD<L30 J"995 !5 9"-+#5 !* X,@0  !"# $%& '())%(*+ &,$(-.%& ,)/ 0%& 1(.(12

/3.-&/-4*%& 5'*-&&()1%2/%)&-,)6 ),) $-)3(-.%&! 7( '*-&&()1% 0% &,./-% 03'%)0 0% $(

/%8'3.(/*.%# 0% $931$(-.%8%)/ &,$(-.% %/ 0% $( /%)&-,) 0% &,./-%! :(. 1,)&34*%)/# 0%

),8;.%*+ ($<,.-/=8%& %/ 1,)/.>$%*.& ,)/ 3/3 '.,',&3& 0()& $( $-//3.(/*.% ',*. 8(+-2

8-&%. $% /.()&?%./ 0% '*-&&()1% '=,/,@,$/(A4*%! 7%& ($<,.-/=8%& $%& '$*& -8',./()/&

&,)/ :%./*.;%. %/ B;&%.@%. 5:CB6 5 DE;0%$&($(8 FG""H# D:(/-$ FG"IH6# -)1.38%)/($%

0% $( 1,)0*1/()1% 5J)K,)06 5 DL(?(.- FG""H# DM,.N* FG"OH6 %/ =-$$ 1$-8;-)< 5PK6



 ! ! "##$%&'(%)* + ,)--'*./ .01* 232(4-/ #5)()6)$('781/ 9:

 !"#$% &'(&)* !+,-,%. &'(/)01 234 ,567%.8-934 47:8 5,%6393:8 ;8.5.4<4 =,:4 534 >,:?

:3,;@ >-787A758,BC;34 D7993%D.,;@* 3: %,.47: =3 53;% 4.9>5.D.8<* =3 53;% E,.F53 D7G8

38 =3 53;% 9.43 3: 73;A%3 E,D.531 H7;83E7.4* .54 47;I%3:8 =3 >5;4.3;%4 .:D7:A<:.3:84

8354 C;3 53 4;.A. 53:8 57%4 =J;: D-,:6393:8 %,>.=3 =34 D7:=.8.7:4 ,8974>-<%.C;34 38

=J;:3 74D.55,8.7: D7:4.=<%,F53 ,;87;% =; >7.:8 =3 >;.44,:D3 9,@.9,53  KKL0  !M5?

F,438 &'(/)01 N:3 <8;=3 D79>,%,8.A3 =3 KOP* Q:27:= 38 R2 %<,5.4<3 3: !S3%, &'(T)0

, D7:D5; C;3 D34 9<8-7=34 47:8 3: E,.8 <C;.A,53:834 38 7I%3:8 =34 >3%E7%9,:D34 4.?

9.5,.%341
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=15.2974 V,

P
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=21.4928 W

V
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=15.5927 V,

P
PVmax

=10.4210 W

 !"#$% T1(U K;.44,:D3?H3:4.7: =J;: >,::3,; 475,.%3

VW: =3 %39<=.3% X D34 .:D7:A<:.3:84* =3 :79F%3;@ ,567%.8-934 38 48%,8<6.34 =3

D7:8%Y53 7:8 <8< >%7>74<4 8354 C;3 534 9<8-7=34 F,4<34 4;% 5, 934;%3 =J;:3 E%,D?

8.7: =3 5, 83:4.7: 3: D.%D;.8 7;A3%8  Z2P0* 534 9<8-7=34 F,4<34 4;% 5, 934;%3

=J;:3 E%,D8.7: =3 D7;%,:8 =3 D7;%8?D.%D;.8  Z220  !L,47;9 &''&)0 38 534 9<8-7=34

F,4<34 4;% 5J.:8355.63:D3 ,%8.WD.3553  QV0  !L355.8 &''[)01 \34 ,567%.8-934 Z2P 38

Z22 47:8 .:D,>,F534 =3 8%7;A3% 53 A%,. KKL 3: %,.47: =3 5J,>>%7@.9,8.7: ;8.5.4<3

=,:4 D34 ,567%.8-9341 ],:4 !+35^,.= &'(/)* ;: ,567%.8-93 =3 KOP 97=.W< , <8<

<8;=.< >7;% ,9<5.7%3% 53 97=_53 D7:A3:8.7::351 ],:4 D38 ,567%.8-93 5, A,%.,8.7:

=; D7;%,:8 =3 K` 348 ,#7;8<3 3: 8,:8 C;3 8%7.4._93 8348 =,:4 47: 7%6,:.6%,9931

],:4 !Q4-,C;3 &'(&)* 5, 9<8-7=3 7>8.9.4<3 =3 5, >7;%4;.83 =; >7.:8 =3 >;.44,:D3

9,@.9;9 >,% M44,.94 =3 K,%8.D;534  KSP0 , <8< ;8.5.4<3 >7;% %<=;.%3 5J74D.55,8.7:

,;87;% =3 KKL1 ],:4 !a,.:;%. &'(T)* !V5. &'(b) 38 !+5,:63 &'(c)* 5J,567%.8-93 KOP

D7:A3:8.7::35 , <8< D79F.:< ,A3D 53 D7:8%Y53 X F,43 =3 5, 576.C;3 d7;3  \Z0 >7;%

=<A357>>3% =34 D7:8%Y53;%4 C;. 7:8 ;:3 %<>7:43 %,>.=31 H,:=.4 C;3 =,:4 !\.; &'(b)*

534 A,%.,8.7:4 =3 5, >;.44,:D3 38 =3 5, 83:4.7: 7:8 <8< ;8.5.4< D7993 3:8%<3 >7;% =<?

A357>>3% ;: D7:8%Y53;% F,4< 4;% 5, 576.C;3 d7;31 ],:4 !`.:D-3- &'(b)* ;: D7:8%Y53;%

:3;%7?d7; , <8< >%7>74< >7;% %<=;.%3 5J74D.55,8.7: ,;87;% =; LKK* 7e 534 =7::<34
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4&#+ 567)89)7 :;<=>? 56@01,)- :;<=>? 567/ , :;<A> "$ 5B-&C/D :;<E>?  "+ F,#$%G-")%+

7&+*+ +)% )# +H+$I("  !/#@*%"#F" & &.$&$/J" #")%,8K,) L6MNOPQ ,#$ *$* .%,.,+*+

.,)% "+$/("% -" RRB "# )$/-/+&#$ )#" 7&+"  "  ,##*"+ F,#+$%)/$" S .&%$/%  !)# F"%8

$&/# #,(7%"  !"T.*%/"#F"+ %*&-/+*"+  &#+  /J"%+"+ F,# /$/,#+ "#J/%,##"("#$&-"+3 U"+

F,#$%G-")%+ )$/-/+"#$ -" F,)%&#$  " F,)%$8F/%F)/$ "$ -& $"#+/,# "# F/%F)/$ ,)J"%$? ,) -&

$"(.*%&$)%" "$ -!/%%& /&$/,#? .,)% $%,)J"% -" RRB3

4!&)$%" .&%$?  " #,(7%")T %*0)-&$")%+ BRRV K,)+ ,#$ *$* .%,.,+*+ +)% -& 7&+"

 "+ (, I-"+ K,)+  " V&C&0/8P)0"#, LVWPQ L 5X&(&- :;<Y>? 567/ :;<Y>? 567/ :;<A>?

5Z1&#0 :;<E>Q3 [!/ *" .%/#F/.&-"  "%%/I%" -"+ (, I-"+ K,)+ VWP "+$  "  *F%/%" -"+

.%,F"++)+ .&% )#" &0%*0&$/,#  " (, I-"+ -/#*&/%"+3 U"F/ ."%("$ -& F,#+$%)F$/,#  !)#

%*0)-&$")% K,) 7&+* +)% -& $"F1#/2)" R4U L 5V&#&C& :;;<&>Q3 4&#+ 5X&(&- :;<Y>?

-!&-0,%/$1(" F,#J"#$/,##"- O#U,# & *$* )$/-/+* .,)% $%,)J"% -& $"#+/,#  " %*@*%"#F"

.)/+? F,(7/#* &J"F )# %*0)-&$")% K,)  " $H." VWP3 V&# /+ 2)"  &#+ 567/ :;<Y>

"$ 567/ :;<A>? -& $"#+/,#  " %*@*%"#F" & *$* F&-F)-*" S -!&/ "  !)# (, I-"  " %*@*8

%"#F" VWP 2)/ )$/-/+" -& ("+)%"  " -& $"(.*%&$)%" "$  " -!/%%& /&$/,# F,((" "#$%*"+3
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[& +$%&$*0/"  " F,#$%G-" K,) "+$ %*+)(*" F,((" +)/$ a .%"(/I%"("#$? -" (, I-" #,#

-/#*&/%"  ) +H+$I(" .1,$,J,-$&`2)" "+$ )$/-/+* .,)% F,#F"J,/% -" %*0)-&$")% K,) VWP3
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-!/%%& /&$/,#? "# $&#$ 2)!"#$%*"+3 b#^#? )# %*0)-&$")%  " +)/J/  " $%&c"F$,/%" #,#

-/#*&/%" "+$  *J"-,..* S -!&/ "  ) %*0)-&$")% K,) "$  ) (, I-"  " %*@*%"#F" ,.$/(&-3

 ! !" #$%&'()*+($, %- ).)+/0- 12$+$3$'+*456-

[" +H+$I(" .1,$,J,-$&`2)" F,#+/ *%* "+$ F,(.,+*  !)#" F1&%0" F,#$/#)"?  !)#

1&F1")%  " $H." 7,,+$ "$  !)# .&##"&) +,-&/%"? F,((" -" (,#$%" -& N/03 =3:3 4&#+

F"$$" *$) "? -"+ .&%&(I$%"+ +)/J&#$+  ) +H+$I(" R] +"%,#$ )$/-/+*+ a

d VPV "$ iPV +,#$ %"+."F$/J"("#$ -& $"#+/,# "$ -" F,)%&#$  " 0*#*%&$")% R]3

d iL? io? Vo "$ u +,#$ %"+."F$/J"("#$ -" F,)%&#$  " -!/# )F$&#F"  " F,#J"%$/++")%?

-" F,)%&#$ "$ -& $"#+/,#  " -& F1&%0" "$ -" %&..,%$ FHF-/2)"3

d C1? C2? L? RL? Rm "$ vd +,#$ %"+."F$/J"("#$ -& F&.&F/$*  !"#$%*"? -& F&.&8

F/$*  " +,%$/"? /# )F$&#F"  " F,#J"%$/++")%? %*+/+$&#F" /#$"%#"  " -!/# )F$&#F"?

%*+/+$&#F"  " $%&#+/+$,% OefV "$ -& $"#+/,#  " -&  /, "3



iPV = npIph − npIs

(

exp

[

q(VPV +RsiPV )

kTA

]

− 1

)

−
VPV + iPVRs

Rsh

Iph Is
np A

k = 1.38.10−23J/K

T VPV q

= 1.602×1−19 Rsh Rs

Iph = G (Isc +KI(T − Tr))

Isc 25 ◦C 1 KW/m2

KI Tr G

KW/m2

Is = Irs

(

T

Tr

)3

exp

[

qEg

kA

(

1

Tr
−

1

T

)]

Eg Irs

Irs =
Isc

exp
[

qVoc

nskAT

]

− 1

Voc ns

PPVmax



 ! "#$%&'() *+ ,-&.& /) '($0)1'2&() /)3 42/56)3 78,

 !"#$%  ! " #$%&'( &)*$+,-./* &./-0()*1+ 2/ 3(11*(/ 45

+*16-71 73+-'()* 8VPV op9: $%(1;* <7,+*'*1+ *1 <71$+-71 2* )=-,,(2-(+-71 67)(-,* *+ 2*

)( +*'3&,(+/,*!

*+*+9+9 :2/56) /) 12;.)('&33)-( <223'

#*)71 )( >-;!  ! : )* '72?)* 2@1('-./* 2/ $710*,+-66*/, *6+ 2&$,-+ 3(, )*6 &./(A

+-716 6/-0(1+*6 "

{

i̇L = −RL

L
iL + 1

L
VPV −

1−u
L

(Vo + vd −RmiL)

V̇PV = − 1
C1
iL + 1

C1
iPV

8 ! B9

C1 /+-)-6(1+ )*6 &./(+-716 8 ! B9 *+ *1 (D7/+(1+ /1* 17/0*))* 0(,-(E)* 2=&+(+: +*))*

./* u̇ = uPV : )* 6@6+?'* 45 3*/+ F+,* 2&$,-+ 3(, )* '72?)* 171 )-1&(-,* 6/-0(1+ "

ẋ(t) = f(x(t)) +Bu(t) + η(t) 8 ! G9

7H

x =





iL
VPV

uPV



 , f =





−R
L
iL + 1

L
VPV + Vo+vd−RmiL

L
uPV

− 1
C1
iL

0



 , B =





0

0

1



 , η =





−Vo+vd
L

1
C1
iPV

0



 .

 ! ! "#$$%&'( )#*( '( +,+-.$( /0#-#1#2-%34*(

 ! "#$% &%' ()*+,- .- /012(! $.)3!. 42+!#..2 4- .! 3)50.- 4- 0)((!*4- 45 /6/7

+8(- 91)+):).+!;<5-%  =)3>-0+#? -/+ 4- 0)*0-:)#, 5* ,2$5.!+-5, @)5 <5# 9-,(-+ 4-

(!A#(#/-, .! 95#//!*0- 42,#:2- 45 9!**-!5 BC%  - ,D.- 45 ,2$5.!+-5, -/+ 4)*0 4=!/7

/5,-, <5- .-/ 2+!+/ 45 /6/+8(- 91)+):).+!;<5- x =
[

iL VPV uPV

]T
/5#:-*+

5*- +,!>-0+)#,- )9+#(!.- xop =
[

iLop VPV op uPV op

]T
4!*/ 4-/ 0)*4#+#)*/ (27

+2),).)$#<5-/ :!,#!3.-/%  ! 9,-(#8,- 2+!9- 0)*/#/+- E 42:-.)99-, .- ,2$5.!+-5, @)5%

F*/5#+-G 5* ,2$5.!+-5, *)* .#*2!#,- 4- /5#:# 4- +,!>-0+)#,- -+ 5* ()48.- 4- ,2?2,-*0-

)9+#(!. HIJKL /)*+ 0)*M5/G -* /- 3!/!*+ /5, .! +-*/#)* )9+#(!.- 0!.05.2- E .=!#4-

4=5* /6/+8(- 4=#*?2,-*0- @)5 HNO"L%



 ! ! "##$%&'(%)* + ,)--'*./ .01* 232(4-/ #5)()6)$('781/ 9:

 !"#$%  !"# $%&'() *+ %,-./01+ 2,3

 ! ! !: ;).4$/ <)1 =>? ./ 232(4-/ #5)()6)$('781/

4,3/ *'5+1,66+/ 1+ /'731).+3/ 2,38 1+ (,*91+ -,- 1:-'):/+ *3 ;<;.9(+ 4= > ! ?@

+;. ./)-;A,/(' +- (,*91+ 2,3 +- 3.:1:;)-. 1) .+-;:,- *+ %&)/7+ Vo +. 1+ %,3/)-.+ *+

1B:-*3%.)-%+ iL %,((+ 5)/:)C1+; *+ 6/'(:;;+! D+1) %,-*3:. E 1) A,/(+ -,- 1:-'):/+

;3:5)-.+ #

ẋ(t) = A(iL, Vo)x(t) +Bu(t) + η(t) > ! F@

,G #

A(iL, Vo) =





−Rl

L
1
L

Vo+vd−RmiL
L

− 1
C1

0 0

0 0 0





8 B =





0

0

1





8 η =





−Vo+vd
L

1
C1
iPV

0





!

+- ;366,;)-. H3+ 1+; 5)/:)C1+; (+;3/)C1+; iL +. Vo8 ;,-. C,/-'+; %,((+ ;3:. #

iL ≤ iL ≤ iL, V o ≤ Vo ≤ V o > ! I@

+- 3.:1:;)-. 1) ./)-;A,/().:,- *3 ;+%.+3/ -,-J1:-')/:.' > KL&.)M+ NOO P@8 1+ ;<;.9(+

-,- 1:-'):/+ > ! F@ 6+3. Q./+ *'%/:. 6)/ 3- (,*91+ RS$ )5+% r = 2n = 22 $:JT1,/;

/971+; 2,3+8 %,((+ ;3:. #

U971+ 1 # $: z1(t) +;. F11 +. z2(t) +;. F21 T1,/; ẋ(t) = A1x(t) +B1u(t) + η(t)8

U971+ 2 # $: z1(t) +;. F11 +. z2(t) +;. F22 T1,/; ẋ(t) = A2x(t) +B2u(t) + η(t)8

U971+ 3 # $: z1(t) +;. F12 +. z2(t) +;. F21 T1,/; ẋ(t) = A3x(t) +B3u(t) + η(t)8

U971+ 4 # $: z1(t) +;. F12 +. z2(t) +;. F22 T1,/; ẋ(t) = A4x(t) +B4u(t) + η(t)!



 ! "#$%&'() *+ ,-&.& /) '($0)1'2&() /)3 42/56)3 78,

 ! z1 = iL "# z2 = Vo $ %# &"$ '()*(+&"$ ," -)./*$$"0 F110 F120 F21 "# F22 $ %# &"$

1 %2#* %$ ,3(--()#"%(%2" , %%."$ -() 4







F11(iL) =
iL(t)−iL
iL−iL

, F12(iL) = 1− F11(iL)

F21(Vo) =
Vo(t)−V o

V o−V o

, F22(Vo) = 1− F21(Vo)
567689

:"$ /(#)*2"$ ," / ,;&"$ & 2(<= $ %# , %%."$ -() 4

A1 =







−Rl

L
1
L

V o+vd−RmiL
L

− 1
C1

0 0

0 0 0






0 A2 =







−Rl

L
1
L

V o+vd−RmiL
L

− 1
C1

0 0

0 0 0






0

A3 =







−Rl

L
1
L

V o+vd−RmiL
L

− 1
C1

0 0

0 0 0






0 A4 =







−Rl

L
1
L

V o+vd−RmiL
L

− 1
C1

0 0

0 0 0






0

B1 = B2 = B3 = B4 =





0

0

1





7

:( $ )#*" >& +(&" ,< $?$#;/" "$# , %%." -() 4

ẋ(t) =
r

∑

i=1

hi(z(t)) (Aix(t) +Biu(t)) + η(t) 567@A9

 ! hi(z) = ωi(z)/
∑r

i=1 ωi(z)0 ωi(z) =
∏n

j=1 Fij(zj) - <) # <# t > 00 hi(z) ≥ 0 "#

∑r
i=1 hi(z) = 17

 ! !" #$%&'()* +, -./,01&*,- 23, 45#

:3 +B"2#*1 "$# ," 2 %2"' *) <% ).><&(#"<) C < 2(-(+&" ," 2 %,<*)" &3.#(# ,< $?$D

#;/" EF x(t) G $<*')" <% / ,;&" ," ).1.)"%2"  -#*/(& xop(t)7 :" 2 %#)H&" "$# (& )$

%.2"$$(*)" - <) $(#*$1(*)" 4

x(t)− xop(t)→ 0 telle que t→∞ 567@I9

J *# x̃(t) = x(t)− xop(t) ,.K%* 2 //" &3"))"<) ," - <)$<*#" "# $( ,.)*'(#* % #"/- D

)"&&" "$# , %%." -() 4

˙̃x(t) = ẋ(t)− ẋop(t) 567@L9

"% )"/-&(M(%# &3.N<(#* % 567@A9 ,(%$ 567@L9 "# "% (B <#(%# &" #")/"

∑r
i=1 hiAi(xop−

xop)0 &3.N<(#* % 567@L9 ,"'*"%# 4

˙̃x(t) =

r
∑

i=1

hi (Aix̃+Biu+Aixop) + η(t)− ẋop(t) 567@69

"% *%#) ,<*$(%# <%" % <'"&&" '()*(+&" ," 2 %#)H&" τu(t) N<* $(#*$1(*# &( )"&(#* % $<*D

'(%#" 4

r
∑

i=1

hiBiτu(t) =

r
∑

i=1

hi(z) (Aixop(t) +Biu(t)) + η − ẋop(t) 567@@9



 ! ! "##$%&'(%)* + ,)--'*./ .01* 232(4-/ #5)()6)$('781/ 9 

 !  " #!$%$&'"! ()* +,*--./ %0 11 #1 2 34#1&#$! +,*-,. 3 #! 5!1 16671$! 7488 &#$! 9

˙̃x(t) =
r

∑

i=1

hi(z(t))(Aix̃(t) +Biτu(t)) +,*-:.

; & 16<#%'! #1& &4"! 74"=#& 34#1 !1'$! 1 % 314>%?8 2 74"!1@% 2 &#$A$ 2 !1'B 7C

!4$1 7488 &#$! 9

D6<#%'! #1 i 9 E$ z1(t)  &! F1i  ! z2(t)  &! F2i F%41& τu(t) = −Kix̃(t)

;' &41!$ G"'% 2# 16<#%'! #1 H4#  &! 24""6 3'1 %' &488'!$4" &#$A'"! 9

τu(t) = −

r
∑

i=1

hi(z(t))Kix̃(t) +,*-I.

 " '33%$)#'"! %' %4$ 2 7488'"2 +,*-I. '# 842?% +,*-:./ % &J&!?8  " >4#7% 

K 186 31 "2 %' K418 &#$A'"! 9

˙̃x(t) =
r

∑

i=1

r
∑

j=1

hi(z(t))hj(z(t))(Ai −BiKj)x̃(t) +,*-L.

 " 34&'"! Gij = (Ai −BiKj)/ ()* +,*-L. 3 #! 5!1 671$! 7488 &#$! 9

˙̃x(t) =
r

∑

i=1

r
∑

j=1

hi(z(t))hj(z(t))Gij x̃(t) +,*-M.

