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Introduction

A brief history of Hopf algebras. The concept of a Hopf algebra arose in the 1940’s
in relation to the work of Heinz Hopf in algebraic topology and cohomology [25]. They
also appeared, in some sense, in the theory of algebraic groups in the various works of
Dieudonne, Cartier, and Hochschild. Beginning with the work of Milnor and Moore [42], a
general theory of Hopf algebras was then developed in the 1960’s and 1970’s continuing in
the works of Larson, Radford, Sweedler, Taft, and Wilson, among others. The first book
on the subject of Hopf algebra was written by Sweedler and published in 1969 [43]. Later,
these algebraic objects took on a prominent role in the theory of quantum groups that
became popular in the 1980’s and early 1990’s. Hopf algebras now play an important role
in many areas of mathematics and are linked with such topics as Lie algebras, Galois theory,
conformal field theory, quantum mechanics, tensor categories, and combinatorics. For more
information on the beginning history of Hopf algebras, see the survey of Andruskiewitsch
and Ferrer [4].

A brief history of Hom-type algebras.

The first instance of Hom-type algebras appeared in various papers dealing with ¢-
deformations of algebras of vector fields, mainly Witt and Virasoro algebras, which play
an important role in Physics. In a theory with conformal symmetry, the Witt algebra W
is a part of the complexified Lie algebra Vect®(S) x Vect®(S), where S is the unit circle,
belonging to the classical conformal symmetry. The g-deformations of Witt and Virasoro
algebras are obtained when the derivation is replaced by a o-derivation, see for example
[1]. Then Hartwig, Larsson and Silvestrov introduced and studied the concept of Hom-
Lie algebra, which is a deformation of Lie algebra where the Jacobi identity is twisted
by a homomorphism, see [23, 29]. The associative-type objects corresponding to Hom-Lie
algebras, called Hom-associative algebras, have been introduced and studied by Makhlouf
and Silvestrov in [37], where it is shown that usual functors between associative algebras

and Lie algebras extend to Hom-type algebras. Moreover, Hom-analogues of coalgebras,



bialgebras and Hopf algebras have been introduced in [34, 35]. The original definition of a
Hom-bialgebra involved two linear maps, one twisting the associativity condition and the
other one the coassociativity condition. Later, two directions of study on Hom-bialgebras
were developed, one in which the two maps coincide, they are still called Hom-bialgebras,
and another one, started in [6], where the two maps are assumed to be inverse to each other,
they are called monoidal Hom-bialgebras. In the last years, many concepts and properties
from classical algebraic theories have been extended to the framework of Hom-structures,
see for instance [3, 10, 12, 13, 22, 33, 39, 40, 46, 49, 50, 51, 52, 53, 54, 60, 61].

The algebraic deformation theory, as first described by Gerstenhaber [17], studies pertu-
bations of algebraic structures using cohomology and obstruction theory, which they define
in [18], is a theory with coeficients, which we denote by H¢ g (M, N), for Hopf bimodules
M and N over a Hopf algebra H.

Gerstenhaber’s work has been extended in various directions. Many algebraic or geo-
metric structures can be deformed, and for each kind of structure and deformation, one can
associate a cohomology theory in order to study and control these deformations. In the case
of associative algebras, the cohomology which appears is the Hochschild cohomology, for Lie
algebras, it is the Chevalley-FEilenberg cohomology, for commutative algebras, it is Harrison
cohomology. Other structures have been studied, see for example, Balavoine describes in
[5] deformations of any algebra over a quadratic operad. In the same direction, Hinich [26]
studies deformations of algebras over a differential graded operad. It is a natural problem
to try to extend deformation theory to morphisms. The cohomology and deformations of
Homv-associative algebra were initiated in [36] and then completed in [2].

Organization. Quantum groups or Hopf algebras are an exciting new generalisation of
ordinary groups. They have a rich mathematical structure and numerous roles in situations
where ordinary groups are not adequate. The main purpose of this thesis is to study
the theory of Hom-Hopf algebras and define a cohomology complex for Hom-bialgebras,
generalizing Gerstenhaber-Schack cohomology in [18, 19], and then study one-parameter

formal deformations. It is organized as follows.



In the first chapter, we shall review an extensive amount of background material related
to the study of Hopf algebras. Thus the familiar concept of algebra dualize to concept
of coalgebra, and the structures of algebra and coalgebra combine to give the notion of a
bialgebra. Incorporating antipodes (sometimes called conjugations), we obtain the notion of
Hopf algebra. In the first section, we give an outline of basic definitions and theory related
to algebras and coalgebras, and then proceed into the study of bialgebras, Hopf algebras in
the second section. These are associative algebras equipped with additional structures such
as a comultiplication, a counit and an antipode. In some appropriate sense, these structures
and their axioms reflect the multiplication, the unit element and the inverse elements of a
group and their corresponding properties. In fact, the group algebra kG of any group G is
a Hopf algebra with multiplication induced by the group product and an antipode induced
by the group inverse operation.

In the third section, we shall give a brief overview of the completed results in the
classification of finite-dimensional bialgebras based on the structure of algebraic variety
and a natural structure transport action which describes the set of isomorphic algebras.
Solving such systems of polynomial equations leads to classifications of such structure. In
particular, we give a complete classification of bialgebras over an algebraically closed field
of characteristic zero in dimensions 2 and 3.

In chapter 2, we introduce the notions of Hom-algebra, Hom-coalgebra and Hom-
bialgebra and describe some properties of those structures extending the classical structures
of algebras, coalgebra and bialgebra. [37],[36]. Some other relevant properties of Hom-Hopf
algebras which generalize Hopf algebras will be discussed in this chapter, including notions
related to normal Hopf algebras and extensions of Hom-Hopf algebras, by strategically
replacing the identity map by a twisting map « in the defining axioms.

A Hom-associative algebra A is given by a multiplication p: A ® A — A and a linear
self-map a such that the following a-twisted version of associativity holds: u (u (x,y),a(2)) =
w(a(z),p(y,z)). It is said to be multiplicative if, in addition, oy = po (@ ® o). Or-

dinary associative algebras are multiplicative Hom-associative algebras with o = id 4,. By



dualization, in the sense that if we reverse all the arrows in the defining diagrams of Hom-
associative algebra, we get the concept of a Hom-coassociative coalgebra. We will define
a suitable notion of Hom-bialgebra, in which the comultiplication A satisfies an a-twisted
version of coassociativity and is a morphism of Hom-associative algebras.

We made all the necessary preparations for constructing the dual Hom-associative al-
gebra of a Hom-coassociative coalgebra. The fact that the dual of a finite-dimensional
Hom-Hopf algebra will also be a Hom-Hopf algebra, the duality between of those structures
also implies the relationship between homomorphisms structures. Some results of these
chapter hold for the infinite-dimensional case, but we shall be concerned only with the
finite-dimensional case in this thesis.

We now describe the main results of chapter 2 concerning Hom-type generalizations of
Hopf algebras.

Proposition 1: The dual of morphism of Hom-coassociative coalgebra, is a morphism
of Hom-associative algebra, and the dual of morphism of Hom-associative algebra, is a
morphism of Hom-coassociative coalgebra.

Proposition 2: The morphism of Hom bialgebra is a morphism of Hom-Hopf algebras.

The next proposition gives some important properties of the antipode (see [6], [35]).

Proposition 3: We show that the antipode of a Hom-Hopf algebra is an anti-morphism
of Hom-associative algebras and anti-morphism of Hom-coassociative coalgebras. This
means that S : H — H is a Hom-associative algebra morphism and S : H — H®P is a
Hom-coassociative coalgebra morphism.

Proposition 4: Let H be a finite dimensional Hom-Hopf algebra, with antipode S.
Then the Hom-bialgebra H* is a Hom-Hopf algebra, with antipode S*.

Chapter 3 is dedicated to the study of Hom-type version of module over algebras (resp.
comodule over coalgebras), which will play an important role in Homological algebra and
quantum group theory. We recall in this chapter the definitions of modules and comodules
over Hom-associative algebras, these definitions of action and coactions are simply a polar-

isation of those of Hom-algebras and Hom-coalgebras. Moreover, we discuss their tensor



products, the tensor products of bimodules can be endowed with bimodule structure. If M
and N are bimodules over A, we shall consider two bimodule structures on M ® N (dual
of each other), which we will denote by M&N and M®N (see for example [48] for details).
These notations will also be used for the tensor product of bimodules or bicomodules.

A more precise version of the following result is proved in chapter 3.

Proposition 5: A right A-module is nothing else that a left module over the opposite
unital Hom-associative algebra A°P, and a right C'-comodule is the same as a left comodule
over the opposite counital Hom-coassociative coalgebra COP.

Theorem 1: Let C' be a counital Hom-coassociative coalgebra. Then for any right
C-comodule M, M* is a left C*module. Conversely, let A be a finite-dimensional unital
Hom-associative algebra. If N is a left A-module, N* is a right A*-comodule, and, if L*
is a left A-module, then L is a right A*-comodule.

Proposition 6: Let M and N are an H-Hom-bimodule and H-Hom-bicomodule, re-
spectively. The n-fold interior (bimodule) tensor power of M, M @n s an H-bimodule , and
the n-fold interior (bicomodule) tensor power of N, N is the interior H-bicomodule.

The purpose of Chapter 4 is to construct cochain complex C%gm = Homy (B®1, B®P) of
a multiplicative and comultiplicative Hom-bialgebra B with coefficients in B that defines
a cohomology HY,,,. (B, B). The second cohomology group play an important role in de-
formation theory, it is the space of infinitesimal deformations. Our theory gives a natural
identification between the underlying k-modules of the original and the deformed Hom-
bialgebra. Moreover, we compute the second cohomology group of Hom-type Taft-Sweedler
bialgebra. We show that, in this case the second cohomology group is not trivial.

In the last chapter, we define formal algebraic deformation for a Hom-bialgebra, in sec-
tion 1, 2 and 3. Our theory gives a natural identification between the underlying k-modules
of the original and the deformed Hom-bialgebra. In section 4 we begin the discussion of in-
finitesimal methods, which are an essential part of any deformation theory. We describe the
infinitesimal of a deformation and the relationship with cohomology, emphasizing several

special cases and the way in which deformation theories determine cohomology theories in



10

low dimensions. An important aspect of the infinitesimal theory is the study of obstructions
which is our topic in section 5. A basic principle is that the obstructions should be described
using a structure on the cochain complex governing the deformation problem.

In section 6 and 7, we discuss the connection between the twistings of Hom-bialgebras
(see Proposition 2.4.6) and their formal deformations, and unitality and counitality of Hom-
bialgebra deformations, and show that every nontrivial formal deformation is equivalent to
a unital and counital deformation with the same unit and counit. Deformation preserves
the existence of antipodes, a deformation of a Hom-Hopf algebra as a Hom-bialgebra is
automatically a Hom-Hopf algebra.

A more precise version of the following result is proved in chapter 4 and 5,

Theorem 2: Let B = (B,u,n,A,&,a) be a Hom-bialgebra and §%;7 cChl—

Hom,H
C%g#, (5%?)%0 Chd— C%J;;’Lq the operators defined in (4.1), (4.2) then <C%va (5}'}Zm7H, 5%’5)%0)
is a bicomplex,

Proposition 7: The integrability of (11, A1) depends only on its cohomology class.

Proposition 8: If H%, (B,B) = 0 then all deformations of Hom-bialgebra B are
equivalent to a trivial deformation.

We fix some conventions and notations. In this thesis k denotes an algebraically closed
field of characteristic zero, even if the general theory does not require it. Vector spaces,
tensor products, and linearity are all meant over k, unless otherwise specified. We denote by
Tij : V1®...0V;®..0V;®..0V, — V1®..0V;®...0V;®...QV, the flip isomorphism where
Tij(Z1Q22® . Q0T ®.QL®.0T) =(T10120..02® .01, Q... Ty).

We use in the sequel Sweedler’s notation for the comultiplication, A (x) = E(x) T(1) ®

7(2), and sometimes the multiplication is denoted by a dot for simplicity and when there is

no confusion.



Chapter 1

Bialgebras and Hopf algebras

The aim of this chapter is to provide some classical definitions of algebraic structures by
use of dual commutative diagrams. Thus the familiar concept of associative algebra du-
alize to concept of coassociative coalgebra, and the structures of associative algebra and
coassociative coalgebra combine to give the notion of a bialgebra. Incorporating antipodes
(sometimes called conjugations), we obtain the notion of a Hopf algebra. In the cocom-
mutative case, bialgebras and Hopf algebras can be viewed as monoids and groups in the

symmetric monoidal category of cocommutative coalgebras.

1.1 Algebras and coalgebras

We begin with the definition of an associative algebra over the field k.

Definition 1.1.1 An associative algebra with unit is a vector space A over k together
with two linear maps p : AR A — A, called the multiplication or the product, and 7 :

k — A, called the unit, such that
po(p®ida) = po (ida ® p) (1.1)
po(n®idy) =po (idg @n) =ida (1.2)
Given such an unital associative algebra A = (A, u,n), and the mapping n is determined
by its value n(1ly) € A, which is the unit element of A. Both definitions of an unital
associative algebra are easily seen to be equivalent. Equation (1.1) is the associativity law,

while (1.2) says that n(1x) = 14 is a unit element of A using the identification of k ® A

and A @k with A.

11
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The associativity (1.1) of the multiplication © means that the diagram

Ao A A "M Ag A

idA®u 1 iﬂ

AA 5 A
is commutative. Likewise, the condition (1.2) of the unit can be expressed by the commu-
tativity of the following diagram:

koAd " g4 U Agk

1

=~ L

A M4 By

Proposition 1.1.2 If a unit exists, it is unique.
Proof. Let 1, ' be two units. Then
pom(ly) ®z) =po(z®n(l) ==z, Vz €A

and

po (' () ®y) =po(y@n () =y, Yy € A
for . =7/ (1) and y = n (1), we have
1 (L) = po (n (L) @0 (1) = po (' (L) @1 (1k)) = n (1k),
which completes the proof. m

Example 1.1.3 Here are some examples of associative algebras over k:

1. The field k, with the canonical structure, is an associative algebra.
2. the set of polynomials in variables 1, ..., Ty, k[x1,...,x,] is an associative algebra.

3. The algebra End (V') of endomorphisms of a vector space V' over k. The multiplication

s given by composition of operators.
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4. The vector space M, (k) of all n x n matrices over k is an n*-dimensional associative
algebra over k with the usual matriz multiplication and matriz identity element I. It

is a standard result that My, (k) is an unital associative algebra.

Let A and A’ be unital associative algebras. A k-linear mapping f : A — A’ is called
a morphism of unital associative algebra if f (14 (z ®y)) = pa (f () @ f (y)) for all

xz,y € Aand f(14) = 14. The two latter conditions can be rewritten as

fopa=paro(f®f)and fons=na

There exists a tensor product of unital associative algebra A ® A’ whose vector space is

the tensor product of vector spaces of A and A’ and whose multiplication is defined by

Pawar = (A @ prar) o (ida @ Targa @ idar) .

Taga : AQA — AQA"; 7 (¢ ® ) = x®42/, is the linear ‘flip’ map, and the unit is defined
by
Nagar = (Na ®nar).

For each unital associative algebra A one can define the opposite algebra A°P. This
is an unital associative algebra with the same underlying vector space as A, but with the
new multiplication pigor = pa © Taga, and the unit 4. That is, we have pgor (z®y) =
A (y ® ), where o0 and pg denote the products of A°? and A, respectively.

The unital associative algebra A is said to be commutative if o0 = pia.

We now dualize this definition by reversing all arrows and replacing all mappings by the
corresponding dual ones. In doing so, the multiplication p: A® A — A is replaced by the
comultiplication A : A — A ® A, the unit n : k — A by the counit ¢ : A — k, which
is dual to that of an associative algebra over a field in the sense that if we reverse all the

arrows in the defining diagrams of an associative algebra, we get the concept of a coalgebra.

Definition 1.1.4 A counital coassociative coalgebra is a vector space C' overk, equipped

with two linear mappings A : C — C ® C, called the comultiplication or the coproduct,
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and € : C' — Kk, called the counit, such that
(A®idc)o A= (ido @ A) o A, (1.3)
(e®idc)o A= (idc®¢e)o A =idc, (1.4)

given such a counital coassociative coalgebra C = (C,A,e). Equation (1.3) is referred to
as the coassociativity of the comultiplication A, because it dualizes the associativity (1.1) of

the multiplication p. Equation (1.4) is referred to as the counital of the counit .

The conditions (1.3) and (1.4) are respectively equivalent to the following commutative

diagrams:
c A cecC keC 2 cgc ¥ ok
Al Lide® A S +A S
coc e cgo c ¥ ¢ M4 ¢

The coopposite coalgebra C°P? is the counital coalgebra on the vector space C
equipped with the new comultiplication Ageop = Togc © Ac and the counit e¢.

The counital coalgebra C' is said to be cocommutative if Ageor = Ag.

Example 1.1.5 1. The ground field k is a coalgebra by defining A(1) = 1 ® 1 and

e (1) =1 and extended linearly to all of k.

2. Let G be a group,, and define kG to be the k-vector space with the canonical basis G.
Then by defining A (g) = g®g and € (g) = 1, for all g € G, we have a cocommutative

coalgebra (kG, A, e) by extending A and € linearly to all of kG.

Next we describe the tensor product coalgebra construction, which is similar to the

tensor product algebra structure of two algebras over the same field.

Example 1.1.6 Let (C,Ac,ec) and (C'; Acr,ecr) be two counital coassociative coalgebras
over the field k.Then we can construct a counital coassociative coalgebra on the tensor
product vector space C @ C', called the tensor product of coalgebra, by defining with

comultiplication

AC@C/ _= (ch ®7—C’®C ® idC/) (e) (AC ® AC/) . C ® C, — (C ® C,) ® (C ® C,)
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and counit

€C®C/Z€C®EC/:C®C/—>]1§.

Definition 1.1.7 Let C and C' be counital coassociative coalgebras. A k-linear mapping
f:C — (' is said to be a morphism of counital coalgebra (or counital coalgebra
morphism) if

Acrof=(f®f)oAc and ec =ecr o f.

Proposition 1.1.8 Let f : C — C’ and g : D — D' be a morphisms of coalgebras. The

tensor product of f and g yield a coalgebra morphism
f®g:CoD —C' @D

Proof. The fact that f and g are coalgebra morphisms implies commutativity of the top
square in the diagram
C®D A C'® D'
Ac®Ap + lagieng,
(CeC)e(DeD) "% (rgc)e (D e D)
ide®Tcgp®idp + Vider @7 a1 pr®idpy:
(CeD)e(CoD) 2% ¢ D)e (D),
while the bottom square obviously is commutative by the definitions. Commutativity
of the outer rectangle means that f ® g is a coalgebra morphism. m
We will use notation attributed to Sweedler for the image of an element under the co-
multiplication of a coassociative coalgebra C'. If x is an element of a coassociative coalgebra
(C,A,¢), the element A (x) € C ® C is a finite sumwhere the right hand side is a formal

sum denoting an element of C' ® C.

Az) =) =, @y

It denotes how A shares out z into linear combinations of a part (;) in the first factor of

C ® C and a part () in the second factor. For brevity, we simply write

A (1‘) = Zx(l) ® T(2)- (15)
(z)
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With this notation, the coassociativity of A is expressed by

(A®idc)o Az ZA T(1)) ® Zm )(2) @ Z(2)

(ldc@A Zwl)@)A ZI ®l‘ ®.CU(2)()

and, hence, it is possible and convenient to shorten the notation by writing

(A®ide)oA(x) = (idc @ A)o A(x ZIL‘ ® T(2) ® T(3)
(idc@idc@A)(ch®A)OA Zx1)®x()®x()®m(4)
(A@ido@idc)(A@ch)oA Z$1)®x()®x()®x(4)

and so on.

Let us define inductively mappings A™ : ¢ — @7+l by
A = (([dE @A) o AT n>1 and AWM = A

(From the coassociativity, it follows that A™M is in fact equal to n — 1 compositions of

A independently of their order, that is, A®) = (ide ® A) 0o A = (A ® id¢) o A, etc.)

For n =2,
A® (a;) = Zl’(l) @ T(2) @ T (3)
For n =3,
A(g)( ) (d®2®A)OA Zaz ®$(2)®$(3)®$()
For n =4,

A() (d®3®A)OA Z&U ®x()®m(3)®x()®x()
Then the element A™ () € C®"*! is denoted by
A = T(1) @T(2) @ .. @ T() @ T(nt1)

then A denotes the n—ary comultiplication.
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The conditions for the counit are described by
> e () 2e) = Dz (2) = =
Then we denote the n—ary multiplication [57] by p(™ : A"+l — A
p = (=g (id%n_l ®u) n>1 and wM = p
For n =2
1 (21 @ 29 @ 23) = po (idg @ p) (21 @ o @ 23) = (1 - 2 - 3)
Then the element u(™ (1 ® ... ® £, @ #,11) € A is denoted by

,u(") (21 ® .. @ T @ XTppg1) =T X2 " v " Ty * Ty * Ty 1 -

1.2 Bialgebras and Hopf algebras

Historically, the concept of Hopf algebra originated in algebraic topology, where the term
”"Hopf algebra” was used for what we are calling a bialgebra. The term bialgebra was
introduced later and is still rarely used in topology, the bialgebras that usually appear
in algebraic topology automatically have antipodes, so that it is reasonable to ignore the
distinction, and we do so where no confusion can arise. We have followed the algebraic liter-
ature in using the name antipode and distinguishing between bialgebras and Hopf algebras
because of the more recent interest in Hopf algebras of a kind that do not seem to appear

in algebraic topology, such as quantum groups.

Definition 1.2.1 A bialgebra (B, p,n,A,¢) is an unital associative algebra (B, p,n) with

and a counital coassociative coalgebra (B, A,e) such that the following diagrams are com-

mutatives.
B® B LN B A, B®B B®B <& B
AQA \L Tu@,u nen T Tn
id id id
B®B®B® B B ETBep®idn BeB®B®B kok &2 k
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BB - B
and €®5J/ iz—:

id]k®2,]k
—

k @k k

That is, p» and n are a morphisms of coassociative coalgebras or, equivalently, A and ¢ are

a morphisms of associative algebras.

Example 1.2.2 1. The field k, with its algebra structure, and with the canonical coal-

gebra structure, is a bialgebra.

2. Let G be a group, then kG endowed with a coalgebra structure as in Example 1.1.5 (in

which A (g) = g® g and € (g) =1, for all g € G is a bialgebra.

3. If B is a bialgebra, then B°P, BP and B°P°P are bialgebras, where B°P has an algebra
structure opposite to the one of B, and the same coalgebra structure as B, BP has
the same algebra structure as B and the coalgebra structure co-opposite to the one of
B, and B°P“°P has the algebra structure opposite to the one of B, and the coalgebra

structure co-opposite to the one of B.

Also, if B is a bialgebra, then B ® B is a bialgebra with the tensor product algebra

structure and the tensor product coalgebra structure.

Definition 1.2.3 Let B and B’ be two bialgebras. A linear map f : B — B’ is called a
morphism of bialgebras if it is a morphism of algebras and a morphism of coalgebras

between the underlying algebras, respectively coalgebras of the two bialgebras.

Definition 1.2.4 Let H be a bialgebra. A linear map S : H — H is called an antipode
of the bialgebra H if S is the inverse of the identity map idg : H — H with respect to the

convolution product * defined by

tdpgp xS =Sx*idy =noe.

po (idy @ S)oA=po(S®idy)oA=noe.

Definition 1.2.5 A bialgebra H having an antipode is called a Hopf algebra.
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Remark 1.2.6 In a Hopf algebra, the antipode is unique.

Let H, H' be two Hopf algebras. A map f: H — H’ is called a morphism of Hopf
algebras if it is a morphism of bialgebras. It is natural to ask whether a morphism of Hopf

algebras should preserve antipode. The following result shows that this is indeed the case.

Proposition 1.2.7 Let H, H' be two Hopf algebras with antipodes Sy and Spr. If f :

H — H' is a morphism of Hopf algebras, then Sy o f = foSy.

Remark 1.2.8 Let H be a Hopf algebra with antipode S. Then the bialgebra HPP is a
Hopf algebra with the same antipode S. If moreover S is bijective, then the bialgebras H°P

and HP are Hopf algebras with antipode S™'.

If necessary, we will denote a Hopf algebra H = (H, ,n, A, €, .S) where S is the antipode.
We next describe some basic properties of the antipode of a Hopf algebra, this result shows

that S is an algebra anti-homomorphism and a coalgebra anti-homomorphism.
Proposition 1.2.9 Let H = (V,u,n,A,¢e,5) be a Hopf algebras with antipode S.
i Sop=po(S®S)or;

i S (n (L)) =n (1)

ili Ao S=(S®S8)oT0oA;

iveoS=e.

Example 1.2.10 Let G be a group. Then the group algebra kG is a Hopf algebra with

canonical basis G. The antipode map is induced by the group inverse, so that

S(g)=g7"

for all g € G, and extended linearly to all of kG. The fact that S is the antipode of kG

follows from the identity

p(S@id)A(g)=p(S(g)©g) =9 'g=1c
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forallg € G, since A(g) = g®g and e (g) = 1. Since G is a basis for kG, we have that

S is the antipode of kG.

Let H and H' be Hopf algebras. Then the tensor product H ® H' is a Hopf algebra
with the tensor product algebra and tensor product coalgebra structures.
The antipode of H ® H' is given by Sy ® Sp+, where Sy and Sy are the antipodes of

H and H’, respectively.

1.3 Classification in low dimensions

In this section, we show that for a fixed dimension n, the set of bialgebrasis endowed with
a structure of algebraic variety and a natural structure transport action which describes
the set of isomorphic algebras. Solving such systems of polynomial equations leads to
classifications of such structure. We aim at classifying bialgebras of dimension 2 and 3.
Let V' be an n-dimensional vector space over k. Setting a basis {€i};crg12 n) of V ,
a multiplication g (resp. a comultiplication A) is identified with its n3 structure constants
CZ-’fj € k (resp. ka), where p(e; ® ej) ZC e, and A (e;) Z D] kej ® eg. The

k=1
counit ¢ is identified to its n structure constants &. We assume that eq is the unit.

A collection { (C’l]~C s DJ k’ 13 ) e }} represents a bialgebra if the underlying multi-
2,7,k€1l,...m

plications, comultiplication, and the counit satisfy the appropriate conditions which trans-

late to following polynomial equations.
[ > (chen - chen) =0
=1 Vi, g, k,s € {1,...,n},
C{i = C'Jl = 0ij

7

n .. ) .
> (D¥Dy — DiDj*) =0

=1 ; no, Vi, j k,s € {l,..,n},

Y- D]'G =3 D/G = di

=1 =1

n

> ClLDfs — > Dy'DYCHCy =0

=1 rt,p,q=1
DI =1,D7 =0 (i,5) # (1,1) Vi, g, k,s € {1,....,n} .

G =1, lilcfjfl = GiGj
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Then, the set of n-dimensional bialgebras, which we denote by B,,, carries a structure of
algebraic variety imbedded in k241 with its natural structure of algebraic variety.

The "structure transport” action is defined by the action of GL,, (V') on B,. It corre-
sponds to the change of basis.

Let B = (V,u,m,A,e) be a bialgebras and f : V — V be an invertible endomor-
phism, then the action of f on B transports the bialgebra structure into a bialgebra

B=(V,)/,n/, A’ ¢") defined by

p=fopo(flef ') andy = fon

A=(fof)oAofande =cof L.

1.3.1 Classifications in Dimension 2

The set of 2-dimensional unital associative algebras yields two non-isomorphic algebras (see
[15]). Let {e1,e2} be a basis of k?, then the algebras are given by the following non-trivial

products.

o,u% (61761) = M% (%61) =e;, 1=1,2, M% (62,62) = €3,

o113 (e1,¢;) = 3 (e, e1) = e, i = 1,2, pi (e2,e2) = 0.

In the sequel we consider that all the algebras are unital and the unit 1 corresponds to
e1.

In the following, we list the coalgebras which, combined with 1, give bialgebra struc-
tures (up to isomorphism).

oAf (e1) =e1®er; A (e2) = e1 @ex + e2 @ €1 — 2e2 @ e;

ely(e1) =1;ei; (e2) = 05

oA%, (e1) = e1@er; Ay (e2) = e2 ® ey

elgler) = Liefy(e2) = 1;

oAfz(e1) =e1®er; Afz(e2) =e1®er +e2@er —ea ®e;

5%,3 (e1) =1; 5%,3 (e2) = 0;
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1.3.2 Classifications in Dimension 3

First, we recall the classification of 3-dimensional unital associative algebras (see [15]).
Let {e1,e2,e3}, be a basis of k3, then the algebras are given by the following non-trivial

products.

.,U,:% (617 ei) = ,U,:% (€i7 61) = €4, 1= ]-7 27 37 :u? (6]‘, 62) = ,U’:% (627 6‘7) = €4, ] = 237 /J’? (637 63) = €3,
3 N — 3 (e — . i . 3 (e — 3 N — . 5 o— 3 _
O/l (617 61) = U2 (elv 61) =€, 1= 17 2a 37 125 (6]7 62) = Mg (62? e]) - e]’ J= 237 M2 (63’ 63) - 07
oy (e1,€) = 13 (e, e1) = e, 0 =1,2,3; 115 (e2,€2) = €2,

.:ui (61,61') = :ui (€i761) =e, 1 =123,

ol (e1,e) = pd (eie1) = e, i =1,2,3; 12 (ea,¢j) = ¢j, j =2,3.

Thanks to computer algebra, we obtain the following coalgebras associated to the previ-

ous algebras in order to obtain a bialgebra structures. We denote the comultiplications by

3
(K

Aij and the counits by €7 ., where ¢ indicates the item of the multiplication and j the item
of the comultiplication which combined with the multiplication 7 determine a bialgebra.

For the multiplication p3, we have:

oA} (e1) =e1®ep; At (e2) =e1@es+ea®er —ea®ep; A} (e3) =1 @ ez +e3®
e1 — 2e3 ® es; 8?71 (e1)=1; Eil (e2) = 0; Eil (e3) = 0.

'Aiz (e1) = e1 ®eq; Aiz (e2) = €1 ®ea + €3 ®ep — ex ® ea; Aiz (e3) =e1®e3+e3®
el —e3 ® es; 5:{”2 (e1) =1; 55’}2 (e2) = 0; 5%2 (e3) = 0.

eAts(e1) =e1®er; Alg(en) =e1@es+ea®@er —ea®eg; Al g(e3) =1 @ez — e ®
ez t+e3®el —e3®ey —e3® es; 6?73 (e1)=1; 5:1))’3 (e2) = 0; 5:1”3 (e3) = 0.

oA} (e1) =e1®er; At (e2) =e1 @es+ea@er —ea®ep; A} (e3) =1 @ez — e ®
e3+e3 e —e3® ey; E:{’A (e1)=1; 5?74 (e2) = 0; 5?74 (e3) = 0.

oAt (e1) =e1®@er; Ats(en) =e1 @es+ea®@ep —ea@en; At (e3) =e1 Qe +e3®
e1 —ea®@es; 7 5 (e1) = 15 €3 5 (ea) = 0; &7 5 (e3) = 0.

'A?ﬁ (e1) = e1 @ey; A%G (e2) =e1®ez +ea®@e; — ea ® ey; Aiﬁ (e3) =e1 ®es +e3®

e1 —e3®@ey; 7 g (e1) = 15 €5 5 (e2) = 0; €7 (e3) = 0.
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oAl (e1) = e1 @er; Al s (e2) = e2 ®en; Al (e3) = ea @ ez + €3 ® ez — 2e3 @ e3;
5?,7 (e1) =1 8:1)',7 (e2) =1; 5?,7 (e3) = 0.

‘Ais (e1) = e1®ey; A?,S (e2) = ea®es; AiS (e3) = ea®ez+e3Rer —ez®es; 5‘1’38 (e1) =1;
5?,8 (e2) = 1; 8:1)',8 (e3) = 0.

Afg(er) =e1®@er; Alg(er) =e1®es+ea®@ey —ea@ez +ez@er —ez3@en; Al g (e3) =
e1Qe3t+e3®@er —e3®es; 5 g(e1) =1; €] g (e2) = 15 € g (e3) = 0.

oA} g(e1) =e1®er; A g (e2) = e1@ez+ea@es—ea®ez+ezQer —e3@en +e3 @ es;
A? g (e3) =e1®ez+e3@er —2e3 @ez; 5 1 (e1) = 1; €7 1o (e2) = 1; € 1 (e3) = 0.

oA} (e1) =e1®er; AT (e2) =ea®ep+ez3@er —e3@en; AT (e3) =eaQez+e3®
e1 —e3@es; €7y (e1) = 1; €91y (e2) = 15 €f 1y (e3) = 0.

oA} p(e1) =e1®er; ATy (e2) =e1@ez+ex@ex —ea@es; AT 5 (e3) =e1 @ez+e3®
ex —e3®es; )y (e1) =15 €9 15 (e2) = 15 €9 15 (e3) = 0.

'A?,ls (e1) = e1 ®e1; A?,l[{ (e2) =e1®er—e1Res+ea®e; —2ea @eg +2ea R ez — ez ®
e1+2e3®eg —e3@es; AT 3 (e3) =ea@ez+e3Deg —2e3@es; 7 13 (e1) = 1; € 13 (e2) = 1;
e} 13 (e3) = 1.

.A?,M (e1) = e1®ex; Aim (e2) = e1Rea—e1Re3+ea®e] —ea®ex+ea®es—ez3®e +ez®e;
A y(e3) =ex®ez+e3@eg —e3®@es; e 4 (e1) = 1; €8 14 (e2) = 15 €3 14 (e3) = 1.

’A?,w (e1) = e1®er; Az1)),15 (e2) = e2®ea; A:1)’,15 (e3) = e3@es; €} 15 (1) = 1; 5?,15 (e2) = 1;
5?,15 (e3) = 1.

oA} g (e1) = e1®er; AT 4 (e2) = ea®@en; AT 15 (e3) = e2®ea —e2®e3 —e3@ea+2e3Des;
5?,16 (e1) =1 5?,16 (e2) =1 5?,16 (e3) = 1.

oAf 17 (e1) = e1 @er; Al jr(e2) = e2@ ez +e3 @ep —e3 @ e3; Af 17 (e3) = e3 @ es;
8L;’,17 (e1) =1; 6‘%,17 (e2) = 1; 6?,17 (e3) =1.

’Ai{’,w (e1) = e1 ® ex; A?,IS (e2) = e2®e; —e3 ®ep + e3 @ eg; A?,IS (e3) = e3 ® es;
6?,18 (e1) =1; 5?,18 (e2) = 1; EZ{’,18 (e3) = 1.

For the multiplication 3, we have

oA (e1) =e1®er; A (e2) =e1@ea+e2®er —ea @e; A (e3) =e1 @ ez +e3®

e1 — e3 ® ea; 8%’1 (e1)=1; 5%}1 (e2) = 0; 6%71 (e3) = 0.
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A3, (e1) = e1®e1; A3, (e2) = e1@ertea®er—ea®en; A3, (e3) = e1@e3+ea®ez+e3®er;
5%,2 (e1) =1 53,2 (e2) = 0; 53,2 (e3) = 0.

eAjs(e1) =e1®er; Adg(en) =e1@es+ea®@er —ea®eg; Ajg(e3) =1 @ez—ea®
e3+e3®e; —e3®ey+ ez Qes; €33 (e1) = 15 €5 5 (e2) = 0; €3 3 (e3) = 0.

For the multiplication u%, we have

°A§71 (e1) = e1 @ ey; A%,l (e2) = €2 ® eg; A%,l (e3) = e2 ® e3 + €3 ® ea; Eg,l (e1) = 1;
5%,1 (e2) =1 5%,1 (e3) = 0.

oA, (e1) = e1 ®er; A, (en) = ex ®en; Ay (e3) = e1 ® ez +e3 ® eg; €5, (e1) = 1
€34 (ea) = 15 €35 (e3) = 0.

eAfs(e1) = e1 ®@er; Adg(en) = ex ®en; Ajz(e3) = ea®ez +e3®@en; ex5(e1) = 1
€33 (e2) = 1; €3 5 (e3) = 0.

For the multiplication p3, there does not exist any bialgebras.

For the multiplication p2, we have

oA (1) = e1 ®@er; Ad ) (e2) = ea @en; A (e3) = e2 @ ez +e3 @ eg; €3, (e1) = 1
g3 (e2) = 1535 (e3) = 0.

In the sequel we consider that all the algebras are unital and the unit n corresponds to

€].



Chapter 2

Hom-bialgebras and Hom-Hopf{

algebras

In this chapter, we first recall basics on unital Hom-associative algebras, counital Hom-
coalgebras and Hom-bialgebras, and describe some properties of those structures extending
the classical structures of algebras, coalgebra and bialgebra [37],[36].

All vector spaces (Hom-algebras, Hom-coalgebras, Hom-bialgebras) will be over a ground
field k. In the classification of Andruskiewitsch and Schneider, however we do not require

this for the general theory.

2.1 Unital Hom-associative algebras

Definition 2.1.1 ([34/, [38]) A Hom-associative algebra is a triple A = (A, p, ) con-
sisting of a k-vector space A, a linear map p: A® A — A (multiplication), and a homo-

morphism « : A — A satisfying the Hom-associativity condition
po(a®@p)=po(p®a). (2.1)
We assume moreover in this paper that oo = po a®?,

To generalize quantum groups to the Hom setting, we need a suitably weakened notion

of a multiplicative identity for Hom-associative algebras.

Definition 2.1.2 A Hom-associative algebra A is called unital if there exists a linear map

n:k — A such that conp=mn and

po(n®@ida) = po(ida®n) =a (2:2)

25
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The unit element is 14 = n (1) , we refer a unital Hom-associative algebra by (A, i, n, o)
Hom-associativity and unitality conditions (2.1) and (2.2) may be expressed by the

followings commutative diagrams.

A9ARA "% A9 A kod "% AgA “UE Agk
aop + Iu = Lu =
A A A A BN A <& A

where we have identified

kA2 A2 ARk
Remark 2.1.3 .
1. We recover the classical associative algebra when the twisting map « is the identity map.
2. We have aon(lg) =n(lk) then a(la) =14 and p(la ® 14) = 14.
3. We call Hom-associator the linear map as4 defined on A®3 by po(a®@p—p® a).
Example 2.1.4 Here are some examples of Hom-associative algebras :

1. Let {e1,ea,e3} be a basis of a 3-dimensional linear space A over k. The following mul-

tiplication p and linear map o on A define a Hom-associative algebra over k3:

pler®er) =aer, pler®ez)=p(ez ®er) = aes,
pez ®ez) =aez, p(er ®e3) = p(e3®er) = bes,

p(ea ®ez) =bes, p(e3®ez) = p(ez3®e3) =0,

a(e1) = aer, a(ez)=aes, «fe3)= bes,

where a,b are parameters in k.

The algebras are not associative when a # b and b # 0, since

(e ®@er) ®es) — p(er @ p(er ®ez)) = (a—b)bes.
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2. Let kG be the group-algebra over the group G. As a vector space, kG is generated by
{eg, g€ G}. If a: G — G is a group homomorphism, then it can be extended to an
algebra endomorphism of kG by setting

o Z ageg | = Z ago(eg) = Z Aga(g)
g€G geG geG
Consider the usual bialgebra structure on kG and o a bialgebra morphism. Then, we

define a generalized Hom-bialgebra (kG, u, A, ) over kG by setting:
1eg®@ey) =a(egy), Aleg) =aley) ®a(ey).

3. Let A = (A, u, ) be a Hom-associative algebra. Then (M, (A), 1, ), where M, (A)
is the vector space of n X n matrix with entries in A, is also a Hom-associative algebra
in which the multiplication i’ is given by matriz multiplication p and o' is given by «

in each entry.

Example 2.1.5 1. The tensor product of two unital Hom-associative algebras (A1, p1,m1, 1)
and (AQ’MQ,TIZaaZ) is deﬁned by (Al b2y AQ?[L?ﬁvd) such that ﬂ = (:U’l ®/~/42) 0 723,
N =m®®mn, and & = a1 @ az, where T3 = ida, @ Ta,pa, @ ida, and Ta,gA, :

Ar @ A1 — A1 ® Az Ta,e4a, (T2 @ 1) = x1 ® x9, is the linear ‘flip” map.

2. Given a Hom-associative algebra A = (A, u, ), we define the opposite Hom-associative
algebra AP = (A, u°?,«) as the Hom-associative algebra with the same underlying

vector space A, but with a multiplication defined by
p® = potaga, P (z®y) =p(y® )
A Hom-associative algebra (A, p, ) is commutative if and only if u? = p.

Definition 2.1.6 Let (A, u,«) and (A, 1/, o) be two Hom-associative algebras. A linear

map [ : A— A is said to be a Hom-associative algebras morphism if

Wof® =fou and foa=a o f. (23)
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It is said to be a weak morphism if holds only the first condition. If further more, the
Hom-associative algebras are unital with respect to n and 7/, then fon =1’
If A= A’ then the Hom-associative algebras (resp. unital Hom-associative algebras)

are isomorphic if there exists a bijective linear map f : A — A such that

= f_l o,u/of®2, a = f_1 oa o f, (2.4)

(resp. p=flop of® a=flod ofandn=f"toy). (2.5)

Proposition 2.1.7 Let (A1, p,n, ), (A2, 1,1, ) be two unital Hom-associative algebras.

The maps i1 and is

h: A — Al ® Asy i9: Ay — Al ® Ay

r = i (r) =a(r)®1a, y = g (y) =1a, ®(y)
are the morphisms of unital Hom-associative algebras.

Proof. First we check condition (2.3) for the map i;.

It holds if and only if
fpo(ig®i1) =i10u, i0oa = (a@o/) oiy, andiyon=n®1n. (2.6)
where [ is defined as in Example 2.1.5. For all x1,y; € V1, we have

fio(in @) (r1@y1) = (p@p') (ida, ® Tayea, @ida,) (i1 (21) @ i1(y1))
= (nou) (ida, ® Tayea, ®ida,) (a(21) @14, ® a(y1) @ 1a,)
= pa (z1) @ a(y1)) @ ' (1a, ® 1a,)
= a(pu(z1 ®y1)) ® 1a,

=1 o p(x1 ® y1).
So the first condition is satisfied. For all z € A;. we have

aoiy(z)=(a®@d) (a(x)®1a,)
=a(a(r)) ®1a,

=i0a(x).
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So the scond condition is satisfied.

Finally
iron (1) = a(n(ly) ® 1a, =1 (1) @7 (k) .

Which shows that i; is a unital Hom-associative algebras morphism. Proof for is is

similar. m

Proposition 2.1.8 ([49]) Let (A, p,n, ) be a unital Hom-associative algebra and 5 : A —
A be a weak morphism of Hom-associative algebra, i.e. fou=po %, Boa=aop, and
Bon=mn. Then Ag = (A, ug =Lopu,ng=pRonag=pLoa) is a unital Hom-associative
algebra.