N" 1 8'1)# )# % &J&!?8 16&#%!'"! +,*-M.  &! &$8$%'$1 O 7 %#$ !14#A6  " +,*P,.*

Q'1 74"&6)# "!/ 4" 3 #! #!$%$& 1 % & 74"2$!$4"& 2 !R641?8 +,*S*-. 34#1 7'%7#% 1 % &

<'$"& 2 7488'"2 *

 ! !:!; <=>1$'(/1? *)* $%*='%?/ /( -).4$/ ./ ?=@=?/*&/ )#(%-'$

;' %4$ 2 7488'"2 "4" %$"6'$1 u(t)  ! % & A'1$'>% & 2 842?% 2 16K61 "7 

43!$8'% & xop(t) 3 #A "! 5!1 4>! "# &  " #!$%$&'"! %06)#'!$4" +,*--. )#$  &! 16671$! 

7488 &#$! 9

r
∑

i=1

hiBi(u(t)− τu(t)) = −
r

∑

i=1

hiAixop(t)− η + ẋop(t) +,*-T.

(" "4!'"! )# 9

A(iL, Vo) =
r

∑

i=1

hiAi, B =
r

∑

i=1

hiBi +,*:U.

F%41& ()* +,*-T. 3 #! 5!1 16671$! 7488 &#$! 9

B(u(t)− τu(t)) = −A(iL, Vo)xop(t)− η + ẋop(t) +,*:P.



 ! "#$%&'() *+ ,-&.& /) '($0)1'2&() /)3 42/56)3 78,

 !"# $%#&'( )*+, -,.* "/01.2,* "3+" 45 63.7* 75,.212*44* "+2859,* :





0

0

1



 (u− τu) = −





−RL

L
1
L

α

− 1
C1

0 0

0 0 0









iLop
VPV op

uPV op



−





−β
1
C1
iPV

0



+
d

dt





iLop
VPV op

uPV op





$%#&;(

3<

α =
Vo + vd −RmiL

L
, β =

Vo + vd
L

=4 13982*9, >* 93,*. 212 !+* 45 .060.*91* 3),2754* *, 4* .0?+45,*+. 939 429052.* "*.39,

1541+40" *9 6391,239 >* 45 ,*9"239 >* .060.*91* 3),2754*#

@ )5.,2. >* 45 >*+A2B7* 0!+5,239 >* $%#&;(C 39 )*+, 01.2.* !+* :

iLop(VPV op) = iPV − C1V̇PV op $%#&%(

@ )5.,2. >* 45 ).*72B.* 0!+5,239 >* $%#&;(C 39 )*+, 01.2.* !+* :

uPV op(VPV op) =
1

α

(

RL

L
iLop −

1

L
VPV op + β + i̇Lop

)

$%#&D(

E5 432 >* 137759>* 939 429052.* )*+, -,.* 3F,*9+* G )5.,2. >* 45 ,.32"2B7* 0!+5,239

>* $%#&;(C 1377* "+2, :

u(VPV op) = u̇PV op(VPV op) + τu $%#&&(

E5 H2?# %#& 244+",.* 45 F3+14* >* .0?+45,239 >* "I",B7* )J3,3834,5K!+* *, "*" ).2912L

 !"#$% %#&: F3+14* >* .0?+45,239 >* "I",B7* )J3,3834,5K!+*

)5+A 137)3"59,"# E* ).*72*. F431 *", .0"*.80 )3+. 1541+4*. 45 ,*9"239 >* .060.*91*

3),2754* VPV op *9 +,242"59, +9 "I",B7* >/2960.*91* M3+ !+2 29,.3>+2, 45 7*"+.* >*

4/2..5>25,239 G *, 45 ,*7)0.5,+.* T C *9 ,59, !+/*9,.0*"#  9"+2,*C VPV op *", +,242"0

)5. 4* F431 >* .060.*91* 3),2754 )3+. ?090.*. xop *9 +,242"59, 4*" 0!+5,239"# $%#&%(

*, $%#&D(# N+2"C *9 6391,239 >* 4/*..*+. e(t) *9,.* 4*" 0,5," .0*4 *, 3),2754C 4* F431

>* .0?+45,*+. M3+ 63+.92, 4* "2?954 >* 139,.O4* M3+ *9 +,242"59, 4/0!+5,239 $%#DP(# Q*

"2?954 *", *A)432,0 )5. 4* F431 >* .0?+45,*+. 939 429052.* $ !# $%#&&(( )3+. ?090.*.

4* "2?954 >* 139,.O4* R954#



 ! ! "##$%&'(%)* + ,)--'*./ .01* 232(4-/ #5)()6)$('781/ 99

 ! !" #$%&'()(% *+ %,-&')(,./

 !" #$ %&'(!$' )*$+,-,(.& $. )- %-)(#(.& #$ )- /&.01#$ #&%$)122&$3 "145 -%1"5

$6$,.4& #$5 .$5.5 #$ 5(/4)-.(1" 54' 4" 575.8/$ 201.1%1).-9:4$ -%$, )$5 2-'-/8.'$5

#1""&5 #-"5 )$ .-;)$-4 <=> !"# $%&'# () *+$),%-")* ./) #/'- 0%,0),+# "' *+#/,1%'-

,"# !23# 45 6678 45 657 "- 45 6978 0/::" #)&- ;

K1 =
[

155.0075 −0.6106 633.6307
]

, K2 =
[

92.6114 −0.1194 570.2396
]

K3 =
[

282.7187 −0.4403 616.0382
]

, K4 =
[

103.4164 0.3952 577.9426
]

.

/< ,% :%-*&0" (&%$/'%, "#- 0=/&#&" 0/::" #)&- ; D =
[

2.75 2.75 2.75
]

 

 !"#$ 5 >; ?%*%:@-*"# () #A#-@:" (" 0/'1"*#&/' ?B 

?%*%:@-*" B%,")* C'&-+

k 1.38e23 J/K

A 1.1 V

Rsh 360.002 Ω

Rs 0.18 Ω

ns 36  

np 1  

T0 298.15 K

G0 1000 W/m2

Voc 21.6 V

Iscn 3.8 A

Vpvn 21 V

R 35 Ω

C2 4 µF

C1 1 mF

L 40 mH

RL 0.5 Ω

Rm 0.05 Ω

vd 1.9 V

!% -"'#&/' /D-&:%," 0/**"#D/'(%'- E ,% D)&##%'0" :%F&:%," "#- 0%,0),+" E ,G%&("

(G)' %,$/*&-=:" H%#+ #)* )' #A#-@:" (G&'I+*"'0" ./) 4J3K7 L"- %,$/*&-=:" )-&,&#"

)'" H%#" (" (/''+"# 0/'#-*)&-" E D%*-&* (" 0%*%0-+*&#-&M)"# (" -"'#&/'ND)&##%'0" 

C'" D%*-&" (" 0"--" H%#" (" (/''+"# "#- :/'-*+" (%'# ," -%H,"%) 5 6 !G&**%(&%-&/'

"- ,% -":D+*%-)*" #/'- :/(+,&#+"# D%* ("# I/'0-&/'# (G%DD%*-"'%'0" ./)"# D/)* /HO

-"'&* )'" *",%-&/' ./)" "'-*" 0"# D%*%:@-*"# "- ,% -"'#&/' /D-&:%," L"# I/'0-&/'#

(G%DD%*-"'%'0" (/''+"# (%'# ,% K&$ 5 P #/'- /D-&:&#+# "' )-&,&#%'- )' %,$/*&-=:"

QRK3J 

!" D*":&"* -"#- "#- "S"0-)+ (%'# (&1"*#"# 0/'(&-&/'# %-:/#D=+*&M)"# /< /' #)DO

D/#" M)" ,"# 1%*&%-&/'# (" ,% -":D+*%-)*" "- (" ,G&**%(&%-&/' #/'- 0/::" &,,)#-*+"#



 ! "#$%&'() *+ ,-&.& /) '($0)1'2&() /)3 42/56)3 78,

 !"#$  !"# $%&'() *) +% ,%-) *) *.//0)- 1'(+(-0) 2%& +3%+4.&('56) 789:;

G <W/m2
= T <C◦= VPV op <V =

700 30 16.8813

200 45 15.0884

900 35 16.9792

100 50 13.9394

300 60 15.2033

400 25 16.6476

500 23 16.3100

600 20 16.4832

500 23 16.3100

-1& +)- 9(4-!  !><%= )'  !><,=? &)-2)@'(A)6)/'! B)- &02./-)- *) +% ')/-(./ )' *) +%

21(--%/@) *) -C-'D6) $E -./' (++1-'&0)- -1& +% 9(4!  !><@= )' +% 9(4!  !><*=? '%/*(-

F1) +)- &02./-)- *1 @.1&%/' *1 @./A)&'(--)1& )' *1 -(4/%+ *) @.66%/*) -./' (++1-G

'&0)- -1& +% 9(4!  !><)= )' +% 9(4!  !><H=! 8.1- 2.1A./- @./-'%')& F1) '.1' +)- 0'%'- *1

-C-'D6) $E -1(A)/' 2%&H%(')6)/' +)- '&%I)@'.(&)- .2'(6%+)- )' /) -./' 2%- %J)@'0-

2%& +)- A%&(%'(./- *) +3(&&%*(%'(./ -.+%(&) )' *) +% ')620&%'1&)! K)+% @./*1(' L 1/)

(62.&'%/') )M'&%@'(./ *) +30/)&4() -.+%(&) *(-2./(,+)!

N%/- +) *)1M(D6) ')-'? +% 60'5.*) O.1) )-' @.62%&0) %1M 60'5.*)- +) 2+1-

1'(+(-0)- *%/- +% +(''0&%'1&) $PQ )' :8@K./*! B)- &02./-)- *) +% ')/-(./ )' *) +%

21(--%/@) *) -C-'D6) $E -./' (++1-'&0)- -1& +% 9(4!  !R<%= )' +% 9(4!  !R<,=! 8.1-

-122.-./- *%/- @) ')-' F1) +% ')620&%'1&) )-' @./-'%/') 25 ◦C )' F1) +3(&&%*(%'(./

-.+%(&) )-' A%&(%,+)! B) '%,+)%1  ! 2&0-)/') +) &)/*)6)/' <ET = *)- '&.(- 60'5.*)-

S$$T *0U/( 2%& VW%C.*GXYI1+% "Z[\] #

ET =

∫

PPV dt
∫

PPVmaxdt
< !^_=

.` PPVmax )-' +% 21(--%/@) 6%M(6%+) '50.&(F1)!

8.1- @./-'%'./- F1) +% 60'5.*) O.1) % 1/) A(')--) *) 2.1&-1(') 0+)A0)! a++) )-'

04%+)6)/' 2+1- )b@%@) F1) +)- 60'5.*)- @+%--(F1)- $PQ )' :8@K./* 2.1& +)- *(J0G

&)/'- /(A)%1M *3(&&%*(%'(./? /.'%66)/' +.&-F1) +3(&&%*(%'(./ %146)/') .1 *(6(/1)!

2.1& 6./'&)& +3)b@%@('0 *1 &041+%')1& O.1 ? *)- 2.&'(./- *)- 0'%'- *%/- +3(/')&A%++)

*) 1 s L 2 s -./' %4&%/*()- @.66) (+ )-' (++1-'&0 -1& +)- 9(4-!  !R! 8.1- 2.1A./-

A.(& @+%(&)6)/' *%/- +)- 2%&'()- %4&%/*()- F1) +)- &02./-)- *)- 0'%'- %A)@ +) &041+%G

')1& O.1 -1(A)/' 2%&H%(')6)/' +)1&- '&%I)@'.(&)- .2'(6%+)-! T%/*(- F1) +)- &02./-)-

*1 -C-'D6) 25.'.A.+'%cF1) %A)@ +)- &041+%')1&- @+%--(F1)- 6./'&)/' *)- .-@(++%'(./-

@./-(*0&%,+)- *%/- +)- *(J0&)/'- 0'%'-!

B)- 2)&H.&6%/@)- *)- '&.(- 60'5.*)- -./' 04%+)6)/' 0A%+10)- L +3%(*) *) +3)&&)1&

F1%*&%'(F1) 6.C)//) <XS;a 2.1& X..' S)%/ ;F1%&)* a&&.&= )/'&) +% 21(--%/@)

*) -C-'D6) $E )' -% 21(--%/@) 6%M(6%+) '50.&(F1)! B) XS;a )-' *0U/( @.66) -1('
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 0" #$%&'($%) *+!,,!-'.%!%&. *. /! '.1,.-!'2-.

 !"#$%  !"# $%&'()%&* +,-..-/(0&-&'0 1()2)*30* .-/ 20 *4*(560 +,)&73/0&'0 8%1

.%1/ 93&3/0/ 2- (0&*)%& %.()6-20!

&'()%  ! # :%6.-/-)*%& +0 +);3/0&(0* 63(<%+0* =>>?

=>>? ?06.* +0 /3.%&*0 @sA B0&+060&( @%A

>CD 0.0791 97.98

EF'%&+ 0.0821 97.96

>/%.%*0+ 0.0078 99.44

@ GH)& D6-/ IJKLMN GD1&&-* IJKO ! "

RMSE =

√

∑N
i=1 (PPV,i − PPVmax,i)

2

N
#$%&'!

() *+,%  !"#$% &'()*+,* -*) ./01) &23' 4*) 456('*+,) +57*$38 495''$45$,52+ *,

3+* ,*:&('$,3'* ;2+),$+,* 4* 25 ◦C< ,$+45) =3* -$ >5?!  !"#@% :2+,'* -*) ./01)

&23' 4*) 456('*+,*) ,*:&('$,3'*) *, 3+* 5''$45$,52+ ;2+),$+,* 4* 1000 W/m2
! A- *),

;-$5' =3* -*) ./01) 4*) :(,B24*) ;-$))5=3*) )2+, )3&('5*3') C ;*38 4* -$ :(,B24*

D23* &23' 3+* -$'?* ?$::* 4* ;2+45,52+) 4* E2+;,52++*:*+,! F*-$ :2+,'* =3* -*

'(?3-$,*3' D23 &*3, *8,'$5'* 3+* &35))$+;* :$85:$-* $7*; 3+ :5+5:3: 4* &*',*

49(+*'?5*!

GH+ 4* 4(:2+,'*' -$ @2++* ;2+7*'?*+;* 7*') -*) &25+,) 4* &35))$+;* :$85:$-*)

#II/%< -*) ;$'$;,('5),5=3*) I35))$+;*JK*+)52+ 4* ,'25) :(,B24* )2+, )5:3-(*) $7*;

3+* ,*:&('$,3'* ;2+),$+,* 4* 25 ◦C *, 5''$45$,52+ 7$'5$@-* L 500 + 500sin(πt)
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 =" >!00%$+ 7?7'*@-1

 !"#$%  !"# $%&'()*)& +, &-.'(*)-/0 1/'2 +-3,2&,& 4/0+-)-/0& *)./&15%2-6',&!

7W/m2
8! 9/') +:*;/2+< 0/'& &'11/&/0& 6', (:-22*+-*)-/0 *'=.,0), &-0'&/>+*(,.,0)

+, 500 W/m2
? 1000 W/m2

! @'-&< ,((, +-.-0', +, 1000 W/m2
? 0 W/m2

!

A,& 2%&'()*)& +, (* &-.'(*)-/0 &/0) 12%&,0)%& +*0& (,& B-=&!  !CD< ? 1*2)-2 +'6',(<

0/'& 1/'3/0& 4/0&)*),2 6', #

E A* .%)5/+, F/', =*2*0)-) '0, 4/03,2=,04, 2*1-+, 3,2& (,& @@G& (/2&6',

(:-22*+-*)-/0 &/(*-2, *'=.,0), +, 500 W/m2
? 1000 W/m2

< /' +-.-0', +,

1000 W/m2
? 0 W/m2

H

E A,& .%)5/+,& 4(*&&-6',& 0, 1,'3,0) 1*& =*2*0)-2 (* 4/03,2=,04, (/2&6', (,

(:-22*+-*)-/0 &/(*-2, *'=.,0), +, 500 W/m2
? 1000 W/m2

H

E I,'(, (* .%)5/+, JK4/0+ =*2*0)-) (* 4/03,2=,04, 3,2& (,& @@G& (/2&6', (:-2L

2*+-*)-/0 &/(*-2, +-.-0', +, 1000 W/m2
? 400 W/m2

H
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 1" /.'&&!%2$ )$ *+%+,!-$., /0

 !"#$%  !"# $%&'()*+%, -,.)- /012 3,4$%,5 -. 6( &7.8%5- 9%:-!

; <-+ &7.8%5-+ 46(++*=:-+ ,- '-:>-,. '(+ ?()(,.*) 6( 4%,>-)?-,4- 6%)+=:- 6@*)A

)(5*(.*%, +%6(*)- 5*&*,:- 5- 400 W/m2
B 0 W/m2

!

C '().*) 5- 6@(,(6D+- 5-+ 4()(4.7)*+.*=:-+ /EF 5%,,7-+ 5(,+ 6-+ G*?+!  !HI2 ,%:+

'%:>%,+ 4%,J)&-) =:- 6- )7?:6(.-:) 9%: %K)- :,- )7'%,+- 5D,(&*=:- )('*5- -. 5-+

'-)L%)&(,4-+ +:'7)*-:)-+ -, .-)&-+ 5- 4%,>-)?-,4- >-)+ 6-+ //M+! !" #$%&'()*$%
N(,+ 4- 48('*.)-2 ,%:+ (>%,+ 7.:5*7 6- ')%O6P&- 5- 6( 4%&&(,5- 5@:,- 46(++-

5-+ +D+.P&-+ ,%, 6*,7(*)-+ 574)*. '() 6-+ &%5P6-+ 9%:+ 5- .D'- QER! <( &7.8%5- 5-

4%&&(,5- 9%:- 57>-6%''7- 5(,+ 4- 48('*.)- -+. 4('(O6- 5- 4%,5:*)- 6- +D+.P&- B

+:*>)- :, &%5P6- 5- )7L7)-,4- %'.*&(6! <- &%5P6- 5- )7L7)-,4- %'.*&(6 -+. 4%,S: -,

+- O(+(,. +:) 6- 4%,4-'. FNF+! <-+ ?(*,+ 5: )7?:6(.-:) 9%: +%,. 4(64:67+ +:) 6( O(+-

5- 4%,5*.*%,+ 5- +.(O*6*.7 5: +D+.P&- 9%: =:* +%,. 5%,,7-+ +%:+ L%)&- 5- <M3+ -.

)7+%6:-+ B 6@(*5- 5@%:.*6+ 5@%'.*&*+(.*%, 4%,>-T-! U%:+ (>%,+ -,+:*.- ')7+-,.7 :,-

(''6*4(.*%, B 6( 4%&&(,5- 5@:, +D+.P&- 5- 4%,>-)+*%, '8%.%>%6.(V=:-! <-+ )7+:6.(.+

5- +*&:6(.*%,+ -. 6( 4%&'()(*+%, (>-4 6-+ (6?%)*.8&-+ 46(++*=:-+ /01 -. 3U4%,5
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 6" #$%& '()* +,- +./0*,12,- 2,3'0*!2)*,- ,2 )1, .**!4

+.!2.(1 5(1-2!12,

 !"#$%  !"# $%%&'% (')*%)+,('& -./&00& *& 1) 2',33)04&

-.0+%&0+ ('& 1& 3/3+5-& 26.+.7.1+)8('& 2&'+ 9+%& 4.0+%:1; &<4)4&-&0+ *)03 *&3

*,=;%&0+&3 %;>,.03 .2;%)+,.00&11&3 2)% '0 346;-) *& 4.0+%:1& ?.' &+ 2&'+ 3'%-.0+&%

1&3 1,-,+&3 *&3 %;>'1)+&'%3 4.07&0+,.00&13!
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 !"#$%  !"#$ %&'&()*'+,)+-./ 012 3. ,4,)56/ 789)9:9;)&<-./ :+& $ =&> ?*)893/

@9./ A =B> ?*)893/ CD3%9D3 A =(> ?*)893/ 0EF!





 !"#$%&' ( !"#" $% &'()%*&+"'% $%, -+$./%,01 2%'&!'34, (#%* *'"&.'%, H∞

 !""#$%&

 !" #$%&'()*%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,-

 !. /&'01234 (4 5)+6+ (4 %&784*%'+&4 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! , 

 !"!# $%&'()*+,%- .( /&%0)1'2 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 3 

 !"!" 45-+6172 .2 )* )%, .2 8%''*-.2 H∞ ! ! ! ! ! ! ! ! ! ! ! ! ! 33

 !"!9 :%.1)2 .2 &;<;&2-82 2+ )%, .2 8%''*-.2 -%- ),-;*,&2 ! ! ! ! ! 3=

 !- 9::1+*7%+'$ ; <'337$(4 =')4 (>)$4 ?59/ ! ! ! ! ! ! ! ! ! ,@

 !9!# >-+&%.(8+,%- ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 3?

 !9!" @278&,/+,%- ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! AB

 !9!9 C)*77,D8*+,%- .27 :4EF ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! A#

 !9! :%.;),7*+,%- .2 )* :4EF ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! A#

 !9!G :%.1)2 H%( .2 )* :4EF ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! A3

 !9!3 :%.1)2 .2 &;<;&2-82 .;7,&; 2+ )%, .2 8%''*-.2 -%- ),-;*,&2 ! A3

 !9!A I;7()+*+7 .2 7,'()*+,%- ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! AA

 ! <'$*1)A+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! BC

 !" #$%&'()*%+'$
 !"# $% $&!'()*%+ ",-# '*.#%"),"# /! $,00!"1% 2,-% %" ',-*#-()% 13-"% $/!##%

1%# #4#)50%# "," /(".!(*%# %) '%*)-*6.# 7(! 1%# 0,15/%# 2,-# 89:; 8,-) 13!6,*1+ /%#

0,15/%# 89: #,") -)(/(#. ',-* *%'*.#%")%* /% #4#)50% "," /(".!(*%; <"#-()%+ -" #$&.0!

1% $,00!"1% !7%$ -"% !$)(," (").=*!/% %#) 1.7%/,''.; >,-# ?,*0-/,"# '!* /! #-()%

/%# ,6@%$)(?# 1% $,00!"1% 1!"# 1%# $,"1()(,"# 1% #)!6(/(). #-A#!")%# %" -)(/(#!") /!