Hence, we denote by B™ the n-fold composition of n copies of B, with B° = idy, " o
p=po (B%2)", then Agn = (A, pgn = B" o p,ngn = B on, agn = "o ) is a unital Hom-

associative algebra.
Proof. We have

Hgoaf® = (Bop)o((Boa)®(Boa)l = (Bopu)o (8% 0a)
—Bofo(uoa®) = fo(Boa)on=(Foa)o(Bop)
= ag o ug.
Since 8 is a weak morphism of Hom-associative algebra, so ag is a weak morphism of

Home-associative algebra.

We show that (A, pg,ng, ag) satisfies the Hom-associativity. Indeed

ps (ps ®@ag) = (Bop)o(Bopu®pBoa)
=pfo(Bo(po(n®a)))
o Bo(uoanm)
=Bo(po(Boa®pBopn)
= (Bop)o(Boa®fop)

= pg (ap @ pg) .
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The second assertion is proved similarly, so (4, pg,ns, @g) is a unital Hom-associative alge-

bra. m

Remark 2.1.9 In particular, if o = ida, one can construct a Hom-associative algebra

starting from an associative algebra and an algebra endomorphism.

2.2 Counital Hom-coassociative coalgebras

We define first the fundamental notion of a Hom-coassociative coalgebra, which is dual
to that of a Hom-associative algebra, in the sense that if we reverse all the arrows in the
defining diagrams of a Hom-associative algebra, we get the concept of a Hom-coassociative

coalgebra.

Definition 2.2.1 [29] A Hom-coassociative coalgebra is a triple (C,A, ) where C is
a k-vector space, A : C — C ® C, is a linear map, and 5 : C — C is a homomorphism

satisfying the Hom-coassociativity condition,
(A®B)oA=(FRA)oA. (2.7)
We assume moreover that A o 8 = %20 A.

A Hom-coassociative coalgebra is said to be counital if there exists a linear map ¢ :

C — k such that e o f = ¢ and
(e®idc)o A= (idg ®e)o A =0. (2.8)

Conditions (2.7) and (2.8) are respectively equivalent to the following commutative
diagrams:

c A cowc koC D cgo % cgk

Al 18®A o~ +A o

coc 2 cwcec c £ o £ ¢
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Example 2.2.2 The ground field k is a Hom-coalgebra by defining
Al®l)=1,e(1)=1, and (1) =1
and extended linearly to all of k.

Remark 2.2.3 1. We recover the classical coassociative coalgebra when the twisting map

B is the identity map.

2. Given a Hom-coassociative coalgebra C' = (C,A, ), we define the coopposite Hom-
coassociative coalgebra CP = (C, AP [3) to be the Hom-coassociative coalgebra with
the same underlying vector space as C and with comultiplication defined by AP =

TC®C © A
3. A Hom-coassociative coalgebra (C, A, B) is cocommutative if and only if AP = A.

Definition 2.2.4 Let (C,A,B) and (C', A, ") be two Hom-coassociative coalgebras. A

linear map f: C — C' is a Hom-coassociative coalgebras morphism if
f20A=Aof, and foB=pof. (2.9)

It is said to be a weak morphism if holds only the first condition. If furthermore the
Hom-coassociative coalgebras admit counits € and €', we have moreover € = €' o f.

That is, f : C — C' is a weak morphism of Hom-coalgebras if the diagrams

c A cec c L o
il lrof ed o
o b e k

commute, and foB=/"of.

We say that a Hom-coassociative coalgebra (C, A, 3) is isomorphic to a Hom-coassociative
coalgebra (C', A, 8') if there exists a bijective Hom-coassociative coalgebra morphism f :

C — (', and we denote this by C' = C’ when the context is clear, shach that

A= foNof ™l &=coftand g =po [,
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Definition 2.2.5 If (C, A, 3) is a Hom-coassociative coalgebra and D is a vector subspace
of C, then we say that D is a Hom-subcoalgebra if A (D) C D ® D. In this case,

(D,A|p,B|p) is a Hom-coassociative coalgebra contained in the Hom-coassociative coal-

gebra (C, A, B).

The Hom-coassociativity of A is expressed by

(A@B) oA = Az 2)) =Zlf(l)(l)@x(l)(z)@ﬁ(ﬁ@))
BoA) oA@) =Y B (z =B (x 1) ® T()2)

Let us define inductively mappings A : ¢ —s ¢+ by
AW = (T A) o AP n>1 and AW =A,
then the element A™ (z) € C®"*! is denoted by
AW = "7 (2)) ® 8772 (2(9) @ e ® B2 (2(0-2) ® B (2(n-1)) @ () @ T
or

A =4y @ 35 @ B (w3) @ B (24) ® ... @ B2 (2(m)) @ B (2(n41))

then A denotes the n—ary Hom-comultiplication, then we denote the n—ary Hom-

multiplication [57] by u(™ : A®"+ 5 A
p = = o (a®”_1 ®up) n>1 and pM = p
Then the element ,u(") (21 ® ... ® Ty @ Tpt1) € A is denoted by

(21 @ . @ ap @ Tpg1) = " (@) - a2 (1) o (Tpe1) - T T

or
,u(”) (11 ® ... Ty @ XTpt1) =21 -T2 -a(x3) - ... - a2 (z) - a1t (Tnt1)

The counit is described by

D e lzm) we) = D_zye (= B (x)
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Next we describe the tensor product Hom-coassociative coalgebra construction, which is
similar to the tensor product Hom-associative algebra structure of two Hom-associative

algebras over the same eld.

Proposition 2.2.6 Let (Cy,A1,¢e1, 1) and (Ca, Ao, €9, B2) be two counital Hom-coassociative

coalgebras. Then the composite map

idc, @Tcy,e0, ®idc,

C1 ® Cy Aﬁe2 (Cl (4 01) (029 (02 (4 CQ) (01 ® 02) (%9 (Cl &® 02)

where : To,g0, : C2 @ C1 — C1 ® Cy s the linear ‘flip” map, defines a Hom-coassociative
comultiplication A = (ido, ® Toy,ec, ® ida,) 0 A1 @ Ay on Cy @ Cy, and with the counit &,

of C1 and e of Cy the map e1 R g9 : C1 ® Cy —> k is a counit of C7 ® Cs.

Definition 2.2.7 Tensor product Ci @ Cs of two counital Hom-coassociative coalgebras

(C1,A1,e1,81) and (Cz, Ao, €2, B2) is defined by (C1 ® Ca, A&, B) such that
A= (idC1 @ Toyee; @ idC’z) oA ® Al» £ =r¢1®eg,and g = 1 ® B2 (2'10)

Dual to the notion of an ideal of a Hom-associative algebra is that of a coideal of a
Hom-coassociative coalgebra. With coideals, we will be able to construct quotient Hom-

coassociative coalgebras on the corresponding quotient vector spaces.

Definition 2.2.8 Let (C, A, e, 3) be a Hom-coassociative coalgebra and I a subspace of C.
Then I is a left coideal of C if A(I) C C ® I. Similarly, I is called a right coideal of
Cif A(I)CI®C. We say that I is a coideal of C if A(I) CCRI+IRC ,e(I)=1
and o (I) = I.

Remark 2.2.9 Let (A, u,n,a), and (C,A,e, ) tow unital Hom-associative algebras, we

have
1. d"op=po(a"®a™) ¥Yn>1.

2. (B"®BYoA=AcB" Vn> 1.
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Proposition 2.2.10 Let C = (C,A,e,a) be a counital Hom-coassociative coalgebra and
B:C — C be a weak morphism of Hom-coassociative coalgebra, i. e. Ao 3 = €0 A,
Boa=aof, andeoff =¢ then Cg = (C,Ag =Aof,eg =co0f,ag =aof) is a counital
Hom-coassociative coalgebra.

Hence, we denote by " the n-fold composition of n copies of B, with B = idy, Ao " =
(ﬂ®2)n oA, then Cgn = (C,Agn = Ao " egn =co0f" agn =ao ") is a counital Hom-

coassociative coalgebra.
Proof. We have

a?2 oAg = (ﬁ®2 o a®2) o(Aop)
:B®20(a®20A) of=p20Aocaof=Aocfoaocs
= AB o Qg.
Since (3 is a weak morphism of Hom-coassociative coalgebra, so ag is a morphism of Hom-

coassociative coalgebra.

We show that (C, Ag,eg, ag) satisfies the Hom-coassociativity. Indeed

(Ag@ag)olg=(AoB®aof)o(Acp)
=(A®a)o (8 0A)op
= ((A®a)oA)ofBof
2D (w@A)oAoBog
= (@of®Aof)oAof

= (ap ® Ag) o Ag.

The second assertion is proved similarly, so (C, Ag, €3, ag) is a Hom-counital coassocia-
tive coalgebra. m

If a = ide, this proposition shows how to construct a Hom-coassociative coalgebra
starting from a coalgebra and a coalgebra morphism ([35]). It is a Hom-coalgebra version
of the Proposition 2.1.8. We need only the coassociative comultiplication of the coalgebra

[see [55]].
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2.3 Duality between Hom-associative algebras and Hom-coassociative

coalgebras

We will often use the following simple fact: if V' and W are k-vector spaces, and z is an
element of V ® W, then = can be represented as = Y 1 | x; ® y; for some positive integer

n, some linearly independent (x;),_; in V, and some (y;) in W. Similarly, it can

ey 1=1,....n

be written as a sum of tensor monomials with the elements appearing on the second tensor
position being linearly independent.

The following lemma is well known from linear algebra.

Lemma 2.3.1 Let M, N, and V' are three k-vector spaces, and linear maps ¢ : M*QV —

Hom (M,V), ¢ : Hom (M, N*) — (M @ N)*, p: M* @ N* — (M ® N)* defined by
o(fov)(m)=f(m)v for fEeM", veV, meM
¢'(9) (m@n) =g(m)(n) forge Hom(M,N*), me M, neN,
p(f®g)(men)=f(m)g(n) for feM*, ge N', meM, neN

where Hom (M, V) ={f: M — V, f is a linear map} and M* = Hom (M,k).

Then
i) The map ¢ is injective. If moreover V is finite dimensional, then ¢ is an isomorphism.
ii) The map ¢’ is an isomorphism.

iii) The map p is injective. If moreover N is finite dimensional, then p is an isomorphism.

p 18 commutative.
Corollary 2.3.2 For any k-vector spaces My, ..., M, the map
: M{®..0 M) — (M1 ®...Q M,)"

defined by

0(f1®...® fn) (M1 @ ... @my) = f1(m1)...fn (mn)

18 injective. Moreover, if all spaces M; are finite dimensional, then 0 is an isomorphism.
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Proof. The assertion follows immediatly by induction from asertion iii) of the Lemma
23.1. m
If V, W are k-vector spaces and v : V — W is a k-linear map, we will denote by

v* : W* — V* the map define by
v (f*) = ffv for any f* e W*. (2.11)

We made all the necessary preparations for constructing the dual Hom-associative alge-

bra of a Hom-coassociative coalgebra.

Theorem 2.3.3 Let (C,A,¢e,) be a counital Hom-coassociative coalgebra and C* be the
linear dual of C. We define the maps p : C* @ C* 25 (C @ C)* A C*, u = A*p, where
p is define as in Lamma 2.3.1, and n : k O C*, n =¢e*¢p where ¢ : k — k* is
the canonical isomorphism, and n (1lx) = 1o+~ where 1o+ (x) = € (), and the homomorphism
a:C* — C*, a(h)=hop.

Then (C*, p,m, o) is an unital Hom-associative algebra.

This is checked in exactly the same way as for Hom-coassociative coalgebras, as was
done in [35, Corollary 4.12].

Proof. The product p = A*p is defined from C* ® C* to C* by
p(fFeg) (@) =Ap(f*@g) (@) =p(ff @) (A@) =D [ (zw) g (r@) (212)
(x)

for all x € C and f*,¢g* € C*

From this it follows that for f*, g*, h* € C*, we have

pp(ffeg)oah)=pE(f @g)@a(h))A
=plp(ff®g")ARK o)A
=pp(ff®g)@n’)(A®p)A
2.7)

= p([T(B)@plg"@h)A)A

=p(a(f)oulg ®h?))
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So the Hom-associativity po (u® a) = po (a® p) follows from the Hom-coassociativity
(A®pB)oA=(F®A)oA.

Moreover, if C has a counit ¢ satisfying (idc ® €) o A = (e ® id¢) o A = .

The second condition from the definition of a Hom-associative algebra is equivalent to
the fact that #n is an unital for the multiplication defined by g,

We remark now that for f* € C* we have

n(n@ides) (fY) = A% (n () @ 1) “22 p(n (L) ® £ A

—p(e® [) A = plider © f*) (e @ ido) A
(2.8)

=" p(idc- ® ) o p

=ffofB=a(f").

and

p(ide= @n) (f7) = A%p (f* @n (1k))
CL ) (@ (1) A
=p(ff@e)A
=p(f* ®ide-) (ido @ €) A
(2:8)

= p(f*®idc)o B

CL) pop=a(fr).

which shows that 7 is the unit in C*.

Conversely, does a unital Hom-associative algebra (A, u,«) lead to a counital Hom-
coassociative coalgebra on A*? It turns out that it is not possible to perform a construction
similar to the one of the dual unital Hom-associative algebra, due to the inexistence of a
canonical morphism (A ® A)* — A*® A*. However, if A is finite-dimensional, the canonical

morphism p: (A® A)" — A* @ A* is bijective. m

Theorem 2.3.4 [35, Corollary 4.12] Let (A, p,n,«) is a finite dimensionel unital Hom-

associative algebra, and A* be the linear dual of A. We define the comultiplication by the
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composition
A A (A A)* ﬁ)A*®A* by A =p iy,
and
e A" Dk Uk, e =y
where p is define as in Lamma 2.3.1, and 1 is the canonical isomorphism, € (f) = f(14)

for f € A*, where 14 = n(1x) and the homomorphism
g: A" — A", B(h) =hoa.
Then (A*, A e, 3) is a counital Hom-coassociative coalgebra.

Such a construction could be extended to a so called finite dual.
Proof. First we establish the Hom-coassociativity of the comultiplication, which follows
from Hom-associativity of the multiplication.

We can define A (f*) = Z(f) f(*l) ® f(*2), with the property that
Frou@ay) =Y fi) @)@ [y )
(f)
The comultiplication is defined by
A(fY oy =plop (f)(zey) =ffop(zey) zyecA
A(ff)=f"on
For f * € A* we have

(Ae8)oa() DI (aws) o (fyefy)
(f)

- %A (1)) @8 (£3)

=Y fyoue fyoa=3 (fiy®fhy)omea)
() (f)

= (fromouea)® fropo(a®u)=A(f)(a®p)

=Y fiyea® fyon=>8(f) 2 (fy)
(f) (f)

=(B@A)o A(f).
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which shows that A is Hom-coassociative.
Moreover, if A has an unit 7 satisfying po (idq ® n) = po (n®ida) = « then for f
* e A* we have
(5®idA*)°A(f*):Z(€(ffk1)>®fsz)> ( on (1k) ® f(5 )
(f) ()
=3 (fy @ fy)) 1@ ida) = [ o po (n@idy)

and so (e ®idy+) o A = . Similarly, (ida« ® €) o A = (3, showing that is in fact the counit

of A*. Therefore (A*, A, ¢, 3) is a counital Hom-coassociative coalgebra. m

Proposition 2.3.5 Let (C,A,e,8) and (D,A’,&',3") be counital Hom-coassociative coal-
gebras, and let (A, pu,n,«) and (B,u',n',a’) be finite-dimensional unital Hom-associative

algebras.

1) If f: C — D is a Hom-coassociative coalgebra morphism, then f* : D* — C* is a

Hom-associative algebra morphism.

2) If f : A — B is a Hom-associative algebra morphism, then f* : B* — A* is a

Hom-coassociative coalgebra morphism.

Proof. 1) We verify that f* is the Hom-associative algebra morphism .
Let d*,e* € D* and ¢ € C. where up+, np+, and ap~ are define as in Theorem 2.3.3. We

have

fropps (d"@e)(c) = pp- (d" @ €) (f(c))

(212 p(d*®e*)oApo f(c)

29 p(d*®@e")o(f®f)oAc(c) (f is a Hom-coassociative coalgebra morphism)

=p(d*(f)@e (f))Ac(c)
(2.11)

= pee (fF(d) @ £ (%)) (¢)
= pc- ((f* @ f)(d" ®e"))(c)
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Furthermore
ffonp«(lx) = f*(ep) = ep (f) = ec = no~ (),

For d* € D* we have

freap-(d") = ap- (d°) (f) = d" o Bp (f)

=d* o fo B¢ (f is a Hom coalgebra morphism)
= f*(d*) o Bc = acx o f* (d)

Then f* is a Hom-associative algebra morphism.

2) We have to show that the following diagram is commutative
L oa
Ape + A,

Brop 2 A a

Let b* € B*, where A4+, €4+, and B4+ are defined as in Theorem 2.3.4. We have

(Aa= o f7) (b%) = Aa= o (b7 (f))
=b"ofous=0b"oup(f®f) (fis a Hom-associtive algebra morphism)
= (7@ f7) (0 opp) = (f"® f7) Ap~ (b7)
whitch proves the commutativity of the diagram. Also
(eax o f7) (0%) = ea- (0" (f)) = 0" (f) (1a) =" o f (na (1x))
=b"o(np (k) = b" (1) = B~ (V")
and

ffoBp (") = Bp- (b%) (f) =b" cap(f)

=b"o foay (f is a Hom-coassocitive coalgebra morphism)
=" (b") oan = Baro f*(b7)

so f* is a Hom-coassocitive coalgebra morphism. =
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Proposition 2.3.6 Let (V,u,p, ), (V,A e, a) be respectively unital Hom-associative al-

gebra and counital Hom-coassocitive coalgebra. The following statements are equivalent

1. The maps p and n are morphisms of counital Hom-coassocitive coalgebras.

2. The maps A and € are morphisms of unital Hom-associative algebras.

Proof. Let p be a morphism of the Hom-coassociative coalgebra

u:(V@V,A,é,B) — (V,AJe,a)

such that: A = T30 ARA, € =e®ce, B = o ® a then the morphism w satisfies the axiom

(2.9)

(H@p)omzo A®A=Aopu, and po(a® a) = oo p.

And 7 is a morphism of the Hom-coassociative coalgebra
n: (k,idk,k®2,idk7k,idk7k) — (V, A,E,Oé)

then :

(n®mn) oidgys2 = Aon
noidgk = aon

by relations (2.13), (2.14) and « is a homomorphism, the comultiplication
Az (Vip,ma) — (V OV, i,1,a)
is a week morphism of Hom-associative algebra, such that
= (p®u)oms, N=n@nand &=a® a.
By the relations (2.13), (2.15) and « is a homomorphism, the counit
e (Vopu,m o) — (K, idyes g, idy i, idy i)

cop=idg2go(e®e)

is a morphism of Hom-associative algebra. m

(2.13)

(2.14)

(2.15)
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Lemma 2.3.7 Let (C,A,¢e,B) be a counital Hom-coassociative coalgebra and f: C — C

be a linear map which commutes with B satisfies Bo f = f o 3. Then

1. (@ (idc® f)oA)o A= (A®(Bof))oA.
2. (BR(f®idc)oA)oA = (((idc® f)oA)® B)oA.
3. (f®idc)o A)®@B)o A= ((Bof)®A)oA.

Proof. The proof in checking axiom of Hom-coassociative, we compute as follows

1. The first equality

(B® (ide ® f)oA) oA = (ide @ (ide ® f) o (B®A) o A
D ((ide @ide) ® f)o(A® B)o A
= ((idec ®idc) o A® foff)o A

=(A®(Bof))oA.

2. The second equality

(B (f®ide)oA)oA = (ide ® (f ®ide) (B® A)o A

2 (ide ® f) @ ide)(A ® B) o A

—~

= ((idc ® f) o A® ) o A.

3. The third equality

(f ®ide)o A® B)o A= ((f ®ide)®ide)(A® B)o A
CD (& (ide ® ide)) (8 A) o A
= (foB® (ido ®idc)o A)o A
= (foB®A)oA

This finishes the proof. m
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Remark 2.3.8 This Lemma can be used in the proof of Proposition 4.2.1.

Lemma 2.3.9 Let (C,A,¢,3)) be a counital Hom-coassociative coalgebra, and f de a linear

map f: C — C®™ satisfying fo B = €™ o f then
L (Ae g (A am D)o f = ((Boa)oAr(Bof)®™ ) oy,
2. (Br@ (B i@ f)oA)o A= (A®B%M) (B f)oA.
g ((feprt)od)@p") o A= ((B5" @A) (foB"")) oA
Proof. This proof is completely analogous to that of Lemma 2.3.7.
1. The first equality

(A @ BE™) (A ® B2mDyo f = (A ®B® B@(m—l)) (A MDY, f
= ((Bor)A® (505" D)o,

2. The second equality

(B"@ (B @ f)oA)oA=((B""of) @ (" @ f)oA) oA
(e E e f))o(Boa)oA
= (BB e f)o (A ) oA
= (8" @B oA fof) oA
=(AoB" 1@ B0 f)o A

=(A@ ") o (B ® f)o A
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3. The third equality

(fepror)@pr)oA=(((fes ") oA)® " (8) oA
D ((ros o) (Ao o
=(fe ("' 5”‘1)) (B®A)oA
_ <f ® (B") ) oA

= (B (HeA () oA
= (8" @A) (fop ")) oA

This finishes the proof. m

This Lemma can be used in the proof of Propositions 4.2.1 and 4.2.3.

Remark 2.3.10 The following result is an immediate consequence of Lemma 2.3.9

(8" @ f)od)@B™) oA = ((B"® (fo B ") oA)oA,

2.4 Hom-Hopf algebras

In this section, we introduce a generalization of Hopf algebras and show some relevant

properties of the new structure.

2.4.1 Hom-bialgebras

A Hom-bialgebra is a vector space which is an unital Hom-associative algebra and a counital
Hom-coassociative coalgebra such that the conditions in Proposition 2.3.6 hold,[34, 35], see

also [51].

Definition 2.4.1 A Hom-bialgebra is a tuple B = (B, u,n, o, A, €, 3) in which (B, p,n, c)
is an unital Hom-associative algebra, (B, A, e, 3) is a counital Hom-coassociative coalgebra

and the linear maps A and € are morphisms of Hom-associative algebras, that is

Ao,u:,u®207'2730A®2 and e @ e =¢€o . (2.16)



45

Remark 2.4.2 1. (/34]) In terms of elements, condition (2.16) could be expressed by
the following identities :
A(lB) =1p®1p, Oé(lB) =1p, and ,8(13) = 1p, where 1 = n(lk)

Alpeey) =A@ Ay = > plza@yw) @ (e @ye)
(z)(y)

e(lp) =1k, e(p(z®y) =c(x)e(y), andeoa(x) = (x).

where using the Sweedler’s notation A (x) = Zx(l) ®x(9) and the dot 77 denotes the
(z)

multiplication on tensor product.
2. If a = B the Hom-bialgebra is denoted (V,pu,n, A, e, ).

3. Observe that a Hom-bialgebra is neither associative nor coassociative, unless of course

a = B =idy, in which case we have a bialgebra.

Definition 2.4.3 A morphism of Hom-bialgebra (resp. weak morphism of Hom-bialgebra)
which is either a morphisms (resp. weak morphism) of Hom-associative algebra and Hom-

coassociative coalgebra.

Example 2.4.4 Let G be a group and kG the corresponding group algebra over k. As a
vector space, kG is generated by {eq: g € G}. If o : G — G is a group homomorphism,
then it can be extended to an algebra endomorphism of kG by setting
o Z ageg | = Z ago(eg) = Z AgCa(g)
geG geG geG
Consider the usual bialgebra structure on kG and a bialgebra morphism. Then, we define a

Hom-bialgebra (kG, u, A, ) over kG by setting:
I (eg ® eg/) =« (egg/) , Aleg) = aeg) ® aley).

Example 2.4.5 Let X be a set and consider the set of non-commutative polynomials A =

k(X;). It carries a bialgebra structure with a comultiplication defined for x € X by

Alx)=1p@zx+21g and A(1) =14 ® 14.
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Let a be a bialgebra morphism. We define a Hom-bialgebra (A, 1/, A, /) by

p(feg) =f(aX)g@X)),A@)=als)®a(@)+a(@)®a(la)

and A (1) =a(la)@a(ly).
Combining Propositions 2.1.8 and 2.2.10, we obtain the following proposition:

Proposition 2.4.6 Let B = (B,u,n,A,e,a)be a Hom-bialgebra and 8 : B — B be a
Hom-bialgebra morphism, then Bg = (B, g, ng, Ag, €3, ag) is a Hom-bialgebra.

Hence, (B, pgn,ngn, Agn,egn, agn) is a Hom-bialgebra.

Proof. According to Propositions 2.1.8 and 2.2.10, (B, 113,18, @) is a unital Hom-associative
algebra, and (B, Ag,eg,ag) is a counital Hom-coassociative coalgebra. It remains to es-
tablish condition (2.16) in Bg. Using ug = Bou = po B9, Ag = Ao = Ao %2
TBeB © B% = B%% o Tggp, and the condition (2.16) in the Hom-bialgebra B, we compute

as follows:

Agopg=AoBoBou=p8%0820A0pu Y 38926392692 1y 0 AS?
:ﬁ®20(ﬁou)®207'2’3oA®2 = (ﬂo,u,oﬁ®2)®207'2’3oA®2
— %0 B 0y 0 A% = S0y 0 B9 0 NS

ey H?Q (@] 7'273 O A?Q

We have shown that Bg is a Hom-bialgebra. m

This construction method of Hom-bialgebra, starting with a given Hom-bialgebra or a
bialgebra and a morphism, is called twisting principle.

Notice that the category of Hom-bialgebra is not closed under weak Hom-bialgebra

morphisms.

Example 2.4.7 (Hom-Type Taft-Sweedler bialgebra) We consider Ty, the 4-dimensional
unital Taft-Sweedler algebra generated by g,z and the relations (¢°> = 1, 22 =0, xg = —gx).
The comultiplication is defined by A(g) = g® g and A(z) = 2 @1+ g ® x, the counit is

given by e(g) =1, e(x) =0. Set {e1 =1, ea =g, e3 =z, eq = gz} be a basis.
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Pick any A € k, the map o : Ty — Ty defined by a(e1) = e1, ale2) = ea, alez) = Aes,
aeq) = ey is a bialgebra morphism. Therefore, we obtain a Hom-bialgebra (T3)x which
1s defined by the following table that describes multiplying the ith row elements by the jth

column elements.

€1 €2 €3 €4
€1 €1 €9 )\63 )\64
e | ey e1 ey | des

€3 )\63 —)\64 0 0

eq | Aeg | —deg | O 0

and

A(el) =e1 ®eq, A(ez) = e2 @ eo, A(eg) = )\(63 ®e+er® 63),

A(€4) = )\(64 Xer+e1 64).
e(e1) =¢e(e2) =1, e(es) =e(eq) =0.

Example 2.4.8 1. A unital Hom-associative algebra (A, p,m, &) becomes a Hom-bialgebra
when equipped with the trivial comultiplication A = 0. Likewise, a counital Hom-
coassociative coalgebra (C, A, e, 3) becomes a Hom-bialgebra when equipped with the

trivial multiplication p = 0.

2. Let (B, u,n, A, e,a) be a Hom-bialgebra. Then so are (B, —p,n,—A e, a), and (B, p°P,n, AP e, a)

where u°? = poTpep and AP = 1ggpo A .

Proposition 2.4.9 Let B = (B, u,n, A, e,a) be a finite dimensional Hom-bialgebra.

Then B* = (B*,A* e*, u*,n*, o) is a Hom-bialgebra, together with the Hom-associative
algebra structure which is dual to the Hom-coassociative coalgebra structure of B, and with
the Hom-coassociative coalgebra structure which is a dual to the Hom-associative algebra

structure of B, is a Hom-bialgebra called dual Hom-bialgebra of B.

Proposition 2.4.10 If B is a finite dimensional Hom-bialgebra, then B is cocommutative

if and only if B* is commutative, and B is commutative if and only if B* is cocommutative.
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2.4.2 Hom-Hopf algebras

A Hom-bialgebra (B, u,n, A, e, a) is a Hom-Hopf algebra if and only if the identity map of
B is invertible in the Hom-algebra Hom(B, B). Moreover, the preceding characterization
implies that an antipode of a Hom-Hopf algebra is uniquely determined. To define this

antipode, we will need the notion of a convolution product.

Proposition 2.4.11 Let (A, p,n,«) be a unital Hom-associative algebra and (C, A, e, )
be a counital Hom-coassociative coalgebra. Then, the vector space Hom(C, A) of k-linear

mappings of C to A equipped with the convolution product defined by
(frg)(@)=po(f@g)eA(x) zeC

and the unit being n o € is a unital Hom-associative algebra with the homomorphism
map defined by v (f) = ao fof.
Proof. By the Hom-associativity of the multiplication in A and the Hom-coassociativity

of the comultiplication in C', we obtain

((fxg) =y (h)) =po((fxg) @7 (h)oA
=po((po(f®g)oA)®(aohof))oA
=po(p®a)(fegeh)(A®B)ocA
=po(a@u)(fRgoh)(BeA)oA
—po(aofof®@uo(g@h)oA)oA

= (v(f) = (g*h))

that is, the convolution product is Hom-associative. The relation

(moe)xf=po(moe® f)oA
=po(n®idy)o fo(e®idy)oA

(2.2),(2

X2 o fo =7 (f)

shows that n o ¢ is a left unit. It is similarly proved that n o ¢ is a right unit.
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The homomorphism -y satisfies

(vo f)*(yog)=po(aofof@aogoB)ol
—po(a®a)o(f@g)o(B®B)oA
—aopo(f®g)oAof
—ao(fxg)op

=7yo(fx*g).
Then (Hom (C, A) ,*,) is a Hom-associative algebra. m

Corollary 2.4.12 Let (C, A, ¢, 3) be a counital Hom-coassociative coalgebra and (A, p,n, «)
a unital Hom-associative algebra. Then the vector spaces Hom(C®C, A) and Hom(C, A®A)

are unital Hom-associative algebras.

Proof. Consider C ® C with the tensor product of Hom-coassociative coalgebras struc-
ture (resp. A ® A with the tensor product of Hom-associative algebras structure) and A
with the Hom-associative algebra structure (resp. C' with the Hom-coassociative coalge-
bra structure). Then it makes sense to speak about the unital Hom-associative algebra
Hom(C ® C, A) (resp. unital Hom-associative algebra Hom(C, A ® A)), with the multipli-

cation given by convolution, defined by
(f*xg)(z®y) :Mo(f®g)oA(:U®y) where A = (ide ® Toge ®ido) o A® A,

(vesp. (f + g) (x) = fio (f © g) o A (2) where i = (1 ® 1) (ida © Taga @ id.).

The identity element of the Hom-associative algebra Hom(C®C, A) isno(e @ ) : CRC —
A (resp. the unit of Hom-associative algebra Hom(C,A® A)is (n®@n)oe:C — A® A).
[ ]

Now let (B, i, m, A, e, ) be a Hom-bialgebra.

An endomorphism S is an antipode if it is the inverse of the identity over B for the
Hom-algebra Hom(B, B) with the multiplication given by the convolution product. The

unit being 1 o e, (recall that concatenation denotes composition of maps).
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The conditions may be expressed by the identities :
o(idp®S)oA=po(S®idg)oA=noec. (2.17)

Condition (2.17) means that S is the convolution inverse of the identity mapping, that
is,
Sxidg =idp*xS =noe.
Definition 2.4.13 A Hom-Hopf algebra is a Hom-bialgebra with an antipode. It is

denoted by the tuple (H, u,n, A, e, ,S).
Remark 2.4.14 If (H,p,n,A,e,a,S) is a Hom-Hopf algebra, the antipode S satisfies

po(idg®S)oA=po(S®idg)oA=noe
aopo(idg®S)oAof=aopuo(S®idg)oAof=aonoecof
o(idg®S)oAg=pqo(S®idy)oAg=mnoce.

Then (H, pta,n, Ag, €, @, S) is also a Hom-Hopf algebra.

Hence, let (H, p,n, A, e, a,S) be Hom-Hopf algebra and f: H — H be a morphism of

Hom-bialgebra, then (H, pign,ngn, Agn,egn, agn,S) is a Hom-Hopf algebra.

Definition 2.4.15 Let H and H' be two Hom-Hopf algebras. A map f : H — H' is a

called a Hom-Hopf algebras morphism if it is a Hom-bialgebras morphism.

It is natural to ask whether a Hom-Hopf algebra morphism should preserve antipodes.

The following result shows that this is indeed the case.

2.4.3 Antipode’s properties.

Let (H,u,n,A,e,a,S) be a Hom-Hopf algebra. For any element x € H , using the counity

and Sweedler notation, one may write

Z z1) ®e (z(2)) Z € ) ® 22 (2.18)
(2)
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Then, for any f € Endx(H), we have

foal Zf 1) € (1) =D& (2)) f (2) (2.19)
@

The convolution product of f,g € Endy(H). One may write
(f *9) Z“ ®g(re)) z€H (2.20)

Since the antipode S is the inverse of the identity for the convolution product, then S

satisfies

Z,u ) ®@ 22)) Zu (z1y® S (z2)) =e(@)n(lk) foranyxzeH (2.21)
Proposition 2.4.16 Let (H, p,n,Ae,,S) and (H', 1,0, A’ &'/, S") be two Hom-Hopf
algebras with antipodes S and S'. If f : H — H' is a morphism of Hom bialgebra, then

S'of=fob. (2.22)

Proof. Consider the Hom-associative algebra Hom (H, H') with the convolution product,
and the elements S’ o f and f o S from this Hom-associative algebra. We show that they

are equal. Indeed

(Sof)xf)(@)=po(Sof®f)oA(z)
"o (8" @idw) (f® f)oAl(z)
"o (8" @idp) o Ao f (x)
=n'ocof(x)=e(f(@)n (1)
=& (x)n' (1)
So "o f is a left inverse for f. Also
(f+(fol)(x)=p'o(f®fol)oA(x)
=u'o(f®f)(idn®5)oA()
= fopo (idy ®S)oA(z)
= fonoe(x) =1 oc ()

=e(@)n (L) -
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Hence f oS is also a right inverse for f. It follows that f is (convolution) anvertible,

and that the left and right inverses are equal. =

Remark 2.4.17 Since « is a Homomorphism of Hom-bialgebra, so
Soa=aob. (2.23)

The next proposition gives some important properties of the antipode (see [6], [35]).
We show that the antipode of a Hom-Hopf algebra is an anti-morphism of Hom-associative
algebras and anti-morphism of Hom-coassociative coalgebras. This means that S : H —
H° is a Hom-associative algebra morphism and S : H — H®P is a Hom-coassociative

coalgebra morphism.

Proposition 2.4.18 Let (H,pu,n,A,e,a,S) be a Hom-Hopf algebra. The antipode S is

unique.

Proof. We have S xidy =idg xS =noe. Thus, (S*idy)*S =S (idg*S)=25. If &'

is another antipode of H then
S =8 xidgxS =8 xidg*xS=Sx*idg+S=28.

Therefore the antipode when it exists is unique.

The next proposition gives some important properties of the antipode.

Proposition 2.4.19 Let (H,u,n,A,e,,S) be a Hom-Hopf algebras with antipode S. Were

we denote the multiplication by a point, p(xr @y) =z -y Then:
iSx-y)=SWy)-S(x) or Sopu=po(S®S)or;

i S (n(1x) =1 (1);

iii A(S(2)) =5 (z2)) ®S (x1)) or AoS=(5®85)oT0A;
iveoS=ce.

The multiplication is denoted by a dot for simplicity.
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Proof. i) Consider H ® H with the tensor product of Hom-coassociative coalgebra struc-
ture A,, H with the Hom-associative algebra structure p. and a Hom-associative algebra

Hom (H ® H, H) with the multiplication given by convolution, (see Corollary 2.4.12)

frg@@y)=po(fog)ol,(z®y)

where A, = Ao (a® a) is defined in Definition 2.2.7.

Consider the maps F,G: H ® H — H defined by
Flzoy)=5() Sk), Gaey) =S5y

for any =, y € H. We show that p is a left inverse (with respect to convolution) for F,

and a right inverse for G. Indeed, for z, y € H we have

prF(zoy)=po(p@F)ol, (z@y)

Z <a®a ®y)()>-F<(a®a)(:U®y)(2)>
Z ®a(ym))  F (o (ze) @a(ye))
z),(y)
(2 23) Z

a(yw)) ao (S () S (zw)))
(@)

S 020 (2) - (o (w) - (S (ve) - S (2))
= Y & (z) - (v - S (Ue)) - @ (S (z2))))

()
=Y a%o (z) - (noe®) - a (S (zw)))

= Za2 o (z(y) - (n (1) - o (S (2()))) € ()
—Z a?o (z)) 0”0 (S (z2)))) e ()

=a’onoe(x)e(y)

=N ocHeH (T®Y).
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It shows that p* F =ng ocgen

Grp(roy) =po(Goaou)ol, (r®y)

= Z G ((a ®a)(r® y)(l)) p ((Oé ®a)(r® y)(2))

TRy

) g(:)G (@ (z) @ a(yw)) - 1o (2@) @ a (ye))

= > Slaze) -alyw)) - (@(rm) - a(y))

(),(y)

—ao ( Z S (zay - ya) - (2@ - y(2)))

(2),(y)

—ao ( Y8 ((:Jc : y)(1)> : ((x'y)(z)))

(2),(v)

=aongocugn (x®Y) =ngocugn (x®Y)
and G * 4 = ng o egey. Hence i is a left inverse for F' and a right inverse for G in a
Hom-associative algebra, and therefore F' = G. this means that i) holds.
ii) We apply the definition of the antipode for the element 1p. Setting 15 = n(1k) and
since A(ly) =15 ® 1y and e(1y) = 1k one has
(S*idp) (1) = p(S(ly) ® 1) = o S(1x)
=Soa(lyg)=Soaon(ly) = Son(lk)
(S*idpg) (1) =noe(ly) = n(ly).
Using the antipode property we get S o n(1k) = n(1k).

iii)We use the same technique that we applied in part (i). We consider the linear maps
Q:H—H®H and R:H— H®H

in the convolution Hom-associative algebra Hom (H, H @ H) (see Corollary 2.4.12) where

[, = o [i is defined in Example 2.1.5.

frg(@)=fiao(f®g)oA(x)
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given by
Q(x)=S5(z); ®S(x); and R(x) =S (22) ® S (x1)

for all x € H. We will again prove that Q = R by showing that ) and R are both the
convolution inverse of A: H — H ® H.
iv) We apply ¢ to the relation p o (idg ® S) o A (z) = e (x)n(1lk). Since € and S are

linear maps, we obtain

copo(idg ®S)oA(x) = e (e (2) n(1y))
(e®eco08)oA(x)=c(x)e(ly) =€ (x)
coSo(e®idy) oA (z) 2 e (x)

coSoa(r) =" e(x)

coaoS(x)=coS(z)=¢c(z).
ThuscoS =¢. m

Proposition 2.4.20 Let (H,u,n,A,e,a,S) be a Hom-Hopf algebra with antipode S. Then

the following assertions are equivalent:
1. Z(x)S(a:(g))x(l) =e(x)1ly foranyx € H. Or po(S®idg)oToA=con
2. X T@)S (z1y) =€ (x) 1y for any x € H. Or po (idg ® S)oToA=con
3. 8% =idy (by S? we mean the composition of S with itself)

Proof. (1)==(3) We know that idy is inverse of S with respect to convolution. We show
that S? is a right convolution inverse of S, and by the uniqueness of the inverse it will follow
that S2 = idy. We have
(S%8%) (1) =po(S@8%) o A(@) =) S (v) 5 (112)
(x)
= Z S (S (:E(Q)) . (ac(l))) (S is an anti-morphism of Hom-associative algebras)
(z)

= S(e(2)1g) =e(x)n(lx) =noe ()
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This shows that indeed S * S? =noe.

(3)=>(2) We know that > )z S (z(2)) = € () 1z Applying the anti-morphism of
Hom-associative algebra S we obtain 3, 5% (z(2)) - S (z(1)) = e (2) 1y Since S? = idy,
this becomes > ) z(9) - S (1)) =€ (z)1g.

(2)==(3) We proceed as in (1)==(3), and we show that S? = idy is a left convolution
inverse for S. Indeed,

(S?%8) (z) =po (S*®S)oA(x) = Z S% (z@y) - S (z(2)
()

=S Zl‘(g)S(ﬂj‘(l)) :S(E(J?)lH):nOE(aj‘).
(z)

(3)=(1) We apply S to the equation 5 (z(1)) -®(2) = € (%) 1, and using 5? = idy

we obtain Z(m) S ($(2)) "Ly =€ (x)1pg. =

Corollary 2.4.21 Let H be a commutative or cocommutative Hom-Hopf algebra then S* =

idg.

Proof. If H is commutative (u(z ® y) =y ® x), then by }7,y S (1)) -z@) =€ (x) 1y it
follows that Z(x) T(g) S (x(l)) =e(x) 1y, i.e. (2) from the proceding proposition.
If H is cocommutative, then
DT @ (2 = T2 D T()
()
and then by >- ) S (z(1)) - (2) = & (x) 1y it follows that @S (z2) ) =€ (@) 1g, ie.

(1) from the proceding proposition. m

Remark 2.4.22 Let (H,pu,n,A,e,a) be a Hom-Hopf algebra with antipode S. Then the
Hom-bialgebra HoP*P = (H, pu°P,n, AP e, &) is a Hom-Hopf algebra with the same antipode
S.

In Proposition 2.4.9 we saw that if H is a finite dimensional Hom-bialgebra, then its
dual is a Hom-bialgebra. The following result shows that if H is a Hom-Hopf algebra, then

its dual also has a Hom-Hopf algebra structure.



o7

Proposition 2.4.23 Let H be a finite dimensional Hom-Hopf algebra, with antipode S.

Then the Hom-bialgebra H* is a Hom-Hopf algebra, with antipode S*.

Proof. We know already that H* is a Hom-bialgebra. We therefore need only show that

S* is the antipode of H*. To this end, we have that,

i o (8" ®idi) 0 A () = (po (5" @ idi) 0 ) (F* o un)
= (S®idy)" Ay (f* o pn)
= (fTopn)(S®idy)o Ay
=(poffongoey)=ng-oep (f*).
using p~ (S ®idy)* p = (S* @idpy-)

Similarly,

L+ © (idH* ® S*) o Apg+ (f*) = Np* O £y (f*)

for all f* € H*, since eg~ (f*) = f* (1g) = f* onm (1), and ny- (1x) = 1y~ = €, we have

that S* is the convolution inverse of idy+ and therefore S* is the antipode of H*. =



Chapter 3

Modules and comodules of

Hom-Hopf algebras

In this chapter, we recall the definitions of modules and comodules over Hom-associative
algebras and study their tensor products. The definitions of action and coactions are simply
a polarisation of those of Hom-algebras and Hom-coalgebras, so we include them now among
the basic definitions.