0.)&,1% 1% B4!'-",7; <" *.#,/7!") -" %"#%06/% 1% BCD#+ ",-# ,6)%","# 1%# =!("#

1% *.=-/!)%-* !7%$ /! =!*!")(% 1% /! '%*?,*0!"$% H∞; E("#(+ ",-# $,"$%7,"# -"
%"#%06/% 1% 7!*(!6/%# 1.#(*.%# 7(*)-%//%# #-* /! 6!#% 1- 0,15/% 1% *.?.*%"$% 7(*)-%/;

<"F"+ ",-# (//-#)*,"# /3%A$!$(). 1- *.=-/!)%-* 2,- #-* -"% 0!$&("% #4"$&*,"% G

!(0!") '%*0!"%") HC:EIJ;



 !

"#$%&'() !* +,&-& .) '($/)0'1&() .)2 31.45)2 67+ %)(',(892 $-)0

0(&'4()2 H∞ !" #$%&'()* +* ,-./. +* 0$12*30%.$*
 !"!# $%&'()*+,%- .( /&%0)1'2

 !"#$%&'!"# ()&*+,-$!" %.",/$*+0 1&"&',(0 %)+" #.#-2/0 "!" ($"&,$'0 0- 30'4

-+'5& 6

ẋ(t) = f(x(t)) + g(x(t))u(t) + υ(t). 789:;

!< x(t) 0#- (0 =0>-0+' %)&-,-? u(t) 0#- (0 =0>-0+' %0 >!//,"%0? υ(t) 0#- (0 =0>-0+'

%0 30'-+'5,-$!"? f(x) ,"% g(x) #!"- %0# @!">-$!"# "!" ($"&,$'0# ,=0> %0# %$/0"#$!"#

,33'!3'$&0#9

A0 #.#-2/0 "!" ($"&,$'0 789:; 30+- B-'0 0C3'$/& 3,' (0 /!%2(0 D!+ EFG 6

G$ z1 0#- F1i 0- 999 0- G$ zg 0#- Fgi H(!'# ẋ(t) = Aix(t) +Biu(t) +Diw(t)

!< z1...zg #!"- (0# =,'$,5(0# %0 3'&/$##0? Fji(j = 1, 2, ...g) #!"- (0# 0"#0/5(0#

D!+#? Ai? Bi 0- Di #!"- (0# /,-'$>0# %+ #.#-2/0 ,=0> %0# %$/0"#$!"# ,33'!3'$&0#9

A0 /!%2(0 D!+ 1(!5,( 0#- %&%+$- >!//0 #+$- 6

ẋ(t) =
r

∑

i=1

hi(z(t))(Aix(t) +Biu(t) +Diw(t)). 789I;

!<

ωi(z(t)) =

r
∏

j=1

Fij((z(t))), hi(z(t)) =
ωi(z(t))

∑r
i=1 ωi((z(t))

.

3!+' -!+- t > 0? hi(z(t)) ≥ 0 0-
∑r

i=1 hi(z(t)) = 19

A)!5J0>-$@ %0 >!//,"%0 0#- '0*+$# 3!+' #,-$#@,$'0 6

x(t)− xd(t)→ 0 pour t→∞

!< xd(t) %&#$1"0 (0# =,'$,5(0# %&#$'&0#9

G!$- x̃(t) = x(t) − xd(t) %&K"$ >!//0 ()0''0+' %0 3!+'#+$-9 A, %&'$=&0 %0 x̃(t) 0#-

%!""&0 3,' 6

˙̃x(t) = ẋ(t)− ẋd(t).

˙̃x(t) =
r

∑

i=1

hi(z)(Ai(x(t)−xd(t)))+

r
∑

i=1

hi(z)Diw(t)+
r

∑

i=1

hi(z)Biu(t)+
r

∑

i=1

hi(z)Aixd(t)−ẋd(t)

789L;

M,"# 789L;? "!+# ,##+/!"# *+0 6

r
∑

i=1

hi(z(t))Biτ(t) =
r

∑

i=1

hi(z(t))Biu(t) +
r

∑

i=1

hi(z(t))Aixd(t)− ẋd(t). 7898;

N" +-$($#,"- 7898;? (, %&'$=&0 %0 ()0''0+' %0 3!+'#+$- 789L; 0#- '&&>'$- >!//0 #+$- 6

˙̃x(t) =

r
∑

i=1

hi(z(t))(Aix̃+Biτ(t) +Diw(t)). 789O;
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 ! !"#$%&# '()#*&+%#' ,"# τ(t) %-+ ."!/# ."00% -#1+ 2

31 z1 %-+ F1i %+ 444 %+ 31 zg %-+ Fgi 5*"'- τ(t) = −Kix̃(t)6 i = 1., ..., r4

7& -"'+1% 1!8('(% 9# '()#*&+%#' :;< %-+ 9(+%'01!(% =&' *& -"00&+1"! 2

τ(t) = −
r

∑

i=1

hi(z(t))Kix̃(t), i = 1...r. >?4@A

:"#' '%B%+%' *& =%'+#'C&+1"! 9# -D-+E0%6 #!% &.+1"! 1!+()'&*% > FGH1&' IJJKL6 FMH%!) IJJIL6

FN#!!&- IJOPLA %-+ &B"#+(% ."00% *Q1!91R#% 9&!- *& S1)4 ?4O4

τ(t) = −

r
∑

i=1

hi(z(t))Kix̃−

r
∑

i=1

hi(z(t))Fix̃I  !"#$

%&

x̃I(t) =

∫ tf

0
x̃(t)dt.

'(  !"#$) %* +(,- ./010( 2,( 3

τ(t) = −
r

∑

i=1

hi(z(t))
[

Ki Fi

]

[

x̃

x̃I

]

.

4( *%,5(6, 0.7,86-(,0 9%, +(,- :-0( ;<./01- /%==( ;,1- 3

τ(t) = −

r
∑

i=1

hi(z(t))K̄iX̄(t).  !">$

4( =%?@8( ABC 65(/ 8<6/-1%* 1*-.7068( +(,- :-0( ;<./01- ;%,; 86 D%0=( 6,7=(*-.(

;,156*-( 3

˙̄X =

r
∑

i=1

hi(z(t))(ĀiX̄(t) + B̄iτ(t) + D̄iw(t)).  !"E$

Āi =

[

Ai 0

I 0

]

, B̄i =

[

Bi

0

]

, D̄i =

[

Di

0

]

.

 !"#$% !"F3 C/G.=6 ?( /%==6*?( (* ,-181;6*- ,*( +60-1( 1*-.706*-(

'6*; 8( /6; %& B1 = B2 = ...Br = B) 8( =%?@8( 9%, ABC ?, ;H;-@=( +(,- :-0(

;<./01- ;%,; 86 D%0=( 6,7=(*-.( ;,156*-( 3

˙̄X(t) =

r
∑

i=1

hi(z(t))[GiX̄(t) + D̄iw(t)].  !"FI$



  

!"#$%&'( )* +,%-% .( &'#/(0&1%'( .(2 31.45(2 67+ $('&,'892 #-(0

0'%&4'(2 H∞

 !"#

Gi = Āi − B̄K̄i, B̄ =

[

B

0

]

.

 !"!" #$%&'()* +* ,- ,./ +* 0.11-%+* H∞

$" %&' (" #"''" )"#'*+, ")' (-.'",(/" 0") #+,(*'*+,) (" )' %*0*'. (" )1)'23"  &45

3",'. 6789:; <&* ")' )+&3*) = (") >"/'&/% '*+,) "?'"/,") w(t)8 $" 0"33" 78@89 (+,,"

0") #+,(*'*+,) $AB) >"/3"'' ,' (" 4 / ,'*/ 0 )' %*0*'. (& )1)'23" "' (- ''.,&"/ 0-"C5

C"' (") >"/'&/% '*+,) "?'"/,")8 $- ''.,& '*+, (" 0-"D"' (") >"/'&/% '*+,) ")' C *'"

", #+,)*(./ ,' 0 >"/C+/3 ,#" H∞ 0*." = 0-"//"&/ (" >+&/)&*'" (.E,*" #+33" )&*'

6 FGH", 9IIIJK FL ,4 @::7JK FM&,, ) @:9NJ; O

∫ ∞

0
X̄(t)T X̄(t)dt ≤ γ2

∫ ∞

0
wT (t)w(t)dt 67899;

+P γ ")' 0" ' &? (- ''.,& '*+, (.)*/. (") >"/'&/% '*+,) "?'./*"&/") w(t)8 $" 0"33"

)&*! ,' (+,," 0") /.)&0' ') (" 0 ,+/3" H∞ O

:(33( )*;*<*  !"# $%"&'$ () &*+#+",$ -.&"'"/ γ > 00 $' 1$& 2+',"*$& X $' M &3245

',"6($& $' 147)"$& -.&"'"8$&0 '$#& 6($ #$& *.)1"'".)& &("8+)'$& &."$)' 84,"74$&9 :





ĀiX +XĀT
i − B̄Mi −M

T
i B̄

T D̄i X

D̄T
i −γ2I 0

X 0 −I



 < 0. 6789@;

+#.,&0 #$ &3&';2$ +(<2$)'4 6789:; $&' +&32-'.'"6($2$)' &'+=#$ $' #+ -$,/.,2+)*$

H∞ 67899; $&' <+,+)'"$ 8"+ #+ #." 1$ *.22+)1$ >?@ 2.1"74$ 678I;9 ?+)& *$ *+&0 #$&

<+")& 1$ #+ #." 1$ *.22+)1$ >?@ 2.1"74$ 678I;  !"# $!""% &'( )

K̄i =MiX
−1

 !"#$%

*%+!" #('#,!"- &'()*+,-'() ./ 0'(12*'( +3 45/67('8 V (X̄(t)) = X̄T (t)PX̄(t) '9

P = P T > 0" :;( +<,2/=.*- ./ )2/=*.*2, /)5>62'2*?73 +3 .<*(,@/.*2,  !"##%A 4/ +,-*8,3

+3 V (X̄(t)) +'*2 )/2*)0/*-3 ./ 1'(+*2*'( )7*8/(23 B

V̇ (X̄(t)) < 0  !"#!%

:;( +</223*(+-3 .3) 63-0'->/(13) H∞ .*,3) C .<3--37- +3 6'7-)7*23A .<*(,@/.*2,  !"#!%

+38*3(2 /.'-) B

V̇ (X̄(t)) + X̄T (t)X̄(t)− γ2wT (t)w(t) < 0  !"#D%

E( -3>6./F/(2 V (X̄(t)) 6/- )/ 8/.37- X̄TPX̄ +/()  !"#!%A E?"  !"#D% 6372 G2-3 ,1-*23

)'7) ./ 0'->3 4HI )7*8/(23 B

r
∑

i=1

hi
{

X̄T (GiP + PGT
i )X̄ + wT

[

D̄T
i P

]

X̄
}

+
r

∑

i=1

hiX̄
T
[

P D̄i

]

w−γ2wTw < 0

 !"#J%



 !"! #$%&'()* +* ,-./. +* 0$12*30%.$* 45

 !"#$%&'"($ )*+,-./ 012( 3(41 567"8$1 96551 :2"( ;

r
∑

i=1

hi(z(t))
[

X̄T wT
]

[

GiP + PGT
i D̄i

D̄T
i −γ2I

] [

X̄

w

]

< 0. )*+,<.

=# 2("'":&#( )*+,<./ 6# 012( $94"41 >21 ;

[ ∑r
i=1 hi(z(t))(GiP + PGT

i ) + I P
∑r

i=1 hi(z(t))D̄i
∑r

i=1 hi(z(t))D̄
T
i P −γ2I

]

< 0 )*+,?.

=# 2("'":&#( )*+,?./ 6# 012( $94"41 >21 ;

[ ∑r
i=1 hi(z(t))(GiP + PGT

i ) P
∑r

i=1 hi(z(t))D̄i
∑r

i=1 hi(z(t))D̄
T
i P −γ2I

]

+

[

I 0

0 0

]

< 0. )*+,@.

=# 2("'":&#( )*+,@./ 6# 012( $94"41 >21 ;

[ ∑r
i=1 hi(z(t))(GiP + PGT

i ) P
∑r

i=1 hi(z(t))D̄i
∑r

i=1 hi(z(t))D̄
T
i P −γ2I

]

+

[

I

0

]

[

I 0
]

< 0 )*+AB.

=# &00'">2&#( '1 9650'$51#( 71 C9D24 7$8#" 7&#: '!&##1E1 F/ '!"#$%&'"($ )*+AB. 1:(

$>2"G&'1#(1 H ;





∑r
i=1 hi(z(t))(GiP + PGT

i ) P
∑r

i=1 hi(z(t))D̄i I
∑r

i=1 hi(z(t))D̄
T
i P −γ2I 0

I 0 −I



 < 0 )*+A,.

=# 2("'":&#( )*+AA./ 6# 012( $94"41 >21 ;





(GiP + PGT
i ) PD̄i I

D̄T
i P −γ2I 0

I 0 −I



 < 0 )*+AA.

I04J: 96#%421#91 0&4 '& 5&(4"91 diag(
[

P−1 I I
]

)/ '!"#$%&'"($ )*+AB. 71G"1#( &'64: ;





P−1 0 0

0 I 0

0 0 I









(GiP + PGT
i ) PD̄i I

D̄T
i P −γ2I 0

I 0 −I









P−1 0 0

0 I 0

0 0 I



 < 0 )*+AK.

=# 7$G1'600&#( '& 714#"J41 "#$%&'"($/ )*+AK. 012( 3(41 $94"( 96551 :2"( ;





P−1(GiP + PGT
i )P

−1 P−1PD̄i P−1

D̄T
i PP

−1 −γ2I 0

P−1 0 −I



 < 0. )*+A*.

L6#:"7$46#: X = P−1 1( Mi = KiX/ 6# 6M("1#( '1: 5351: 96#7"("6#: >21 )*+AN. ;





ĀiX +XĀT
i − B̄Mi −M

T
i B̄

T D̄i X

D̄T
i −γ2I 0

X 0 −I



 < 0.



 !

"#$%&'() *+ ,-&.& /) '($0)1'2&() /)3 42/56)3 78, %)('-(9:3 $.)1

1(&'5()3 H∞

 !"!# $%&'() &) *+,+*)-.) )/ (%0 &) .%112-&) -%- (0-+20*)

 ! "#$"%&'(#$ )%*'!$'% &#+) ,! "#--!$.% "#$*(*'% / .0'%)-($%) ,%* 1!)(!2,%*

.0*()0%* xd(t) %' / #2'%$() ,! ,#( .% "#--!$.% $#$ ,($0!()% u(t)3 4$ %5%'6 $#+*

+'(,(*#$* ,708+!'(#$ 9:3:;6 8+( %*' )00")('% "#--% *+(' <

r
∑

i=1

hi(z(t))Biτ(t) =
r

∑

i=1

hi(z(t))Biu(t) +
r

∑

i=1

hi(z(t))Aixd(t)− ẋd(t). 9:3=>;

4$ $#'!$' 8+% <

g(x) =

r
∑

i=1

hi(z(t))Bi, A(x) =

r
∑

i=1

hi(z(t))Ai. 9:3=?;

@$ &%+' !,#)* )00")()% 9:3=?; *#+* ,! A#)-% *+(1!$'% <

g(x)(u(t)− τ(t)) = −A(x)xd(t) + ẋd(t)). 9:3=B;

C &!)'() .% ,708+!'(#$ .% 9:3=B;6 #$ &%+' )%-!)8+%) 8+% ,7%D(*'%$"% .% ,! "#--!$.%

u(t) .0&%$. .% ,! A#)-% .% g(x)3  ! -!')("% .7%$')0% g(x) %*' *+&&#*0% .% &,%($ )!$E

"#,#$$%3

g(x) =





0n−m
−−−

B(x)



 , A(x) =





An−m
−−−

Am



 , xd(x) =





xdn−m

−−−

xdm



 . 9:3=F;

#G 0n−m ∈ R(n−m)×m
%*' +$% -!')("% .% H0)#*6 A(x) ∈ R(n×m)

%' B(x) ∈ R(m×m)
3

4$ +'(,(*!$' 9:3=F;6 ,708+!'(#$ 9:3=B; .%1(%$' !,#)* <





0n−m
−−−

B(x)(u− τ)



 =

[

ẋdn−m
−A(x)n−mxd(t)

ẋdm −A(x)mxd(t)

]

. 9:3=I;

4$ +'(,(*!$' 9:3=I;6 #$ &%+' 0")()% 8+% <

u(t) = B−1(x)(ẋdm(t)−Am(x)xd(t)) + τ(t) 9:3JK;

#G

τ(t) = −

r
∑

i=1

hi(z(t))Fix̃(t)−

r
∑

i=1

hi(z(t))Fix̃I(t) 9:3JL;

4$ )%-&,!M!$' τ .!$* 9:3JK;6 #$ #2'(%$' <

u(t) = −
r

∑

i=1

hi(z(t))Kix̃(t)−
r

∑

i=1

hi(z(t))Fix̃I(t) +B−1(x)(ẋdm(t)−Am(x)xd(t))

9:3J=;

4$ +'(,(*!$' 9:3J=;6 ,! ,#( .% "#--!$.% %*' .#$$0% &!) <

u(t) = −
r

∑

i=1

hi(z(t))K̄iX̄(t) +B−1(x)(ẋdm(t)−Am(x)xd(t)) 9:3JJ;

 %* 1!)(!2,%* xd(t) &%+1%$' N')% %D')!()% A!"(,%-%$' / &!)'() .% ,! &)%-(O)% 08+!'(#$

.% 9:3=I;3



 !"! #$$%&'()&*+ , -*..(+/0 1*20 /32+0 45#6 78 !" #$$%&'()&*+ , -*..(+/0 1*20 /32+0 45#6
 !"!# $%&'()*+&,(%

 !" #$%&'(!" ")(%&*+(!" , $'#$(-" .!*#$(!(-" /01234 "+(- 5$*6!#!(- 7-'8

5'"9" :$(" :!" $..5'%$-'+(" '(:7"-*'!55!" -!55!" ;7! 5!" #$%&'(!" , %+##$(:! (78

#9*';7! .$* +*:'($-!7*< 5!" *+=+-" !- 5!" :'";7!" :7*"> ?5" "+(- 5@+=A!- :@7(! $-8

-!(-'+( .$*-'%75'B*! !( *$'"+( :! 5!7* 6*$(:! !C%$%'-9< &$7-! .7'""$(%!D.+':"< !-

5! %+7.5!D'(!*-'!> E!.!(:$(-< 5!7* $($5)"! !- %+##$(:! !"- 7(! -F%&! :'C%'5!< ,

%$7"! :!" (+(85'(9$*'-9" !- :! %+7.5! :! %&$*6!> 2'("'< 5$ #9-&+:! :! %+##$(:!

5'(9$'*! (! .!7- .$" 6$*$(-'* :!" .!*G+*#$(%!" "$-'"G$'"$(-!"> 2H( :! "7*#+(-!* 5!"

:'C%75-9" $""+%'9!" , 5$ %+(%!.-'+( :@7( *9675$-!7* .+7* 5!" 0123"< .57"'!7*" $.8

.*+%&!" :! %+##$(:! +(- 9-9 .*+.+"9" -!5" ;7! 5$ %+##$(:! $:$.-$-'G I '7 JKLKM< 5$

%+##$(:! (!7*+($5! IN581+7") JKLKM< 5$ %+##$(:! 5'(9$*'"$(-! I '( JKKOM< 5$ %+#8

#$(:! .$* #+:! 65'""$(- / IP$Q*$A' JKLRM4> S9%!##!(-< :! (+#=*!7"!" #9-&+:!" :!

%+(%!.-'+( =$"9! "7* 5!" .*'(%'.!" :! 5$ %+##$(:! T+7! +(- 9-9 96$5!#!(- .*+.+"9!"

/ IE&+' JKLJM< I0$$#+7( JKLUM4>

 $ %+##$(:! T+7! :!" 0123" =$"9! "7* 5! %+(%!.- VWV" $ 9-9 -*$'-9! :$(" 5!"

-*$X$7Y "7'X$(-" Z / I '$( JKK[M< I\7(6 JKLKM< I]7(($" JKLUM< I]7(($" JKL^M4< #$'"

"$(" .*!(:*! !( %+#.-! 5!" X$*'$-'+(" :7 %+7.5! :! %&$*6!< ;7' *!.*9"!(-! 5@!_!- :!

.!*-7*=$-'+( :$(" 5! ")"-B#!> N-$(- :+((9 ;7!< :$(" 5!" $..5'%$-'+(" '(:7"-*'!55!"<

5$ #$%&'(! ")(%&*+(! !"- -+7A+7*" $_!%-9! .$* :'_9*!(-!" .!*-7*=$-'+("> 3$* %+("98

;7!(-< :! (+#=*!7Y -*$X$7Y +(- 9-9 !_!%-79" $H( :! %+(%!X+'* :!" "-*$-96'!" :!

%+##$(:! *+=7"-! .+7* 5!" ")"-B#!" (+( 5'(9$'*!" :9%*'-" .$* :!" #+:B5!" T+7" :!

-).! `a1> 3$* !Y!#.5!< :$(" Ib&$(6 JKK^M< 7( *9675$-!7* T+7 *+=7"-! =$"9 "7* 5!

.*'(%'.! :7 #+:B5! '(-!*(! $ 9-9 '(-*+:7'- .+7* $""7*!* 5! "7'X' :@7( "'6($5 :! *98

G9*!(%!> W@$7-*! .$*-< :$(" IE&!( JKKKM !- I +̀75+--! JKKOM< 5@!(-*9! :! *9G9*!(%! !"-

%+("':9*9! %+##! 7(! .!*-7*=$-'+( !- !55! !"- $--9(79! , 5@$':! :@7( %*'-B*! *+=7"-!>

E!.!(:$(-< :$(" IP&'$* JKK[M 5$ %+##$(:! H∞ $ 9-9 '(-*+:7'- .+7* G$'*! G$%! , 5$

%+(%!.-'+( :! .!*G+*#$(%! *+=7"-! :!" ")"-B#!" (+( 5'(9$'*!">

 @+=A!%-'G :! %!--! "!%-'+( !"- :! :9X!5+..!* 7( (+7X!$7 *9675$-!7* .+7* 7(!