A Hom-module is a pair (M, «) [56] in which M is a vector space and o : M — M is a
linear map. A morphism (M, apr) — (N, an) of Hom-modules is a linear map f : M — N
such that a of = foays. We will often abbreviate a Hom-module (M, ) to M. The tensor
product of the Hom-modules (M, aps) and (N, ay) consists of the vector space M ® N and

the linear self-map aj; ® an.

3.1 Modules over Hom-associative algebras.

In this section, we define the notion of a module acting on a Hom-associative algebra. Let

A= (A, pa,ma,aq) be a unital Hom-associative algebra and (M, ) be a Hom-module.

Definition 3.1.1 The vector space M is called a left A-module (or left module over
Hom-algebra A) if there exists a morphism N\ : A® M — M of Hom-modules, written as

Al (a ® m) = ar>m, called the structure map, such that

ANo(laa®@N)=No(pa®ay) and No(na®idy)=ay (3.1)

58
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or, equivalently, that for all a,b € A and m € M
ag(a)> (b>m) = (ab)>ap (m) and 14> m = ay (m)
where the first identity of (3.1) acts on A® A® M and the second of (3.1) onk® M ~ M.

The axioms are depicted in the commutative diagrams:

A Ao M “22% Ag M koM =~ M
nAQaps \J/ \L)\l nRid s \L l«()é]u
AoM X M AoM 24 M

Remark 3.1.2 The map \; is then called a left action of A on M.

If (M, aps) and (M’ apyr) are lefts A-modules, then a morphism of left A-modules

f: M — M’ is a morphism of the underlying Hom-modules such that
fol=XNo(ids® f) or fla>m)=ar f(m). (3.2)
If f is invertible, it is a left A-modules isomorphism.

Definition 3.1.3 A right A-module ( or right module over Hom-associative algebra A)
is a vector space M with a morphism A\, : M ® A — M of Hom-modules, right action of

A on M and written as Ay (m ® a) = m < a, such that
Ao (A ®@ag)=Ao(ay @ua) and Ao (idy @n) = aypy. (3.3)

The two conditions on a right A-module (3.3) can be expressed as for all a,b € A and
me M

(m<a)<daa (b) =an (m)<(ab) and m<1ga=ap (m)
or as the commutativity of the diagrams

MoAQA “Y214 preoA M ®k

I
<

Ar®a g \L \L)W idpr®n \L \l/a]u

Mo A LN M M®A 2% M
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Remark 3.1.4 The map A, is then called a right action of A on M. We will often denote

a left or right A-module by (M, A, apr) and refer to X as the left or right action of A on M.

Example 3.1.5 If A is an unital Hom-associative algebra, then we may consider A as

either a left or right A-module where the action is given by the multiplication .

The Hom-associativity and unit properties give, respectively, the corresponding proper-
ties for a A-module.
If M and M’ are rights A-modules, then a morphism of right A-module f : M — M’
if
folh =XNo(f®idy) or f(m<a)=f(m)<a (3.4)

If f is invertible, it is an isomorphism of right A-modules.

Proposition 3.1.6 A right A-module is nothing else than a left module over the opposite
unital Hom-associative algebra A°P. Therfore we need only consider left modules which shall

for simplicity be called Hom-module in the sequel.
Proof. Indeed,

AP o (aa@XP) (z@y@m) = XP o (aa(x) ® NP (m@y))
=X o\ (m®y)®au(r))
=X\ o(anr (m) @ p(y @ x))
= AP o (4 (z ® y) ® oy (m))

— Ao (4 @ ay) (2 @y @ m).
We have shown that A\/¥ is the structure map of a left A-module. m

Theorem 3.1.7 Let (A, p,n,aq) be an unital Hom-associative algebra and (M, A\, cpr) be
a left A-module Then (M, alfyy o /\l,aﬁjl) s a another left Aon-module over unital Hom-

associative algebra Agn = (A, pign, Nan, aZ“Ll) defined in Proposition 2.1.8.
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Theorem 3.1.8 Let (A, pa,na,aq) be an unital Hom-associative algebra and (M, \;, anr)

be a left A-module with structure map \j : AQ M — M . Define the map
A0 =No (o] ®@idy): A® M — M. (3.5)

Then 5\12’0 is the structure map of another left A-module structure on (M, aypy).
Hence, for anyn € N, S\l"’o is the structure map of another left A-Hom-module structure
on M, where

AN = No (o ®@idy): A® M —s M.
Proof. The fact that A : A® M — M is a morphism of Hom-modules means that
QM ON=Aoagm (3.6)
To see that 5\?’0 is a morphism of Hom-modules, we compute as follows

o o 5\7’0 =apy o Ao (ay ®idy)
3.6 ,
N0 (aa ®anr) o (f @ ida)
=No (ay ®idy) o (s ® any)

= )\?’O o (aA X aM)
To see that 5\?’0 satisfies (3.1) (with 5\12’0 in place of )\; ), we compute as follows:

500 (aa® X0) = Mo (af @idu) o (aa ® (o (f ® idar))
=No(aa®XN)o (af ®a ®idy)
(3.1) S
= )‘ZO(HA®O‘M)O(O[A®OZA®ZCZM)
=N\ o(a’y opa)® ap by multiplicativity of ag

= No(ay ®idy)o (s ® any)

=30 (na ® an)

and

A0 o (na @iddar) = N o (@ @idp) o (na @ idar) = N o (na @idy) = an
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Ao (na ®idyr) = apy. We have shown that S\ln’o is the structure map of a left A-module

structure on (M, apr). =

Theorem 3.1.9 Let (A, pa,na,4) be an unital Hom-associative algebra and (M, A\, apr)

be a right A-module with structure map A\, : M @ A —> M . Define the map
A0 =0 (idy ®a?) : M ®A— M.

Then X2° is the structure map of another right A-module structure on (M, ).
Hence, ¥Yn € N, if (M, A\, apr) is a right A-module. Then (M, 5\?’0, aM> is the another

right A-module, where
A0 = N\ o (idy @) : M® A — M.
Proof. This proof is completely analogous to that of Theorem 3.1.8 m

Theorem 3.1.10 Let (A, p,n,4) be an unital Hom-associative algebra and (M, apr) be a
left A-module with structure map : A\ : AQ M — M. For each integer k > 0, define the
map

NF=akioN: A M — M.

Then each the Hom-module (M, X?’k,o/f\}'l) gives the structure of a left module over

unital Hom-associative algebra (A, ik, ok, qr) in Proposition 2.1.8, for any m € N.

Proof. Since :\?k = a’f\/l o Ay, it suffices to prove that :\?k gives <M, aﬁjl) the structure of
an A, x-module, where A r = (A, fgh, Mok, Cgk)-

First, the morphism of Hom-modules in this case says

k+1 Y0,k _  2k+1 _ 2k
ay 0N =ay oA =ajroNo(ag®ay)

=ak oNo (ai”'l ® aﬁ/}'l) = )\?’k o (aﬁ{"l ® aﬁj‘l)

by the multiplicativity of a4 and aj; with respect to ;.
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Next, the condition (3.1) (with X?k in place of )\; ) in this case says

:a%o/\lo(;m@aM)o(aﬁ@aﬁ@aﬂ)
—OzMoAlo(aAoMA@akJrl)

= 5\? <Mak & aﬁ/}i—l)
and
10,k , ok : _ k k -
AT o (Nore ®iday) = iy 0 Ao (Mgr @iddar) = Ao (aA ® aM) 0 (Ner @ idpr)

=N o (nur @idyr) oy =kt = X?’k o (idpr @ Mok )
Then (M ) :\? ok ’&H) gives the structure of a left module. m

Corollary 3.1.11 Let (A, u,n,a) be an unital Hom-associative algebra and (M, apr) be
a left A-module with structure map A\j : A® M — M. For any integers n,k > 0, define
the map

5‘;l’k:Oélzf\/zo)\l0(042®id1\/1):A®M—>M.

Then the Hom-module (M )\nk k“) gives the structure of a left module over the
unital Hom-associative algebra (A, fi k, Mok, Qok)-
Proof. Apply Theorem 3.1.10 to the A-module M with structure map 5\?’0 = No

~ ~ 0,k
(o’y ®idpr) in Theorem 3.1.8, and observe that )\l"’k = ()\?’O> . We have

X?v’“o( k+1®)\nk>—aMo/\lo(aA®sz) ( k+1®aMo)\lo(aA®sz))
= aﬁ/jo)\?’oo ( k1 ®aMo)\"0> = a%\?o)\?’oo (aA®)\?’0>
= a2 o)\no o (s ® ap) by Theorem3.1.8
= a3k o\ o (a @idy) o (ua ® anr)
—aMO)\lO(aA®sz)o(onO,uA@JozkH)

= S\?k (alj{/[ oA ® aﬁ/‘}'l)
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The second assertion is proved similarly, so (M , S\?k, aﬁj 1) gives the structure of a left

A r-module. m

Definition 3.1.12 A vector space M is called an A-bimodule if M is both a left A-module
with action a > m and a right A-module with action m < a satisfying the compatibility
condition
(a>m) Qay (b) =aa(a) > (m <b)
fora,be A and me M. Or
Aro (N ®ay) =XNo(ag®N\) (3.7)

Then, we refer to the tuple (M, \;, Ay, apr) for an A-bimodule M.

If M and M’ are A-bimodules, a map f : M — M’ is a morphism of A-bimodules
if it is a morphism of both left A-module and right A-module.

Every Hom-associative algebra (A, ua,a4) is an A-bimodule with \j = A, = p4.

Proposition 3.1.13 Let (A, a,n4,@a) be an unital Hom-associative algebra and (M, A\j, Ay, catpr)
be a A-bimodule. Define the maps
:\12’0 =)o (a124 ®idy) and A=)\ 0 (idy ® 04124) )
Then (M, 5\12’0, 5\%’0,041\/[) is a A-bimodule.
Hence, Vn € N, if (M, )\, A\, aps) is a A-bimodule. Then (M, /N\?’O, A0 aM> is the
another A-bimodule,
Proof. We use Theorems 3.1.8 and 3.1.9, that (M, A, apy) is a left A-module, and (M, A, apr)
is a right A-module. It remains to establish compatibility condition, we compute as follows
A0 o (x;w ® aA) — Ao (ida @ &%) 0 (A o (0™ @ idyr) ® )
=X o (N ®ay)o (af ®idy @ a’y)
(3.7) n oo n
=" Ao (aa®\)o (af ®idy @ a'})
=N o (ay ®idy) o (g ® Ao (idpyr @ ')
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Then (M, X?’O,Z\f’o,aM) is a A-bimodule. m
Example 3.1.14 Let M' =V @ M ® V, and consider structure maps \}' = p ® oy @ oy
and ' = ay ® ay @ p. Then (V RQMRSV, )\f, )#) is an exterior A-bimodule; )\f‘ and \¢

called exterior bimodule structure maps. This is not to be confused with the notion of an

exterior algebra.

Proof. Indeed, the left A-module axioms for )\7 now follows from that of \; and the

identities
Mofay@N) =@ ay @ay)o(ay @ u®ay @ ay)
= po(ay @ p) ®aff ®ay?
2.1
D po(u®ay)®aff @a?
Ao (p®avemey) = (L@ ay @ay)o (n® ay @ ay @ ay)
=po(p®ay)®aff ®a?
and

Mo (n®@idvemev) = (L® ay ® ay) o (n®idverev)

2.2 .
(22) (po(n®idy) ® ap @ ay) = avgMev

Likewise the right A-module axioms for A/ follow from that of )\, and the identity M\, o

MoM®ay)=(ay @ay @p)o(ay @ ay @ u® ay)
=aP@af?@uo (p®ay)
@ P ®aff @ po(ay @ p)
Mo (@ gray @ 1) = (ay ® an @ p) o (ay @ ay @ ay @ p)

=a?@a5? @ po (ay @ p)
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and

Mo (idygumev @n) = (av @ ay @ p) o (idvgmey @ 1)
=ay ®ay @ po (idy ®n)

(2.2)
= QVMQRV -

Finally, compatibility conditionis (3.7) follows from the following calculation:

MoM®ay)=(av@ay ®@p)o (L@ ay @ay @ ay)
:avolu,®og§€[2®uoav
=po(ay ®ay)®aSi @ (ay @ay)opu

= N'o(ay @ M),

We have shown that(V @ M ® V, A", \}) is an exterior A-bimodule. m

3.2 Comodules over Hom-coassociative coalgebras.

Dualizing actions of Hom-associative algebras on Hom-modules leads to coactions of Hom-
coassociative coalgebras on Hom-comodules. Let (C, A¢, ec, S¢) be a counital Hom-coassociative

coalgebra and (M, Bar) be a Hom-module.

Definition 3.2.1 A right coaction of (C,Ac,ec,Be) on a vector space M, called then a
right C'-comodule, is a morphism p, : M — M ® C of Hom-modules, satisfying the

identities
(pr @ Bc)opr=Bu @Ac)op, and (idy Qec) o pr = PBu- (3.8)

If p, and p. are right comodules of C' on Hom-module (M, Sys) and (M’, Bpr), then
a morphism of right C-comodules f : M — M’ is a morphism of the underlying

Hom-comodules such that

pro f=(idc® f)op,. (3.9)
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Definition 3.2.2 A left C-comodule (or left comodule over Hom-coalgebra C') on (M, Bar)

s a linear mapping p; : M — C ® M such that
(ﬁc@pl)opl = (AC®BM)OPZ and (50®idM)Opl = Bum. (3.10)

The two conditions of (3.8) are equivalent to the requirement that the two diagrams

MeCeC "2 pec Mok =~ M
pPr®Bc T TPT idpr ®e T TBIVI
MeC L M MeC &£ M

are commutative. The diagrams of (3.10) for a right comodule are obtained from the
diagrams of (3.3) for a right module by reversing arrows and replacing the multiplication
by the comultiplication A and the unit 7 by the counit €. Note also that the identities
of (3.8) and (3.10) which characterize right and left comodules are just the ”duals” of the
equations of (3.1) and (3.3) which define right and left modules, respectively.

The map p, (resp. p;) is then called a right (resp. left) coaction of (M, Bys) on C.We
will often denote a right or left comodule by (M, p, Bys) and refer to p as the left or right
coaction of M on C.

Then, a morphism of right C-comodule is f : M — M’ such that

pro f=(f@idc)o pr. (3.11)

If f is invertible, it is an isomorphism of right C-modules.
Let all m € M we now adapt the Sweedler notation to coaction if (M, p,, Byr) is a right

C-comodule, then write
pr(m) =) m) @ mq
(m)

the elements on the first tensor position (the m g)’s) being in M, and elements on the second

tensor position (the m;)’s) being in C. So equations (3.8) becomes

> (m©) ) @ (o) 4y @ Bo (my) = Y Bar (m()) @ (m@)) 4, @ (M)
and

Y ec (mu)) @ m) = Bur (m)
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Similarly, if (M, p;, Bar) is a left C-comodule, we denote

pr(m) =3 m(1) @ m)
(m)
for all m € M, where m(_yy € C and m(g) € M. In this case, equations (3.10) becomes

> Be (mn) @ (m©) _py @ (M©) g = D_ (M-1) 1) @ (M=) o) @ Bur (m(e)
and
Y e (my) ®@mey = Bur (m).
a slightly different adaptation of our original Sweedler notation.

The Hom-coassociativity and counit properties give, respectively, the corresponding

properties for a C-comodule.

Proposition 3.2.3 A right C-comodule is the same as a left comodule over the coopposite

counital Hom-coassociative coalgebra C°P.

Remark 3.2.4 The preceding proposition shows that any result that we obtain for right
Hom-comodules has an analogue for left Hom-comodules. This is why we are going to work
generally with right Hom-comodules, without explicitly mentioning the similar results for

left C'-comodules.

For m € M, In Sweedler notation for a right C-comodule, this can be written

Y F(mgy) @may =Y f (m)g) ® f (m)

Theorems 3.1.8, 3.1.10 and Corollary 3.1.11 can be readily dualized by inverting the arrows
and replacing p by A in the various equalities in their proofs. Therefore, we omit the proofs
of the following results, which are dual to Theorems 3.1.8, 3.1.10 and Corollary 3.1.11

respectively.

Theorem 3.2.5 Let (C,A,¢e,B¢) be a counital Hom-coassociative coalgebra and (M, Bar)

be a right A-comodule with structure map p, : M — M ® C. Define the map

P20 = (idy ® ﬂ%) op M — M®C. (3.12)
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Then ﬁ%’o is the structure map of another right C'-comodule structure on M.

Hence, Vn € N, (M, ﬁ?’o,ﬂM> is the another right A-module, where
0 = (idy @ BE) o pr e M — M @ C.

Proposition 3.2.6 Let (C, A, e, Bc) be a counital Hom-coassociative coalgebra and (M, Br)

be a left C-comodule with structure map p;: M — C' ® M. Define the map
ﬁlQ’O = (ﬁ%@idM) opp: M — C® M.

Then ,612 is the structure map of another left C-comodule structure on M.

Hence, Vn € N, (M, ﬁln’O,,BM> 1s the another right C'-comodule, where
ﬁ?’o = (Be®@idy)op M — C® M.

Theorem 3.2.7 Let (C,A,¢e,B¢) be a counital Hom-coassociative coalgebra and (M, Bar)
be a right C'-comodule with structure map: p, : M — M ® C. For each integer k > 0,
define the map

Pk =p.opk, M — MC.

Then each the comodule (M, 59*’“, ]’f/;d) gives the structure of a right comodule over

Hom-coassociative coalgebra Cgr = (C, Agr, egr, 55k) in Proposition 2.2.10.

Corollary 3.2.8 Let (C, A, ¢, Bc) be a Hom-coassociative coalgebra and (M, Byr) be a right
C-comodule with structure map p, : M — M ® C. For any integers n,k > 0, define the

map

PP = (idy @ BE) o pro B M — M ®C.

Then the comodule (M ) ﬁ?’k, ]’fjl) gives the structure of a right comodule over the

counital Hom-coassociative coalgebra Cgr = (C’, Agr, gk, ﬁgk) in Proposition 2.2.10.

Definition 3.2.9 A vector space M is called a C-bicomodule (or bicomodule over counital
Hom-coassociative coalgebra C') if M is both a left C-comodule and a right C-comodule

satisfying the compatibility condition

(Bc @ pr)opr=(m® Bc)o pr (3.13)
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Then we call (M, p;, pr, cipr) is a A-bicomodule.

The compatibility may be written as

> Be (mn) @ (m©) g @ (M) 4y = D_ (m00) 1) ® (m00)) ) ® Be (mq)

for any m € M.

Remark 3.2.10 Clearly, A is a right comodule and also a left comodule of C on itself.
then A is a C-bicomodule Indeed, in the case p, = pp = A the equations (3.8),(3.10) and

the equations (3.13) become the Hom-coalgebra axioms (2.7) and (2.8).

If M and M’ are C-bicomodules, a map f : M — M’ is a morphism of C-Hom-

bicomodules if it is morphism of left C-comodule and it is morphism of right C-comodule.

Proposition 3.2.11 Let (C,A¢,ec,fc) be a counital Hom-coassociative coalgebra and

(M, p1, pr, Brr) be a C-bicomodule. Define the maps
p = (B @idu) o py and py = (idv ® Bé) o pr
Then (M, pi', py, Bu) is a C-bimodule.

Example 3.2.12 If (C,Ac,ec, Bc) is a counital Hom-coassociative coalgebra and V is a
k-vector space and By is a homomorphism of a vector space, then V @ C' becomes a right

C'-comodule with structure map
pr:VRC—VeCC

induced by Ac, hence p. = By @ Ao

Proof. We want p, to satisfy the following equations:

(pr ® Be) o pr = (Bvac ® Ac)opr and  (idvge ®ec) o pr = Prac-
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We show the first equation:

(pr ® Bc) o pr = (Bv @ Ac @ fc) o fv ® Ac
= (Bv o By @ (Ac & fc) Ac)
= (Bv o By ® (Bc ® Ac) Ac)
= (Bv ® Bc ® Ac) (B ® Ag)

= (Bvac ® Ac) o py

The second equation follows:

(idvec ®ec) o pr = (idyvgc @ ec) o (By @ Ac)

= Bv ® (idc ® ec) Ac = Bv ® Be = PBrac.
Then p, gives a right C-comodule on V@ C. m

Example 3.2.13 Let N' =V @ N ® V, and consider structure maps plA =A® BN ® Py
and p, = By ® By @ A. Then (V QN ® V,plA,prA) is an exterior C-bicomodule; plA and

p= are called exterior bicomodule structure maps.

Proof. This proof is completely analogous to that of Example 3.1.14. =

3.3 Duality between modules and comodules of Hom-Hopf

algebras

Let C be a counital Hom-coassociative coalgebra, and C* the dual unital Hom-associative
algebra. If M is a vector space, and w : M — M ® C is a linear map, we dfine v,

.C*® M — M by
VYo = ¢ (v ®idar) (ide+ ® Tmge) (idox @ w)

where v : C* ® C — k is defined by v (2* ® ) = 2" (x), and ¢ : k@ M — M is the

canonical isomorphism. If w (m) = >, m; ® z;, then ¢, (z* @ m) =", x* (z;) m;.
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Proposition 3.3.1 Let (C,A,¢,8)be a counital Hom-coassociative coalgebra. (M,w, Bar)

is a right C-comodule if and only if (M, vy, anr) is a left C*-module where ayy = By

Proof. From the previous Proposition we know that (C*, uc+,nc+, o) is a unital Hom-
associative algebra when we define pucx,no«, @c+, as in Theorem 2.3.3.
Assume that (M,w, Bar) is a right C-comodule. Denoting w (m) = Y m) ® (1), we

have
m) =) " (zq))m

First, we have that

Yo, (1ox @m) =, (ec @m) = ¢ (7 @ idyr) (idox @ Tarec) (idox @ w) (o @ m)

.- > ec (xy) moy = (ida @ ec) 0w (m) = Bar (m) = anr (m)

from the definition of a right C-comodule. Then, for z*, y* € C*, m €¢ M

Yo 0 (ac @) (2" @ y* @m) = thy o (ac (27) @ o (y* @ m))
=1 0 (:v (Be) ®© Z v () mo))
=Y " (Bc) ® mq))
=> v (%)) = (Be) (22) (M) )
= @ o bc (29) y* (2(1)) (o))
" Z p(a”@y") (Be (2) ©®z0) ©®m())
= r(@* @y (2 ®2a) @ Bu (m()))
=Y Ap (@ @y*) e © Bu (m())

=Yy 0 (e @ an) (z° @y" ®@m)

which shows that (M*, 1, anr) is a left C*-module. Assume now that (M*, v, apn) is a
left C*-module. From 1), o (ng+ ® idps+) = apg+, one obtains Y ec (x(l)) mg) = apr (m).