0123 =$"9 "7* 5! %+(%!.- :! VWV" !- 5$ %+##$(:! H∞> W$(" %! %$"< 5! *9675$-!7*
T+7 .!7- %+(:7'*! 5!" 9-$-" :! 5$ #$%&'(! ")(%&*+(! , "7'X*! 7( !("!#=5! :!" X$8

*'$=5!" :9"'*9!" !- *!A!-!* %+#.5B-!#!(- 5!" .!*-7*=$-'+("> N( .*!#'!* 5'!7< 5$ 0123

$X!% .!*-7*=$-'+( !"- *!.*9"!(-9! .$* 7( #+:B5! T+7 `a1> N("7'-!< 7(! %+##$(:!

T+7 =$"9! "7* 5! %+(%!.- :! VWV" $X!% $%-'+( '(-96*$5! !"- G+*#759! .+7* "'#.5'H!*

5$ %+(%!.-'+( :7 #+:B5! :! *9G9*!(%! !- 5$ 5+' :! %+##$(:!> N(H(< 5!" .!*G+*#$(%!"

:! ")"-B#! T+7 $76#!(-9 !"- $($5)"9!" .$* 7(! #9-&+:! =$"9! "7* 5@$..*+%&! :!

 )$.7(+X !- 5$ %+##$(:! H∞ ;7' .!7- c-*! G+*#759! !( 7( .*+=5B#! :!  0?"> W!"

"'#75$-'+(" "+(- !_!%-79!" $H( :! X9*'H!* 5@!C%$%'-9 :! 5$ #9-&+:! ;7! (+7" $X+("

:9X!5+..9!>



 !

"#$%&'() *+ ,-&.& /) '($0)1'2&() /)3 42/56)3 78, %)('-(9:3 $.)1

1(&'5()3 H∞

 !"!# $%&'()*+),-

 ! "!#$! %! $&'()*! +,*'(#-*! #!.#-/0! "-/"!+ 1!+ $&'()*!+ %-*" 1& 2)"!++! %!

#-"&")-* %/ #-"-# !+" 3.&1! 4 1& 2)"!++! %! #-"&")-* %/ '(&$0 "-/#*&*" %/ +"&"-#5 6-/#

-7"!*)# /* "!1 8-*'")-**!$!*"9 1! '(&$0 $&.*3"):/! #-"-#):/! !+" .3*3#3 +-)" 0&# %!+

&)$&*"+9 +-)" 0&# /* ')#'/)" %;!<')"&")-*5  & 0-+)")-* %/ '(&$0 $&.*3"):/! #-"-#):/!

!+" &1-#+ =<3! 0&# #&00-#" &/ #-"-#5 >! :/) )$0-+! 1! +,*'(#-*)+$! !*"#! 1! '(&$0

"-/#*&*" +"&"-#):/! !" 1! #-"-# ? %;-@ 1! *-$ %! $&'()*! +,*'(#-*! ABCC&" DEFFG5

;) 3'$'2( !+" +)$)1&)#! 4 '!1/) %! 1& $&'()*! &+,*'(#-*!5 H1 +! '-$0-+! %;/*

7-7)*&.! %)+"#)7/3 "#)0(&+39 "!1 :/! 1!+ 8-#'!+ 31!'"#-$-"#)'!+ .3*3#3!+ 0&# 1& #-"&")-*

%/ '(&$0 #-"-#):/! +-)!*" +)*/+-I%&1!+ -@ "#&03C-I%&1!+5 >! 7-7)*&.! !+" #!0#3+!*"3

0&# 1!+ "#-)+ &<!+ J&9 79 'K %30(&+3+9 1;/* 0&# #&00-#" 4 1;&/"#!9 %! 120◦ 31!'"#):/!+5

;) (2'2( +! '-$0-+! %;&)$&*"+ 0!#$&*!*"+5  !+ &)$&*"+ 0!#$&*!*"+ 0#3+!*"!*"

1;&2&*"&.! %;31)$)*!# 1!+ 7&1&)+ !" 1!+ 0!#"!+ #-"-#):/!+9 &)*+) :/! 1& *3'!++)"3 %;/*!

+-/#'! 0-/# 8-/#*)# 1! '-/#&*" %;!<')"&")-*5 >!0!*%&*"9 -* *! 0!/" 0&+ '-$$&*%!#

1;&$01)"/%! %/ L/< #-"-#):/!5 H1 !+" 4 *-"!# :/;)1 !<)+"! %! *-$7#!/+!+ 8&M-*+ %!

%)+0-+!# 1!+ &)$&*"+ &/ #-"-# ABCC&" DEFFG5

N O)$&*"+ !* +/#8&'! JP/#8&'! Q-/*"!%K R  !+ &)$&*"+ +-*" $-*"3+ +/# 1&

+/#8&'! %/ #-"-# !* /")1)+&*" %!+ $&"3#)&/< &%(3+)8+ 4 (&/"! #3+)+"&*'!5 H1+

-S#!*" /* !*"#!8!# (-$-.T*!9 4 +&2-)# :/! 1! $-"!/# !+" 1! 01/+ +-/2!*" 4 0U1!+

1)++!+5 P!+ )*%/'"&*'!+ *! %30!*%!*" 0&+ %! 1& 0-+)")-* %/ #-"-# JV).5 W5DJ&KK5

 ;)*%/'"&*'! %! 1;&<!X% !+" 3.&1! 4 '!11! %! 1;&<!X:5 >!""! '-*=./#&")-* %/

#-"-# !+" +)$01! 4 #3&1)+!#5 >! ",0! %/ #-"-# !+" 1! 01/+ /")1)+35 6&# '-*"#!9 1!+
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) #% *,'#$('0'(1 2' $3&' )' " /4!#' &+%%5)' )' *,'6'$ )' % !** #/'1

 !" #$%!&'( )& (*+,!-)  ." #$%!&'( $&(/+/(

 -" #$%!&'( $&(/+/(  0" #$%!&'( 1 -2&-)&'+!'$2& 0)

3*4

 !"#$% 7189 :!6;('#$% )!%&+%!$!+#% ), !" #$% &'(" #'#$% ) #% .# (+$+(

 !"!" #$%&&'()%*'+, -.& /012

2'% " /4!#'% &'.<'#$ =$(' /* %%;'% %'*+# * 0+("' )' * 0+(/' ;*'/$(+"+$(!/'

> ?@!" * 8AA8BC ?D((+3+ 8AAEBC ?F#)'(G++) 8AHABI 9
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%+.% / $;R+(!'% %'*+# * &+%!$!+# )'%  !" #$% 9

H1 P &S*'% % !** #$%C +T *'%  !" #$% %+#$ '#$'((;% ) #% * " %%' (+$+(!U.' >V!R1

718>/II '$ >V!R1 718>)II1

81 P &S*'% *!%%'%C +T *'%  !" #$% %+#$ "+#$;% P * %.(0 /' ). (+$+( >V!R1 718> II

 !"! /+-3$'&%*'+, -. $% /012

W,;$.)' ). /+"&+($'"'#$ ),.# "+$'.( ;*'/$(!U.' '%$ .#' $ /4' )!X/!*'1 2' U.!
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 !"# $%&'!%"( $)% *+!" '" ,!-./)0!+#( ,+# 1+-$+%0"-"#0 ')#, /", '!2&%"#0, -+'", '"

3+#10!+##"-"#0 "#*!,)4&,5 6) -+'&/!,)0!+# '7.# -+0".% ,8#19%+#" : )!-)#0, $"%-);

#"#0, ",0 !'"#0!<." : 1"//" '7.#" -)19!#" ,8#19%+#" 1/),,!<." ,).3 <." /7"=1!0)0!+# "#

1+.%)#0 1+#0!#. )00)19&" ). %+0+% ",0 %"-$/)1&" $)% /" >.= '" /7)!-)#05 6" -+'?/"

",0 '+#1 !,,. '. -+'?/" '" /) -)19!#" ,8#19%+#" 1/),,!<." @ AB!/"8 C( ADEE)0 FGHHCI5

J)#, 1"00" &0.'"( /) -)19!#" 1+-$+%0" .# ,0)0+% "0 .# %+0+% '" 1+#,0!0.0!+#

,8-&0%!<." )*"1 p $)!%", '" $K/",5 6", "#%+./"-"#0, ,0)0+%!<.", ,+#0 /" $/., ,+.*"#0

1+##"10&, "# &0+!/" : #".0%" !,+/&5 67"=1!0)0!+# %+0+%!<." ",0 1%&&" $)% '", )!-)#0,

$"%-)#"#0, ). %+0+%5 LM# '" ,!-$/!M"% /) -+'&/!,)0!+# '" /) -)19!#"( /", 98$+;

09?,", .,."//", '+##&", ')#, /) -)N+%!0& '", %&3&%"#1", ,+#0 )'+$0&", 1+--" ,.!0

@ ADEE)0 FGHHC( AO!-)/ FGGFC( AL%%+8+ FGGPC( AQ+ )%)R"9 FGGHC( A6!$+ HSSPCI T

U /7"2"0 '7)-+%0!,,"-"#0 ). %+0+% ",0 #&4/!4&(

U /" 1!%1.!0 -)4#&0!<." '" /) -)19!#" #7",0 $), ,)0.%&(

U /) %&$)%0!0!+# '", 3+%1", -)4#&0+-+0%!1", @VQQI ",0 ,!#.,+W')/"(

U /", 1+.$/)4", 1)$)1!0!3, "#0%" /", "#%+./"-"#0, ,+#0 #&4/!4&,(

U /", $9&#+-?#", '798,0&%&,!, "0 /", 1+.%)#0, '" V+.1)./0 ,+#0 #&4/!4&,(

U /", !%%&4./)%!0&, '" /7"#0%"3"% '.", ).= "#1+19", ,0)0+%!<.", ,+#0 !4#+%&",5

*+;+*+< =)3 :>-$'&2?3 :6)1'(&>-)3

6", &<.)0!+#, 0%!$9),&, '", 0"#,!+#, ,0)0+%!<.", ,7"=$%!-"#0 $)% T
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
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
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



@X5YXI
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[
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,+#0 /", 0"#0!+#, '", $9),", ,0)0+%!<.",( Rs ",0 /) %&,!,0)#1" ,0)0+;

%!<."(

[

ia ib ic
]T

,+#0 /", 1+.%)#0, '", $9),", ,0)0+%!<.", "0

[

Ψa Ψb Ψc

]T
,+#0

/", >.= 0+0).= ,0)0+%!<.", <.! ,+#0 "=$%!-&, $)% T





Ψa

Ψb

Ψc



 = [Lss]




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

+





Ψaf

Ψbf

Ψcf





@X5Y[I

+Z





Ψaf

Ψbf

Ψcf



 = Ψf





cos(θ)

cos(θ − π
2 )

cos(θ + π
2 )





@X5YPI

+Z( Ψf /7)-$/!0.'" '. >.= $%+'.!0 $)% /", )!-)#0, $"%-)#"#0,5

J)#, /" 1), 4&#&%)/( 17",0;:;'!%"( /", -)19!#", : $K/", ,)!//)#0, @,)#, )-+%0!,;

,".%,I( /) -)0%!1" [Lss] ," 1+-$+," '" 0"%-", *)%!) /", "0 '" 0"%-", 1+#,0)#0,5 D//"

$".0 &1%!%" T

[

Lss

]

=
[

Lso

]

+
[

Lsv

]
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[

Lso

]

=





Lso Mso Mso

Mso Lso Mso

Mso Mso Lso





$%&'()

"*

[

Lsv

]

= Lsv





cos(2θe) cos(2θe −
2π
3 ) cos(2θe +

2π
3 )

cos(2θe −
2π
3 ) cos(2θe +

2π
3 ) cos(2θe)

cos(2θe +
2π
3 ) cos(2θe) cos(2θe −

2π
3 )





$%&'+)

,- Lso. Lsv "* Msv /,0* 1"/ 2034#* 0#"/ 56,56"/ "* 74*4"11" 6"/5"#*2!"7"0*& 811"/

/,0* #,0/* 0*"/&

9:0 3" 7,3;12/"6 1"/ 7 #<20"/ *625< /;"/. 1 *6 0/=,67 *2,0 3" > 6? "/* #,4@

6 77"0* 4*212/;" 5,46 ,A*"026 1B"C56"//2,0 3"/ ! 62 A1"/ 3 0/ 40 6"5D6" *,460 0*

d−−q& E"**" *6 0/=,67 *2,0 6"03 1"/ ;F4 *2,0/ 3G0 72F4"/ 3"/ 7 #<20"/ H #,46 0*

 1*"60 *2= 514/ /2751"/. #" F42 = #212*" 1"46 ;*43" "* 1"46  0 1G/"& E"**" 7;*<,3" /"

3;#,75,/" "0 3"4C ;* 5"/ I

J& K6 0/=,67 *2,0 L"5D6" :C"@L"5D6" *,460 0* $> 6?).

M& K6 0/=,67 *2,0 K625< /;@N25< /; $3 0/ 40 6"5D6" :C") $E,0#,632 )&

 !"  #"

 !"#$% %&'I $ ) K6 0/=,67 *2,0 3" E,0#,632 & $A) K6 0/=,67 *2,0 3" > 6?

95512F4 0* 1 56"72D6" *6 0/=,67 *2,0 $E,0#,632 T32) I

[

Xα

Xβ

]

= T T
32




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Xb
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

 , T32 =

√

2

3







1 0

−1
2

√
3
2

−1
2 −

√
3
2






$%&'O)

,- X 5"4* P*6" 40" ! 62 A1" 6;"11" #,77" 1 *"0/2,0. 1" #,46 0* "* 1" Q4C. ,0 ,A*2"0* I

[

uα
uβ

]
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iβ

]

+
d

dt

[

Ψα

Ψβ

]

$%&%R)



 !

"#$%&'() !* +,&-& .) '($/)0'1&() .)2 31.45)2 67+ %)(',(892 $-)0

0(&'4()2 H∞

 ! "#$%&'(# )*!+# #,* -.!++-&/!*&01 "# -! *2!1,302(!*&01 "# 4!25 P !$ ,6,*'(#

".)7$!*&01, 89:9;<:

[

Xd

Xq

]

= P (−θe)

[

Xα

Xβ

]

89:9=<

0>

P (−θe) =

[

cos(θe) − sin(θe)

sin(θe) cos(θe)

]

[

ud
uq

]

= Rs

[

id
iq

]

+
d

dt

[

Ψd

Ψq

]

+ ωe

[

Ψd

Ψq

]

89:9?<

@!1, -#, (!/A&1#, ,61/A201#, B 2)+!2*&*&01 ,&1$,0C"!-# "#, /01"$/*#$2,D Ψd #* Ψq

,01* "#, 301/*&01, -&1)!&2#, "#, /0$2!1*, id #* iq E

{

Ψd = Ldid +Ψf

Ψq = Lqiq
89:9F<

G1 $*&-&,!1* -#, #7$!*&01, 89:9F< #* 89:9?<D 01 0H*&#1* E

[

ud
uq

]

=

[

Rs + pLd ωLq

−ωLq Rs + pLq

] [

id
iq

]

+

[

0

ωΨf

]
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 ! +0,&*&01 )-#/*2&7$# "$ 20*02D /.#,*I!I"&2# θe #,* -.!1J-# )-#/*2&7$# "),&J1!1* -!

+0,&*&01 "$ 20*02 +!2 2!++02* !$ ,*!*02D #,* /!-/$-)# "#

J
dΩ

dt
+ fΩ = Ce − Cr 89:9K<

 .#7$!*&01 "# -! L&*#,,# "$ 20*02 #,* E

dωe

dt
= ω 89:9M<

#* ω = pΩ 0> ω #,* -! L&*#,,# 8!1J$-!&2#< )-#/*2&7$#D p #,* -# 10(H2# "# +!&2#, "#

+N-#,D Ω #,* -! L&*#,,# !1J$-!&2# "$ 20*02D Ce #,* -# /0$+-# )-#/*20(!J1)*&7$#D Cr

#,* -# /0$+-# "# /A!2J#D J #,* -# (0(#1* ".&1#2*&# *0*!-D /#-! L#$* "&2# -.&1#2*&# "# -!

(!/A&1# ,61/A201# +-$, /#--# "# -! /A!2J#D f #,* -# /0#O/&#1* "# 320**#(#1* L&,7$#$%:

!*:*!*: "1,%5) 95)0'(13$?>9'&=,)

 # /0$+-# )-#/*20(!J1)*&7$# #,* +20"$&* +!2 -.&1*#2!/*&01 #1*2# -#, +N-#, 302(),

+!2 -#, !&(!1*, !$ 20*02 #* -#, +N-#, #1J#1"2), +!2 -#, PQQ, "!1, -.#1*2#3#2 7$&

,01* J)1)2)#, +!2 -#, /0$2!1*, ,*!*02&7$#,: R# /0$+-# ")L#-0++) +!2 -#, (!/A&1#,

,61/A201#, B 3:#:(: ,&1$,0C"!-# +#$* S*2# #%+2&() +!2 8 TQ0H!2!5#A ?;;=U< V

Ce =
3

2
p (Ψαiβ −Ψβiα) =

3

2
p (Ψdiq −Ψqid)



 !"! #$$%&'()&*+ , -*..(+/0 1*20 /32+0 45#6 78

Ce =
3

2
p
(

(Ld − Lq) id +Ψ
f

)

iq  !"!#$

%&'( )* +&( ,- )& .&+/0'* *(1 2 34)*( )0((*( (Ld = Lq)5 )* 1*6.* (p(Ld − Lq)idiq)

7,6.&'1 )* +,83)* 9* 6:)8+1&'+* *(1 '8)" ;<:=8&10,' 98 +,83)* (* (0.3)0>* *' ?

Ce =
3

2
pΨf iq  !"!@$

;<:=8&10,' .,'16* =8* )* +,83)* *(1 36,3,610,''*) 2 8' 36,9801 A*+1,60*) 6*36:(*'B

1&'1 8'* *C36*((0,' ',' )0':&06*" D' 6*A&'+/*5 )<:=8&10,' .,'16* =8* )* +,83)* *(1

36,3,610,''*) &8 +,86&'1 9* )<&C* q" E*)& +,'>6.* )<&'&),F0* *'16* +*11* .&+/0'* *1

)& .&+/0'* 2 +,86&'1 +,'10'8"

D' +,.G0'&'1 )*( :=8&10,'( :)*+160=8*( &A*+ )*( :=8&10,'( .:+&'0=8*(5 )* .,9H)*

+,.3)*1 9* )& .&+/0'* (I'+/6,'* 2 &0.&'1( 3*6.&'*'1( 0))8(16: 9&'( )& J0F"!"! 3*81

K16* ,G1*'8"

 !"#$% !"!? L+/:.& 7,'+10,''*) 9* MLNO 9&'( )* 6*3H6* 9* O&6P

 !"! ! 4*/9%0 /3:)() /(+; %0 <0$9<0 )*2<+(+) (d− q)

 !"# $% &!# '()"% *+,)$!-./" '% &/)0$% /) '% 1.-%##% !",)$!.*%2 $% 3/'4$% "/"

$."+!.*% '(+-!- '!"# $% *%04*% -/)*"!"- (d− q) %#- '+&*.- 0!* $% #5#-43% &.6'%##/)# 7















Ω̇(t) = 3p
2JΨf iq −

f
J
Ω− 1

J
Cr.

i̇q(t) = −
pΨf

L
Ω− R

L
iq − pΩid +

1
L
uq.

i̇d(t) = −
R
L
id + pΩiq +

1
L
ud.

89:9;<

/= Ld = Lq = L %- Rs = R:

>% 3/'4$% "/" $."+!.*% ') ?@AB 0%)- C-*% +&*.- #/)# $! D/*3% '(%#0!&% '(+-!-

#).1!"-% 7

ẋ(t) = A(Ω)x(t) +Bu(t) +DCr(t). 89:EF<

!1%&

x =
[

Ω iq id
]T
, u =

[

uq ud
]T
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A(Ω) =
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L
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 ! "#"$%&! '(' )*'+,*-! .! ), /012 3!4$ 5$-! -!3-+"!'$+ 3,- 4'! ,33-(67! 8(4!

.! $#3! 9,:,;*<04;!'(= !' 4$*)*",'$ 4' 6!-$,*' '(&>-! .! -%;)!" 8(4!" 0*?1)(-"@

A(4" ,B('" 67(*"* ), B,-*,>)! .! 3-+&*""! "4*B,'$! C

z(t) = z1(t) = Ω(t).

D' "433(",'$ E4! ), B,-*,>)! .! 3-+&*""! !"$ >(-'+! 6(&&! "4*$ C

Ωmin ≤ Ω(t) ≤ Ωmax.

F('6= )!" -%;)!" 0*?1)(-" "4*B,'$!" 3!4B!'$ 5$-! 6('"*.+-+!" C

G%;)! 8(4 H C 0* z1(t) !"$ F11 1)(-" ẋ(t) = A1x(t) +B1u(t) +D1Cr(t)

G%;)! 8(4 I C 0* z1(t) !"$ F12 1)(-" ẋ(t) = A2x(t) +B2u(t) +D2Cr(t)

,B!6
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 ! &(.%)! 8(4 6(&3)!$ .4 "#"$%&! 3!4$ 5$-! !J3-*&+ 3,- )K+E4,$*(' "4*B,'$! C

ẋ(t) =
r=2
∑

i=1

hi(z(t))(Aix(t) +Biu(t) +DiCr(t)) LM@NHO

,B!6

h1 = F11 =
(Ω(t)− Ωmin)

(Ωmax − Ωmin)
, h2 = F12 =

(Ωmax − Ω(t))

(Ωmax − Ωmin)

 !"!0 $%&'() &) 12321)45) &26712 )8 (%7 &) 5%99,4&) 4%4 (742,71)

 , )(* .! 6(&&,'.! '(' )*'+,*-! u(t) !$ )!" B,-*,>)!" .! &(.%)! .! -+P+-!'6!

xd(t) 3!4B!'$ 5$-! (>$!'4!" !' 4$*)*",'$ )K+E4,$*(' LM@MO E4* !"$ -++6-*$ 6(&&! "4*$ C

g(x)(u(t)− τ(t)) = −A(x)xd(t) + ẋd(t) LM@NIO
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 !"#$%&'() *+,-./ 01$& 2&31 3""43'&1 5($5 6% 7(381 8%&3'4'1661 5$'9%)&1





0 0
1
L

0

0 1
L



 (u(t)− τ(t)) = −







− f
J

3pΨf

2J 0

−
pΨf

L
−R

L
−pΩ

0 pΩ −R
L











Ωd

iqd
idd



+





Ω̇d

i̇qd
i̇dd



 . *+,-:/

; 0%3&'3 <1 6% 0318'=31 "#$%&'() <1 * !"#$% &' &()*+') ,

Ω̇d = −
f

J
Ωd +

3pΨf

2J
iqd. - !" $

.+ /0* 1&''+ ,

iqd = (Ω̇d +
f

J
Ωd)

2J

3pΨf

.

i̇qd = (Ω̈d +
f

J
Ω̇d)

2J

3pΨf

. - !""$

2 345)*5 1+ 678/04)*&' - !"#$% &' &()*+') 64 6&* 1+ 9&::4'1+ '&' 6*'84*5+ ;0*<4')+ ,

{

uq = pΨfΩd +Riqd + Li̇qd + LpΩidd + τq

ud = −pLΩiqd +Ridd + Li̇dd + τd
- !"=$

>6 +;) ? '&)+5 /07*6 +;) '89+;;4*5+ 1+ 9@&*;*5 idd = 0! A45 9&';8/0+'9+% &' &()*+') ,

{

uq = pΨfΩd +Rsiqd + Lsi̇qd + τq

ud = −pLsΩiqd + τd
- !"B$

C4 ;&5)*+ *'D858+ 10 58E064)+05 F&0 +;) 18)+5:*'8+ 345 64 ;&::4)*&' ,

τ = −
2

∑

i=1

hi(z(t))Kix̃−
2

∑

i=1

hi(z(t))Fix̃I .

&G

τ = [τq τd]
T , x = [Ω iq id]

T , xd = [Ωd iqd idd]
T .

x̃(t) = x(t)− xd(t), x̃I(t) =

∫ tf

0
x̃(t)dt.

 !"!# $%&'()*)& +, &-.'(*)-/0

H4'; 9+))+ ;+9)*&'% 1+; )+;); 1+ ;*:064)*&' &') 8)8 +I+9)08; ;05 0'+ JK2A 3&05

<85*L+5 67+M949*)8 1+ 64 :8)@&1+ F&0+ +' 0)*6*;4') 6+ ;9@8:4 1+ 9&::4'1+ *660;)58 ;05

64 N*E!  !"! C+ ;9@8:4 9&:3&5)+ )5&*; (6&9; 35*'9*340O , 6+ (6&9 :&1P6+ 1+ 58D85+'9+

-JQ$% 6+ (6&9 9&')5R6+05 F&0 -.N$ +) 6+ (6&9 9&')5R6+05 '&' 6*'84*5+ -.SC$! C+

35+:*+5 (6&9 946906+ 6+; <45*4(6+; 178)4) 18;*58+; +' D&'9)*&' 1+ 64 <*)+;;+ 18;*58+!

.+ 35+:*+5 (6&9 ;+54 0)*6*;8+ 345 6+; (6&9; .N +) .SC! C+ ;+9&'1 (6&9 946906+ 64

'&0<+66+ 6&* 1+ 9&::4'1+ (4;8+ ;05 64 9&::4'1+ F&0+ +) 6+ 5R6+ 10 1+5'*+5 (6&9 +;)
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1(&'5()3 H∞

 !"#$%  !"# $%&'() *+,+-), ./ %+(()0./

./ *'0'1/1 ,/2 3/024+02 ./ %+(()0./ 5674, )33)56/1) ,) 8$9: ;4) ,) 31)02<+1()34+0

./ :)1= 40;/12/ /3 ,) 3/%&0456/ ./ (+.6,)34+0 ./ ,)1*/61 .74(>6,24+0 ?8@AB!

@) 1'2+,634+0 ./2 @8A2 ? !C"B );/% ,/2 >)1)(D31/2 .6 8$9: .+00'2 .)02 ,/

3)-,/)6 ?"!EB .+00/ ,/2 1'26,3)32 264;)032 #

K1 =

[

30.4 19.988 0.19162

−0.42351 −0.084928 9.0015

]

,K2 =

[

30.388 19.987 −0.0026286

0.96489 0.27894 9.005

]

,

F1 =

[

69.025 2.9217 2.546

−0.95528 −0.053095 30.088

]

, F2 =

[

68.998 2.9733 −3.022

2.1594 −0.4187 30.04

]

.

@/ 2%&'() .';/,+>>' /23 ;'14F' .)02 ./6G %)2 #

&'()%  !E# :)1)(D31/2 ./ ,) 8$9:!

 !"!#$%"& '(#)*+& ,!+&-"

.*#)"& /& 0!1"&2 /& 03+&2 p 4

45212%!67& 2%!%*"18-& R 2.875 Ω

96/-7%!67&2 /:!;&2 /1"&7%& Ld 8.5 mH

96/-7%!67&2 /:!;&2 &6 8-!/"!%-"& Lq 8.5 mH

96&"%1& /& "*%*" J 0.0008 Kg.m2

<*&=71&6% /& >"*%%&#&6% f 0.001 N.m/rad/s

?+-; /:&;71%!%1*6 λ 0.175 wb

 ! "#$%&'()*+ ,- .)(-//- # H+024.'1+02 ,) 1'*6,)34+0 ./ ;43/22/ >+61Ωd = 50 rad/sec!

@/2 I4*2!  !J?)B K  !J?.B 4,,6231/03 ,/ %+(>+13/(/03 .L0)(456/ ./ ,) 8$9: >+61

60/ 1'*6,)34+0 ./ ;43/22/ K ;4./! @/2 1'26,3)32 ./ 24(6,)34+0 (+031/03 ,7/M%)%43' .6

1'*6,)3/61 N+6 634,42' .+03 ,)56/,,/ ,) ;43/22/ (/261'/ /23 >)1<)43/(/03 26>/1>+2'/

261 ,) ;43/22/ ./ 1'<'1/0%/! A, /23 %,)41/ 56/ ,) ;43/22/ >1'2/03'/ >)1 ,) I4*!  !J?)B
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 *" #$%&'() *)( .)'(-&'( uq ). ud

 !"#$% 879: ;*-'(#,#- )% -6 '(,#6!" +!'$ Ωref = 50 $,)<-

=!'$ #%-#%$ (, $!0'-#%--% )% (, /!  ,")%> !" )!""% (%- $*-'(#,#- )% -6 '(,#6!"

6(('-#$*- ),"- (%- ?6@-7 87A1,4 B 87A1)47 C,"- /%- D@'$%-> "!'- ,E!"- +$*-%"#* (%

/! +!$#% %"# )% (, FGH= +!'$ '"% $%5%$%"/% )% )% E6#%--% *E!(',"# /!  % -'6# :

B (I6"-#,"# 6"6#6,(> !" ,++(6&'% '" $, +%7 H t = 0.1s> !" ,++(6&'% '" */J%(!" )%

E6#%--% )% 50 rad/s %# D",(% %"# B t = 1.25s> !" ,++(6&'% '" /!'+(% )% /J,$@% )%

5Nm7 K" /!"-#,#% &'% (%- $*-'(#,#- )% -6 '(,#6!" -!"# #$.- -,#6-5,6-,"#- %" #%$ % )%

+!'$-'6#% %# %" #%$ % )% $!0'-#%--%7 K" +%'# "!#%$ &'% (% $*@'(,#%'$ L!' +!--.)%

'"% (,$@% /,+,/6#* )% $*@(,@% )% E6#%--% %# '"% 0!""% $*+!"-% ,'--6 06%" %" $*@6 %

#$,"-6#!6$% &'I%" $*@6 % -#,#6&'%7

 ! "#$$%&'( '( )% *+,(--( .#/0 /& 1#&-+2&( -+&/-#3'%) : HD" )I*E,('%$ (%- +%$5!$M

 ,"/%- )' -N-#. % )I%"#$,O"% %"# @(!0,(> "!'- ,E!"- -!' 6- "!#$% -N-#. % B '" #%-#

)% -6 '(,#6!" +!'$ '"% /!"-6@"% )% E6#%--% -6"'-!P),(% )% yd(t) = 50 sin(t) rad/sec7

Q%- $*-'(#,#- )% -6 '(,#6!" -!"# $%+$*-%"#*- -'$ (, ?6@7 87R1,4> ?6@7 87R104> ?6@7 87R1/4

%# (, ?6@7 87R1)47 Q%- $*-'(#,#- )% -6 '(,#6!"  !"#$%"# (%- +%$5!$ ,"/%- )% (, $*@'(,M

#6!" *#,"# )!""* &'% (, E6#%--% )%-6$*% %-# !0#%"'% -,"- )*+,--% %"# ,E%/ '" #% +-

)% $*+!"-% -,#6-5,6-,"#7



 !

"#$%&'() *+ ,-&.& /) '($0)1'2&() /)3 42/56)3 78, %)('-(9:3 $.)1

1(&'5()3 H∞

0 0.5 1 1.5 2
0

10

20

30

40

50

60

Temps (s)

V
it
e
s
s
e
 a

n
g
u
la

ir
e
 (

ra
d
/s

)

1.25 1.3
49

49.5

50

Ω

Ω
d

 !" #$%&'() *) +! ,-.)(() !'/0+!-1)

0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Temps (s)

C
o
u
u
ra

n
t 

(A
)

i
q

i
qd

 2" #$%&'() *) 3&01!'. )' 40!*1!.01)

0 0.5 1 1.5 2
!0.06

!0.04

!0.02

0

0.02

0.04

0.06

Temps (s)

C
o
u
ra

n
t 

(A
)

i
d

i
dd

 3" #$%&'() *) 3&01!'. *-1)3.

0 0.5 1 1.5 2
!10

0

10

20

30

40

50

Temps (s)

T
e
n
s
io

n
 (

V
)

u
q

u
d

 *" #$%&'() *)( .)'(-&'( uq ). ud

 !"#$%  !"# $%&'()*)& +, &-.'(*)-/0 1/'2 '0, 3/0&-40, +, 5-),&&, 5*2-*6(, ! "#$%&'()#$
7*0& 3, 38*1-)2,9 0/'& *5/0& )2*-)% (, 12/6(:., +, (* 3/..*0+, +;'0, 3(*&&, +,&

&<&):.,& 0/0 (-0%*-2,& ,) 1,2)'26%& +%32-)& 1*2 (,& ./+:(,& =/'& >?@! A;*112/38,

B', 0/'& *5/0& *6/2+%, +*0& 3, 38*1-)2, ,&) 6*&%, &'2 (* 3/.6-0*-&/0 +, 3/03,1)

C7C& *5,3 (* 1,2D/2.*03, H∞! A, 3/03,1) C7C& ,&) ')-(-&% 1/'2 /6),0-2 '0 ./+:(,

+, 2%D%2,03, 5-2)',(9 +;'0, 1*2)9 ,) -( ,&) ')-(-&% 1/'2 +%5,(/11,2 '0, (/- +, 3/..*0+,

0/0 (-0%*-2, 4*2*0)-&&*0) (* 1/'2&'-),9 +;*')2, 1*2)! A* 1,2D/2.*03, H∞ ,&) ')-(-&%,

1/'2 *))%0',2 (;,E,) +,& 1,2)'26*)-/0& ,F),20,&! G/'& *5/0& D/2.'(% (,& /6H,3)-D& +,

(* 3/..*0+, +*0& +,& 3/0+-)-/0& +, &)*6-(-)% &'I&*0),& ,0 ')-(-&*0) (* .%)8/+, +,

A<*1'0/5 B'- &/0) )2*0&D/2.%,& ,0 '0 ,0&,.6(, +, AJK& 1/'2 /6),0-2 (,& 4*-0& +,

2%4'(*),'2 =/' *5,3 (* 4*2*0)-, +, (* 1,2D/2.*03, H∞! L0M09 0/'& *5/0& ./0)2%

(;,I3*3-)% +' 2%4'(*),'2 =/' N )2*5,2& '0, *11(-3*)-/0 N (* 3/..*0+, +;'0, .*38-0,

&<0382/0, N *-.*0)& 1,2.*0,0) OJ@PQR!
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 !"#$%  !"# $%&'()*)& +, &-.'(*)-/0 1/'2 '0, 3/0&-40, +, 5-),&&, &-0'&/6+*(,





 !"#$%&' ( !"#" $% &'()%*&+"'% $%, -+$./%,01 2%'&!'34, (#%* +3,%'#(&%!'
 !""#$%&

 !" #$%&'()*%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,-

 !. /'(01+23%+'$ 4')5 678 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,9

 !- :'$*5;%+'$ () &<=)13%5)& 4') ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! , 

 !"!# $%&'()*+,%- .( /&%0)1'2 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 3 

 !"!4 5%.1)2 .2 &676&2-82 2+ )%, .2 8%''*-.2 -%- ),-6*,&2 ! ! ! ! ! 39

 !"!" :;-+<1=2 .2 =+*0,),+6 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 3>

 !9 >2%+?3%+'$ (5 ;5&%)&@3%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,A

 !?!# @0=2&A*+2(& B%( C '%.2 D),==*-+ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 3>

 !?!4 :;-+<1=2 .2 =+*0,),+6 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 3E

 !?!" F=+,'*+,%- .2= 2-+&62= ,-8%--(2= ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! EG

 ! B;;1+*3%+'$ C :'??3$(5 4')5 (D)$5 /8BE ! ! ! ! ! ! ! ! ! F"

 ! !# 5%.1)2 .2 )* 5:HI .*-= )2 &2/1&2 .2 I*&J ! ! ! ! ! ! ! ! ! ! E#

 ! !4 5%.1)2 B%( .2 )* 5:HI ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! E#

 ! !" 5%.1)2 .2 &676&2-82 2+ )%, .2 8%''*-.2 -%- ),-6*,&2 ! ! ! ! ! E4

 ! !? K6=()+*+= .2 )* =,'()*+,%- ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! E"

 !G :'$*1)2+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! F9 !" #$%&'()*%+'$
 !"# $% $&!'()*%+ ",-# ./0%1,'',"# -"% 2/)&,.% .% $,22!".% 3,-% ',-* -"%

$1!##% .%# #4#)52%# "," 1("/!(*% 6!#/% #-* 17%#)(2!)(," .% '%*)-*6!)(," !0%$ -" ,68

#%*0!)%-* 3,- 9 2,.% :1(##!"); <" '*%2(%* 1(%-+ ",-# -)(1(#,"# 1%# 2,.51%# 3,-# =>?

',-* ./$*(*% 1% $,2',*)%2%") .4"!2(@-% .% #4#)52%# "," 1("/!(*%; <"#-()%+ A,-#

./0%1,'',"# -" */:-1!)%-* 3,- .% )4'% B C %) ",-# ./*(0,"# -" 2,.51% .% */D/*%"$%

%" D,"$)(," .%# /)!)# ./#(*/ %) .% 1! '%*)-*6!)(,";  !"# $% $!#+ !- 1(%- .!))/"-%*

17%E%) .% 1! '%*)-*6!)(," #-* 1% #4#)52% 9 17!(.% .% 1! '%*D,*2!"$% H∞+ 1! '%*)-*6!8
)(," .%0(%") -"% '!*)(% .- 2,.51% .% */D/*%"$% ',-* $,2'%"#%* $,2'15)%2%") #,"

%E%) #-* 1% #4#)52%; <" *%0!"$&%+ 1% '*,6152% */#(.% ($( .!"# 1% D!() @-% 1! '%*)-*6!8

)(," %#) :/"/*!1%2%") ("$,""-% ,- .(F$(1% 9 2%#-*%*; B,-* #-*2,")%* $% '*,6152%+

",-# ./0%1,'',"# -" ,6#%*0!)%-* 3,- 9 2,.% :1(##!") 6!#/ #-* 1! 2/)&,.% '*,',#/%

.!"# GH!1$,)) IJKLM+ ',-* %#)(2%* %F$!$%2%") 1%# 0!*(!)(,"# .% 1! '%*)-*6!)(,";



 !

"#$%&'() *+ ,-&.& /) '($0)1'2&() /)3 42/56)3 78, %)('-(9:3 $.)1

293)(.$')-(

 !"#$% &'"()"&*+% #% )%, -./%'0*,%1' %/, #!$,%(#'% +%/ -./%'0*,%1'/ 2 3-#% 4+"//*(,%

,'*#","-((%+/ *15 /6/,73%/ #6(*3"81%/ #$)'",/ &*' +%/ 3-#7+%/ 9-1/ :;<= >(?( @

(-1/ &'$/%(,-(/ 1(% *&&+")*,"-( 2 +* )-33*(#% %( 0",%//% #!1(% 3*)A"(% /6()A'-(%

2 *"3*(, &%'3*(%(,=

 !"#$% B=CD <)A$3* 4+-.*+% #% +* )-33*(#% 9-1%= !" #$%&'()*+($, -$./ 012
E-(/"#$'-(/ +!$81*,"-( #6(*3"81% #!1( /6/,73% (-( +"($*"'% %, &%',1'.$ D

{

ẋ(t) = f(x(t)) + g(x(t))u(t) + ϑ(x)w(t)

y(t) = ϕ(x(t))
FB=CG

HI x(t) %/, +% 0%),%1' #!$,*,@ u(t) %/, +% 0%),%1' #!%(,'$%@ w(t) %/, +% 0%),%1' #%

&%',1'.*,"-(/@ f @ g@ ϑ %, ϕ /-(, #%/ J-(),"-(/ (-( +"($*"'%/ *0%) #%/ #"3%(/"-(/

*&&'-&'"$%/=

 % /6/,73% (-( +"($*"'% FB=CG &%1, K,'% %5&'"3$ &*' +%/ '74+%/ 9-1%/ /1"0*(,%/ D

<" z1 %/, F1i %, === *(# <" zg %/, Fgi L+-'/

{

ẋ(t) = Aix(t) +Biu(t) + Eiw(t)

y(t) = Cix(t))
i = 1, ..., r. FB=MG

-I z1, ..., zg /-(, +%/ 0*'"*.+%/ #% &'$3"//% #1 /6/,73%@ Fji(j = 1, 2, ..., g) /-(, +%/

J-(),"-(/ #!*&&*',%(*()%@ r %/, +% (-3.'% #% '74+%/ 9-1%/@ Ai@ Bi@ Ci *(# Ei /-(,

+%/ 3*,'")%/ #1 /6/,73% *0%) #%/ #"3%(/"-(/ *&&'-&'"$%/=



 !"! #$%&'()*$% +, -./,01)',- 2$, 3 

 ! "#"$%&! '() *+(,-+ !"$ ./0121 3(&&! ").$ 4

{

ẋ(t) =
∑r

i=1 hi(z(t))(Aix(t) +Biu(t) + Eiw(t))

y(t) =
∑r

i=1 hi(z(t))Cix(t))
 !"#$

%&

wi(z(t)) =

r
∏

j=1

Fij((z(t))), hi(z(t)) =
wi(z(t))

∑r
i=1 λi((z(t))

. !" #$%&'()*$% +, -./,01)',- 2$,
 !"!# $%&'()*+,%- .( /&%0)1'2

'(%)*+,-./ +0- 1+ 123+4%55+6 78 62974:-+76 5:6 6+-%76 1(2-:- ,:5:)4+ 1+ ,%817.6+

4(2-:- 17 0;0-<=+ x(t) 5%76 07.36+ 78 +80+=)4+ 052,.>2 1+ ?@?0 xd(t) +- 1+ 6+*+-+6

4(.8A7+8,+ 1+ 4: 5+6-76):-.%8" '+ 62974:-+76 +0- 82,+00:.6+ 5%76 0:-.0/:.6+ 4: ,%81.-.%8

07.3:8-+ B

x(t)− xd(t)→ 0 telle que t→∞  !"C$

D+4%8 y(t) = ϕ(x(t))E .4 +0- 8:-76+4 1(.=5%0+6 yd(t) = ϕ(xd(t))E ,+ F7. 6+5620+8-+

4(2-:- 1+ 0%6-.+ 120.62" G8 5%0:8- x̃(t) = x(t) − xd(t) F7. 6+5620+8-+ 4(+66+76 1+

5%7607.-+" D: 126.32+ -+=5%6+44+ +0- 1%882+ 5:6 B

˙̃x(t) = ẋ(t)− ẋd(t).  !"!$

G8 6+=54:H:8-  !"I$ 5:6 0: 3:4+76 1:80  !"!$ +- +8 :*%7-:8- 4+ -+6=+

∑r
i=1 hi(z(t))Ai(xd(t)−

xd(t))E 4(2F7:-.%8  !"!$ 1+3.+8- B

˙̃x(t) =
r

∑

i=1

hi(z)(Aix̃(t) +Biu(t) + Eiw(t) +Aixd(t))− ẋd(t)  !"J$

@:80  !"J$E %8 .8-6%17.- 78+ 8%73+44+ 3:6.:)4+ τ(t) F7. 0:-.0/:.-+ 4: 6+4:-.%8 07.3:8-+ B

r
∑

i=1

hi(z)Biτ =

r
∑

i=1

hi(z)Biu+
r

∑

i=1

hi(z)Aixd +

r
∑

i=1

hi(z)Eiw − ẋd.  !"K$

G8 7-.4.0:8-  !"K$E 4(+66+76 1+ 5%7607.-+  !"J$ 5+7- L-6+ 622,6.-+ ,%==+ 07.- B

˙̃x(t) =
r

∑

i=1

hi(z(t))(Aix̃(t) +Biτ(t)).  !"M$

'+0 8%73+:7N 62974:-+760 0%8- ,%8H70 5%76 -6:.-+6 4+ 56%)4<=+ 1+ 07.3. 1+ -6:*+,-%.6+

,%==+ 07.- B

D. z1 +0- F1i +- """ +- D. zg +0- Fgi O4%60 τ(t) = −Kix̃(t)



 !