It follows

(idy ®@ec) ow ( ZEC (1)) mey = aar (m) = Bas (m),
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Hence, the second condition from the definition of a right C'-comodule is checked.

If 2*, y* € C*, m € M then

Y o (o @ apy) (2" @ y* @m) =y 0 (A% o p (2" @ Y") @ aps (m))
— Z AL op(z"@y") (zay) anm (m)
Y ( (2w g, " (l‘a))(z)) anr (m) )

= ¢ (idy @ y" @ 27) (Bu @ Ag)w (m)
where ¢ : M @ k ® k — M is the canonical isomorphism, and aj; = B37. Also

Yo o (acs ® o) (2" @ y" @m) =1hy o (ac- (%) ® Py (" @ m))
e (a0 60 0 (o) mi)
=D v (z@) dw o (¥ (Be) ® m))
=2 v (z) =" (Be (2»)) mo)

= ¢ (idy ®@y" @ 2") (w ® Bo)w (m)

Denoting

z2=Pu @Ac)w(m) — (W Pe)w(m) e M @C®C

we have (idy ® y* @ 2*) (2) = 0 for any y*, 2* € C*. This shows that z = 0.

Indeed, if we denote by (e;); a basis of C, we can write y = >, ;m;; ® €; ® e; for some
my; € M. Fix ip and jo and consider the maps e] € C* defined by e (e;) = d; ; for any j.
Then m;,;, = (idM ®ef ® e;fo) (z) = 0, and from this we get z =0

Then (B ® Ac)w (m) = (w® Be)w (m) . The proof is similar to the opposite case. m

Proposition 3.3.2 Let A be a finite-dimentional unital Hom-associative algebra. If M is

a left A-module, then M is a right A*-comodule.

Theorem 3.3.3 Let (C,A,¢e,3) be a counital Hom-coassociative coalgebra. Then for any
right C'-comodule M, M* is a left C*module. Conversely, Let (A,u,n,«) be a finite-
dimensional unital Hom-associative algebra. If N is a left A-module then N* is a right

A*-comodule.
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Proof. First let

M MeC
be the right C-comodule structure on M . Define
NGOt e ML (MeC) 2 M
We want \; = p} o p and the map p, p(z* @ m*) (m ® ) = z* () m* (m) to satisfy the
following equations:
Ao (ac- @ N) =N o(uc @ an+)  and X o (nes ®idy) = ay-
Transposing the equations (3.8) will give the desired result. We show the first equation:
No(ac-®@XN) (z* @ y" @m") = pjopo(ac- @ pyop)(z" @ y" @m)
=propo(z”(Bc)@p(y" ©@m")pr)
=po (@ @p(y"®@m"))(Bc ® pr) pr
=po(p(e” @y’ ) @m”) (Ac @ Bu) pr
=prope(Agop(@” @y")®ay-(m"))

= o (e @ angs (27 @ y" @ m"))
The second equation follows:

N o (los @idyp) (m*) = phopo(cc ®@m’) = po (ec ®m*) p,

=m* (idy ®ec) o pr =m™* o By = ap+ (m*)

Then )] gives a left A*-module on M*.
To go the other way, let

AN 2L N

be the left A-module structure on N. Define
pliN* 25 (A N)* 225 N* @ A*

Then p gives a A*comodule on N* . The proof is similar to the opposite case. m
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3.4 Tensor product of bimodules and bicomodules

We will need to consider tensor products over k of bimodules. The tensor product of
bimodules can be endowed with bimodule structures; if M and N are bimodules over A; we
shall consider two bimodule structures on M ® N (dual of each other), which we will denote
by M®N and M®N (see for example [48] for details). These notations will also be used

for the tensor product of bimodules or bicomodules, ‘forgetting’ some of the structures.

Proposition 3.4.1 Let (H,upy, Ay, an) be a Hom-bialgebra and (M, \j, \.), (M’ X, )

7'

be H-bimodules. The internal (bimodule) tensor product of M with M’ is the so called interior

H-bimodule M@M' = (M @ M', @), \,@A.) with
MN: He3(MeM') — MoM
N =XN@N = (N ®X) o (idy @ T m ®@idy) o (Ap ® idy @ iday) (3.14)
and

N MeMY®H — MeM

T

A2 =M@N. = (A @) o (idy @ Tapr i @idpr) o (iday ®idpy ® Apr) . (3.15)

Proof. It is already shown in [51].

To see that )\12 is a morphism of modules, we compute as follows:

(aM & aM/) o >‘l2 = (aM X aM/) o ()\l &® A;) o (ZdH Q TH,M ®idM/) o (AH ® idys ®idM/)
3.6 . . . .
(:) ()\l ®/\2) (aH®aM®aH®aM/) o (ZdH®TH7M®ZdM/) o (AH@)ZdM@’LdM/)
= ()\l ®)\2) o (Z'dH®TH7M ®idM/) o (AH ® idps ®idM/) o (aH X apr ®aM/)

= N o (ag ®ay @ ay)

To see that )\ZQ is a morphism of modules, we compute as follows, where some obvious

subscripts have been left out:
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Ao (an @A)
= (N ON) (idg @ Tam @ idyy) (Ar @ idyenr) [ag @ (N @ N) (idg @ Ty @ idyy) (Ar @ idygnr))
=N @ N) (idg @ tam @idy) (@52 @ (M@ X)) [Ax @ (idy @ THv @ idar) (Ag @ idyen)]
=N(ag@XN) @ XN (ag @ X)) [Ax @ (idy @ Tam @ idyr) o (Ap @ idygnr )]

(L) (N (pE @ o) @ N (pr ® an)) [Ap @ (idg @ T @ idpyr) o (A @ idyigmr)]

= (M@ N) (idg @ Tpy @idar) (057 ® amenr) [Ar ® (idg @ Taa @ idar) o (A @ idyer)]

= (N ®N) (idg @ Tam ®idy) (05 @ idyen) (ida @ Thg © idy @ idyem) © (AF ® angnr)

(2.16

- ) (Al ® /\;) (’LdH ® TH,M & ZdM/) o (AH X idM@M’) o (MH X aM®M’)

= A} o (ku ® amem) -

We have shown that )‘12 is the structure map of a left H-module structure on M @ M’.

Remark 3.4.2 Since Ay is Hom-coassociative,
(NBN) ®aw (V) = an (\)® (NBA)

and

(MEN) Bag (M) = ag () ® (A& (X))

Thus, the internal tensor product can be Hom-associatively applied to any finite family

of H-bimodules.

Proof. We use the Hom-coassociativity axiom (2.7). We have
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(M®N) Bar (X)) = (MBX) ® an (V) 0 o 0 (A @ idiy))

(
(()\l 0%y )‘l) 07230 (AH X ZdM®M/)) Q ay ()\2/)] 0T230 (AH ® idM@M’@M“)
()\l &® Al) ® )\l] [7'2,3 o (AH ® idM(X)M’) (024 aH®M/I] (e] 72,3 o (AH X idM@M’(X)M”)

(
[
[
= [N® N @X)] olanem @ T30 (Ax ® idyrgur)] o 7230 (Ag ® idygrrem)
= (am (M) @ (N®X])) 0o Ta3 0 (Ag ® idyigmranr)

7 () ® (MR .
The second assertion is proved similarly. m

Corollary 3.4.3 Let (M, )\, \,)be an H-bimodule. The structure maps X, = p@N&u
and Ny = p@M\&pu on the interior H-bimodule HOM®H are called the two-sided interior

extensions of A\; and A, by p respectively, by p.

Proposition 3.4.4 Let (M, \;, \;)be an H-bimodule. The interior H-bimodule MO =

(MEn, AP ADY, with

1> 7'r
AP = (NN = (N AT om0 (AwidS)) (3.16)

and

A= (ArTRA) = (AT @A) © Ty o (idf] @ A) (3.17)

is called the n-fold interior (bimodule) tensor power of M.
Proof. By induction. =

Example 3.4.5 Let (H, pmg, A, an) be a Hom-bialgebra; for each n > 1, the n-fold inte-

rior (bimodule) tensor power of H is the interior H-bimodule H®™ = (H®™ X", \") with

17
2n—2 ]
P = i o (135... (2n — 1)246... (2n)) o [ ] (AH ® id%gn_l_2)> (3.18)
and
2n—2 )
AP = 5o (135... (20 — 1) 246... (2n)) o [ (idj’f’"‘l‘” ® AH> (3.19)

where \j = A\p = lp.
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Proposition 3.4.6 Let (H, g, An,an) be a Hom-bialgebra and (N, py, pr), (N, pj, pl.) be
H-bicomodules. The internal (bicomodule) tensor product of N with N’ is the so-called

interior H-bicomodule N9N' = (N @ N', pQp;, pr&p).) with

pi = p@p) = (pm ®idygnt) 0 T230 (o1 @ pf) (3.20)
and
pr = pr&p), = (idyen © pu) o T230 (pr @ pl.) . (3.21)

Remark 3.4.7 Since pg is Hom-associative, we have

(m2pn) @a (pf) = a(p) @ (p@p]) and (pr@p,) R (pr) = o (pr) @ (.20 -

Thus, the internal tensor product can be Hom-associatively applied to any finite family of

H-bicomodules.

Corollary 3.4.8 Let (N, p;, pr) be an H-bicomodule. The structure maps ﬁlA = AQoRA
and o> = A®p,@A on the interior H-bicomodule HON®H are called the two-sided interior

extensions of p; and p, by A, respectively.

Proposition 3.4.9 Let (N, p;, pr)be an H-bicomodule. The interior H-bicomodule N&" =

(N, o}, prt), with
ol =p@p "t = (n®idJ") o maz o (o @ p) ) (3.22)
and
pr = pp ' @pr = (1dY" @ 1) o Tams10 (P} @ py) (3.23)

is called the n-fold internal (bicomodule) tensor power of N.
Proof. By induction. =

Example 3.4.10 Let (H, pum, Ag,am) be a Hom-bialgebra, consider the H-bicomodule (H, py, py)
where py = pr = Ag. For each n > 1, the n-fold internal (bicomodule) tensor power of H

is the interior H-bicomodule HE™ = (H®", p', pl) with

2n—2
pi = [ (ua @idy) o (135...(2n — 1) 246... (2n)) " 0 AF". (3.24)

i=n
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2n—2
pr =[] (id¥ ® pa) o (135... (2n — 1) 246... (2n)) " o AR (3.25)

i=n
Lemma 3.4.11 Consider the interiors H-bicomodules, H®"™ = (H®™ XM AT and HE™ =
(H®™ p, pi) with A} = N = p, p} = p! = A and let f : H®? — H®P be a linear map

which commutes with o and such that a®P o f = f o a®4, p,q € N* Then
L Ao (@ 8 (@ f) o) = (@ @ Ao (a7 8 1)) o
2. )\%EH o ((f ® ozp_l) oph ® ozp_l) = ()\%3 o (f ® ozp_l) ® ozp_l) o pf“.

This Lemma can be used in the proof of Proposition 4.2.1, and Theorem 4.2.5.



Chapter 4

Gerstenhaber-Schack Cohomology

for Hom-bialgebras

Gerstenhaber-Schack cohomology of Hom-bialgebras is a twisted generalization of bialge-
bras cohomology, which was first discovered by Gerstenhaber and Schack [18, 19], extending
associative algebras cohomology introduced by Hochschild in [24] to bialgebras. Deforma-
tion theories are intimately related to cohomology. It turns out that, we do not need a
cohomology of Hom-Hopf algebras since it is enough to deform Hom-Hopf algebra as a
Hom-bialgebra.

The cohomology of Hopf algebras was introduced in order to study deformations of Hopf
algebras. In fact, the cohomology that we are going to study is adapted to deformations
of Hom-Hopf algebras as Drinfel’d quasi-bialgebras; however, M. Gerstenhaber and S.D.
Schack also defined a cohomology which studies the deformations of Hopf algebras as Hopf
algebras. We refer to [18, 19] for the definition of bialgebra cohomology and its truncated
version due to Gerstenhaber and Schack. We define the bicomplex extending Hochschild

cohomology for horizontal faces and coalgebra Cartier cohomology for the vertical faces.

4.1 Hochschild Complexes

Definition 4.1.1 A chain complex C_ is a sequence of abelian groups and homomor-
phisms

Lt dng 1
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with the property d,4+1 0 dp, = 0 for all n.
The homomorphisms d"* are called coboundary operators or codifferentials.

A cochain complex C~ is a sequence of abelian groups and homomorphisms
Losdt T en _dt ondl | d ont2
with the property d” o d"t' =0 for all n.

A chain complex can be considered as a cochain complex by reversing the enumeration

C"=C_p;d" =d_,.

A complex of A-Hom-modules is a complex for which C, (respectively C") are Hom-
modules over a ring A and d,, (resp. d") are homomorphisms of Hom-modules.

Let Imd, 11 (resp. Imd™ 1) be the image of Cp+1 (resp. C" 1) by dp11 (resp. d* 1)

and kerd, (resp. kerd") be the kernel of d,, (resp. d"). Since d,, o dp41 = 0 (resp.
d"od" ! =0), we have Imd,, 11 C kerd,, (resp. Imd,, C kerd,,_1).

A homology of a chain complex C,, is the group H,, (C) = kerd,,/Imd, ;.

A cohomology of a chain complex C" is the group H" (C) = ker d"/Imd"!.

The elements of C,, are called n-dimensional chains, the elements of C" are n-dimensional
cochains, the elements of Z,, := kerd,, (resp. Z" := kerd") are n-dimensional cycles (resp.
cocycles), the elements of B, := Imd, 1 (resp. B" := Imd"!) are n-dimensional bound-
aries (resp. coboundaries).

If C' is a complex of A-Hom modules, its cohomology is an A-Hom-module. A complex
is said to be acyclic ( or an exact sequence) if H" (C) = 0 for all n.

A morphism f : ¢ — D’ is a family of group (Hom-module) homomorphisms f :
C" — D" commuting with differentials, that is f"*! o d¢ = d¢ o f". A morphismn f
induces a morphism of cohomology H~ (f) = {H" (f) : H"(C') — H"™(D")} by the formula

{the class of cocycle ¢ }= {the class of cocycle f (c)}.
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4.2 Hochschild Cohomology for Hom-bialgebras

We recall the definition of Hom-bialgebra cohomology du to Gerstenhaber and Schack and
its truncated version. For more details and greater generality we refer to ([18], [19]). Let
B = (B,u,n,A,e,«) be a Hom-bialgebra on the k-vector space B.

The cochains are given by the bicomplex.

We set for the cochains:

chl = Homy (B®9,B®P) ,p,q > 1,

Hom

cpl = {f : B®1 — B®P f is q linear map, f o a®? :a®pof}.

: D,q . Pg p,q+1
We define the horizontal faces 5Hom’H “Chiom — Chiom @S

q

it (F) = N o (@™ @ )+ 3 (~1) fo (0070 © p @ a®070) 4 (-1)7 N0 (FRat).
=1

(4.1)

) 1
The vertical faces o%;?  :Ch? —— C%J;T;Lq are defined as:

P
it (1) = (@7 @ fopf+ Y (-1 (a®070 @ A a®0 D)o f4(—1)" (f@a? ) opf.
j=1
(4.2)
Proposition 4.2.1 The composite

2.1 1,1 . 1,2 1,1 21 11 1,2 1,1 o
(SHom,C' °© 6H0m,C’ - 0’ 5Hom7C © (5Hom,H - 5Hom,H © 5H0m,C” 6Hom,H © 5Hom,H = 0.

Proof. We prove the first identity. We have

e () =(a® Popl —(A®a)o f+(a®A)of — (f®a)opl,
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Siomc (f) = (idp @ f) o pl — Ao f+ (f ®idp) o p}, and p} = pl = A

Siomc© Ottomc () = (@@ 830 o (F) 0 A= (A@a) o by, o (F) + (@ @A) o dpit, o (f)
~ Okomc (f)@a)o A
=(a® ((idp® f)oA— Ao f+ (f@idp)oA))oA
—(A®a)o((idp@ f)oA—Aof+(f®@idg)oA)
+(@®A)o((idp®f)oA— Ao f+ (f®idp)oA)
—((idp® f)oA—Ao f+ (fidg)oA)®a)o A
= (a®(idp® f)oA) o A—(a® (Ao f)) oA+ (a® (f ®idg)oA)oA
—(A®a)(idp® f)oA+(A®a)(Aof)— (A®a)(f ®idg)o A
+(@®A)(idg® floA—(a®A) (Ao f)+(a®A)(f®idp)o A
—(((idp®@ f)oA)@a)o A+ (Ao f)®a)o A—(((f@idp)oA)®a)o A
Y (a® (idg® f)oA) o A+ (a® (f ®idg)oA)o A
—(A®a)(idp® f)oA+ (a®A) (f ®idg) o A

—(((ldp@ f)oA)@a)o A — (((f®idp) o A) @) o A,

where (*) was obtained by the Hom-coassociativity of A and Lemma 2.3.7.
From Lemma 2.3.9, we immediately obtain 52’,}%,0 o (ﬁiimp (f)=0.

For the second identity, we have

St () = (idp @ f) o p} — Ao f +(f @idp) o p?,

Stiomc () = (idp @ f) o pl = Ao f + (f @ idp) o p,

St ()= o(idp® f) — fou+ Ao (f ®idp),
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Stiomut (f) =M o (idp @ f) — fop+ Ao (f @idp), and pf = pt = A, A} = AL = p,

)

1,1

1,2 )
5Hom,C © 5Hom,H

(f) = (idp ® (po (idg ® f) — f o p+ po (f ®idp))) o pj

—Ao(po(idp® f) = fop+po(f®idg))

+ ((uo(idp® f) — fop+po (f®idp)) ®idg) o p

= ((idp @ po (idp ® [)) o p} — (idp ® f o p) o pi+

(idp @ po (f @idg))opf —Aopo (idp® f)— Ao fop
+Aopo (f@idg)+ (uo (idp ® f) ®idp) o p?

— (fop®idp)op} + (no (f ®idp) ®idp) o p}

) X2 (idp ® (idp @ f) 0 A) — (idp @ f) 0 Aoyt

Mo (((ids ® f) 0 &) @ idg)) — N o (ids @ (Ao f))
—Aofou+Ao((Aof)®idp))+ Ao (idp® (f ®idg)oA)

—(f®idp)oAou+ o ((f®idg)oA®idg)

2,1 1,1
= 5Hom,H © 5H0m,C’ (f) )

where (x%) is obtained by the compatibility condition and Lemma 3.4.11.

For the third identity see ([2]). m

Proposition 4.2.2 ([2]) Let DY : CP? (B®9, B®P) —; CPATL (B BOP) pe linear

operators defined for f e Chl (B®1, B¥P) by:

Dy (f) =

Then

~MNo (™ @ f) + fo(n®a®t D) if i=0.
fo(e® @u®a®a=i=b) if ¥1<i<g-2. (4.3)

fo(a®@pu)—No(feat™) if i=q-1

q—1

DP9 o DR = DRIl o PP 0<i<j<q—1, and o1 ;= (~1)"TIDPI (4.4)

Proof. See ([2]) =

7+1

=0
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Proposition 4.2.3 Let SP7 : C%? (B®4, B®P) — CPF1L9 (B2, BEPHY) be the linear op-
erators defined for g € C%4 (B®1, B®P) by:
—(aPt®g)o p? + (A ® a®(p_1)) og if 1=0.
SP(g) = (0% ®A®a®P=D)og if V1<i<p-—2. (4.5)

(@@ A)og—(g@aP ) opl if i=p—1.