"#$%&'() *+ ,-&.& /) '($0)1'2&() /)3 42/56)3 78, %)('-(9:3 $.)1

293)(.$')-(

 ! "#$%&' ()!*' +, $-.,*!%',$ /#, '"% +#))-' 0!$ *! "#11!%&#) ",&2!)%' 3

τ(t) = −

r
∑

i=1

hi(z(t))Kix̃(t). 45678

9) !00*&:,!)% *! *#& +' ;#11!)+' 45678 !, 1#+<*' 456=8> *' "?"%<1' ') @#,;*' A'$1-'

0$')+ *! A#$1' ",&2!)%' 3

˙̃x(t) =
r

∑

i=1

r
∑

j=1

hi(z(t))hj(z(t))(Ai −BiKj)x̃. 456BC8

9) 0#"!)% Gij = (Ai −BiKj)> *D-:,!%&#) 456BC8 0',% E%$' $--;$&%' ;#11' ",&% 3

˙̃x(t) =
r

∑

i=1

r
∑

j=1

hi(z(t))hj(z(t))Gij x̃. 456BB8

 !"!# $%&'() &) *+,+*)-.) )/ (%0 &) .%112-&) -%- (0-+20*)

F () +' +-%'$1&)'$ *'" 2!$&!@*'" +-"&$-'" xd(t) '% *! *#& +' ;#11!)+' u(t)> #)

,%&*&"' *D-:,!%&#) 456G8 3

r
∑

i=1

hi(z)Bi(u− τ) = −
r

∑

i=1

hi(z)Aixd(t)−
r

∑

i=1

hi(z)Eiw(t) + ẋd(t). 456BH8

9) )#%!)% :,' 3 g(x) =
∑r

i=1 hi(z(t))Bi> A(x) =
∑r

i=1 hi(z(t))Ai !)+ ϑ(x) =
∑r

i=1 hi(z(t))Ei6 F*#$"> *D-:,!%&#) 456BH8 0',% E%$' $--;$&%' ;#11' ",&% 3

g(x)(u(t)− τ(t)) = −A(x)xd(t)− ϑ(x)w(t) + ẋd(t)) 456BI8

 D'J&"%');' +' *D')%$-' u(t) +-0')+ +' *! A#$1' +' g(x) '% ϑ(x) :,& "#)% ",00#"- +'

0*'&) $!).6















































g(x) =









0n−m

−−−

B(x)









, A(x) =









An−m

−−−

Am









,

ϑ(x) =









E(x)

−−−

0m









, xd(x) =









xdn−m

−−−

xdm









.

 !"#$%

&'()*+,-./  !"#0% 12*, 3,42 4((54-,2 6+/7 8+ 9.4:2 :+,4-5-2882 7*-;+/,2 <





0n−m
−−−

B(x)(u− τ)



 =





ẋdn−m
−A(x)n−mxd(t)

−−−−−−−−−−

ẋdm −A(x)mxd(t)



−





E(x)w(t)

−−−−−−

0m





 !"#!%

= 1+4,-4 62 8+ 62*>-?:2 ()*+,-./ 62  !"#!%@ 8+ 8.- 62 5.::+/62 /./ 8-/(+-42 12*,

3,42 6(4-;(2@ 5.::2 7*-, <

u(t) = B−1(x)(ẋdm(t)−Am(x)xd(t)) + τ(t).  !"#A%
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 !

τ(t) = −

r
∑

i=1

hi(z(t))Kix̃(t).

"#$ %&%$ '#()#*+ ,+-# ./012#3#*+ 45-1)5$ 6 '/-+1- 4# 2/ '-#317-# 58(/+1 * 4# 9:;<:=;

 !"!" #$%&'()* +* )&,-./.&0

>?* 4# 0/20(2#- 2#$ @/1*$ 4# -5@(2/+#(-A 2# +B5 -73# C;D;< #$+ 0 *$145-5 9 E"1/* DFFGHA

EI(**/$ DF<GH=; "#$ "JK$ $(1)/*+#$ '#()#*+ ,+-#  L+#*(#$ M

∃ X = XT > 0A ∃ Yii = Y T
ii A ∃ Yij = Y T

ji A Mi

[

XAT
i +AiX −BiMi −M

T
i B

T
i + Y ii XF T

FX −X

]

< 0, 9:;<N=

XAT
i +AiX+XAT

j +AjX−BiMj −M
T
j B

T
i −BjMi−M

T
i B

T
j +2Yij ≤ 0, i < i ≤ r

9:;<O=











Y11 Y12 . . . Y1r
Y12 Y22 . . . Y2r
;

;

;

;

;

;

;

;

;

Y1r Y2r . . . Yrr











> 0 9:;<P= !" #$%&'(%&)* +, -,.%/.0(%&)*
"Q(+121$/+1 * 4# 2/ '-#317-# 58(/+1 * 4# 9:;<:= '#-3#+ 4# 45)#2 ''#- 2# 3 472#

4# -5.5-#*0# #* . *0+1 * 4# 2/ '#-+(-L/+1 *A 8(1 #$+ @5*5-/2#3#*+ (*# )/-1/L2# 1*/0R

0#$$1L2#  ( 41S012# 6 3#$(-#-; > 0#+ #T#+A 12 #$+ 13' -+/*+ 4# 45+#-31*#- $/ )/2#(-

#$+135#; U ($ * ($ $ 33#$ 1*+5-#$$5$ 6 2Q#$+13/+1 * 4Q(*# #*+-5# 1*0 **(# 9'#-+(-R

L/+1 *= #* (+121$/*+ (*  L$#-)/+#(- V ( 6 3 4# @21$$/*+;

 !1!2 3-)*45,&*64 786 9 :8+* ;/.)),%&

"Q/''- 0B# 4# 0 33/*4# '/- 3 4# @21$$/*+ / 53#-@5 #* W*1 * X )15+18(# )#-$

2/ ?* 4#$ /**5#$ 60A  ! 4#$ -5@(2/+#(-$ 41$0 *+1*(#$ ' (- (*# 02/$$# 4#$ $Y$+73#$ 4YR

*/318(#$  *+ 5+5 /*/2Y$5#$; Z* (+121$/*+ (*# 2 1 4# 0 33/*4# 0 33(+5# [(4101#($#A

 * / 0 *$+/+5 8(# 2#$ 5+/+$ 4( $Y$+73# ' ()/1#*+ ,+-# . -05$ ' (- /++#1*4-# #+ -#$+#-

(2+5-1#(-#3#*+ $(- (*# $(-./0# '-545?*1# 4/*$ 2Q#$'/0# 4Q5+/+; \ *+-/1*+ $(- 0#++#

$(-./0#A 2# 3 ()#3#*+ -5$(2+/*+A /''#25 3 ()#3#*+ @21$$/*+A $Q#$+ /)5-5 '#( $#*$1L2#

6 + (+#$ 2#$ 1*0#-+1+(4#$  ( $1@*/(] #]+#-*#$ 4# '#-+(-L/+1 *; \#++# '- '-15+5 1*B5R

-#*+# 4# - L($+#$$# / #( 0 33# 0 *$58(#*0# 2# 45)#2 ''#3#*+ 4# -#0B#-0B#$ 4/*$

2# 4 3/1*# 4# 2/ 0 33/*4# '/- 3 4#$ @21$$/*+$; \#$ 145#$  *+ 5+5 (2+5-1#(-#3#*+

(+121$5#$ 4/*$ 4Q/(+-#$ $1+(/+1 *$ 0 3'-#*/*+ 2# '- L273# 4Q#$+13/+1 * 4Q5+/+ '/-

2Q1*+#-3541/1-# 4Q(*  L$#-)/+#(- 9 E>^B#*/^ DFF_H=;

"#$ '-#31#-$  L$#-)/+#(-$ 6 (*# $+-(0+(-# 41$0 *+1*(#  *+ 5+5 -5/21$5$ '/- W+^1*

9 E /̀20 ++ <POGH=; /̀20 ++ #+ a/^  *+ '- ' $5 (*# 35+B 4# L/$5# $(- 2Q/''- 0B# 4#



  

!"#$%&'( )* +,%-% .( &'#/(0&1%'( .(2 31.45(2 67+ $('&,'892 #-(0

182('-#&(,'

 !"#$%&' #&$( )!%*+,*-).( $% &/).('"*.$( 0$- "))$(. 1" 2,3(&-))"%3. ")!4#*&*-0$.

2. 15.((.$( 25.)*-4"*-&% 25,*"* )&$) 2.) 3&%*("-%*.) 2. %&% 1-%,"(-*,) .* 25-%3.(*-6

*$2.) )$( 1.) .%*(,.) 2$ )!)*74. %&% 1-%,"-(. 8 9:*;-% <=><?@A  .) "$*.$() 2. 9B26

C"(2) <==D? .* 9B2C"(2) EFFF? &%* $*-1-), $%. )*("*,G-. 2. 2,'.1&##.4.%* 25$% &/6

).('"*.$(H ).4/1"/1. I 3.11. 2. J"13&** .* K";H .% &L("%* 2. #1$) $% "1G&(-*+4.

.M#1-3-*. 2. 3&%3.#*-&%A N"%) 1. 3"2(. 2. )!)*74.) %&% 1-%,"-(.) (.#(,).%*, #"( 2.)

4$1*-4&271.H 1" )!%*+7). 2.) 3&%*(O1.$() #"( 4&2.) G1-))"%*) " ,*, 3&%)-2,(,. 2"%)

8 9P$2'" <=>F?@A

 . #(&/174. 3&%)-2,(, -3- 3&%)-)*. I (.3&%)*($-(. 1" #.(*$(/"*-&% .% $*-1-)"%* 1.)

-%Q&(4"*-&%) Q&$(%-.) #"( 1.) .%*(,. .* 1.) )&(*-.) 2$ )!)*74. %&% 1-%"-(.A  5&/).(6

'"*.$( 3&%)-2,(, .)* $%. 3&4/-%"-)&% 1-%,"-(. 25&/).('"*.$() 1&3"$MH 3+"3$% "!"%*

1" )*($3*$(. #(&#&),. 2"%) 9J"13&** <=>R?A N"%) 3. 3&%*.M*.H %&$) 3&%)-2,(&%) 0$.

1" #.(*$(/"*-&% .)* /&(%,.H *.1 0$. ‖w‖ ≤ ηH &S η .)* $% )3"1"-(. .* ‖.‖ (.#(,).%*.

1" %&(4. B$31-2-.%%.A T% )$##&). ,G"1.4.%* 0$5-1 .M-)*. 2.) 4"*(-3.) Li *.11. 0$.

Ãi = Ai−LiC " 2.) '"1.$() #(&#(.) )*"/1.)H .* 0$5-1 .M-)*. $%. 4"*(-3. P̃ > 0 H $%.

4"*(-3. Q̃H 2.) 4"*(-3.) Fi (.)#.3*"%* 1.) 3&%*("-%*.) )$-'"%*.) U

{

ÃT
i P̃ + P̃ Ãi = −Q̃

FiC = ET
i P̃

8VAEF@

 5&/).('"*.$( W&$ I 4&2. G1-))"%* .)* 2&%%, #"( 1" )*($3*$(. )$-'"%*. U

{

˙̂x(t) =
∑r

i=1 hi(z) (Aix̂(t) +Biu(t) + Lir(t) + Eivi(t))

ŷ(t) = Cx̂(t)
8VAE<@

 .) 4"*(-3.) Li .* 1.) '"(-"/1.) 2. 3&%*(O1. vi 2&-'.%* X*(. 2,*.(4-%,.) "Y% 2.

G"("%*-( 1" 3&%'.(G.%3. ")!4#*&*-0$. 2. x̂(t) '.() x(t)A  .) *.(4.) vi )&%* 3&%Z$)

#&$( 3&4#.%).( 15.((.$( 2$. I 1" #.(*$(/"*-&%A r(t) .)* 15.((.$( 2. )&(*-. 0$- .)*

2,Y%-. #"( U

r(t) = y(t)− ŷ(t) = Ce(t) 8VAEE@

&S e(t) .)* 15.((.$( 25.)*-4"*-&% 0$- .)* 2,Y%-. #"( U

e(t) = x(t)− x̂(t) 8VAE[@

.* )" 2,(-', #.$* X*(. ,3(-*. 3&44. )$-* U

ė(t) =

r
∑

i=1

hi(z) ((Ai − LiC)e+Biu+ Eiw − Eivi(t)) 8VAED@
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 !"!# $%&'()*+ ,+ *'-./0/'1

 !"##"$# %!"&'()*'(+, -./012 3+,4"#5" 4"#& 67#+8 &( 9"& 3+,%('(+,& %" ':7+#;)"

./1/< &+,' 47#(=7"& >

345).6',  !"!7!  !"#$%&" '(() !"#$$#%$ &"#'()*+(),-  !"#$% .,-/#$0# /#$' 12$,3

4) vi '+()'5+)( 6#' .,-&)(),-' '%)/+-(#' 7

{

vi(t) = η Fir
‖Fir‖ Si r(t) 6= 0

vi(t) = 0 if r(t) = 0
 !"#!%

#( '")6 #8)'(# %-# *+($).# '9*2($):%# P̃ 3 (#6 :%# 7

ÃT
i P̃ + P̃ Ãi < 0  !"#&%

;2*,-'($+(),-< '()*+,-.()* /0 1()23+() ,4 56078)(9 *8+90)34 :

V (e(t)) = eT (t)P̃ e(t)  !"#;%

<0 ,-.+9-4 70. .077(.3 08 34=7*> /4 /()? ,4 /0 3.0@423(+.4 ,8 *6*3A=4 4) 83+/+*0)3

/4* -B803+()*  !"#C% 43  !"#$% *D4E7/+2+34 :

V̇ =
r

∑

i=1

hi(z)
(

eT (ÃT
i P̃ + P̃ Ãi)e+ 2eTPEiTL − 2eTEiνi

)

 !"#F%

G) 83+/+*0)3 /0 ,48E+A=4 -?0/+3- ,4 /0 2()3.0+)34  !"#H%> /0 ,-.+9-4 ,4 /0 1()23+() ,4

56078)(9 *D-2.+3 ,4 /0 10I() *8+90)34 :

V̇ =
r
∑

i=1
hi(z)

(

eT (ÃT
i P̃ + P̃ Ãi)e+ 2eTCTF T

i w − 2eTCTF T
i νi

)

=
r
∑

i=1
hi(z)

(

eT (ÃT
i P̃ + P̃ Ãi)e+ 2rTF T

i w − 2rTF T
i νi

)

≤
r
∑

i=1
hi(z)

(

eT (ÃT
i P̃ + P̃ Ãi)e+ 2η ‖Fir‖ − 2rTF T

i νi

)

B84 /D() 7483 =0@(.4. 70. :

V̇ ≤
r

∑

i=1

hi(z)

(

eT (ÃT
i P̃ + P̃ Ãi)e+ 2η ‖Fir‖ − 2ηrTF T

i

Fir

‖Fir‖

)

 !"CH%

J0)* /4 20* (K /4 .-*+,8 r(t) 4*3 )() )8/> /0 =0@(.03+() ,4 /0 ,-.+9-4 ,4 /0 1()23+()

,4 56078)(9 *4 *+=7/+L4 4) 83+/+*0)3 /0 .4/03+()  !"#!% 2(==4 *8+3 :

V̇ ≤
r

∑

i=1

hi(z)e
T (ÃT

i P̃ + P̃ Ãi) e  !"CM%

J0)* /4 20* (K r(t) 4*3 )8/  r(t) = 0% () (N3+4)3 /0 =O=4 =0@(.03+()" 5D(N*4.90P

348. Q(8 R =(,4 ?/+**0)3  !"#M% 2()94.?4 ,()2 *+ /4* .4/03+()*  !"#!% 43  !"#&% *()3

*03+*10+34*"



 !

"#$%&'() *+ ,-&.& /) '($0)1'2&() /)3 42/56)3 78, %)('-(9:3 $.)1

293)(.$')-(

 !"# $%&$"&'# &'( )%#*%+&'( ,' $!-.#/&' vi(t)0 -!"( ".*&*(!-( &'( 123( ("*)%-.'( 4

∃ P̃ = P̃ T > 00 ∃ Q̃0 ∃ Fi 4

{

(Ai − LiC)
T
i P̃ + P̃ (Ai − LiC) = −Q̃

FiC = ET
i P̃

56789:

!; Li <'". =.#' $%&$"&> '- ".*&*(%-. &% .'$?-*@"' ,' <&%$'A'-. ,' </&'(7

 !"!# $%&'()&'*+ ,-% -+&./-% '+0*++1-%

 &"(*'"#( .#%)%"B !-. >.> #>%&*(>( <!"# &C'(.*A%.*!- ,'( '-.#>'( *-$!--"'( ,%-( &'

$%,#' ,'( (D(.EA'( ,D-%A*@"'( &*->%*#'(7 1'( A>.?!,'( <#!<!(>( ,%-( $'( .#%)%"B

(!-. F>->#%&'A'-. +%(>' ("# &% $!--%*((%-$' ,'( A%.#*$'( Ai0 Bi0 Ei '. &% A%.#*$'

,' (!#.*' C ," A!,E&' G!" HIJ 5 KL,M%#,( 9NNNO0 KPQ?'-%Q 9NNRO:7

S!-(*,>#!-( &' A!,E&' G!" HIJ '- &C%+('-$' ,C'-.#>'( *-$!--"'( 4

{

˙̄x(t) =
∑r

i=1 hi(z(t))(Aix̄(t) +Biu(t))

ȳ(t) = Cx̄(t)
56788:

1% $!-)'#F'-$' ,' &C!+('#)%.'"# G!" ,>T-* <%# 5679U: '. 56796: '(. F%#%-.*' (* &%

$!-,*.*!- 5679V: '. &% $!-.#%*-.' 5679N: (!-. #'(<'$.>'(7 L- #>F*A' <'#A%-'-.0 &C'#W

#'"# ,C'(.*A%.*!- ,C>.%. 56798: .'-, )'#( X>#!0 !- % %&!#( x = x̂7
{

˙̂x(t) =
∑r

i=1 hi(z(t))(Aix̂(t) +Biu(t) + Eiw̄(t))

y(t) =
∑r

i=1 hi(z(t))Cix̂(t))
5678R:

!; &' )'$.'"# w̄ #'<#>('-.' "-' '(.*A%.*!- ,' &C'-.#>' *-$!--"'7 S!-(*,>#!-( ε(t) &C'#W

#'"# '-.#' &C>.%. ," (D(.EA' 56788: '. $'&"* ," (D(.EA' 56786:0 $'&&'W$* <'". (C>$#*#' 4

ε = x̂− x̄ 56786:

1% ,D-%A*@"' ,' $'..' '##'"# '(. #>F*' <%# &C>@"%.*!- 4

ε̇ = ˙̂x− ˙̄x =
r

∑

i=1

hi(z(t))(Aiε+ Ei ˆ̄w) 5678V:

J!"( #>('#)' ,' &C'B*(.'-$' ,' &C*-)'#(' F>->#%&*(>' ,' &% (!AA' <!-,>#>' ,'( A%.#*$'(

,' .#%-(A*((*!- ,'( '-.#>'( *-$!--"'( Ei0 !- <'". 'B<#*A'# &' )'$.'"# ,C'-.#>'(

*-$!--"'( (!"( &% Y!#A' 4

ˆ̄w =

(

r
∑

i=1

hi(z)Ei

)(−)(

ε̇(t)−
r
∑

i=1

hi(z)Aiε

)

5678Z:

!; (
∑r

i=1 hi(z)Ei)
(−)

#'<#>('-.' &' <('",!W*-)'#(' ,' &% A%.#*$' (
∑r

i=1 hi(z)Ei) ,>W

T-* <%# 4

(

r
∑

i=1

hi(z)Ei

)(−)

=

(

r
∑

i=1

hi(z)Ei

)T




(

r
∑

i=1

hi(z)Ei

)(

r
∑

i=1

hi(z)Ei

)T




−1

5678[:



 ! ! "##$%&'(%)* + ,)--'*./ 0)1/ .21*/ 34"5 67 ! "##$%&'(%)* + ,)--'*./ 0)1/ .21*/ 34"5
 !"# $%&&% #%$&'(") "(*# $("#'+,-("# .% /-(0.12% +% .! $(22!"+% 3(*% +4*"%

5678) %" *&'.'#!"& .% $("$%/& +% 9 9# %& *" (0#%-:!&%*- +% $(*/.% +% $;!-<% =*' %#&

$("#'+,-, $(22% /%-&*-0!&'("> ?(*& +4!0(-+) "(*# *&'.'#("# .%# 2(+1.%# 3(*# ?@6

/(*- +,$-'-% .% $(2/(-&%2%"& +A"!2'=*% +% .! 2!$;'"% #A"$;-("%> B"#*'&%) "(*#

+,:%.(//("# *" $("&-C.%*- 3(* ?D6 E .4!'+% +% .! &%$;"'=*% 8 F> G(*# +,-':("#

,<!.%2%"& *" 2(+1.% +% -,H,-%"$% %& *" $("&-C.%*- +% /(*-#*'&% "(" .'",!'-%> I%

2(+1.% +% -,H,-%"$% %#& $("J* %" H("$&'(" +%# ,&!&# +,#'-,# %& +* $(*/.% +% .! $;!-<%>

G(*# $("#'+,-("# *" (0#%-:!&%*- 3(* E 2(+% <.'##!"&) /(*- %#&'2%- %K$!$%2%"& .%#

:!-'!&'("# +* $(*/.% +% $;!-<%>

 ! !" #$%&'( %( ') #*+, %)-. '( /(0&/( %( ,)/1

I% 2(+1.% "(" .'",!'-% +* 5678 /%*& L&-% ,$-'& #(*# .! H(-2% +4%#/!$% +4,&!&

#*':!"&% M

ẋ(t) = A(Ω)x(t) +Bu(t) + ECr(t). NO>PQR

!:%$

x =
[

Ω iq id
]T
, u =

[

uq ud
]T
,

A(Ω) =







− f
J

3pΨf

2J 0

−
pΨf

L
−R

L
−pΩ

0 pΩ −R
L






, B =





0 0
1
L

0

0 1
L



 , E =





− 1
J

0

0



 .

 ! !2 #$%&'( 3$4 %( ') #*+,

I% #A#&12% "(" .'",!'-% +% .! 5678 /%*& L&-% -%/-,#%"&, /!- *"% !//-($;% 3(*

+% &A/% ?!S!<'@6*<%"() %" *&'.'#!"& *" $%-&!'" "(20-% +% -1<.%# 3(*%# 6'D7.(-#>

G(*# !:("# $;('#' .! :!-'!0.% +% /-,2'##% #*':!"&% M

z(t) = z1(t) = Ω(t).

B" #*//(#!"& =*% .! :!-'!0.% +% /-,2'##% %#& 0(-",% $(22% #*'& M

Ωmin ≤ Ω(t) ≤ Ωmax.

 ("$) .%# -1<.%# 6'D7.(-# #*':!"&%# /%*:%"& L&-% $("#'+,-,%# M

T1<.% 3(* U M 6' z1(t) %#& F11 7.(-# ẋ(t) = A1x(t) +B1u(t) + E1Cr(t)

T1<.% 3(* V M 6' z1(t) %#& F12 7.(-# ẋ(t) = A2x(t) +B2u(t) + E2Cr(t)

!:%$

A1 =







− f
J

3pΨf

2J 0

−
pΨf

L
−R

L
−pΩmax

0 pΩmax −R
L






, A2 =







− f
J

3pΨf

2J 0

−
pΨf

L
−R

L
−pΩmin

0 pΩmin −R
L






.
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B1 = B2 = B =





0 0
1
L

0

0 1
L



 , E1 = E2 =





− 1
J

0

0





 ! "#$%&! '#( )#"*&!+ $( ,-,+%"! *!(+ .+/! !0*/1"2 *3/ &425(3+1#6 ,(1736+! 8

ẋ(t) =

r=2
∑

i=1

hi(z(t))(Aix(t) +Biu(t) + EiCr(t)) 9:;<=>

37!)

h1 = F11 =
(Ω(t)− Ωmin)

(Ωmax − Ωmin)
, h2 = F12 =

(Ωmax − Ω(t))

(Ωmax − Ωmin)

 ! !" #$%&'( %( )*+*)(,-( (. '$/ %( -$001,%( ,$, '/,*1/)(

 3 &#1 $! )#""36$! 6#6 &16231/! u(t) !+ &!, 73/13?&!, $! "#$%&! $! /2@2/!6)! xd(t)

*!(7!6+ .+/! #?+!6(!, !6 (+1&1,36+ &425(3+1#6 9:;AB> 5(1 !,+ /22)/1+ )#""! ,(1+ 8

g(x)(u(t)− τ(t)) = −A(x)xd(t)− E(x)Cr(t) + ẋd(t)) 9:;<A>

C6 3**&15(36+ &425(3+1#6 9:;<A> 3( "#$%&! $! &3 DEFGH 6#(, #?+!6#6, &3 @#/"!

"3+/1)1!&&! ,(1736+! 8





0 0
1
L

0

0 1
L



 (u(t)− τ(t)) = −







− f
J

3pΨf

2J 0

−
pΨf

L
−R

L
−pΩ

0 pΩ −R
L






9:;<I>

×





Ωd

iqd
idd



−





− 1
J

0

0



Cr(t) +
d

dt





Ωd

iqd
idd



 . 9:;<B>

#J 8 τ = [τq τd]
T
!,+ &! 6#(7!3( /2K(&3+!(/ L xd = [Ωd iqd idd]

T
!,+ &! 7!)+!(/

$42+3+ $2,1/2; F *3/+1/ $! &425(3+1#6 9:;<B>H #6 *!(+ 2)/1/! 5(! 8

Ω̇d = −
f

J
Ωd +

3pΨf

2J
iqd +

1

J
Cr. 9:;<<>

M! 5(1 6#(, 3"%6! N 2)/1/! 5(! 8

iqd = (Ω̇d +
f

J
Ωd +

1

J
Cr)

2J

3pΨf

. 9:;<:>

C6 )O#1,1,,36+ idd = 0H &!, 73/13?&!, $( "#$%&! $! /2@2/!6)! ,#6+ 2)/1+!, )#""! ,(1+ 8

xd(yd, Cr) =





Ωd

iqd
idd



 =







yd
(ẏd +

B
J
yd +

1
J
Cr)

2J
3pΨf

0






9:;<P>

#J yd = Ωd !,+ &3 71+!,,! $2,1/2;
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 !"#!$% &'( )! *(+%'+,!%-.$ (/% '$( 0!+-!,)( -$".$$'(1 "( &'- $.'/ !23$( 4

+(2*)!"(+ /! 0!)('+ +5())( *!+ /! 0!)('+ (/%-25(1 ".22( /'-% 6

xd(Ωd, Ĉr) =







Ωd

(Ω̇d +
B
J
yd +

1
J
Ĉr)

2J
3pΨf

0






789:;<

= *!+%-+ >( )! %+.-/-32( 5&'!%-.$ >( 789:?<1 .$ .,%-($% )(/ ).-/ >( ".22!$>( /'-0!$%( 6

{

uq = pΨfΩd +Riqd + Li̇qd + LpΩidd + τq

ud = −pLΩiqd +Ridd + Li̇dd + τd
789:@<

A$ +(2*)!B!$% idd *!+ /! 0!)('+ >!$/ 789:@<1 .$ .,%-($% )(/ ).-/ >( ".22!$>( $.$

)-$5!-+( /'-0!$%( 6

{

uq = pΨfΩd +Riqd + Li̇qd + τq

ud = −pLΩiqd + τd
789:C<

 ! !" #$%&'()(% *+ ') %,-&')(,./

D!$/ "(%%( /("%-.$1 >(/ %(/%/ >( /-2')!%-.$ .$% 5%5 (E("%'5/ /'+ '$( F =G *.'+

05+-H(+ )I(J"!"-%5 >( )! 25%#.>( K.'( ($ '%-)-/!$% )( /"#52! >( ".22!$>( -))'/%+5

/'+ )! L-M9 89N9 O(/ M!-$/ >( ".$%+P)('+/ K.'/ /'-0!$%/ /.$% "!)"')5/ ($ +5/.)0!$% )(/

 !"#$% 89N6  "#52! >( )! ".22!$>( >( )! F =G9

OFQ/ 7?9R:<1 7?9R8< (% 7?9RS< ".22( /'-% 6

K1 =

[

8.1338 18.8361 0.0758

−0.0765 0.0780 18.8743

]



 !
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 !"#$  !"# $%&%'()&*+ ,* -% ./0$!

 !"!#$%"& '(#)*+& ,!+&-"

.*#)"& /& 0!1"&2 /& 03+&2 p 4

45212%!67& 2%!%*"18-& R 2.875 Ω

96/-7%!67&2 /:!;&2 /1"&7%& Ld 8.5 mH

 !"#$%&!$'( ")&*'( '! +#&",&%#,' Lq 8.5 mH

 !',%-' "' ,.%., J 0.0008 Kg.m2

/.'0$-'!% "' 1,.%%'2'!% f 0.001 N.m/rad/s

34#* ")'*$-%&%-.! Ψf 0.175 wb

K2 =

[

12.4762 16.8344 −0.3105

−0.1569 −0.2428 17.9380

]

.

 !" #$%&" '! ()*+"!,-$.!/, Fi "*&. 0$(0/(1" !& ,1"*(-$&. (!"  23" 456789: 0*;;! "/%. <

F1 = F2 = −4.2745× 103

*= (!" #$%&" Li "*&. 0$(0/(1" >$, ($ .!0?&%@/! '! >($0!;!&. '!" >A(!": 0*;;! "/%. <

L1 = 104.
[

0.1353 3.1135 0.7554
]

, L2 = 104.
[

0.1353 3.1135 −0.7554
]

 $ 0*;;$&'! B*/! '! ($ 2CDE $ 1.1 -1,%F1! >*/, (!" 0$" "/%-$&." <

 !!"#$%!!"&"'( )" $%("!!"

 )*+G!0.%H '! ($ >,!;%I,! "%;/($.%*& !". '! H*,0!, ($ -%.!""! '! ($ 2CDE J "/%-,!

/&! -%.!""! '! ,1H1,!&0! "%&/"*K'$(! Ωd(t) = 100sin(t) rad/s6  !" ,1"/(.$." '! "%;/L

($.%*& "*&. %((/".,1! "/, (!" M%#"6 5674$9 J 5674'96N*/" >*/-*&" 0*&".$.!, @/! ()$'G*%&.

')/& *+"!,-$.!/, '! >!,./,+$.%*& $ >!,;%" /&! ;!%((!/,! >*/,"/%.! '! .,$G!0.*%,!6

*+,-./(%0' )" ./ $%("!!"

 )*+G!0.%H '! ($ '!/O%I;! "%;/($.%*& !". '! H*,0!, ($ -%.!""! '! ($ 2CDE J "/%-,!

/&! 0*&"%#&! '! -%.!""! '! Ωd(t) = 50 rad/s6 D J ()%&".$&. t = 0.5 s6 P& $>>(%@/!

'*&0 /& 0*/>(! '! 0?$,#! '! 5 N.m: 0*;;! %( !". %&'%@/1 J ($ M%#6 56Q4'96 R)$>,I" (!"

,1"/(.$." '! "%;/($.%*& %((/".,1" "/, (!" M%#"6 56Q4$9 J 56Q4H9: &*/" >*/-*&" 0*&".$.!,

@/! ()$'G*%&. ')/& *+"!,-$.!/, '! >!,./,+$.%*& $ >!,;%" /&! ;!%((!/,! >*/,"/%.! '!

.,$G!0.*%,!6 S& 0! @/% 0*&0!,&! (! ,!G!. '! >!,./,+$.%*&: &*/" >*/-*&" ,!;$,@/!, @/!

(! ,1#/($.!/, B*/ ,1$(%"! /& $""!,-%""!;!&. >$,H$%. '! ($ -%.!""!6 S& !T!.: $/ ;*L

;!&. '! ()$>>(%0$.%*& '! 0*/>(! '! ($ 0?$,#!: ()!,,!/, '! -%.!""! ;$O%;$(! .,$&"%.*%,!

!&,!#%".,1! &! '1>$""! >$" 0.75 rad/sec !. &! .$,'! >$" J ")$&&/(!, 0*;>(I.!;!&.6

R)$>,I" ($ M%#6 56Q4!9: %( !". 0($%, @/! ($ -$,%$.%*& '/ 0*/>(! '! 0?$,#! >!/. U.,!

%'!&.%F1! $-!0 "/00I" >$, ()*+"!,-$.!/, B*/ J ;*'! #(%""$&.6 !" #$%&'()*$%
R$&" 0! 0?$>%.,!: &*/" $-*&" '10,%. /& &*/-!$/ "0?1;$ '! 0*&.,A(! >*/, (!"

"V".I;!" &*& (%&1$%,!" $-!0 !&.,1! %&0*&&/! '10,%." >$, (! ;*'I(! WXC6  ! "0?1;$

'! ($ 0*;;$&'! !". +$"1 "/, (! 0*&0!>. YRY" !. ()!".%;$.%*& '! ($ >!,./,+$.%*&
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 !"#$%  !"# $% &'()*+, -, .% /012 ()3& Ωd(t) = 50sin(t) rad/s!

45% 3* )6+,&4%7,3& 8 9)-, :.5++%*7! ;,+ <)*-575)*+ +3=+%*7,+ ()3& .% +7%65.57' +)*7

-'&54',+ -, .% 9'7>)-, -, $?%(3*)4 @35 (,37 A7&, B)&93.', ,* 3* (&)6.C9, -,

$/D+! $, <)*<,(7 -, E;E+ % '7' 375.5+' ()3& +59(.5F,& .% <)*<,(75)* -3 9)-C.,

-, &'B'&,*<, ,7 -, .% .)5 -, <)99%*-,! 0%*+ (,&7, -, :'*'&%.57'G .% <)99%*-, % '7'

7,+7', %4,< +3<<C+ ()3& .H'73-, -, <%+ -H3*, 9%<>5*, +?*<>&)*, 8 %59%*7 (,&9%*,*7!

$,+ &'+3.7%7+ 9)*7&,*7 @3, .,+ (,&B)&9%*<,+ +)3>%57',+ ()3& ., +?+7C9, <)*7&I.'

(,34,*7 A7&, )67,*3,+ :&J<, 8 .% 9'7>)-, -, <)*7&I., K)3,!
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6 îq
iq
iqd

 ." #$%&'() *)( /&01!'-( )' 20!*1!-01)

0 0.2 0.4 0.6 0.8 1
 0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

Temps!(s)

C
o
u
ra
n
t!
(A
)

0.5 0.52 0.54
 0.1

 0.05

0

0.05

0.1

îd
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 7" #$%&'() *) /&0%4) $4)/-1&8!6'$-,20)

 !"#$%  !"# $%&'()* +* ,- ./01 &'23 Ωd(t) = 50 rad/s



 !"#$%&' ( !"#$%&'!" () *(+&,(#)'-(&
 !"# $" %!&' () *)##) #+,-). &!#/) !01)*#23 $ 4#4 %) (45)%!66)7)&# ()- #)*+&28")-

() -9&#+,-) () *!&#/:%)"/- 6!"/ %)- 7!(,%)- ;!"-  <= )# $"--2 > %)"/ $66%2*$#2!&

6!"/ %$ *!77$&() () *)/#$2&)- *%$--)- () -9-#,7)- &!& %2&4$2/)-? @)- $66/!*+)-

4%$0!/4)- ($&- *)##) #+,-) -!&# 0$-4)- -"/ %) *!&*)6# ABA- 8"2 3$*2%2#) %C!0#)&#2!&

() 7!(,%) () /434/)&*). -"/ %) */2#,/) H∞ 6!"/ $##4&")/ *!76%,#)7)&# %C)D)# ()-

6)/#"/0$#2!&- (C"&) 6$/# )# -"/ %C!0-)/5$#)"/ ;!" > 7!() '%2--$&# 6!"/ )-#27)/

%)- 6)/#"/0$#2!&- (C$"#/) 6$/#? @)- *!&(2#2!&- () -#$02%2#4 ()- -9-#,7)-  <= -!&#

4#"(24)- 6$/ %C$66/!*+) 8"$(/$#28") () @9$6"&!5. )# -!&# 3!/7"%4- )& 6/!0%,7)

48"25$%)&# (C2&4'$%2#4- %2&4$2/)- 7$#/2*2)%%)- E@FG-H 6!"/ "&) 7)2%%)"/) )I6%!2#$#2!&

&"74/28") ()- /4-"%#$#-?

J" *!"/- (" ()"I2,7) *+$62#/). &!"- $5!&- 7)&4 "&) 4#"() 020%2!'/$6+28") 8"2

6!/#) -"/ %$ 7!(4%2-$#2!& ;!"). %$ -#$02%2#4 )# %$ -#$02%2-$#2!& ()- 7!(,%)-  <=? K) 8"2

$ 6)/72- () 6/4-)&#)/ "& 4#$# () %C$/# -"/ %)- 6/2&*26$"I /4-"%#$#- () %$ %2##4/$#"/)?

B$&- *)##) 6$/#2). &!"- $5!&- (4#$2%%4 %) 6/2&*26) () %$ *!77$&() LBK )# %)- %!2-

() *!77$&() 6/2&*26$%)- 8"2 )& (4*!"%)&# $5)* %$ 72-) )& !)"5/) (C!0-)/5$#)"/

 <=? M!"- $5!&- 4'$%)7)&# 7!&#/4 8")%8")- /4-"%#$#- *!&*)/&$&# %$ /)%$I$#2!& ()-

@FG-? K)- !"#2%- 6/4-)&#4- !&# 4#4 )I6%!2#4- 6!"/ -#$02%2-)/ "& -9-#,7) NJA () #96)

8"$(/2/!#!/? @)- /4-"%#$#- () -27"%$#2!& !&# 7!&#/4 %C)O*$*2#4 )# %)- 6)/3!/7$&*)-

() %$ 74#+!() ;!")?

J6/,- "& 6!-2#2!&&)7)&# (" 6/!0%,7) *!&*)/&$&# %$ -#$02%2-$#2!& ()- 7!(,%)-

;!"-  <=. %) *+$62#/) P $ 52-4 %C2&#4/Q# ()- $66/!*+)- () -9&#+,-) ()- %!2- ()- *!7R

7$&()- 6/!6!-4)- ($&- *)##) #+,-)? J2&-2. %$ -9&#+,-) () *!77$&() ()- 7!(,%)-

 <= 6!"/ $--"/)/ %) -"252 () #/$1)*#!2/) $5)* "& 7!(,%) () /434/)&*)? @$ -9&#+,-) ()

%$ %!2 () *!77$&() )# %C!0#)&#2!& () 7!(,%) () /434/)&*) -!&# (2-*"#4 $5)* %) *!&*)6#

ABA-? J" *!"/- () *)##) $66/!*+). &!"- $5!&- 7!&#/4 ()- *!&(2#2!&- /)%S*+4)- 8"2

#2)&&)&# *!76#) (" &!70/) 7$I27$% () /,'%)- $*#25)- > *+$8") 2&-#$&#? N&) $66%2R

*$#2!& > %$ *!77$&() (C"&) *+$T&) () *!&5)/-2!& 6+!#!5!%#$U8") )-# 4#"(24)? @)-

/4-"%#$#- () -27"%$#2!& !&# 7!&#/4 8") %) -9-#,7) 6+!#!5!%#$U8") 6)"# Q#/) *!&#/:%4

)O*$*)7)&# 6$/ %$ #)*+&28") () *!77$&() 6/!6!-4) )# 6)"# -"/7!&#)/ %)- %272#)-

()- #)*+&28")- *!&5)&#2!&&)%-?

M!"- &!"- -!77)- )&-"2#) 2&#4/)--4- ($&- %) 8"$#/2,7) *+$62#/) $" 6/!0%,7) ()

-"252 () #/$1)*#!2/) ()- 7!(,%)- ;!"-  <= 6)/#"/04- )# > %)"/ $66%2*$#2!& 6!"/ %$

*!77$&() () *)/#$2&)- *%$--)- () -9-#,7)- &!& %2&4$2/)-? M!"- $5!&- 6/!6!-4 "&)

#)*+&28") () *!77$&() 0$-4) -"/ %$ *!702&$2-!& () *!&*)6# ABA- $5)* %C$66/!*+)

H∞ 6!"/ (45)%!66)/ ()- %!2- () *!77$&() $--"/$&# %$ 6)/3!/7$&*) () 6!"/-"2#)



 ! "#$%&'() *+ ",-./01&,- )' 2)(1%).'&3)1

 ! "# $%&%$%'#!%(& ) "* ++ ,+ ) -(,+',%! -#+ +#--(+! #,. - +!,+/#!%(&' ' "(& " 

0+%!1+ H∞2 3(,' #4(&'  &',%! -+5' &!5 ,& #--"%0#!%(& 6 "# $#07%& '8&07+(& 

6 #%$#&!' - +$#& &!' -(,+ $(&! + "* 90#0%!5 ) "# 0($$#&) 2 : ' +5',"!#!' ) 

'%$,"#!%(& (&! $(&!+5 ;, 0 !! 0($$#&)  '! +(/,'! -#+ +#--(+! #, 0(,-" ) 

07#+< 2

: 0%&;,%1$ 07#-%!+  '! 0(&'#0+5 #, $=$ -+(/"1$ ) "# 0($$#&) ) ' '8'>

!1$ ' &(&>"%&5#%+ '  ! - +!,+/5'? -#+ ,& ! 07&%;, ) 0($$#&) /#'5 ',+ "# 0($>

/%&#%'(& ) 0(&0 -! @A@' #4 0 ,& (/' +4#! ,+ B(,2 A#&' 0 0#'? #, "% , )*#!!5&, +

"*%&B, &0 ) - +!,+/#!%(& ',+ " '8'!1$ 6 "*#%) "# 0($$#&) H∞? "# - +!,+>

/#!%(& ) 4% &! ,& -#+!% ), $()1" ) +5C5+ &0 ?  ! '# 4#" ,+  '!  '!%$5 -#+ ,&

(/' +4#! ,+ B(, 6 $() <"%''#&!2 3(,' #4(&'  &',%! -+5' &!5 "# $=$ #--"%0#!%(&

0(&'%)5+5  & 07#-%!+ D -(,+ $(&! + "* 90#0%!5 ) "# $5!7() -+(-('5 2

A ' - +'- 0!%4 ' )*,& -(%&! ) 4,  .-5+%$ &!#" '(&! 5<#" $ &!  &4%'#< #/" '2

E&  F ! "*%$-"5$ &!#!%(& ) ! 07&%;, ' ) 0($$#&) )54 "(--5 ' )#&' 0 !! !71' 

',+ ,& 0#+! 6 $%0+(0(&!+G" ,+ HI+),%&(J C#%! "*(/K ! ) "*,& ) ' - +'- 0!%4 '2

A*#,!+ -#+!? )*,& -(%&! ) 4, !75(+%;, ? &(,' 0(&'%)5+(&' " -+(/"1$ ) ' $()1" '

B(,' LMN - +!,+/5'  ! %&0 +!#%&'  ! " ,+ #--"%0#!%(& -(,+ "# 0($$#&) ) 0 +!#%& '

0"#'' ' ) '8'!1$ ' &(& "%&5#%+ '2



 !!"#"   !"#$%$!& "' (&)( *& +,"-')./
 ! "#$%&$"! '! ()*+$,$)- (!,.%  /*"0%.1 #!".(! (0# ,! &.2".#)!2!%) '0 (/()32!

'/%*2$40! '0 ".$%) '! 10! '! (.% -%!#5$! ).)*,!6 7$ &!))! -%!#5$!8 #!"#-(!%)-! 5-9

%-#*,!2!%) "*# 0%! :.%&)$.% (&*,*$#!8 !() &.%)$%;2!%) '$(($"-!8 .% "*#,! *,.#( '!