Then
p—1
SPHb o GPa = GPEMT o SPI 0 <i<j<p—1, and &l o= (~1)TLSPI (4.6)
=0

Proof. Let g € CY?  (B®?, B¥P).
- When the j =0 and 1 <i <p— 2, we have
S = (P @ g)op! + (A®a®P)og, P (g) = (a® @ A ®a®P~iD) oy,
The left-hand side in 4.6 is:
(85+170.577) (9) = = (a7 @ 827 (9)) o f + (A ® ™) 0 87 g)
=— <ap ® <<a®i RA® 04®(p_i_1)> o g)) o pf
+(A®a®)o (<a®i RA® a®(P*H)> o g)

(@ (o a5 )or)) o
(

<A oa®(@oa)® 1@a®?0A® (a0 a)®<p—i—1>) og.
On the other hand, we have
Sﬁf’q — (a®z‘+1 QAR a@(p—i—l)) og, SB(g) = — (ap—l ® g) o p? + (A ® a@(p—l)) o
(srit7o887) (9) = (a®1 @ A P 0 579 (g)
_ <a®i+1 DA a@(p—i—l)) (_ ("1 @ g) o p! + (A ® Oé®(p—1)) o g>
— (0" ((a® @ A®a®r D) 0 g)) o pf
+ <a®2 cA®(aoa)* '@ Aoca® (ao a)®(”_i_1)) og.
So (S5790.879) (g) = (20 SB7) (9)

- The case (j,i) = (0,p — 1), the following prouves is an immediate of presidente com-

putation, we have
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8§57 (9) = — (P @ g)opf — (A @ a®)og, S (9) = (a1 @ A)og— (g @ aP ) op,
The left-hand side in 4.6 is:
SE o 584 (9) = — (o @ S5, (9)) 0 pf — (A@a®™) 0 527, (g)
== (" (e ®A)og—(g@a? ) opl))op]
+(A@a®)o (e @A)og—(g@al)opf)
== (0" ® (2 @A) og)op] + (¥ @ (9@ a"") 0 pff) o pf
+((A®a™)o (@ T @A)og) — (A a™) o (g@al™!) o pl
== (0" ® (@ @A) og)op]+ (P @ (g®a"") 0 pff) o pf
+ (Al @ (@oa)™ 2?00 (a)) og) - (A2 a® ) og) @ a(a?™)) ol
== (0" ® (e @A) og)op]+ (P @ (g@a"") 0 pf) o pf
+((aca®(@oa)™?gA0a)og) — ((Awa™ ) og)@a)opf.
On the other hand, we have
ST (9) = (@ ® A)og— (g ® aP)opl, 5§ (9) = — (P @ g)op] + (A ® a®P ) og.
So
SEH0 S5 (g) = (@ ® A) 0 577 (9) — (S5 (9) @ o) ©
= (@ @A) o (= (" @g)op] + (A®a) o)
~((= (" ®@g)opl + (A@a® ) og) @ a?) o pf
== ((@@a)o (" @g)op]) + (@A) o ((A@a®)oyg)
+ (" @g)opl) @a?) o pl = (((A®a®™ ) 0 g) ®aP) o pf
() _ (o ® (@®P ' @A) og)opf + (Aoa@(aoa)®p_2®Aoa> og
+ (@@ (goa ) opl)op — (A®a®!)og) @ a?) o pl.
The equality (***) is given by the relation in Remark 2.3.10, and (M, X/, \!) is a B-
bimodules.

So SETH 0 829 (g) = S50 5B ().

-Thecase when 1 < j<p—-2,1<i<p-—2andi<j we have
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S (g) = (0 © Aa%0) 0g, 517 (g) = (0% & A ® D) oy
The left hand, we have
S;’H’q o P (g) = (a®j QAR a®(pfj)) o (a®i ®A® a®(p7ifl)) og
_ ((a 0a)® @A) ® (o) T a®20 A (ao a)@(pfifl)) og.

The right hand, we have

S (9) = (a9 @ A a®0-D) o,

P 0509 (g) = (0™ @ A a®PT D) o (a® g A a® D) o g

= ((a 0a)® 2a®?20A® (a0a)® T @ Aca® (ao a)@(p—i—l)) oy,

1, , 1, )
So ST o 5P (g) = SPIM 0 5P (g).

-Whenthel<j<p—2. andi=p-—1,
S]p+1,q (9) = (a®j RA® a®(p—j)) g, Szf)’fl (9) = (a®p—1 ® A) og— (g & ap_l) o ,Og
SPHLE o 8P (g) = <a®j RA® a®(P—j)) o((@®P'@A)og— (9@ a’)opl)

= <(aoa)®j®Aoa®(aoa)®p_j_2®a20A>og

- (((()z@j RAR® oz®p7j71) 0g) ®aP)opl.
The right hand, we have

Spla o ST (g) = (a®?@A)o (a¥ @A®a? T Nog— ((a® @ A®a? 7 1) og®aP)opl)
= <(ozooz)®j®a®20A®(aoa)p_j_2®Aoa) og

_ ((a®j RA® ap—j—l) 0g® ap) o pl.

So ST 0 55 (g) = S50 57 (g) .

This finishes the proof. m

Proposition 4.2.4 Let DP*? : €54 (B4, BEP) — CHATL (BReH] BOP) qnd SP9 . CBY  (B®Y, B®P) —

Chtla (p®a, BErHL) | Then

Sf’qH o DV = Dfﬂ’q OS§”q forall0<i<qg—1,0<j<p-—1. (4.7)
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Theorem 4.2.5 Let B = (B, u,n,A,e,a) be a Hom-bialgebra and 5%’?%’[{ S CRY

Hom

) +1 ) . ) +17 y ) ) )
cnire, 5%?)1%’0 :Cd — C % the operators defined in (4.1), (4.2) then (Cﬁgm, 5%Zm,H7 5%‘(1%,0)

is a bicomplex (see [45], and [9]),

i.e
p,g+1 D,q _ p,g+1 D,q _ spt+lyg D,q p+1l,9 D,q _
5Hom,H © 6Hom,H =0, 5Hom,C °© 5Hom,H - 5Hom,H © 5Hom,C’ 5Hom,C © 6Hom,C =0 (48)

Proof. We prove the first identity.

D p—1
+1, , i +1, j )
5%07730 o 5%%77170 = (Z(_l)zHSZp q) o Z(_l)JHSf q

i=0 j=0
p p—1
_ _1\i+j gptlg D __ _1Yi+Jj gptlg D:q _1)i+i gptla Dsq
=D ) (~n)iigth o ght = N (1) g o 5Py (—1)H st o gt
i=0 j=0 0<j<i<n 0<i<j<n—1
(4.6) i+§ apt+1,9 apg i+j ap+1,q apyg
= (_1) Si Sj + Z (_1) Sj+1 Si
0<j<i<n 0<i<j<n—1
_ i+j op+1,9 gp,q i+k—1 gp+1,9 oP:q __
= > (-1yHgrthaghay N (—)ithelghthaghd — o,
0<j<i<n 0<i<k<n

The second equality, we have

p—1 q—1
p,q+1 D, _ _1V\i+1 gp,gtl _1\i+1ppa
5anLC<35anLH”_ ( ( 1) E% ) ° ( 1) [E
=0 j=0
p—1q—1
= (_1)Z+15§,q+1 ° Df’q

J
p—1p—1
(Z) ( (_1)i+jD§7+17q ° SZP#]

i=0 j=0
q—1 p—1
_ (_1)]+1D§+17q o (Z(_1)2+1511}77Q>
=0 i=0
_ sptlg D,q
_'5anLH’O Hom,C

For the therd identity, see ([2]). =
There is a canonical way to construct a complex from a given bicomplex.
The cochains are given by the bicomplex

Ctiom =Y Cliom: Chiom= >  &Chl . Chl = Homy (B¥",B®) n> 1
n p+g=n+1,p,g>1
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The coboundary operator is d,,, : CA}?Iom — C}Z‘grln defined as

— §pa P.q _
5?10”1‘6%::5(1“1 = 5Hom,H S (—1)‘1 5Hom,C7 1<¢g<n, p=n+1-gq.
Hence, for each n > 1, we get a complex
s C1 Y- 32 52 53 53 54
0 CHom —> Hom CHom —> Hom CHom —>“"Hom CHOm

Remark 4.2.6 The composite 6%, ok

Tom © Ofrom = 0, according to Proposition 4.2.1.

We define the n—th cohomology group of the above complex to be the Hom- bialgebra

cohomology of B, which will be denoted by H} . (B,B), n > 1.

Definition 4.2.7 The kernel of 6%, in C}Zom is the space of n-cocycles is defined by:

Zfrom (B B) = {¢ € Cltoms  rom (#) =0} (4.9)

The image of 0%,,, s the space of n-coboundaries is defined by:

A

Bliom (B.B) = {0 € Chroms 0= 0310 (0), weCii) ) (4.10)

The Gerstenhaber-Shack cohomology group of the Hom-bialgebra B = (B, p,n, A, &, o)

with coefficient in it self is
Hirom (B, B) = Zfjom (B, B) / Biyop, (B, B) (4.11)

In particular,

.H}{om (B’B) = {f :B— Ba 5}{73)m,H (f) =0 and 6}1;2771,0 (f) = 0}

where

5}i£m,H(f)ZMO(idB®f)—fou+uO(f®idB)

Spiomc (f) = (idp® f)o A~ Ao f+ (f®idp)o A

It is very useful to write out H%,, . (B, B) and H}

Hom

(B, B) explicitly from the definition.
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The cohomology groups H%,,, (B, B) and Hj;, (B, B) play an important role in de-
formation theory.

The cohomology group
.Hl2iom (Bv B) = Z%Iom (B’ B) /Blzr{om (B7 B) )
where

Zitom (B, B) = {(£.9) € Chrom Stiomn.st (1) = 0. o (1) + Oty 11 (9) = 0, S0 (9) = 0}
(4.12)

where for f: BQ B — Bandg: B— B® B, we have

Stomn (f)=Mo(@® f) = fo(p®a)+ fola@u) —Ao(f®a)

6o () + 05 i (9) = ((idp @ f)opf — Ao f+ (f @idg) o p?) +
(\o(idp®g)—gopu+ A o(g®idp))

Srome (9) = (@®g)opl —(Awa)og+(a®A)og—(f®a)op!

where ,ol1 =pl=A, )\ll =\ =y, and

©Bton (B, B) = {(£.9) € Chroms 30 B — B, f =03t (B), 9= 8}ibc ()}

where

5}iim,H(h)Zuo(id3®h)—hou+uo(h®id3)

Stiomc (h) = (idg @ h) o A= Aoh + (h®idg) o A
The cohomology group
®Hiyom (B, B) = Ziom (B, B) [ Bijor, (B, B,

where

(F,H,G) € C3 5},’?;%,, (F) =0, @imﬂ (H) — 5},’?)%0 (F) =0,

.ZIS{om (BvB) = Hom’

‘ﬁiim,c (H) + 5??}(1277171‘[ (G) = 0’ 6}0)1;})771,0 (G) =0
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and

(F.H,G) € Clps 3(f,9) € Coromss F =632 (1),

Hom> Hom»»

H = 01jm.0 () + Ohiom 11 (9) G = o (9)

where we write, F : B BB — B, H: B B—B®BandG:B—B®B®B

.B})){om (B7 B) =

Lemma 4.2.8 B?

Hom

(B,B) C Z%,,, (B, B) because 8%, 004, (@) =0.

Example 4.2.9 We consider (Ts)y, the 4-dimensional Taft-Sweedler Hom-bialgebra defined
in Example 2.4.7 for which we compute for X # 1 and X\ # 0, the first cohomology groups.

The space of 1-cohomology classes of (Ta)x

Hgom (To)n, (To)) = { £+ (To)x — (T): Gt (F) =0 and 8338, () =0}
The elements are defined with respect to a basis {e1, ez, €e3,e4} by
f(e1) =0, f(e2) =0, f (e3) = aes, f (ea) = aes, where a is a free parameter.
The 2-cocycles of the Hom-bialgebras (Ta)
Zrom (T2)x (T2)2) = {(£:9) € Chramn Ottt (F) = 0,350, (9) = 0, o () + O3 11 (9) = 0}

They are defined with respect to the basis {e1, e, e3,e4}, by the table which describes mul-

tiplying the © th row elements by the j th column elements with respect to the same basis

f €1 €2 €3 e4

e1 | a(e; +ea) a(er + e2) Aa (e3 + ey) Aa (es + eq)

ez | a(e; +ea) a(e; — 3ez) A(ceqg —ae3) | A((2a — ¢) es — aey)
es | Aa(e3 —eyq) —\ (aes + ceq) 0 0

eqs | Aa(es—es) | =M ((2a — ¢) es + aey) 0 0

and

gler)=—aleg1®e; +e1®er+ea®@e —ex®ea),
g(eg):—a(61®61—61®€2—62®61+62®62),
glez) =Xa(e1®e3 —ea®@e3 —ez Re; — ez ®ea),

glea) = -Aa(e1®@es+ea®@es —eg@e; +eg@ea).



The space of 2-coboundaries of the Hom-bialgebra (T3)y is defined by
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B%{om ((TQ)M (T2)/\) = {(f?g) € é?{omv dh: (TQ)A — (TZ))N f = 511Liz)m,H (h)a g = 5}{72m,0 (h)}

such that

[le €2 e3 €4
er| 0 0 0 0
ez | 0 0 Acey | —Aces
ez | 0 | —Aces 0 0
es| 0| Aees 0 0

and g (e;) =0 fori € {1,2,3,4}, where \,a,c € k are free parameters.

The 2" cohomology group of (Tb)y is the quotient

Hpom (T2)x: (T2)2) = Ziiom (T2)xs (T2)2) / Brom (T2)a, (T2)r)

which is defined, with respect to the basis {e1, e, e3,€e4}, by

and

f €1 €9 €3 €4
e1 | a(er +e2) a(e; + e2) Aa(es+eq) | Aa(es+ ey)
ez | a(er +e2) a(e; — 3ez) —\aes Aa (2e3 — ey)
es | Aa (e — ey) —Maes 0 0
eq | Aa(eq —e3) | —Aa(2e3+ eyq) 0 0

g(el):—a(61®61+61®62+62®61—62®€2),

glea) =—a(eg®e; —e1 ®ex —ea ®ep + e3 ®ea),

g(eg):)\a(61®€3—62®€3—63®€1—€3®€2),

gles)) =—da(eg1®es+ea®es —eg@e; +e4 R ea).



Chapter 5

Formal deformations of

Hom-bialgebras

We discuss, in this chapter, a deformation theory for Hom-bialgebras following Gersten-
haber’s approach. Let (B, u,n,A, e, ) be a Hom-bialgebra and k[[t]] be the power series
ring in one variable ¢ and coefficients in k and let B[[t]] be the set of formal power series
whose coefficients are elements of B (note that B[[t]] is obtained by extending the coeffi-
cients domain of B from k to k[[t]]). Then B[[t]] is a k[[t]]-module and when B is finite

dimensional, we have B [[t]] = B ® k[[t]]. Notice that B is a submodule of B][t]].

5.1 Formal deformations

Throughout this section, let B = (B, uo,no, Ao, €0, p) be an arbitrary but fixed Hom-
bialgebra. We define a formal deformation of B to be a formal power series in the indeter-

minate ¢,

Definition 5.1.1 A formal Hom-bialgebra deformation of B over K[[t]] consists of a
k[[t]]-bilinears maps
pe=y pit' BB — B[], n=Y mt" :k— B[],
i>0 i>0

Ar=> Ajtl :B— B[t]]®B[l]], &= gt : B—Kk[t],
Jj=>0 7>0
and

a =Y apt* : B— BI[t]],
k>0

93
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where each p; is a k-bilinear map p; : B ® B — B (extended to be k[[t]]-bilinear) ,
the maps Aj, €;, n; and oy, are a k-linear maps A; : B — B® B, ¢; : B — k, n; :
k — B, and a : B — B (extended to be k[[t]]-linear). With respect to which the By =

(BI[t]], e mes Aty €4, i) is again a Hom-bialgebra.

If we study only deformations of B = (B, o, no, Ao, €0, ®p) in which the unit and the
counit are conserved, that is By = (B[[t]], pt, 1m0, At, €0, o), then we as consider a deforma-

tion as a triple (pu, A¢, o) satisfying

pe o (ar @ pg) = puig o (e ® o) (formal Hom-associativity).
(At @ ag) o Ay = (o @ Ay) o Ay (formal Hom-coassociativity). (5.1)

Aoy = ,us?z o (idp ® Tpgp ®idp) o A?Q (formal compatibility).
5.2 Formal automorphisms
We need a notion of equivalence of formal deformations.

Definition 5.2.1 Let B = (B, u,n,A,e,a) be a Hom-bialgebra. A formal automor-

phism on B, we mean a formal power series
O, = idp + t®1 + 2Py + 3D + ...,
where each ®; € End (B), satisfying multiplicativity and comultiplicativity,
Siopu=po(®®@b) and Aod; = (P, ® D)0 A. (5.2)

The same rules of dealing with power series apply here as well. In particular, multi-

plicativity and comultiplicativity are equivalent to the equality

n

Dpop= po(® @, ) and Aod,=> (;®Py_)0A. (5.3)
=0 =0

for all n > 0, in which ®¢ = idg. The conditions when n = 0 are trivial, as it only says

that the identity map on B is multiplicative and comultiplicative.
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When n = 1, the conditions are

Piopu=po(P®idg)+ po(idpg® ®1)

and Aoq)l:(q)1®idB)OA+(idB®(I)1)OA,

which are equivalent to say that ®; is a derivation and coderivation on B. More generally,

if &) =Py =... =P, =0, then ®,,41 is a derivation and coderivation on B.

Remark 5.2.2 A formal automorphism ®; has a unique formal inverse
O, ' =idp + 1Py +17 (0] — o) + 1 (—DF — DDy — Doy — P3) + ...

for which

Dod; ! =07 o ®; =idp

The coefficient of t" in (I)t_l is an integral polynomial in ®1, ®s, ..., P,,. Moreover, the
multiplicativity and the comultiplicativity of ®; implies that of &, ! Indeed, for elements

z,y € B, we have

p(e@y)=p(@ o (z)®od; " (y))
= &0 p (! () @D, ()

ol op(z®@y) = (P! (z) @0 (y))

which implies that ®, Lis multiplicative.

which implies that ®, 1is comultiplicative.

We record these facts as follows.
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Lemma 5.2.3 Let ®; = idp + t® + t> &y + t3®3 + ..., be a formal automorphism on B.
Then the first non-zero i (i > 1) is a derivation and coderivation on B. Moreover, the

formal inverse <I>t_1 of @ is also a formal automorphism on B.

Proposition 5.2.4 Let B; and ®; be, respectively, a formal deformation and a formal

automorphism of B. Then the formal power series
;' oBo®; = (B,®; ' opo (0@ D), (R @) 0 A 0®; B oo d; )
s also a formal deformation of B.

Proof. We need to check the Hom-associativity condition (2.1) for y} = ®; oz 0(®; @ By)
and the Hom-coassociativity condition (2.7) for A} = (®;' ® ®; ') 0 A; 0 ®;, where af =
®, oy o0dy.
For the Hom-associativity condition, we have
o (uy®a)) =0 oppo(Pr® @) o (B oo (Pr®P)® P, 0oayod,))
=& opy o (Pr@ )0 (D @ @) o (@ ) (Pr @ Py @ By)) =
CD 01 6 1y 0 ((0n @ ) (B4 @ B, @ By)
=0, oo (PP o (B @) o (o ® pe) o (P @ Dy @ Dy)
=0, o0 (D@ )0 (D7  0aro®) @ (B! oo (B ®Dy)))
= 1o (0} @ 4).
We have used the Hom-associativity for p; and the multiplicativity of both ®; and &, Lof
o, extended to power series. The Hom-associativity for A} is equally easy to verify.
For the compatibility condition, we have
Ajopy = (27" @ ;") 0o Ayod) o (B o piy o (Br® By))
= (¢, ' @ ®; ") o (uom)o (idpg ®T®idp)o (A @A) o (P @ Py)
= (0, o @ @ o) (P ® 4 @ Oy ® Dy) 0 (idp ® T @ idp)
o (2,1 0®, '@, @0, o (Ao @ ®BroAy)

= (1 © py) o (idp @ T ®idp) o (A} @ AY).
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Then ®, lo By; o ®; is a formal deformation of B. m

5.3 Equivalent and trivial deformations

In this section, we characterize the equivalent and trivial deformations of Hom-bialgebras.

Definition 5.3.1 Let B = (B, o, n,Ao,€,a) be a Hom-bialgebra. Given two deforma-
tions Of BO: By = (B7MtaTI,At,5,04) and Blé = (B,,ug,n,AQ,g,a)where Ht = Z:U’Ztl’

>0

A= Ajth ph = pltt Ap =Nt with pfy = po, and Aj = A.
Jj>0 120 720
We say that they are equivalent if there is a formal automorphism ®; : B — B[t]]

which is a k[[t]]-linear map that may be written in the form ®; = Z@iti where ®; €

Endy(B) and ®y = idp such that =
Dy o pp = g 0 (P @ Py), (5.4)
(@) @ Py) o Ay = Ay oDy (5.5)
and
dioa=qaod,. (5.6)

Definition 5.3.2 A deformation B; of By is said to be trivial if and only if By is equivalent

to BO

We discuss in the following the equivalence of two deformations.Equation (5.4) is equiv-

alent to

Z (@; 0 )t H = Z pho (B @ By) ¢TItk (5.7)
i,j>0 i,5,k=>0

By identification of the coefficients, one obtains that the constant coefficients are iden-
tical, i.e.

o = ,u6 and ®y=1dpg.
For the coefficients of ¢ one finds
(®o 0 p1) + (P10 po) = py © (P ® Do) + g © (P1 @ Po) + 11 0 (Po @ 1)

p1 + Do pg = ph + po o (D1 ®idp) + po o (idp @ 1)
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ull =p1 — (poo (P ®idp) — P10 pog+ poo (idp @ Pq)) . (5.8)

Equations (5.5) are equivalent to
Z (A; o (I>j) A - Z (‘1%' X (I)j) o Akti itk — 0.
1,j=0 i,J,k>0

Z (Afo®)) — Z (P @®Pj) oA, =0.n=1,2,..
i+j=n it+j+k=n

Similarly for the comultiplication, setting Ay = A{, and & = idp, the coefficients of ¢ leads

to

(ABO(I)l)—i-(A/lO@O):((I)Q(X)(I)o)OAl+(CI)0®(I)1)OA0+(<I)1®CI)[))OA0

Hence

All = Al + (ZdB & CI)1) @) AO — (AO o (I)l) + ((131 ® ’LdB) 9} Ao. (59)

Homomorphisms condition (5.6) is equivalent to Z (®;0a)t! = Z (a0 ®;) t*. Therefore
i>0 i>0

P, 00 =ao®;, for all i > 0.