(/()32! '$(($"*)$:6 <*%( &! &*(8 .% "!0) !("-#!# 40! ,! (/()32! )!%'! 1!#( 0% ".$%)

'=-40$,$+#!6 >% ,=.&&0##!%&!8 !% -)0'$*%) ,* 1*#$*)$.% '! &!))! :.%&)$.% (&*,*$#!8 %.0(

".01.%( -1!%)0!,,!2!%) &.%&,0#! (0# ,* ()*+$,$)- '0 (/()32! -)0'$-6

<*%( &!))! )?3(!8 %.0( *1.%( -)0'$- ,* ()*+$,$)- !) ,* ()*$,$(*)$.% '!( (/()32!( @.0(

'! )/"! A*B*5$C(05!%. 5#D&! E ,* 2-)?.'! '!  /*"0%.1 F GH?*,$, IJJKLM8 "#.".(-

!% INJO '*%( ,! &*'#! '! ,=-)0'! '! ,* ()*+$,$)- '!( (/()32!( 2-&*%$40!(6 P, (=*5$)

'! &.%()#0$#! 0%! :.%&)$.% V (x) '! ,=-)*) x '0 (/()32! )!,,! 40! ,!( ($5%!( '! &!))!

:.%&)$.% !) '! (* '-#$1-! )!2".#!,,! '*%( 0% &!#)*$% 1.$($%*5! '0 ".$%) '=-40$,$+#!

'.%%!%) 0%! $%:.#2*)$.% (0# ,* ()*+$,$)- '0 (/()32!6 !" #$%&'($ )*+,&($ ($ -./01'&2 3)*+,&($ (45$%+$6
Q.%($'-#.%( 0% (/()32! %.% ,$%-*$#! %.% &.22*%'- F!% #-5$2! ,$+#!M (0$1*%) R

ẋ(t) = f(x(t)) FS6IM

.T x(t) !() ,=-)*) '0 (/()32! !) ,* :.%&)$.% f(x(t)) ∈ C1
8 x(t) : Rn → Rn

#!"#-(!%)!

,* '/%*2$40! '0 (/()32!6  * :.%&)$.% f '-&#$) ,!( '/%*2$40!( '0 (/()32! !) "!0)

!)#! 2.'-,$(-! "*# '!( -40*)$.%( *,5-+#$40!( &,*(($40!( !)U.0 0% 2.'3,! @.06

 ! (/()32! FS6IM !() '$) !% -40$,$+#! *0).0# x0 ($8 !% ,=*+(!%&! '=$%@0!%&! !V9

)!#%!8 (.% -)*) %! 1*#$! "*( *0 &.0#( '0 )!2"(8 x0 !() *,.#( *""!,- ".$%) '=-40$,$+#!6

 !"#$%$&# '(  ! "#$%& x0 ∈ R
n
!'& ($& "#$%& ()*+,$-$./! (, '0'&12! FS6IM '$ 3

f(x0) = 0, ∀t > 0 FS6OM

<*%( &!))! )?3(!8 .% * &.%($'3#- 40! ,! ".$%) '=-40$,$+#! '0 (/()32! FS6IM !()

,=.#$5$%! Fx0 = 0M '! ,=!("*&! '=-)*)6 Q!))! (0"".($)$.% !() *((!W 5-%-#*,! !) %!

&?*%5! #$!% E ,=-)0'! '! ,* &.%1!#5!%&! '! ,=-)*) '0 (/()32!8 &*# ($ x0 6= 0 !() 0%

".$%) '=-40$,$+#! '0 (/()32! FS6IM *,.#( x0 = 0 !() 0% ".$%) '=-40$,$+#! '0 (/()32!

F GQ?*',$ OXXO*LM R

ż(t) = f(z(t) + x0) FS6YM

 * ()*+$,$)- *0 (!%( '!  /*"0%.1 !() +*(-! (0# ,=0)$,$(*)$.% '!( :.%&)$.%( '!  /*"0%.1

'.%) ,* '-Z%$)$.% !() &.22! (0$) R



 !! "##$%$ "& '()*+,+($ )- .$#. /$ 01)2-#34

567#+(+3# 8&  ! "#$%&'#$ V : R→ R ()& *$( "#$%&'#$ +(  ,!-*$#./ )' (00( )!&')"!'&

0() +(*1 %#$+'&'#$) )*'.!$&() 2

3 V (x) ()& %#$&'$*( (& )() +45'.4() -!5&'(00() V̇i(x) = ∂V (xi)
∂x

(1')&($& (& )#$&

%#$&'$*() -#*5 &#*& i = 1, ..., n6

3 V (x) > 0 -#*5 &#*& x 6= 0 (& V (0) = 06

3 V̇ (x) ≤ 0 -#*5 &#*& x 6= 06

 ! "#$%&" '" ()*+,"-%"% './($&$)(% '" !0 %&0+$!$&. '" 1203-()4 '0(% !0 !$&&.,0&-,"

"& ()-% 3,.%"(&)(% $5$ 6-" !"% 3!-% -&$!$%."% '0(% !7.&-'" '" %&0+$!$&. '"% *)'8!"% 9)-%

:;<= >)-, 5"!0? !0 './($&$)( '7-(" 5",&0$(" 5!0%%" '" @)(5&$)(% "%& (.5"%%0$,"=

567#+(+3# 9& 7$( "#$%&'#$ %#$&'$*( α(r) : [0, a] → [0,∞] !--!5&'($& 8 0! %0!))(

k )' (00( ()& )&5'%&(9($& %5#'))!$&( (& α = 0 6 :' a = ∞ (& limr→∞α(r) = ∞ / 0!

"#$%&'#$ ()& +'&( +( %0!)) k∞6

:;63<=>$ "& & & ;<)'+#5' =>?@A :#'& *$( "#$%&'#$ )%!0!'5( V (x(t)) ∈ C1
&(00(

B*( 2

α1(x(t)) ≤ (x(t)) ≤ α2(x(t)) AB=CD

∀ ‖x‖ < d α1(.)/ #C α2(.) )#$& +() "#$%&'#$ +( %0!))( k +4D$'( )*5 [0, d]/ d ∈ R
+∗
6

3 :'

∂V (x)
∂x

f(x) ≤ 0/ ∀ ‖x‖ < d !0#5) 0( -#'$& +E4B*'0'F5( G x0 = 0 H +( AB=ED ()&

0#%!0(9($& )&!F0(6 <0 ()& I0#F!0(9($& )&!F0( )' +( -0*) d = ∞ (& 0() "#$%&'#$)

α1(.) (& α2(.) )#$& +( %0!))( k∞6

3 :'

∂V (x)
∂x

f(x) ≤ −α0 (‖x‖)/ ∀ ‖x‖ < d !.(% α0(.) "#$%&'#$ +( %0!))( k +4D$'(

)*5 [0, d]/ !0#5) 0( -#'$& +E4B*'0'F5( +( AB=ED ()& 0#%!0(9($& !),9-&#&'B*(9($&

)&!F0(6

3 :'

∂V (x)
∂x

f(x) ≤ −α0 (‖x‖)/ ∀x(d = ∞) !.(% α0(.)/ α1(.) (& α2(.) )#$& +()

"#$%&'#$) +( %0!))( k∞/ !0#5) 0( -#'$& +E4B*'0'F5( +( AB=ED ()& I0#F!0(9($&

!),9-&#&'B*(9($& )&!F0(6

3 :'

∂V (x)
∂x

f(x) ≤ −α0 (‖x‖)/ ∀x(d = ∞) !.(% α0(.)/ α1(.) (& α2(.) )#$& +()

"#$%&'#$) +( %0!))( k∞ +( 0! "#59( 2

α2 (‖x‖) = a ‖x‖P , α1 (‖x‖) = b ‖x‖P , α0 (‖x‖) = c ‖x‖P . AB=FD

&(00() B*( a, b, c ≥ 0/ p ≥ 1/ !0#5) 0( -#'$& +E4B*'0'F5( +( AB=ED ()& I0#F!0(9($&

(1-#$($&'(00(9($& )&!F0(6

G0(% !" 50'," '" 5"&&" &H8%"? )( %7$(&.,"%%" I !0 %&0+$!$&. 0%2*3&)&$6-" J!)+0!"

'- 3)$(& '7.6-$!$+," '- %2%&8*" '2(0*$6-" AB=ED= !" #$%&'($%) *+ ,-./0%$1 0)0+22+)
K( J.(.,0!? $! (7"#$%&" 30% '" *.&H)'"% %2%&.*0&$6-"% 3)-, &,)-4", !"% @)(5&$)(%

50('$'0&"% '" 1203-()4= G8% !),%? !0 &H.),$" '" 1203-()4 5)('-$& I '"% 5)('$&$)(%

%-L%0(&"% '" %&0+$!$&. ')(& !" 3"%%$*$%*" '.3"(' '" !0 @),*" 30,&$5-!$8," $*3)%." I

!0 @)(5&$)( V (x(t)) "& '" !0 %&,-5&-," '- %2%&8*"= M"3"('0(&? $! "#$%&" '"% @0*$!!"%
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 ! "#$%&'#$(  ! )*+,-$#. (#-.!$& -&'/'(0!( !&  #$& /1+ #,&'#$  0,!$  ! /+ $+&-2!

 - (*(&34! 5 0&- '!2 6(*(&34!( /'$0+'2!(7 (*(&34!( %#$&'$-( ,+2 4#2%!+-87 (*(&34!(

5 2!&+2 7 (*(&34!( /'$0+'2!( '$%!2&+'$(999:9 )!( "#$%&'#$( %+$ ' +&!(  ! )*+,-$#. /!(

,/-( -&'/'(0!( (#$&  0%2'&!( %'; !((-( <

 !"!# $%&'()%& *+ ,-./0&%1 20.*3.()20+

)+ %/+((!  ! "#$%&'#$( %+$ ' +&!(  ! )*+,-$#. =-+ 2+&'=-!( =-! $#-( +.#$(

-&'/'(0 &#-& +- /#$>  ! %!&&! &?3(! !(&  0%2'&! (#-( /+ "#24! (-'.+$&! <

V (x(t)) = xT (t)Px(t) 6@9A:

B!&&! "#$%&'#$ !(&  0C$'! ,#('&'.! (' /+ 4+&2'%! P !(& -$! 4+&2'%! (*40&2'=-!

 0C$'! ,#('&'.!7 P = P T > 09 B! &*,!  ! "#$%&'#$( (1+.32! D&2! -$! "#$%&'#$  !

)*+,-$#.  - (*(&34! %+2 !//! (+&'("+'& &#-& /!( %#$ '&'#$(  ! /+  0C$'&'#$ @9E9E9

F+$( %! %+(7 /! (*(&34! 6@9E: !(&  '& (&+G/! =-+ 2+&'=-!4!$& (1'/ !8'(&! -$! 4+&2'%!

P = P T > 0 &!//! =-! /+  02'.0!  ! /+ "#$%&'#$  ! )*+,-$#. =-+ 2+&'=-! (#'&

$0>+&'.!9

F! &23( $#4G2!-8 &2+.+-8 -&'/'(!$& %! &*,!  ! "#$%&'#$( ,#-2 /10&- !  ! /+ (&+;

G'/'&09 H#&+44!$&  +$( /! %+(  !( (*(&34!( '$%!2&+'$(7  !( (*(&34!( /'$0+'2!( +'$('

=-!  +$( %!/-'  !( 4# 3/!( IJK 6 LI+$+M+ ENNOP:9 )1+&#-& 4+Q!-2  ! %!&&! "#$%&'#$

 +$( /! %+(  !( 4# 0/!( IJK !(& =-! /+ "#24-/+&'#$ %#$.!8!  - ,2#G/04! ,!24!&

+'(04!$& /1!8&2+%&'#$  1-$! &!//! "#$%&'#$ /#2(=-1!//! !8'(&!9 )1'$%#$.0$'!$&  ! %!&&!

"#$%&'#$ 20(' !  +$( /1#G&!$&'#$  !( %#$ '&'#$(  ! (&+G'/'&0( &20( %#$(!2.+&'.!(7  1#R

/1'$&02D&  ! %?!2%?!2  !( %#$ '&'#$( =-' (#$& G!+-%#-, 4#'$( %#$(!2.+&'.!( 6%#$ ';

&'#$( 2!/+80!( #- 2!/S%?0!(:9 T$! +-&2! .+2'+$&!  ! %!( "#$%&'#$( %+$ ' +&!( ,!-& D&2!

!8,2'40!  ! /+ "#24! (-'.+$&! <

V (x(t)) = xT (t)
n
∑

i=1

αiPix(t), Pi > 0  !"#$

%&'( Pi > 0 ') αi ∈ R
+∗

" *'+ ,-.()/-.+ 01%23%)/01'+ +-.) 1)/4/+5'+ 2%.+ 4' (%+ 2'+

+6+)57'+ /.)'3(-..'()5+ ') 2%.+ 4'+ 7-284'+ 9-1+ :;<"

 !"!" #$%&'($% )$*+,-./0.'(,-1

*' )6=' 2'+ ,-.()/-.+ '+) 2' 4% ,-37' +1/&%.)' >

V (x(t)) = xT (t)
n
∑

i=1

hi(z(t))Pix(t), Pi > 0  !"?$

-@ 4'+ hi +-.) 4'+ ,-.()/-.+ 2A%()/&%)/-. 25B./'+ =35(52'77'.)" *' )6=' 2' ,-.()/-.C

'+) =41+ D5.53%4 2%.+ 4' +'.+ -@ /4 /.(41) 4' (%+ 01%23%)/01'C (%3 /4 +1E) 2' (F-/+/3

Pi = P C =-13 +' 3%7'.'3 %1 (%+ 2'+ ,-.()/-.+ 01%23%)/01'+" G4 '+) %1++/ /.)53'++%.)

2' .-)'3 01'C =%3 %==-+/)/-. H 4% 75)F-2' 01%23%)/01'C (' )6=' 2' ,-.()/-. )/'.)

(-7=)' 2' 4% &/)'++' 2' &%3/%)/-. 2'+ &%3/%I4'+ 2' 25(/+/-. 21 7-254' :;< (-.)/.1C

(' 01/ 'J=4/01' 4% 3521()/-. 21 (-.+'3&%)/+7' 2' 4% 75)F-2'"



 !" #$$%&% #' ()*+,-,)% *. /%$/ 0% 12*3.$45

 !"!# $%&'()%& *+&, -*.*/0(.)12,

 !""! #$%&"'$% !(" )! *+ #$,-! .

V (x(t)) = xT (t)P (θ)x(t), Pi > 0 /0123

+4!& P (θ) = P0 + θ1P1 + θ2P2θ1Pk + ...+ θkPk !(" ($54!%" 5"'*'(6! 7$5, 6"5)'!, *!(

(8("6-! *'%6+',!( 9 7+,+-6",!( '%&!,"+'%( 4+,'+%"( )+%( *! "!-7(1

 !"!3 $%&'()%&4 '%&()&2,4 -*. /%.',*25

 !""! #$%&"'$% !(" )! *+ #$,-! .

V (x(t)) = max (V1(x(t)), ..., Vi(x(t)), ..., Vr(x(t))) /01:;3

+4!&

V (x(t)) = xT (t)

n
∑

i=1

αiPix(t), Pi > 0 /01::3

 ! "87! )! #$%&"'$%( 7,6(!%"! *<+4+%"+=! )<>",! -$'%( &$%(!,4+"'# ?5! *!( #$%&"'$%(

?5+),+"'?5!(1 @* + 6"6 *<$AB!" )<6"5)! )+%( *! &+( )!( (8("6-!( *'%6+',!( 4+,'+%" )+%(

*! "!-7( /CDE3 / FG$8) :22HI3J 75'( +)$7"6 7$5, *<+%+*8(! )! ("+A'*'"6 )!( (8("6-!(

)8%+-'?5!( K8A,')!( %$"+--!%" *!( (8("6-!( 9 &$--5"+"'$%( / FL!"!* M;;NI31 O6P

&!--!%"J &! "87! )! #$%&"'$%( + 6"6 5"'*'(6 7$5, *<6"5)! )! *+ ("+A'*'"6 )!( (8("6-!(

Q$5( / F K+)*' M;;M+I31



 !!"#" $ !"#"$%!"&' () *&+,%#"$,- ./0$
 !" #$%&'(')& *+, '&$-./'($, 0.(1'2'+//+, /'&$.'1+, 3456,7

 ! "#$!% !&'(#) %) *#&(+,') -&!-)#!$!. +)/ /0/.,')/ 1!-)#.$1!/ *)23)!. /)

#4/&2%#) *$# +51!.)#',%1$1#) %) *#&(+,')/ -&!3)6)/ %52! .0*) *$#.1-2+1)#7 +)/ *#&8

"#$'')/ /)'1%49!1/ :;<=> : ?@+ AB$&21 CDDE(F>G H+/ /&!. $2//1 -&!!2/ /&2/ +) !&'

%) IJH/G

I)/ -&!.#$1!.)/ IJH/ /54-#13)!. /&2/ +$ K&#') : ?L$!$M$ CDDNF> O

F (x) = F0 +
m
∑

i=1

xiFi > 0 :PGC>

&Q F (x) )/. 2!) K&!-.1&! $R!) )! +)/ 3$#1$(+)/ %) %4-1/1&! xi, i = {1, ...,m} G I5)!8

/)'(+) %)/ /&+2.1&!/ S = x ∈ Rm, F (x) < 0 )/. -&!3)6)G  ! *#&(+,') %) K$1/$(1+1.4

IJH /54-#1. O

L#&23)# xi, i = 1, ...,m .)++) S2) F (x) < 0G

I$ #4/&+2.1&! %) -) *#&(+,') *)2. /) K$1#) *$# %)/ $+"&#1.B')/ *)#K&#'$!./ -&'')

+5$+"&#1.B') %2 *&1!. 1!.4#1)2# : ?A$B1!). CDDTF>G H+ )/. *&//1(+) %5)6*#1')# +)/ -&!%18

.1&!/ %) %1R#)!./ .B,&#)')/ %) /.$(1+1. ). %5&(.)!1# 2!) #4/&+2.1&! )R-$-) "#$-) $26

&2.1+/ %1/*&!1(+)/ -&'') UIJH V&!.#&+ L&&+(&6U %) JWLIWP : ?A$B1!). CDDTF>G

;1 +$ '1/) /&2/ +$ K&#') %) IJH )/. %1#)-. $3)- +)/ 4S2$.1&! %) -&!%1.1&!/ %)

/.$(1+1.4 &2 %) /.$(1+1/$.1&! /&!. !&! +1!4$1#)/ )! P ). KiG I)/ *#&*#14.4/ /213$!.)/

3&!. *)#')..#) %) .#$!/K&#')# +) *#&(+,') $9! %) *&23&1# +) ')..#) /&2/ K&#') IJHG !8 91):1'$($,
<$!/ -)..) *$#.1)7 +)/ *#1!-1*$26 +)'')/ 2.1+1/4/ %$!/ +$ +1..4#$.2#) /&!. %48

.$1++4/G I$ *+2*$#. %)/ +)'')/ *#4/)!.4/ &!. *&2# *#1!-1*$+ &(X)-.1K %) #)!%#) +)/

1!4"$+1.4/ '$.#1-1)++)/ +1!4$1#)/ )! +)/ 3$#1$(+)/ #)-B)#-B4)/ &2 %) .#$1.)# -)#.$1!/ -$/

*$#.1-2+1)#/G

 !""! #$%$&$  !"#$%"&'( )& *+,-. / 01$ 2,3!-4 566789: ; *!4&'( P  !" #$%&'("

)*+!'" ,-.'%'/"0 X  !" #$%&'(" )" &$!1 ,2"'! "! 2'1!" "% Q  !" #$%&'(" 3 "2(-!3 "4

5". )" 6 '!*1$2'%*. . '/$!%". .-!% *3 '/$2"!%". 7

Q−XP−1X > 0, P > 0  !"#$



 !" #$$%&% '( )*+,+-.*+/$ 01 2/34.,+-4% 567-

[

Q XT

X P

]

> 0  !"#$

%&'( )*+,&-'( )&( .&+,-)/0-*+( 1* )*( -'23&0-,2( '4'0-'2&-+*( )4'5*6*( )*+,&-'*(

.+4.+-2,2( .*+7*,,*', 18-',+41/-+* 1*( 5&+-&90*( (/..027*',&-+*( : +*);*+);*+" <*(
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Résumé:  

Les travaux de cette thèse, portent sur la commande tolérante aux défauts (perturbations) 

d'une classe de systèmes non linéaires décrits par des modèles flous de Takagi--Sugeno (T--

S). En premier lieu, nous présentons les résultats les plus couramment utilisés pour l'analyse 

des modèles flous T--S et leurs structures ainsi que la façon de leur obtention. Nous 

présentons également les principaux résultats concernant le problème de la stabilisation des 

modèles T--S par le principe de commande flou nommé PDC (Parallel Distributed 

Compensation). Les conditions de la stabilité des modèles flous T-S sont étudiées en se basant 

sur l'approche quadratique de Lyapunov et elles sont décrites sous forme d'inégalités linéaires 

matricielles (LMIs). Ensuite, nous étudions le problème de la commande robuste (suivi de 

trajectoire)  d'une classe de systèmes non linéaires. Les lois de commande développées dans 

cette thèse tournent autour de trois techniques, à savoir: Le concept des variables virtuelles 

désirées (VDVs), le critère de performance H� et l'estimation des perturbations du système 

par un observateur flou.  

Mots clés : Modèles flous de type Takagi-Sugeno, inégalité matricielle linéaire (LMIs), 

système non linéaire, observateur flou. 

Abstract:  

The work of this thesis deals with the fault (disturbance) tolerant control of a class of 

nonlinear systems described by Takagi-Sugeno (T-S) fuzzy models. We present firstly the 

most commonly used results for the analysis of T-S fuzzy models and how to obtain them. We 

also present the main results concerning the stabilization problem of T--S models by a fuzzy 

control principle called PDC (Parallel Distributed Compensation). The stability conditions of 

the T--S fuzzy models are studied based on the Lyapunov quadratic approach and are written 

in linear matrix inequalities (LMIs). The control laws developed in this thesis are based on 

three techniques: The concept of virtual desired variables (VDVs), the H� performance 

criterion and the estimation of the perturbations using a fuzzy observer.  

Keywords: T--S fuzzy models, non linear system, LMIs, fuzzy observer. 