The first and second order conditions of the equivalence between two deformations of a

Hom-bialgebra are given by (5.8) (5.9) may be written
ph =1 = 0oy (P1)  and A} = Ay + 655, o (P1). (5.10)
In general, if the deformations (pu, A¢) and (uj, A}) of (ug, Ag) are equivalent then

ph =1+ Oy (P1)  and A} = Ay + 6550, o (P1).

5.4 Deformations equation and infinitesimals

The general principle here is that every deformation has as infinitesimal which lies in ap-
propriate second cohomology group. In this section we discuss the infinitesimals, beginning
with the case of Hom-bialgebras. In each of these (p;, A;) is (essentially) the infinitesimal.
We can discover the definitions of the cochain groups and coboundary by examining the

coefficients of ¢ in the equation above.
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Now, we discuss the deformation equation in terms of cohomology. The first problem

is to give conditions about p;, A; and ay such that the deformation (pu¢, A¢, ¢) be Hom-

associative, Hom-coassociative and compatibility
We study the equations (5.1) and thus characterize the deformations of Hom-bialgebras

The coefficients of t* yields :

Z (io(pj®@ag) —pio(ap®p))=0 s=0,1,2...
i+j+k=s
.j,k>0
S (Aj@a) oA —(ap®A)oA =0 5=0,1,2,.. (5.11)
itj+k=s .
1.j.k>0
0 s=0,1,2,..

D (Aiop)— D (m@ps)omazo (MA@ A,)
i+j+k+r=s

1+j=s
i,7>0 i,j,k,7>0
This infinite system, called the deformation equation, gives the necessary and suffi-

cient conditions for B; to be a Hom-bialgebra. It may be written
Z (i o (aj @ ps—i—j) = pi© (ps—i—j ®a;)) =0 s=0,1,2,--

(Oéj@Asfi,j)OAi:O 820,1,2,"'

EIJQ

Z (As—ij ® aj) o Ay —

S- O

1 Mm il M"’

2.

=0

((A‘Ous i) — Z Z (ui®uj)0T2,3°(Ak®Asijk)> =0 s5=0,1,2

Definition 5.4.1 We call oy -associator the map

Hom (B®2 B) x Hom (B®2,B) — Hom (B®3,B) o (s phj) ¥ i 0y 14

defined by
[ Oy, Hj = i © (o ® pj) — p1i 0 (1 ® Q) -

We call ap.-coassociator the map

Hom (B, B®?*) x Hom (B, B¥?) — Hom (B, B®?) ,(A;, A}) — A; 0g, A

defined by
A; Cay, Aj = (Aj & ak) oA; — (ak (=) Aj) o A;.
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By using aj-associators, and «j-coassociators, the deformation equations may be written

as follows
S S—1
Z Hi Caj Hs—i—j = 0 s=0,1,2,
=075=0
; S—1
Z A’ioaj As—i—jzo 5:071727"'
i=0j=0
s s—1 S—1—]
Z (Ajops— z)_z:()k (Mz‘®ﬂj)072,3O(Ak®As—i—j—k) =0 s=0,1,2,---
\ = J= =0

The first equations corresponding to s = 0, are the Hom-associativity condition for puyg,
the Hom-coassociativity condition for Ag and the compatibility condition of g and Ay.

If the structure map is not deformed, then one gets the following system, where ag = «,
.

s—1 12
2:1 Hi Oa fhs—i = _5f}om7H (p1) s=1,2,--
1=

S
> Aioo As_i:—éi;im’c (A1) s=1,2,-
1=

s—1 i S—i—
> ((Ai O fls—i) — Z Z (Mi ® pj)om30 (A ® As—i—j—k)) =0 s=12,-
=1 =0 1=0

In particular, for s = 1 we have

®/10 Oy 41 + 141 04 o = 0, which is equivalent 511LIZmH (11) =0

oAy o, A1+ Aq oy Ag = 0, which is equivalent 62’1}7)1,0 (A1) =0

ethe compatibility condition which is equivalent 5}1}?%70 (1) + 51%{;” g (A1) =0, There-

fore, we have

Proposition 5.4.2 The first term (u1, A1) of a deformation of a Hom-bialgebra, where the
structure map is not deformed, is always a 2-cocycle for the Hom-bialgebra Gerstenhaber-

Schack cohomology.

It turns out that (u1,A;) is always a 2-cocycle for the Hochschild cohomology (i.e.
(m,Ar) € Z%,, (B, B)), whose cohomology class is determined by the equivalence class of
the deformation (p, Ay).

More generally, suppose that (f,, Ay,) be the first non-zero coefficient after (ug, Ag) in

the deformation (pt, A¢). Then (pm, Ap) is a 2-cocycle for the Hochschild cohomology.

Definition 5.4.3 In every case the 2-cocycle for the Hochschild cohomology (pm, Am) i

commonly called infinitesimal of the deformation B; of By.
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This terminology would be bener applied to the cohomology class of 1 in H? (B, B)
since in each case equivalent deformations have cohomologous infinitesimals. Conversely,
a cocycle cohomologous to the infinitesimal of a deformation necessarily appears as that
of an equivalent deformation. For instance, if u; = 5}Jomcp1 then pu; is equivalent to a
deformation g} for which pf = 0. (The equivalence i} ~ p is given by the linear isomorphism
idp — ty1 : B[t]] — B[[t]]). Continuing uf is then a cocycle and, if it is a coboundary,
say ph = 0k, 2, then there is a further equivalent deformation x} having uj = pfj = 0,

(The equivalence pf ~ i} is given by idg — t2¢3). These remarks apply in every case.

5.5 Obstructions

A basic task of deformation theory is to construct and catalog the deformation of a given
algebra. In later sections we shall consider this problem using some recently minted tech-
niques. But first we must take a more foundational approach: Obstruction theory. This
describes the relationships among the cochains (u;, A;) in a deformation (u, A;). For ex-
ample, in the Hom-bialgebra case,

gathering the first and the last terms in the k" equations of the system 5.11, for an

arbitrary k, k£ > 1; the equations may be written

(
1,2
O om, (k) = 1o 0 pk + [k Oa flo = — Z Hi O g
i+j=k
1,j7#k
5?‘17]{)7'71,0 (Ak‘) = A0 On A]g "‘ Ak Oq AO = — Z Al Oq A]
i+j=k
i.j#k

5%{om (Mka Ak) =

i+j=k itjtt+r=k
i,j7#k 0,5,t,r#k

from which one sees, in particular, that 6%, (u1, A1) = 0, It follows that the integrability

Hom

of an (u1,Ar) € Z%,,. (B, B), i.e., the existence of a deformation with the given (u1, A1) as

its linear term, depends only on the cohomology class [(u1, A1)] of (p1, A1). We may view

[(u1,A1)] € H,,, (B, B) as the infinitesimal of the equivalence class of the deformation B;.

Definition 5.5.1 Let B = (B, pu,n,A,e,«) be a Hom-bialgebra, and (u1,A1) be an el-

Spiomc (k) + 0 i (Ak) = D (DNjop)— > (mi®py)omzo (A @A)
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ement of Z%, (B,B), the 2-cocycle (u1,A1) is said integrable if there exists a fam-
ily (ut,At)tZO such that u; = Z,uiti and Ay = ZAiti defines a formal deformation

i20 i>0
By = (BI[t]], pu,m, Av, €, @) of B.

Therefore, we have the following observation:
Proposition 5.5.2 The integrability of (pu1, A1) depends only on its cohomology class.

Proof. Recall that two elements are cohomologous if their difference is a coboundary, when
this is the case, p) = u1 — (5}{1% g (f),and Al = Ay + 5;1’}%,0 (f)

If the equation 6%, (w1, A1) = 0 implies that

1,2 2,1 1,2 2,1
5H0m,H (Ml) =0, 6Hom,C (Al) =0, 5Hom,C (Ml) + 5Hom,H <A1) =0

We have

6}{20mH (k1) = 6}{ZmH (:“1 - 511‘IimH (f)> = 6}{?)mH (11) — 5}1§mH ° 6}{})mH (f) =0,
(ﬁ-}im,C’ (A/l> = 5?{’})771,0 (AI + 6}-}27)1,0 (f)> = 5?—1733771,0 (A1> + 5?{7})771,6’ °© 6}-}27)1,0 (f) =0
Stiom,c (1) + O3t 11 (A1) = 5o (11 = Tt (1)) + O3t 11 (D1 + 310 (1)

= 031 (1) + Ot 1 (A1) = (83 © Dbttt (F) = O3t 11 © O, (1)) = 0.

Is given by Proposition 4.2.1 implies that 6%, (¢}, A}) = 0.

If the equations (u1, A1) = 6%, (f) implies that

=0 () Ar =050 o (f)

and

ML= 1 F O g (®1)  and - AL = Ay 4855y, (1)
We have

Mll = 6}-}im,H (f) + (5}17'(13m,H (q)l) = 6}-}1)m,H (f + (1)1)

AII = 5}}}”71,0 (f) + 5}}}”71,0 ((I)l) = 5}{7})m,6’ (f + (I)l) :

Then if two integrable 2-cocycles are cohomologous, then the corresponding deformations

are equivalent. m
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Proposition 5.5.3 Let By = (B, uo,n, Ao, €, a) be a Hom-bialgebra. There is, over k[[t]]/t2,
a one to-one correspondence between the elements of Hy, = (B, B) and the infinitesimal de-

formation of By defined by

e = po + p1t and Ay = Ag + Aqt. (5.12)
Proof. The deformation equation is equivalent to 6%, (u1,A1) = 0, that is (u1,A;) €
Z}om (B,B). =

Suppose that the truncated deformation B~ = (B[] /t™, prt A?“l) Write pf" ! =
po+tpur +t2pe + .+t 1 and A?L*l = Ag+1tA; +t?Ag+ ... +t™ 1A, satisfies the
deformation equation. The truncated deformation is extended to a deformation of order m,
ie pi" = po +tpr + 2po 4 oo+t 1+ t™ iy, and AT = Ag+tA] + 2N + ... +tMA,,

satisfying the deformation equation if,

(

1,2
O Hom, i (1m) = 10 o ftm + fm Oa flo = — Z i Oa i
i+j=m
L,j7#m
2,1
From (1m, Am) = O iom.c (Hm) = D000 A + Apoa g = — Y Ajos A
Hom \Bms Bm P
i,J7#m
1,2 2,1
Otiom,c (1m) + Opjom p (Bm) = D (Diop) = > (mi@p)omso(Ai®A,
itj=m i+j+t+r=m
bi7m igtrFm

To this end, consider the following cochains

Ob (pm) = Z Hi ©a [
i+j=m
L,jFEm

Ob(Am) = Y Ajon A,
i+j=m
1,J#m

Ob(Apmopm)= > (Aiopj)— > (i®p)omgo(AA,)

i+j=m i+j+t+r=m
z’j¢m z’j’t7T¢m

The Ob (pir) , Ob(Ay,) and Ob (A, © ) are called the obstruction to finding fiy,,
A, Ay 0 iy, extending the deformation.

A standard deformation theory argument [19] if & = idp shows that Ob (py,) , Ob (Ap,),

are a 3-coboundary if and only if p"~! and A7"! extends to a k[[t] /t™+ algebra and
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coalgebra structures on B [[t]] /t™*!. In this case, any 2-cochain whose coboundary is
(Ob () ,Ob(Ay,)) gives an extension. An analogous argument applied to our setting
yields the following result.

If one has only ™' = po+tpr +t2po + ...+t L1 and AT = Ag+tA + 12 A0+

.+t LA, satisfies the deformation equation (5.11) for k = 1,...,m — 1 then
(Ob (1) , Ob (Ar) , Ob (A © 1)) € Zirom, (B, B)

and the cohomology class of this cocycle is the obstruction to finding an (g, A, A © im)

such that (5.11) is satisfied for k = m.

Remark 5.5.4 Suppose that (B [[t]] /t™, u* ', A7) is a deformation of By.

If By = (B[] /t™, "~ 4t A7+ tMA,,) s a deformation of By, then Bj =
(B[] /4™, (u) = it tmpl,, (AP = AP+ #™AL) is a deformation of By if,
and only if

(1thy — pims AL, — A) € Z%, (B, B). Note also that if (1), — pim, A, — Ay) € B, (B, B),

then deformations By and By are equualent.

Hom-bialgebras for which every formal deformation is equivalent to a trivial defor-
mation are said to be analytically rigid. The nullity of the second cohomology group

(H?

Hom

(B, B) =0) gives a sufficient criterion for rigidity.

In the following we assume that H%,, (B, B) # 0, then one may obtain nontrivial one-
parameter formal deformations. We consider the problem of extending a one parameter
formal deformation of order m — 1 to a deformation of order m.

Suppose now that
e = pio + puut + pot® 4+ . and Ay = Ag + Agt + Aot + ..
are a one parameter family of deformation of (g, Ag) for which
P =p2=...=pfm-1=0 and A1 =Ar=..=A,_1=0.
The deformation equation implies

512‘IOm (Hms Am) =0 ((NmaAm) € Z%Iom (B,B)) .
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If further (tm, Ap) € By, (B, B) (ie. (tm,Am) = 6%

Hom

(f,9)), then setting the morphism

®; = idg + P,,t" we have,

pp =07 oy o (@ ® By) = g + prmiat™ T +

AL = (D@ Py)oAyo <1>t—1 = Ao+ Apprt™ 1+

And again (g1, Ami1) € Z7,

Trom (B, B) , we can now prove:

Corollary 5.5.5 If H12{0m (B, B) =0 then all deformations of Hom-bialgebra B are equiv-

alent to a trivial deformation.

5.6 Unital and Counital Hom-bialgebra Deformations
We discuss unitality and counitality of Hom-bialgebra deformations.

Proposition 5.6.1 The unit (resp. the counit) of Hom-bialgebra B is also the unit (resp.

the counit) of the formal deformation By of B if and only if

pn (x@1g)=p,(lp®@2x)=0 ¥Yn>1, VxeB, n(ly)=1p
(resp. (idp®¢e)o A, = (e®idg)o A, =0 Vn>1).
Proof. The element 15 is a unit for By if s o (n ® idp) = pr o (idp @ n) = a.
VeeB, w(x®1p)=a(z), wm(lp®z)=ca(zr), where uy = Ztiui.
i>1
We have

p (@ 1p) =a(z) =po(x@1p)+ > pi(z@1p)t’
i>1

+Z,Uz ®1B

i>1
By identification, we obtain u,(x®1p) = 0, ¥n > 1, and similarly u, (lp®x) =

0, Vn > 1. The map ¢ is a counit for By if (¢ ® idg) o Ay = (idp ® €) o Ay = «, where
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Ay = ST A,

1>1

(e@idp) | Y Ait' | =a=(e@idy)o Ao+ (e®idy)o A’
i>0 i>1

Oé:()é—f—Z(E@idB)OAiti.

i>1
By identification, we obtain (¢ ® idg)oA; = 0, Vi > 1. Similarly (idp ® €;)0A; =0, Vi > 1.

Theorem 5.6.2 Let B = (B,u,n,A,e,a) be a Hom-bialgebra with a surjective map «.
Every nontrivial formal deformation By = (B, pg, nt, At €r, ) is equivalent to a unital and

counital deformation with the same unit n and counit €.

Proof. We show that the unit is conserved by deformation. Assume p; = p+ > t'p;. Two
i2p
deformations are equivalent if there is a formal isomorphism ®; = Id + t®; + t>®g + - - -,

where ®; € Endg (V'), which leads to
py(z,y) = i@, y) + filpo(@,y)) — po(fi(2), y) — po(z, fr(y))- (5.13)

Since 11 is a 2-cocyele, then Y,y g (1 (w.y) (=) — us (), 1y (y, 2)) = 0.

We set y = z = 1, respectively x =y = 1 and z = . Then, we obtain

(@), 1) = po(e(x), pa(1,1)),  pa(1, @) = po(pa (1, 1), ().

If « is surjective, then we have

p(z,1) = po(z, p1(1,1)),  pa(l,2) = po(p1(1,1), ). (5.14)

We consider the formal isomorphism satisfying fi1(1) = p1(1,1), f,, =0 for n > 2. Using
(5.13) and (5.14), the equivalent multiplication leads to a new deformed multiplication

satisfying

pi (2, 1) = m (2, 1) + fi(po(z, 1)) — po(fi(2),1) = po(z, pa (1, 1))

= m(z, 1) + fila(z)) = a(f1(x)) = pa (2, 1) = 0.
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Similarly, we obtain y}(1,z) = 0. By induction on n, we show that for all n > 1, u/ (1,2) =
pr,(z,1) = 0. Indeed, we assume pj.(1,z) = p(x,1) =0 for k=1,--- ,n — 1. We consider
the isomorphism f; satisfying f,(1) = pn(1,1) and fi = 0 Yk # n. Then, using (5.13) and
(5.14), we obtain pu;,(1,2z) = u, (x,1) = 0.

Observe that the product (1 + fit!)--- (1 + fnt™) converge when n tends to infinity.
Therefore, according to Proposition 5.6.1, the unit is conserved by deformation. The proof

is similar for the counit. m

5.7 Twistings and Deformations

In this section, we discuss the connection between the twistings of Hom-bialgebras (see

Proposition 2.1.8) and their formal deformations.

Proposition 5.7.1 Let By = (B[[t]], pt, i, Aty ¢, ) be a formal deformation of a Hom-
bialgebra B = (B, o, no, Do, €0, @) and : B — B be a Hom-bialgebra morphism of B and
By. Then Byg = (B[t]],Bous, Bon, AvoB,eof,Boa) is a formal deformation of the
Hom-bialgebra Bg = (B, o g, m0, Ao © 5, €0, ).

Hence, for any n € N By gn = (B[t]], 8" o pu, B omy, Ay o 7, e 0 7, 8" o ) is a for-

mal deformation of the Hom-bialgebra Bgn.
Proof. The proof is analogous to that of Proposition 2.1.8. =

Corollary 5.7.2 Let B = (B, o, n0, Ao, 0) be a bialgebra and o : B — B be a bialgebra
morphism (i.e. aopy = ppo(a®@a), Apoa = (a® a)o Ay, aony =1y and eg o o = &g).
If By = (B[t]] , pets e, Aty €1) is a formal deformation of the bialgebra B and o is a bialgebra
morphism for By (i.e. aopy = pro(a® ), Ajoa = (@ @ a)oAy, aomy = 1y and egoq = ).
Then Bio = (B[t]] a0 p,ne, Ar o o, e¢, ) is a formal deformation of the Hom-bialgebra

Ba = (B7OZOM07770aAO OO(,E(),CY).

Proposition 5.7.3 Let B, = (B, p, i, A, e, ) and By = (B, py,n;, Ay, ep,a) be two

equivalent deformations of a Hom-bialgebra B = (B, po,n0, Ao, 0, ). Then, Bion =
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(B [[t]], @™ o g, me, Ap 0 @™, &y, oz”“) and Bf ,n = (B [[t], @™ o iy, my, A} 0 @™, €}, a”“) are
equivalent deformations of the Hom-bialgebra Bon = (B, a™ o g, no, Ag o ™, eg, oz”“‘l) , for

any n € N.

Proof. We know that there exists a formal automorphism ®; = > o', where ®; €
i>0
Endy(B) and ®¢ = idp such that ®opu; = ,uto@;??, @?%Ag = A;o®y, and Pjoa = aody.

Then, we have

a”oq)to,u;:a”outo<1>2®2, @?20A20a”:Ato<btoan, and ;oo =aod;o0a”,

i o (aopy) = (a" o) 0 2%, BP0 (Ajoa”) = (Aroa™) o @y, and Do a™ ! =a" o @y
Hence By o is equivalent to B,évan, foranyn € N. m

Proposition 5.7.4 Let By = (V, ug, ni, Ay, €1, @) be a formal deformation of a Hom-bialgebra
B = (V, po, mo, Do, €0, ). Then By on is equivalent to a formal deformation Bé’an of a Hom-

bialgebra Bon with the same unit and counit as Bun.

Proof. The proof is similar to Theorem 5.6.2. Notice that surjectivity is not required. m
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Résumé :

Le travail porte sur la cohomologie et les déformations des Hom-bialgeébres et algebres Hom-Hopf qui
sont des versions modifiées par un morphisme des structures classiques de bialgébre et algebre de Hopf liées
aux groupes quantiques. Les algebres de type-hom sont apparues dans les déformations quantiques des
algebres de Witt et Virasoro, comme une généralisation des algébres de Lie. Premiérement on rappelle la
théorie des algebres de type-Hom et les propriétés établies, puis on introduit les A-bimodaules et C-
bicomodules nécessaire pour la définition de la cohomologie, puis leur dualité. Enfin on établit une théorie
des déformations formelles pour les Hom-bialgébres généralisant la théorie de déformation de Gerstenhaber.

Classification A.M.S 2000 :

16W25, 16W99, 16E40, 16E99, 17B35, 17B37, 17B99.
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Algébre Hom-associative, Hom-coalgebre, Hom-bialgébre, Algebre Hom-Hopf, Bimodule, Bicomodule,
Cohomologie de Hochschild et déformation..

Abstract :

The study is conducted on the cohomology and the deformations of Hom-bialgebras and Hom-Hopf
algebras, a generalized version of bialgebras and Hopf algebras obtained by modifying the classical structures
by a morphism linked to quantum groups. Hom-type algebras appeared in the quantum deformations of Witt
and Virasoro algebras as a generalisation of Lie algebras. First we recall the theory of Hom-type algebras and
describe some properties of those structures, and then introduce the needed A-bimodule and C-bicomodule
for the definition of the cohomology, and then its duality. In the final we establish a deformation formelle
theory of Hom-bialgebras generalised the deformations theory of Gerstenhaber.
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